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The problem of locating a mobile terminal has received significant attention in the field of wireless communications. Time-of-
arrival (TOA), received signal strength (RSS), time-difference-of-arrival (TDOA), and angle-of-arrival (AOA) are commonly used
measurements for estimating the position of the mobile station. In this paper, we present a constrained weighted least squares
(CWLS) mobile positioning approach that encompasses all the above described measurement cases. The advantages of CWLS in-
clude performance optimality and capability of extension to hybrid measurement cases (e.g., mobile positioning using TDOA and
AOA measurements jointly). Assuming zero-mean uncorrelated measurement errors, we show by mean and variance analysis that
all the developed CWLS location estimators achieve zero bias and the Cramér-Rao lower bound approximately when measurement
error variances are small. The asymptotic optimum performance is also confirmed by simulation results.
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1. INTRODUCTION

Accurate positioning of a mobile station (MS) will be one
of the essential features that assists third generation (3G)
wireless systems in gaining a wide acceptance and trigger-
ing a large number of innovative applications. Although the
main driver of location services is the requirement of lo-
cating Emergency 911 (E-911) callers within a specified ac-
curacy in the United States [1], mobile position informa-
tion will also be useful in monitoring of the mentally im-
paired (e.g., the elderly with Alzheimer’s disease), young
children and parolees, intelligent transport systems, location
billing, interactive map consultation and location-dependent
e-commerce [2—6]. Global positioning system (GPS) could
be used to provide mobile location, however, it would be
expensive to be adopted in the mobile phone network be-
cause additional hardware is required in the MS. Alterna-
tively, utilizing the base stations (BSs) in the existing net-
work for mobile location is preferable and is more cost effec-
tive for the consumer. The basic principle of this software-
based solution is to use two or more BSs to intercept
the MS signal, and common approaches [6-8] are based
on time-of-arrival (TOA), received signal strength (RSS),
time-difference-of-arrival (TDOA), and/or angle-of-arrival
(AOA) measurements determined from the MS signal re-
ceived at the BSs.

In the TOA method, the distance between the MS and BS
is determined from the measured one-way propagation time
of the signal traveling between them. For two-dimensional
(2D) positioning, this provides a circle centered at the BS
on which the MS must lie. By using at least three BSs to re-
solve ambiguities arising from multiple crossings of the lines
of position, the MS location estimate is determined by the
intersection of circles. The RSS approach employs the same
trilateration concept where the propagation path losses from
the MS to the BSs are measured to give their distances. In the
TDOA method, the differences in arrival times of the MS sig-
nal at multiple pairs of BSs are measured. Each TDOA mea-
surement defines a hyperbolic locus on which the MS must
lie and the position estimate is given by the intersection of
two or more hyperbolas. Finally, the AOA method necessi-
tates the BSs to have multielement antenna arrays for mea-
suring the arrival angles of the transmitted signal from the
MS at the BSs. From each AOA estimate, a line of bearing
(LOB) from the BS to the MS can be drawn and the position
of the MS is calculated from the intersection of a minimum
of two LOBs. In general, the MS position is not determined
geometrically but is estimated from a set of nonlinear equa-
tions constructed from the TOA, RSS, TDOA, or AOA mea-
surements, with knowledge of the BS geometry.

Basically, there are two approaches for solving the non-
linear equations. The first approach [9-12] is to solve them
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directly in a nonlinear least squares (NLS) or weighted least
squares (WLS) framework. Although optimum estimation
performance can be attained, it requires sufficiently precise
initial estimates for global convergence because the corre-
sponding cost functions are multimodal. The second ap-
proach [13-17] is to reorganize the nonlinear equations into
a set of linear equations so that real-time implementation is
allowed and global convergence is ensured. In this paper, the
latter approach is adopted, and we will focus on a unified de-
velopment of accurate location algorithms, given the TOA,
RSS, TDOA, and/or AOA measurements.

For TDOA-based location systems, it is well known that
for sufficiently small noise conditions, the corresponding
nonlinear equations can be reorganized into a set of linear
equations by introducing an intermediate variable, which is
a function of the source position, and this technique is com-
monly called spherical interpolation (SI) [13]. However, the
SI estimator solves the linear equations via standard least
squares (LS) without using the known relation between the
intermediate variable and the position coordinate. To im-
prove the location accuracy of the SI approach, Chan and
Ho have proposed [14] to use a two-stage WLS to solve
for the source position by exploiting this relation implic-
itly via a relaxation procedure, while [15] incorporates the
relation explicitly by minimizing a constrained LS function
based on the technique of Lagrange multipliers. According
to [15], these two modified algorithms are referred to as the
quadratic correction least squares (QCLS) and linear correc-
tion least squares (LCLS), respectively. Recently, we have im-
proved [18] the performance of the LCLS estimator by in-
troducing a weighting matrix in the optimization, which can
be regarded as a hybrid version of the QCLS and LCLS algo-
rithms. The idea of this constrained weighted least squares
(CWLS) technique has also been extended to the RSS [19]
and TOA [20] measurements. Using a different way of con-
verting nonlinear equations to linear equations without in-
troducing dummy variables, Pages-Zamora et al. [16] have
developed a simple LS AOA-based location algorithm. In this
work, our contributions include (i) development of a unified
approach for mobile location which allows utilizing different
combinations of TOA, RSS, TDOA, and AOA measurements
via generalizing [18-20] and improving [16] with the use
of WLS; and (ii) derivation of bias and variance expressions
for all the proposed algorithms. In particular, we prove that
the performance of all the proposed estimation methods can
achieve zero bias and the Cramér-Rao lower bound (CRLB)
[21] approximately when the measurement errors are uncor-
related and small in magnitude.

The rest of this paper is organized as follows. In Section 2,
we formulate the models for the TOA, TDOA, RSS, and
AOA measurements and state our assumptions. In Section 3,
three CWLS location algorithms using TDOA, RSS, and TOA
measurements, respectively, are first reviewed, and a WLS
AOA-based location algorithm is then devised via modi-
fying [16]. Mobile location using various combinations of
TOA, TDOA, RSS, and AOA measurements is also examined.
In particular, a TDOA-AOA hybrid algorithm is presented
in detail. The performance of all the developed algorithms

TABLE 1: List of abbreviations and symbols.

AOA Angle-of-arrival

CWLS Constrained weighted least squares
CRLB Cramér-Rao lower bound

NLS Nonlinear least squares

RSS Received signal strength

TOA Time-of-arrival

TDOA Time-difference-of-arrival

AT Transpose of matrix A

Al Inverse of matrix A

A° Optimum matrix of A

a2 Noise variance

Cn Noise covariance matrix

I(x) Fisher information matrix for parameter vector x
X Optimization variable vector for x
X Estimate of x

diag(x) Diagonal matrix formed from vector x
I M x M identity matrix

1y M X 1 column vector with all ones
0y M x 1 column vector with all zeros
Ourxn M x N matrix with all zeros

o] Element-by-element multiplication

is studied in Section 4. Simulation results are presented in
Section 5 to evaluate the location estimation performance of
the proposed estimators and verify our theoretical findings.
Finally, conclusions are drawn in Section 6. A list of abbre-
viations and symbols that are used in the paper is given in
Table 1.

2. MEASUREMENT MODELS

In this section, the models and assumptions for the TOA,
TDOA, RSS, and AOA measurements are described. Let x =
[x,y]T be the MS position to be determined and let the
known coordinates of the ith BS be x; = [x;, y;]7,i = 1,2,
..., M, where the superscript T denotes the transpose opera-
tion and M is the total number of receiving BSs. The distance
between the MS and the ith BS, denoted by d, is given by

di=x-x)+(-y)hi=12...M (1)

2.1. TOA measurement
The TOA is the one-way propagation time taken for the sig-

nal to travel from the MS to a BS. In the absence of distur-
bance, the TOA measured at the ith BS, denoted by t;, is

==, i=1,2,...,M, (2)
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where ¢ is the speed of light. The range measurement based ~ where
on t; in the presence of disturbance, denoted by rroa, is T
modeled as I'TDOA = [rTDOA,Z TTDOA3 " 'rTDOA,M] )
T
T'TOA,i = di+ NTOA,i nTpoa = [”TDOA,Z NTDOA3 * * * ﬂTDOA,M] N
= \/(x - xi)z +(y - )’i)2 +nroai i=1,2,...,M, [ \/(x—x2)2+(y_)’z)z_\/(x—xl)z"'()’_}’1)2 |
G) 2 2 2 2
V=) 4 (y=33) = (=) "+ (= 31)
frooa(x) = )
where n7o,,; is the range error in rpoa ;. Equation (3) can also
be expressed in vector form as \/(x x )2+(y ) 7 \/(x x )2+(}/ ) %
Ly (X=X —ym) =\ x—x1 —y1)
(8)

rroa = froa(x) + nroa, (4)

where

T
rToa = [rTOA,l TOA2 * * * VTOA,M] ,

T
nroa = [nTOA,I NTOA2 * * * HTOA,M] >

Jx—x)+(y-y)’ (5)
Jx—x)+(y— )’

froa(x) =

Vx—x) + (y = ym)’

2.2. TDOA measurement

The TDOA is the difference in TOAs of the MS signal at a pair
of BSs. Assigning the first BS as the reference, it can be easily
deduced that the range measurements based on the TDOAs
are of the form

rrooa,i = (di — di) + nrpoa,i

V=) + (=) -+ (- )’

+ntpoai> 1 =2,3,...,M,

(6)

where npoa,; is the range error in rrpoa,;. Notice that if the
TDOA measurements are directly obtained from the TOA
data, then n1poa,; = n1oA,; — MTOAL | = 2,3,..., M. In vector
form, (6) becomes

rrooa = frpoa(X) + nrpoa, (7)

2.3. RSS measurement

Without measurement error, the RSS or received power at
the ith BS, denoted by P}, can be modeled as [22]

pr:KPit

i iﬁ) i=1,2,...,M, (9)
1

where P} is the transmitted power, K; accounts for all other
factors which affect the received power, including the an-
tenna height and antenna gain, and a is the propagation con-
stant. Note that the propagation parameter a can be obtained
via finding the path loss slope by measurement [22]. In free
space, a is equal to 2, but in some urban and suburban areas,
a can vary from 3 to 6. From (9), the range measurements
based on the RSS data with the use of the known {P!} and
{Ki}, denoted by {rgrss,i}, are determined as

t

i
TRSS,i = Ki? + 7RSS,

i
a/2

+ NRsS,i» i=1,2,...,.M,

(10)

= [x=x)"+ (y - )]

where ngss; is the range error in rrss,;. It is noteworthy that
if a = 1, then (10) will be of the same form as (3). Equation
(10) can also be expressed in vector form as

rrss = frss(x) + ngss, (11)

where

T
TRrss = [TRss,l TRSS,2 * * 'T’RSS,M] ,

T
nRrss = [”Rss,l MRSS,2 * = * ”RSS,M] s

[+ 6-21" ] o

2 2qa/2
frss(x) = [(x ©) +.()’ }’2)]

(=P + (=m0
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2.4. AOA measurement

The AOA of the transmitted signal from the MS at the ith BS,
denoted by ¢;, is related to x and x; by

tan (¢;) = 221

, 1=1,2,...,M. (13)
X — Xi

Geometrically, ¢; is the angle between the LOB from the ith
BS to the MS and the x-axis. The AOA measurements in the
presence of angle errors, denoted by {raoa,i}, are modeled as

(YD .
TAOAi = Qithaoa, =tan (j) +np0a,i,  1=1,2,...,M,
1

x
(14)

where 1504,; is the noise in r50,;. Equation (14) can also be
expressed in vector form as

rp0a = faoa(X) + naoa, (15)
where
T
TAOA = [T’AOA,l TAOA2 ™ * * T’AOA,M] N
T
NAoA = [”AOA,I NAOA2 * " * ”AOA,M] s
_‘[an*1 (_}/—)’1) |
X — X1 (16)
tan~! (y_— yz>
faoa(x) = X=X
tan~! (L — yM)
L X —Xm /-

To facilitate the development and analysis of the pro-
posed location algorithms, we make the following assump-
tions for the TOA, TDOA, RSS, and AOA measurements.

(A1) All measurement errors, namely, {ntoa,i}, {#TDOA}>
{ngrss,i}, and {naoa,} are sufficiently small and are
modeled as zero-mean Gaussian random variables
with known covariance matrices, denoted by Cp 1oa,
Ch,tpoA> Cnrss, and Cpaoa, respectively. The zero-
mean error assumption implies that multipath and
non-line-of-sight (NLOS) errors have been mitigated,
which can be done by considering the techniques in
[23-27]. Nevertheless, the effect of NLOS propaga-
tion will be studied in Section 5 for the TOA measure-
ments.

(A2) For RSS-based location, the propagation parameter a
is known and has a constant value for all RSS measure-
ments.

(A3) The numbers of BSs for location using the TOA,
TDOA, RSS, and AOA measurements are at least 3, 4,
3, and 2, respectively.

3. ALGORITHM DEVELOPMENT

This section describes our development of the CWLS/WLS
mobile positioning approach for the cases of TDOA, RSS,
TOA, and AOA measurements. We also discuss how the
proposed methods can be extended to hybrid measurement
cases, such as the TDOA-AQOA.

3.1. TDOA[18]

Without disturbance, (6) becomes

TTDOA,i = \/(X - xi)z +(y- )’i)2 - \/(x - x1)2 +(y - )’1)2

=> T'IDOA,i +\/(x - x1)2 +(y— )’1)2

= \/(x—xi)2+ (y—y)’ i=23...,M
(17)

Squaring both sides of (17) and introducing an intermediate
variable, R;, which has the form

R1:d1 =\/(X—X1)2+(}/—y1)2, (18)
we obtain the following set of linear equations [13]

(o —x1) (xi —x1) + (¥ — y1) (yi — »1) + rrooaiR

1 2 2 .
= E[(x,»—xl) +(yi—y) —r%DOA,i], i=2,3,...,M.
(19)
Writing (19) in matrix form gives
G9=h, (20)
where
X2 —X1 Y2— Y1 TTDOA,2
G-| : N
XM — X1 Ym — Y1 TTDOAM
, , (21)
(2 —x) + (2= )" — r%DOA,Z
1
h = 5 ,

(xm — Xl)2 + (yM - }’1)2 - T%DOA,M

and the parameter vector 9 = [x —x1, ¥ — 1, Ry ] T consists of
the MS location as well as R;.
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In the presence of measurement errors, the SI technique
determines the MS position by simply solving (20) via stan-
dard LS, and the location estimate is found from [13]

9 = argmin(GY — h)"(GH — h)
’ (22)
= (G'G) 'G™h,

where 9 = (X —x1,) — yl,Iil]T is an optimization variable
vector and ~! represents the matrix inverse, without utilizing
the known relationship between %, j, and R;.

An improvement to the SI estimator is the LCLS method
[15], which solves the LS cost function in (22) subject to the

constraint of (X — x1)> + (j — y1)> = R}, or equivalently,

9'sd-o, (23)

where X = diag(1,1,—1).

On the other hand, Chan and Ho [14] have improved
the SI estimator through two stages. In the first stage of the
QCLS estimator, a coarse estimate is computed by minimiz-
ing a WLS function

(GY9-n)TY (GI - h), (24)

where Y is a symmetric weighting matrix, which is a function
of the estimate of R;, denoted by ﬁl. A better estimate of 9 is
then obtained in the second stage via minimizing (¥ — x1)? +
(# — y1)? — R} according to another WLS procedure. Since
R, is not available at the beginning, normally a few iterations
between the two stages are required to attain the best solution
[15].

The idea of our CWLS estimator is to combine the key
principles in the CWLS and LCLS methods, that is, the MS
position estimate is determined by minimizing (24) subject
to (23). For sufficiently small measurement errors, the in-
verse of the optimum weighting matrix Y~! for the CWLS
algorithm is found using the best linear unbiased estimator
(BLUE) [21] asin [14]:

Y° = sis] © Corpoas (25)
where
d2 d2 - dl + Rl
d3 ds —d + R,

S = . = . (26)
du dy —di+ Ry

and © denotes element-by-element multiplication. Since Y
contains the unknown {d;}, we express d; = d; — di + Ry
and approximate d; — d; by rrpoa,; and thus an approximate
version of Y°, namely, ;8] ® Cyrpoa with §; = [rrpoas +

IA21 -« - rrpoaM + ﬁl]T is employed in practice.

Similar to [15], the CWLS problem is solved by using the
technique of Lagrange multipliers and the Lagrangian to be
minimized is

Lrpoa®n) = (GI-W)TY (G -h) +48'2d,  (27)

where # is the Lagrange multiplier to be determined. The es-
timate of 9 is obtained by differentiating Lrpoa(9,#) with

respect to 9 and then equating the results to zero (see Appen-
dix A.1):

9= (G"™Y'G+4Z) 'G"Y 'h, (28)

where 7 is found from the following 4-root equation:

ii -0 (29)
i=1 (’7+(i)2 -

and {e;}, {fi}, and {(;}, i = 1,2,3, have been defined in Ap-
pendix A.1. The procedure for CWLS TDOA-based location
is summarized as follows.

(i) SetY = Ip—1, where Iy denotes the identity matrix
of dimension (M — 1).

(ii) Find all roots of (29) by using a standard root finding
algorithm. Then take only the real roots into consider-
ation as the Lagrange multiplier is always real for a real
optimization problem.

(iii) Put the real #’s back to (28) and obtain subestimates of
9. Then choose the solution 9 from those subestimates
which makes the expression (G9 — h)"Y"1(G9 - h)
minimum.

(iv) Construct Y according to (25) using the obtained R, in
step (iii). Then, repeat steps (ii) and (iii) until 9 con-
verges.

3.2. RSS[19]

Without measurement errors, (10) becomes

a/2
ngs,,-z[(x—x,-)2+(y—yi)2] , i=1,2,...,M. (30)

Extending the SI technique and taking power 2/a on both
sides of (30) yields

rics; = R3 — 2xx; — 2yyi + (x7 + y})

:xix+yiy—0.5R§ (31)

2/a

(24 y2 =), i= 1,2, M,

N | —

where

Ry = \x? + y? (32)
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is the introduced intermediate variable in order to linearize
(30) in terms of x, y, and R3. Similar to the TDOA measure-
ments, (31) can be expressed in matrix-vector form:

Af =D, (33)
where
X1 M -0.5 x
A= 5 0 = )’ 5
XM YM -0.5 R%
(34)

2, .2 . 2a
X1+ Y1 — TRss,1

2 2 2a
Xpmt YMm — TRSSM

The CWLS estimate of 0 is obtained by minimizing
(AO—b) TP (A0 - D), (35)

where W™! is the corresponding weighting matrix, subject to

q0+8'Pd=0 (36)
such that
% 100 0
o6=|7|, P=|o10|, q=|0][. 37
R? 000 -1

Here, (36) is a matrix characterization of the relation in (32).

The optimum value of W is also determined based on the
BLUE as follows. For sufficiently small measurement errors,
the value of r& ; can be approximated as

2/a 2/a
TRSS,i = (df + ngss,i)

(38)
i=12,...,M

1

2 2—
~dF + p (di) u”RSS,i;

As a result, the disturbance between the true and estimate of
the squared distances is

2/a

2— .
& = rRSS,i — d,Z ~ (d,) anRss,,‘, 1= 1,2,... ,M. (39)

Qo

In vector form, {¢;} is expressed as

2 2—a 2 2—a 2 2—-a T
e= ;(d1) ”RSS,la;(dz) ”RSS,Z;---a;(dM) nRss,M | -

(40)

The covariance matrix of the disturbance, which leads to the
optimum weighting matrix, is thus of the form

W° = E{ee’} = 5587 © Cprss, (41)

where

T

sFB(dl)z‘“ (d)> " - (dM)Z_“]. (42)

1 1
a a

Since s, depends on the unknowns {d;}, we use {r,»l/ “1 instead
of {d;} to form an estimate of s, denoted by $,, which is

1 2/a—1

1 1 ]T

A a—1 2/a—1

S = [—r —r ~r . (43)
g RS, TRsS,2 7 RSS.M

Minimizing (35) subject to (36) is equivalent to minimizing
the Lagrangian

Lrss(0,1) = (AD —b)T¥(AD —b) + 1(q"0 + &' PO),
(44)

where A is the corresponding Lagrange multiplier. The CWLS
solution using the RSS measurements is given by (see Appen-
dix A.2)

~

0= (ATw'A+2P)"" <AT\I”1b - %q), (45)

where A is determined from the 5-root equation:

WY RNT S g
3)3 = L3583 -5
2 Sl+dy 251+ 5 (1+Ap)°

Cifi)/i +£i CigiYi

_Ag_agy _As
23 (1+)t)/i)2 25 (1+/\)’i)2 45 (1+A)’i)2

(46)

The {c¢;}, {ei}, { fi}, and {g}, i = 1,2, 3, have been defined in
Appendix A.2. The CWLS solution using the RSS measure-
ments is found by the following procedure.

(i) Obtain the real roots of (46) using a root finding algo-
rithm.
(ii) E’ut the real A’s back to (45) and obtain subestimates of
6.
(iii) The subestimate that yields the smallest objective value
of (AG —b)T¥-1(A0 — b) is taken as the globally opti-
mal CWLS solution.
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3.3. TOA[20]

Since the models of the TOA and RSS will have the same form
if the propagation constant is equal to unity, puttinga = 1 in
Section 3.2 yields the algorithm of the CWLS estimator using
the TOA data.

3.4. AOA

In the absence of noise, (13) becomes

sin (raoa,i)

tan (raon) = cos (Faon)
N

(47)
_y-yi

, 1=1,2,...,M.
X — X

By cross-multiplying and rearranging (47), a set of linear
equations in x and y for the AOA measurements is obtained
as

xsin (raoa,i) — ¥ cos (raoai)

i=1,2,...,M.
(48)

= x;sin (ra0a,i) — ¥i€os (raon.i)s

Expressing (48) in matrix form, we have [16]

Hx =k, (49)
where
[ sin (raoa,1) — cos (raoa)
H= >
| sin (raoam) — cos (raoam)
(50)
[ x1sin (raoa,) — y1cos (raoa)
Kk =
| %1 sin (raoam) — yu cos (raoam)

To improve the performance of the LS estimator of [16], we
propose to use WLS to estimate the MS location x and the
solution is
X = argmin(Hx - k)TQ "' (Hx - k)
(51)
= (H'Q'H) 'HTQ 'k,

where Q7! is the corresponding weighting matrix and x =
(X, )‘/]T. Again, we use the BLUE technique to determine the

optimum Q as follows. In the presence of measurement er-
rors, (48) becomes

xsin (¢; + naoai) — y cos (i + naoa,)

i=1,2,...,M
(52)

= x;sin (¢; + naoai) — yicos (¢i + naoni)

It is noteworthy that (52) is similar to the Taylor series lin-
earization based on a geometrical viewpoint [17], although
the latter considers only one AOA measurement with the cor-
responding BS locates at the origin. By expanding sin(¢; +
naoa,i) and cos(¢;i+na04,i), and considering sufficiently small
angle errors such that sin(na0a,;) & naoa,; and cos(ma0a,i) =
1, we obtain the residual error in ryoa; as

8i = naonil (x — x;) cos (¢:) + (y — i) sin (¢4) ],
i=12,...,M.

(53)

In vector form, {6;} is expressed as

naoa1 [ (x = x1) cos (¢1) + (y — y1) sin (¢1) ]

naonzl (x = x2) cos (¢2) + (y — y2) sin (¢2) ]
S =

naoam | (x = xar) cos (ar) + (y — yar) sin (@) |
(54)

Thus the inverse of the optimum weighting matrix, Q°, is

Q° = E{88"} = 8387 © Canons (55)
where
(x = x1) cos (¢1) + (y — y1) sin (¢1) di
(x = x2) cos (¢2) + (¥ — »2) sin (¢2) d,
S3 = =

(x — xa) cos (¢ar) + (¥ — yu) sin (¢ar) du
(56)

because cos(¢;) = (x—x;)/d; and sin(¢;) = (y — y;)/d;. Again,
since s3 involves the unknown parameters x and {¢;}, they
will be approximated as X and {raoa,}, respectively, in the
actual implementation. In summary, the WLS procedure for
AOA-based location is

(1) set Q@ =T,
(i1) use (51) to determine the estimate of x;
(iii) construct Q based on (55) using the computed X in
step (ii) and repeat step (ii) until parameter conver-
gence.

It is noteworthy that since H also consists of noise, we
have already attempted to introduce constraints in the WLS
solution in order to remove the bias due to the noisy com-
ponents, but improvement over the WLS estimator has not
been observed. As a result, it is believed that the noise in
H can be ignored for sufficiently high signal-to-noise ratio
(SNR) conditions. In fact, Pages-Zamora et al. [16] have sim-
ilarly observed that the LS estimator performs even better
than its total least squares counterpart.
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3.5. TDOA-AOA hybrid

It is apparent that combining different types of the mea-
surements, if available, can improve location performance
and/or reduce the number of receiving BSs. Among various
hybrid schemes, the most popular one is to use the TDOA
and AOA measurements simultaneously [17]. To perform
TDOA-AOA mobile positioning, (48) is now rewritten by
adding y; cos(raoa,i) — X1 sin(raoa,i) on both sides:

(x = x1) sin (raoai) — (¥ — y1) cos (raoa,i)
= (x; — x1) sin (raoa,i) — (¥i — y1) cos (raoai)>

i=12,...,M
(57)

Combining (19) and (57) into a single matrix-vector form
yields

BY = w, (58)

where

G h

B = 5 W = 5
H 0y Kk’
0
(%2 = 2x1) sin (raoa2) — (2 — 1) cos (raoa2)

k' =

(2p — x1) sin (raoam) — (ym — y1) cos (raoam)
(59)

with 0y is an M X 1 column vector with all zeros. Then 9 is
solved by minimizing

(B —w) W (B —w) (60)

subject to

9'x9-0. (61)

The optimum weighting matrix, denoted by W° ™!, is deter-
mined from the inverse of

W = 8457 © CorpoA-AOAS (62)

where s; = [s1 s3]7 and Cprpoa-aoa is the covariance ma-
trix of the TDOA and AOA measurement errors. By follow-
ing the estimation procedure in Section 3.1, the parameter
vector 9 is determined. Similarly, mobile location algorithms
using AOA and RSS or TOA measurements can be deduced.

For TDOA-TOA or TDOA-RSS hybrid positioning, a
simple and effective way is to convert the TOA and RSS,
respectively, into TDOA measurements and then apply the
CWLS TDOA-based location algorithm. Finally, it is straight-
forward to combine TOA and RSS measurements via con-
verting the former to the latter or vice versa. Localization
with more than two types of measurements can be extended
easily in a similar manner.

4. PERFORMANCE ANALYSIS

As briefly mentioned in Section 1, the CWLS and WLS es-
timators in Section 3 can achieve zero bias and the CRLB
approximately when the noise is uncorrelated and small in
power. In the following subsections we provide the proofs of
this desirable property for each measurement case.

4.1. Mean and variance analysis for generic
unconstrained minimization problems

The idea behind the performance analysis here is to recast the
CWLS estimators to unconstrained minimization problems,
and then to use the analysis technique for unconstrained
problems [28] to find out the mean and covariance of the
estimators. To describe the latter, consider a generic uncon-
strained estimation problem as follows:

y= argm?in]()“'), (63)

where J(y) is a function continuous in y. Given that y is the
true value of the estimated parameter, it is shown [28] that

bias(?)z—E[ ] ]15[8]””, (64)

ayovt ] Loy

o) ()F) Jelage]

?:Y’
(65)

where bias(y) and Cy represent the bias and the covariance
matrix associated with ¥, respectively. The approximations
in (64) and (65) are based on the assumption that noise
variances are sufficiently small. In the following, we will ap-
ply (64) and (65) to show that all the developed algorithms
are approximately unbiased and to produce their theoretical
variances.

4.2. TDOA

Although the CWLS problem of (24) subject to (23) consists
of a parameter vector 9 with 3 variables, namely, X —x1, y— y1,
and Ry, it can be reduced to a 2-variable optimization prob-
lem using the relation of (18), that is, setting R, = (‘E)IT\E)I)I/Z
where 9; = [X—x1 7 —»]T. In so doing, the CWLS po-
sition estimate using the TDOA measurements is equivalent
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to
9 = argH%fH]TDOA(él), (66)
where
Jrpoa(91) = [391 + (91T91)]/21‘TD0A - h]T o
67

<Y 1[88; +(319:) “troos — h]

which is the cost function of the CWLS algorithm using
TDOA measurements in terms of 9; with

X2 — X1

Y2 — )N
Y3 =N

X3 — X1
(68)

XM —X1 YM— )1

The values of E[0]rpoa(91)/09:], E[0*Fpoa(91)/09,09] ],
and E[(9Jrpoa (91)/091)(0Jtpoa(91)/091)T] at §; = 9, are
calculated in Appendix B.1. Using (64) and (65) with ] =
Jrpoa(91), the mean and the covariance matrix of the MS po-
sition estimated by the CWLS algorithm are

E[X] = x, (69)
Ce~ {[ST+d (x—x1) (sT — di1fy )],
L (0)
XY_I[S+d1_1(Sl - dllM—l)(X_Xl)T]} >
|
(2 —x1) + (x —

[ST+di (x—x1) (sf —dilyy )] =

2=y)+(y—x)

and [S+d; ! (s; —di1y-1)(x—x;)T] is given by the transpose
of (73).

M 1 [x—xl-_x—xl]2
C o~ i— G”IZ"DOA,i d; dy
) &1 [x—x,-ix—xl][y—yiiy—yl]
- O%DOA,i d,‘ d1 di d1

where 171 is denoted as an (M — 1) X 1 column vector with
all ones. Equation (69) shows that the estimator is approx-
imately unbiased, while the two diagonal elements in (70)
correspond to the variance of the position estimate X. Now
we are going to compute Cy particularly when all the mea-
surement errors are uncorrelated. This implies that the co-
variance matrix for the TDOA measurement errors has the
form of

0’12"DOA,2 0 T 0
0 Ulz"DOA,S T 0
CnrpoA = (71)
2
0 0 * OTpoaM

Considering sufficiently small error conditions such that Y ~
Y°, we have

T
Y = s18; © CyrpOA

d%U%DOA,Z 0 T 0
0 dgg%DOA,3 T 0 (72)
0 0 : dlz\/IJ”IZ"DOA,M
We also note that
xl)dzgd1 (xM—xl)+(x—x1)de_d1
1 1
73
dz — dl dM - dl ( )
s =yt ()
dl dl

M

2
i—2 OTDOA,i

Substituting (72) and (73) into (70), the inverse of co-
variance matrix Cy is calculated as

1 [x—x,—_x—xl][yfy,-_yfyl]
dl‘ dl di dl

(74)
M

1 [y—%fy—yqz

2
i—> OTDOA,i d; d
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On the other hand, the Fisher information matrix (FIM) for
the TDOA-based mobile location problem with uncorrelated

M

2

Z 1 [x —-Xi X—X ]
> _

i—2 OTDOA,i d; d

Itpoa(x) =
M

di d,

2
i—2 OTDOA,i

which implies C;! ~ Itpoa(x). As a result, the performance
of the TDOA-based mobile positioning algorithm via the use
of CWLS achieves the CRLB for uncorrelated measurement
errors. It is also expected that the optimality still holds when
the TDOA measurement errors are correlated.

4.3. RSS

Similar to Section 4.1, R, in @ is substituted by xx so the
CWLS solution using the RSS measurements is equivalent to

X = argmin Jpss(X), (76)
where
Jrss(X) = [Xpsk — 0.5(X7%) 1 — b]T
(77)
X W [Xpsxk — 0.5(x7%) 1 — b]
with
X1 N
X2 )2
Xps = (78)
XM YM

The required values of the derivatives have been computed
in Appendix B.2. Putting them into (64) and (65) with | =
Jrss(X) gives

E[X] = x, (79)

1

Cy ~ {(Xfs — x13) ¥ (Xps — Iux")} . (80)

1 [x—xi_x—xl][y—yi_y—yl
d; di

measurement errors is computed in Appendix C as shown
below

g [x—xiix—xl][y—yiiy—yl]
- G%DOA,i di dl d,‘ dl
(75)
] &1 [y—yi_y—wT
i U%DOA,i di di

Again, the unbiasedness of the algorithm is illustrated in
(79). For uncorrelated measurement errors, we have

Ogssy O -+ 0
0 Ogssy -+ 0
Chrss = (81)
2
0 0 © ORss,M

Assuming ideal weighting matrix as in the previous analysis,
the inverse of W™! for the RSS-based algorithm is

~ T
V¥ =~ 5,5, © Cprss

(1 20-a) » ]
Edl ORsS,1 0 T 0
L p@-a) >
- 0 ;dz ORssp 0
L »e-a)
0 0 2% “ oRssm

(82)

It is also noted that

Xfs — x1j; = [

X1—X Xp—X -+

=y ya=y -

XM — X

} )
M=y

and (Xps — 1px7) is the transpose of (83). Hence the inverse

of the covariance matrix is
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%az(x—xi)zdiz(“fz) M a2 (x - x;) y yi)d; 2a-2)
. . N r -1 012155,1' -1 URSS;
C.l~ (X — x1) ¥ (Xps — Iyx') = Ny e y ) (84)
Zaz(x—xi)(y yi)d; Zﬂ ~y)’d;
-1 URss,i -1 URss,i
|
From Appendix C, the FIM for RSS-based mobile location Considering sufficiently small noise conditions, we have
with uncorrelated measurement errors can be computed,
which is given by
Q= S3S§ © Cn,AOA
Irss(x)
%az x;) a2 %a (x— x,)(y y;)d2 e dioion 0 0
v ORss,i b ORss, 0 303002 - - 0
z (o) (y=y)di"*™ 5 20y fapey
- ORss.i i=1 Oftss. 0 0 - d0Koam
(85) (90)
. _1 . . Yy — ) X — X
which means Irss(x) ~ C;', and thus the optimality of P -
the RSS-based location algorithm for white disturbance is ! !
proved. Y-y xX—X
H =~ d2 dz
4.4. TOA :
By putting @ = 1 in Section 4.2, the bias and variance ex- YoM X~ XM
pressions for the position estimate using the TOA data are L dm dum
obtained. Nevertheless, we have already shown that its esti-
mation performance attains the CRLB in uncorrelated mea- .
surement errors in [20]. Putting (90) into (88) yields
4.5. AOA
C,'~H'Q'H
From Section 3.4, the WLS cost function for AOA-based mo- o 5 o
bile positioning is S (y =) -y (x —xi) (y — i)
i=1 U[iOA,z dl i=1 UiOA,I dl
Jaoa(%) = (Hx - k)"0 7! (Hx - k). (86) ~
M M 2
, , , 5y (x - xl (=) S (x — xi)
In Appendix B.3, the mean and the covariance matrix of the ondl L2
MS position estimate are calculated as =t o = o 91)

E[X] = x, (87)

-1

C, ~ (HTQ'H) (88)

In particular, for uncorrelated measurement errors, Cp a0 15
of the form

U/§OA,1 0 Tt 0
0 0Gioaz - O
Chaon =| . o - (89)
2
0 0 * OAOAM

On the other hand, the FIM for AOA-based mobile loca-
tion with uncorrelated measurement errors is computed in

Appendix C as

M M
Zyyz) Zxxzyyl)
i1 GAOAzdz i1 OAOAldl

Lroa(x) =

& (x—x) (=) (x—x)’
i=1 01%0A,idz{1 i=1 GAOAIdl

(92)
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which implies Iyoa(x) ~ C;'. As a result, the performance
of using the WLS estimator for AOA-based mobile loca-
tion with uncorrelated measurement errors is optimal under
small noise conditions.

4.6. TDOA-AOA hybrid

Similar to Section 4.1, the CWLS position estimate using
both TDOA and AOA measurements is equivalent to

9, = arg I'%in]TDOA-AOA (%), (93)

where

Jrpoa-a0a (91)

= BI-w) W (BI-—w)

T
S|, .T« \1/2 | 'TDOA (94)
- s]. .T+ \1/2 | 'TDOA
S BTN

with

S rrpoa
B = . (95)
H 0y

In Appendix B.4, we have shown that
E[x] = x (96)

which indicates its unbiasedness and

S1 [ 101 !
Cy~ [S H ]-{—(x—xl) (dl [OM]— o, ])

o (il R Y]]

{ls7 s 67 - a7

-1
« W_l |:S+d1_1(51 — dllMl)(X—Xl)T:|}
H .

(97)

In particular, for uncorrelated measurement errors, we have

Chtooa  Owr—n)xm
Cn,TDOA-AOA = , (98)
Omx-1)  Cnnoa
where
C = diag (0% o? o2 )
n,TDOA 8 \0Tp0oA,2> OTDOA,3> - - - » OTDOAM )»
(99)

_ 2 2 2
Cn,a0a = diag (UAOA,l > ONOA 2+ +> UAOA,M) >

and O(y—1)xm 1is denoted as an (M — 1) X M matrix with all
zeros. Using the ideal weighting matrix, we get

T
W =545, © Cy1D0OA-A0A

s1s7 © Catpoa  O-1)xM ]

Oumxm-1) 8381 © Cnaoa (100)

Y Ov-1)xm
| Omxm-1) Q

which is a diagonal matrix. Substituting (100) into (97) yields
Cl~ [ST+di (x—xi)(s] —dil}_))]

XY S+d (s - dily) (x-x)' | (101)

+HTQ 'H.

In Appendix C, the FIM for the TDOA-AOA hybrid mobile
positioning problem with uncorrelated errors can be com-
puted as

Itpoa-a0a(x) = Itpoa(x) + Ia0a(X). (102)
From the results of (74), (75), (91), and (92), it is noted that
C;' ~ Irpoanaoa. As a result, it is proved that the perfor-
mance of the TDOA-AOA hybrid mobile positioning algo-
rithm achieves the CRLB for sufficiently small uncorrelated
noise conditions.

5. SIMULATION RESULTS

Computer simulation using MATLAB had been conducted
to evaluate the performance of the proposed TOA-based,
TDOA-based, RSS-based, AOA-based, and TDOA-AOA hy-
brid mobile positioning algorithms. Comparisons with
the NLS approach as well as corresponding CRLBs were
also made. We considered a 5-BS geometry with coordi-
nates [0,0]m, [3000+/3,3000] m, [0,6000]m, [-3000~/3,
3000] m, and [—3000+/3, —3000] m, while the MS position
was fixed at [x, y] = [1000,2000] m. The value of a was set
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FIGURE 1: Mean square range errors for TOA measurements in un-
correlated noise.

to be 2 in all RSS measurements. For the proposed approach,
steps (ii) and (iii) of the TDOA-based and TDOA-AOA hy-
brid algorithms and step (ii) of the AOA-based algorithm
were only repeated once because no obvious improvement
was observed for more iterations. On the other hand, we used
the Newton-Raphson iterative procedure in the NLS imple-
mentation with three iterations. For TDOA, TOA, and RSS
measurements, NLS initialization was given by (28) and (45)
with setting the values of the Lagrange multipliers to zero. As
for AOA measurements, (51) was employed to initialize the
NLS estimator with Q = Iy;. All results were averages of 1000
independent runs.

Figure 1 shows the mean square range errors (MSREs) of
the TOA-based CWLS and NLS estimators as well as CRLB
versus power of distance error based on the TOA measure-
ments. For simplicity, we assumed that the disturbances in
the TOA measurements, namely, {nroa,;}, were white Gaus-
sian processes with identical variances. The MSRE was de-
fined as E[(x — X)* + (y — )?] and its unit was m?, which be-
came dBm” in dB scale. We observe that the performance of
the proposed and NLS methods met the CRLB when the TOA
noise power was less than 75 dBm” and 60 dBm?, respectively,
which indicated that the former had a larger optimum oper-
ation range. The effect of positive mean TOA errors, which
corresponded to NLOS propagation, was also illustrated in
the same figure. Here the range measurements were modeled
as

rroai = di + niroa,i + Nuj, (103)

where N = 100 m was the maximum error introduced by
NLOS and u;, i = 1,2,...,M, were independent uniformly
distributed random numbers ranged from 0 to 1. It is seen
that the nonzero mean errors introduced biases in both

methods when the TOA noise power was less than 35 dBm?,
but its effect became negligible for larger power of n1oa,, par-
ticularly for the CWLS estimator.

Figures 2, 3, and 4 show the MSREs of the RSS-based,
TDOA-based, and AOA-based positioning algorithms, re-
spectively, as well as the corresponding CRLBs, versus power
of measurement errors. The disturbances in the RSS and
AOA measurements were white Gaussian processes with
identical variances as in the TOA measurements. As the units
of the oss; and 03, ; were m*@ and rad’, they became dBm**
and dBrad® when represented in dB scales. While the TDOA
measurements were Gaussian with covariance matrix of the
form

1
Otpoa !

CntpOA = 20 (104)
11 ---2

From the figures, we observe that the performance of all the
proposed methods approached the corresponding CRLBs for
sufficiently small measurement errors, which verified their
optimality at sufficiently high SNRs. Moreover, the superi-
ority of the CWLS approach over the NLS scheme was again
demonstrated for larger disturbance environments.

Figure 5 shows the MSREs with TDOA-AOA hybrid mea-
surements, where the disturbances in the same type of mea-
surements had identical power with zero mean, and they
were uncorrelated with each other. It can be observed that
the variances of the CWLS estimator approached the corre-
sponding CRLB for all cases while the NLS scheme failed to
produce optimum performance particularly when the AOA
noise power was —10 dBrad’. This illustrated that the CWLS
estimator for TDOA-AOA hybrid mobile positioning was op-
timum for uncorrelated TDOA and AOA measurements and
was more robust than the NLS method.

The computational complexity of the CWLS and NLS
methods was also compared using the average number of
floating point operations (FLOPS) provided by MATLAB,
and the results are given in Table 2. It is seen that for AOA
measurements, the proposed method required fewer FLOPS
than the NLS while it needed more FLOPS for RSS and TOA
measurements. For TDOA and TDOA-AOA hybrid measure-
ments, both methods had comparable complexity. It is note-
worthy to mention that the computational requirements of
the CWLS approach can be significantly reduced if we only
solve for the Lagrange multiplier whose value is closest to
zero as in the LCLS method [15].

6. CONCLUSIONS

This paper considers a unified constrained weighted least
squares (CWLS)/weighted least squares (WLS) mobile lo-
cation approach for time-of-arrival (TOA), received sig-
nal strength (RSS), time-difference-of-arrival (TDOA), and
angle-of-arrival (AOA) measurements. The basic idea is to
reorganize the nonlinear equations obtained from the mea-
surements into linear equations. These linear equations are
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FIGURE 2: Mean square range errors for RSS measurements in un-
correlated noise.
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FIGURE 3: Mean square range errors for TDOA measurements in
correlated noise.

then solved in an optimum manner with the use of weighted
least squares and/or method of Lagrange multipliers. The
proposed approach is quite flexible in that it can be easily
extended to hybrid measurement cases such as the TDOA-
AOA. We have proved that for small uncorrelated noise dis-
turbances, the performance of all the proposed CWLS and
WLS algorithms attains zero bias and the Cramér-Rao lower
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< * ¥
=
=0 *
= * * ¥
§ 100 [ M ‘
-
o *
L
on . . . 0
= .
i
o el
s e
g 50 1 **
*
* 1 1 1 1 1 1 1 1
-70 —-60 —-50 —-40 -30 -20 -—10 0 10 20

AOA noise power (dBrad?)

* Proposed CRLB
* NLS

FIGURE 4: Mean square range errors for AOA measurements in un-
correlated noise.
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FIGURE 5: Mean square range errors for using both TDOA and AOA
measurements.

bound (CRLB) approximately. Simulation results indicate
that these theoretical approximation results are accurate, in
that the simulated mean square error performance of the de-
veloped algorithms closely approaches the CRLBs when the
noise variance is small. It is also shown that the proposed
approach outperforms the nonlinear least squares scheme in
terms of larger optimum operation range.
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TasLE 2: Computational complexity of proposed and NLS methods The solution to (A.6) is
in terms of FLOPS.
Proposed NLS . o 1
— (ATWp-1 - -1y, A
o ”— - 6= v a+ap) (AT b-Tq), (A7)
RSS 6991 1393
TDOA 9892 8058 where A is not determined yet. To find A, we substitute (A.7)
AOA 1075 2667 into the equality constraint of (36):
TDOA-AOA 11464 11994
q" (A" A+ A) ! (ATW b - Zq) + (bW A - Tq)
APPENDICES 1 1
A X (AT¥'A+AP) P(AT¥~'A+AP)~
ATw b -2q) =0
A.1. TDOA X -39 ="

Following [15], we differentiate (27) and equate the expres-
sion to zero:

0L1poa (9, ) _

5 2(G"Y'G+72)9 - 2G"Y 'Th = 0.

(A.1)
The solution to (A.1) is

9= (G"Y'G+42) 'G"Y 'h, (A.2)

where 7 is not yet determined. The Lagrange multiplier is
then found by substituting (A.2) into the constraint (23):

'Y 'G(GTY 'G+ 1) 'E(GTY 'G+4Z) 'G"Yh = 0.
(A.3)

Using eigenvalue factorization, the matrix G Y~!GX can be
diagonalized as

G'Y'Gz =SDS!, (A.4)

where D = diag({1,{>,{3) and {, i = 1,2, 3, are the eigenval-
ues of the matrix GTY'GX. Substituting (A.4) into (A.3),
the constraint can be rewritten as

o’ (D +715) B =0, (A.5)

where a=STEGTY 'h=[a;,02,03]T and B = ST!GTY 'h =
[B1, B2, B317. Simplifying (A.5) gives (29).

A.2. RSS

The minimum of (44) is obtained by differentiating Lrss (0,
A) with respect to 6 and then equating the resultant expres-
sions to zero:

0Lrss(0,1) _

Y, 2(ATY A +AP)0 — 2ATY 'b + Aq = 0.

(A.6)

(A.8)
Note that the matrix (AT¥~'A)~!P can be diagonalized as
(AT¥1A)'P = UAU,

(A9)

where A = diag(y1,y2,y3), and y;, i = 1,2,3, are the eigen-
values of the matrix (ATW~'A)~!'P. Substituting (A.9) into
(ATP~TA + AP) ! gives

(ATY A +AP) ' = U(I3 +AA) U (ATW1A)

(A.10)
Putting (A.10) into (A.8), we get
T -1 /1 T -1
C (I3+AA) f— EC (13 +/\A) g
+el (I3 +AA) 'A(I; +AA) ' f
_ %eT(I3 +)LA)71A(I3 +)LA)71g (A.11)
A r -1 -1
— EC (I3 +/\A) A(I3 +AA) f
AZ T -1 -1
+ ZC (I3 +AA) A(I3 +AA) g=0,
where
CT = qTU = [Cl) €2 C3])
g=U"(ATY'A) 'q=[ggng]"
(A.12)

el =bTW AU = [e, 5, ¢3],

f=U AT 'A) AT b = [, £, 5]
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Since the matrix (ATW~'A)~'P is of rank 2, one of its eigen-
values, say, y3, must be zero. After expanding (A.11) and
putting y3 = 0, (A.11) can be simplified to (46).

For notation convenience, ]TDOA(91), Jrss(X), Jaoa(X), and

Jrpoa-aoa(d1) are written as Jrpoa, Jrss» Jaoa, and Jrpoa-aoa»
respectively.

B.1. TDOA

Differentiate (67) with respect to 9

2 R
A R CE D R N
9 (B.1)

. T
xY™! [891 + (9, 91) Y2 ¢ rboa — h]-

If the derivative of Jrpoa is located at the true source posi-
tion 9, assuming that the disturbance to the TDOA mea-
surements is relatively small so that {np, ;} can be ignored,
then (B.1) becomes

M zZ[ST-f—dflSl(Sl—dllel)T]Yfl(Sl(DIlTDOA)
M | s,

=2[ST+9:(d;'sT — 13,,) 1Y (s1 © nrpoa).
(B.2)

Taking the expected value on both sides of (B.2) and then
applying the fact that E[ntpoa] = Op— gives

E[ a]Tl?OA:|
a‘91 91=91
~ Z[ST + 9 (dflsf — 1}4,1)]Y71 (81 © E[nTDOA])
= 0,.
(B.3)
Substituting (B.3) into (64) yields
E[9:] ~ 9 (B.4)

which indicates that the estimator is unbiased for sufficiently
small measurement errors.

Multiplying (B.2) by its transpose and then taking the ex-
pected value yields

e (%) () |

~4[ST+ 9, (d; s —15,))]

9,=9,

xY! (Sls{ ® Cn,TDOA)Y_I [S + (d{lsl — lM*I)ST]

= 4[ST+91 (d;lsrlr—llj\:[,l)]Y71 [S+(d;181 _lM—l)S{]-
(B.5)

Then differentiating (B.1) with respect to X, one of the vari-
ables in 9;, by using product rule [29], we get

2 (208} ofs7+ (8]8) urfcn]
x Y ! % [891 + (9{91) 1/ZI‘TDQA - h]
22 [s7+(819,) Birkon

X {Y71 [891 + (9?91)1/21'1“1301\ - h]}

= 2[ST + (9{91)71/2911‘%13%]

X Y*l |:S |:(1):| + ITpOoA (9{91) e (QVC — X1):|

+ 2% [ST + (9?91)71/2911'%1)%]

X {Y71 [Sél + (9?91)1/21‘1"])01\ - h] }
(B.6)

By substituting the true source location ¥, into (B.6) and ig-
noring the square of the measurement errors {nfpo,;}, we
obtain

el (a]TPOA> ‘
ajé 891 9] :91

=2[ST +d; '9ir{p0a]

xY™! |:S |:(1):| + dferDOA(x - xl):|

aafc [ST + (9{91)71/2911'"7[“DOA] “‘91:91

+2

X Y (s; @ nrpoa)

=1 Z[ST + df191 (ST - dll&,l)]

xY! |:S |:(1):| +d1_1(81 — dllel)(X - xl)]

+ 2[ST+d1‘191 (ST—dl l&,l)]dle‘lnTDOA(x—xl)

+ 2df191n%DOAY71

X [S [1} +di (s — dilyy) (x —x1)}
0

205 60 0l

xY! (S] © nTDOA).
(B.7)
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Taking the expected value on both sides of (B.7) and applying ~ B.2. RSS
the fact that E[nrpoa] = 0p-; gives
Differentiate (77) with respect to X,
E[E (M)] I
ox\ 99, 8,-9, % = 2(XE — x11,)¥ ! [Xpsk — 0.5(x7%) 1, — b].
~2[8T+d 9 (s] - i) (B.13)

X Y71 |:S |:(1):| + dfl(sl - d]lM_])(X — xl):| .
(B.8)

Similarly, repeating the derivation in (B.6), (B.7), and (B.8)
with the variable ,

1505
aj/ 891 9,=9,

= Z[ST + d1_191 (S{ - dllg\‘,[,l)]

xY ! [S [(j +di sy —dily-1) (y _)’1)} .

(B.9)
We also get
E[aszD?? ]
09109, 1199
a5, ]
0% 891 9,=9, 85/ 891 =9, '

(B.10)

Hence substituting (B.8) and (B.9) into (B.10) yields

E [ 9*Jrpoa ]

7 ~2[ST+d "9 (s] —dilf )]
39,09

9,=9,

X Y’I[S + dfl(sl — d] lM_l)S{]
(B.11)

Then by substituting (B.5) and (B.11) into (65), the covari-
ance matrix for the MS position estimate 9; is obtained as

Co, ~ {[ST+d7'9: (] — di1}))]
. (B.12)
XY [S+d (51— dily-1)9] 1}

Substituting x — x; back to 9 in (B.4) and (B.12) and apply-
ing the fact that C; = Cy, gives (69) and (70).

Assuming that the disturbances due to the RSS measure-
ments are sufficiently small such that {n}ss;} can be ignored,
the derivative of Jrss evaluated at the true MS position x be-
comes

OJrss

9% ~ Z(ng - Xl&)‘l’fl (s2 © ngss).

(B.14)

Take the expected value on both sides of (B.14) and then ap-
ply the fact that E[ngss] = Opm, we get

~ 2(XLs — x1L)¥W (s, © E[ngss]) = 0,.

ox X=X
(B.15)

A%

Substituting (B.15) into (64) yields (79).
Multiplying (B.14) by its transpose and then taking the
expected value yields

()% ]

~ 4(Xgs — X13) ¥ (5287 © Corss) P! (Xps — 1yx")

= 4(XEs — x11) P! (Xps — 1yxT).
(B.16)

On the other hand, differentiating (B.13) with respect to X,
the first variable in X, and with the use of product rule [29],
we get

9 ( dJrss )

ox \ ox
=2(Xk —x1l)w! % [Xpsx — 0.5(x"%) 1) — b]
+ 2[8% (XEs — il}d)]\y-l [Xpsx — 0.5(x7%) 1, — b]

1
=2(Xks —x11)¥! [st [ ] - 1M5c]
0

+ 2[% (X}Y;S - 5‘(1}4)]‘1’_1 [XBSi _ OS(XT)VK) lM—b]
(B.17)
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Ignoring the terms of {n}gg,} again, the value of (B.17) com-

puted at x is
1
= Z(ng — Xl}\ﬂ/l)‘l’fl Xgs — 1yx
X=X 0

0 .
+2| = (k-1 |

d ( 9dJrss )
ox \ ox

-l (Sz OnRss).
X=x
(B.18)

Taking the expected value on both sides of (B.18) and apply-
ing E[ngss] = 0y gives

Bl ()]

X=x

~2(XEs —x15) ¥t [XBS [é} —lMx} :
(B.19)

Similarly, repeating the derivations in (B.17)—(B.19) with the
second variable y, we obtain

55(%5)]

~2(XEs — x11) ! [XBS [0} —lMy] .
1
(B.20)

X=x

We also have
0*Jrss
dE=l

- |5 (%))

(5]

Sl

gl

o

(B.21)

Substituting (B.19) and (B.20) into (B.21) yields

0*Jrss
£l et

~ Z(XII;S - Xl&)‘l’71 (Xps — IMXT).
(B.22)

X=

Then substituting (B.16) and (B.22) into (65) gives (80).

B.3. AOA
Differentiating (86) with respect to X, we get

a0r _ HyT 1 (Hx — k).

% (B.23)

Assuming that the disturbances due to the AOA measure-
ments are sufficiently small such that {n}¢, ;} can be ignored,
the derivative of Jooa evaluated at the true value of x becomes

0Jaoa

9% gy ~ ZHTﬂfl(S3 ] IIAOA).

(B.24)

Taking the expected value on both sides of (B.24) and then
applying the fact that E[naoa] = 0y, we obtain

~ 2H"Q ' (s; © E[nyoa]) = 0.

X=x

E[a]AOA] (B.25)

ox

Substituting (B.25) into (64) gives (87).
Multiplying (B.24) by its transpose and then taking the
expected value yields

ESIESN

~4HTQ™! (S3S§‘®Cn’AOA)QilH

X=X

=4H"Q'H.
(B.26)
Differentiating (B.23) with respect to X, we get
0’Jao T
=2H"Q 'H. B.2
IxoX" (B.27)

Since (B.27) does not contain x and noa, taking the expected
value on both sides of (B.27) yields

=2HTQ'H.

X=x

E[m] (B.28)

oxoxT

Substituting (B.26) and (B.28) into (65) gives (88).

B.4. TDOA-AOA hybrid

Differentiate (94) with respect to 9

0JTDOA-AOA

09,
S|. < T« \1/2 | 'TDOA
x W 9+ (9, 9) —w|.
H 0

(B.29)
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If the derivative of Jrpoa-aoa is located at the true source po-
sition 9, assuming that the disturbances are relatively small
so that {nipo,;} and {nips,} can be ignored, then (B.29)
becomes

9Jtoa-aon
29,

9=9,

- [[ST HT | +d;'9, ([Oﬂ ~ [I:MIDT]

X W™ (s4 @ nrpoa-aoa)

i [[ST o (i [(:4] ) [IQZIDT]

X Wl (s4 @ ntpoa-a0a)-
(B.30)

Taking the expected value on both sides of (B.30) and then
applying the fact that E[nrtpoa] = Op-1 and E[naoa] = On
gives

E[M]
99,

=9,

T
) [ST HT] +9, | dpt st | | 1m—
0 O
X W™ (s4 © nrpoa-aoa) = 0,
(B.31)
which results in (96) and indicates that the estimator is un-
biased for sufficiently small measurement errors.

Multiplying (B.29) by its transpose and then taking the
expected value yields

E [ ( a]TDQA-AOA ) ( a]TDQA-AOA ) T]
29, 29, oo

i wenfaz] )

X W1 (s4s] ® Coyrpoa-a0n)
X W-! HS} " (dll [81] - {““D o7
H 0y 0y i
et )
(U4 (U )
e D
H Oy 0y

(B.32)

Then differentiating (B.29) with respect to %, one of the vari-
ables in 9;, by using product rule [29], we get

d ( 0JTDOA-AOA )
0% 09,

= 2[ [ST HT] + (9?91)_1/291 [r%:DOA 01(4] ]

W ai HS] 9+ (919" [} - w]
X H OM

+ 2%[ [ST HT] + (9{91)_1/291 I:rgl:DOA 0]1\:[] ]

T
H 0y

= 2[ [ST HT] + (9?91)71/291 [r%DOA 01{4] ]

a1 St rTooaA | g7y V-2
[ e

+ 2%[ [ST HT] + (9591)_1/291 [r%DOA 0}4] ]

el )
H 0y

(B.33)

By substituting the true source location 9, into (B.33) and
ignoring the square of the measurement errors {nip0,;} and
{noa.}> we obtain

a9 ( 0JTDOA-AOA )
0% 09,

9,=9,

= 2[ [ST HT] +di !9 [rgl:DOA 01{/1] ]

S (MIARE w ]

#22 [ [s7 1]+ 5180778 [xhon 04,

X W™l (s4 © nrpoa-aoa)

zz[[sT HT]+df191([slT 0}4] —d [1}471 01{4])]
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ool (o] o] e

+2[ [ST HT] +df1191( [sT 0{/1] —-d [1{471 01{/1] )]

X d;1W’1nTDOA_AOA (x — xl) + 2d17131n~71:DOAW71

Aol () e

+2aa,z[[ST B |+ (8800 [rhpoy o] ]|

9,=9,

X W (s4 © nrpoa-aoa)-
(B.34)

Taking the expected value on both sides of (B.34) and apply-
ing the fact that E[ntpoa-aoa] = 0ap-1 giVCS

0 [ 9JtpOA-AOA
E[ﬁ‘aél *)”H
~2[st mr]+drto([sh of |- di[1f, of])]
S M R |
HI| (0 (L)Y 0
(B.35)

Similarly, repeating the derivation in (B.33), (B.34), and
(B.35) with the variable y gives

E[ 0 ( 0JTDOA-AOA )] ‘
a}u/ 891 9,=9,

~ 2[ [ST HT] +df131( [slT OJEI] —di [11{471 01{4] )]

Bl <o

(B.36)

We also have

E[ 92JTDOA-AOA ]
T
99,99

_ EP<M>H E[E(M)H
0x 891 9,-9, oy 891 59, |

(B.37)

9=9,

Hence substituting (B.35) and (B.36) into (B.37), we get

E[ 92JTDOA-AOA ]
T
99,99

s w2 )

(B.38)

9=9,

Then by substituting (B.32) and (B.38) into (65), the covari-
ance matrix for the MS position estimate 9, is obtained as

. “[ oo (a2 ] - [M
w3z L))

(B.39)

-1

Substituting x — x; back to 9; in (B.32) and (B.39) and ap-
plying the fact that Cx = Cy, gives (96) and (97).

C.

The Cramér-Rao lower bound (CRLB) gives a lower bound
on variance attainable by any unbiased estimators and thus
it can serve as a benchmark for the mean square posi-
tion errors (MSPEs) of the positioning algorithms. To de-
termine it, the key step is to construct the Fisher infor-
mation matrix (FIM) using the probability density func-
tion of the measurements parameterized by the MS posi-
tion, and the standard procedure for obtaining the CRLB
can be found in [21]. When the measurement errors are
Gaussian distributed, the FIM for mobile positioning us-
ing TDOA measurements, denoted by Itpoa(x), is given by
(14, 15]

ofrpoa ] ’ c-! [ ofrpoa ]
9% n,TDOA 9%

, (G

X=x

Irpoa(x) = [

where



K. W. Cheung et al.

21

[ Gow) G- G-y)  Gew) ]
JE-2)+ (-0 JE-x) -0 JE-x) G- JE-x) )
ofrpoa _ : :
ox
(% — xum) B (% —x1) ()7 ym) B 7 -»)
VG- + G- y)® E-2) + G-)" VE-x) + G-’ JE-x) =+ (- )’
(C.2)
|
Similarly, the FIMs for RSS, AOA, and TDOA-AOA hybrid Lioa(x) = [afAOA]T ., [afAOA] (C.4)
based mobile positioning, denoted by Irss(x), Inoa(x), and A T ok mAOA| - By tex )
Itpoa-a0a(X), respectively, are given by
I (x) = ofrpoa-a0a TC,I ofrpoa-a0a
s T TDOA-AOA(X) = T ox n,TDOA-AOA| ™ o™ || >
Irss(x) = [f] gy
ox (C3) (C.5)
« C-1 [afRSS]
mRSS| 9% %=x where
|
a/2—-1 a/2—-1
a(@—x)[(E-x)"+ (- n)’] a(y - y)[(E-x)"+ (7 - )]
Ofrss _
ox ’
2 a/2—-1 2 a/2—-1
a(t—x)| @ -x)"+ G-y)’ ] ai =) [G=x)+ (7= ym)’]
[ (7 = 1) (x —x1) i
E-x)+G-y)" E-x)+G-n)
oaon (C.6)
ai - >
B (7 = ym) (% — xum)
L @)+ )’ G0+ (- )’
ofrpoa
ofrpoa-a0a _ ox
0% faon
ox
|
It is noted that Itoa(x) can be computed from Irss(x) REFERENCES

in (C.3) by putting a 1. Then the CRLBs, namely,
CRLBrpoa(X), CRLBRss(x), CRLBooa (x), CRLBTDOA-A0A (X),
and CRLBroa (x) are obtained from the diagonal elements of
the inverses of the corresponding FIM:s.
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