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We study the symmetric properties for the multivariate p-adic invariant integral on Z, related to
the twisted generalized Euler polynomials of higher order.

1. Introduction

Let p be a fixed prime number. Throughout this paper, the symbols Z, Z,, Q,, and C, denote
the ring of rational integers, the ring of p-adic integers, the field of p-adic rational numbers,
and the completion of algebraic closure of Qp, respectively. Let N be the set of natural
numbers. The normalized valuation in C, is denoted by |- |, with |p| p = 1/p. Let UD(Zy)
be the space of uniformly differentiable function on Z,. For f € UD(Zy,), the fermionic p-adic
invariant integral on Z,, is defined as

pN-1 pN-1

1(f) = f FEu() = im 3, FCp(x+pNE) = lim 3T (1)
(see [1-25]). For n € N, we note that

n-1
IZ f(x+n)du(x) = (-1)" fZ f)du(x) + > (D" FQ)  (see [5]). (1.2)
p P 1=0
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Let d be a fixed odd positive integer. For N € N, we set

X =Xq=UmZ/dpNZ, Xi=1Z,,
N

X* = U (a+dpZy,), (13)

O<a<dp
(a,p)=1

a+dpNz, = {xeX |x=a <mod de>},
where a € Z lies in 0 < a < dp™ (see [1-13]). It is well known that for f € UD(Zp),

[ seaue = [ reduco. (14)
X z,

For n € N, let Cp» be the cyclic group of order p”. That is, Cp» = {¢ | ¢" = 1}. The p-adic
locally constant space, Ty, is defined by T, = limy, . ocCpn = U,;51 Cpn.

Let y be Dirichlet’s character with conductor d € Nand let ¢ € T,,. Then the generalized
twisted Bernoulli polynomials B, ¢ (x) attached to y are defined as

541 aat o0 n
%eﬁ = nZ—an/X/g(x)% (see [10]). (1.5)

In [4, 7, 10-12], the generalized twisted Bernoulli polynomials of order k attached to y
are also defined as follows:

S X(@)3e” S p@gem L, & "
<§;ed—f—1> X +oe X (g‘?ed—f—l ext = nZ:OBS,‘))(,g(x)a, (1.6)

[

Vv
k-times

Recently, the symmetry identities for the generalized twisted Bernoulli polynomials
and the generalized twisted Bernoulli polynomials of order k are studied in [4, 12].

In this paper, we study the symmetric properties of the multivariate p-adic invariant
integral on Z,. From these symmetric properties, we derive the symmetry identities for
the twisted generalized Euler polynomials of higher order. In [14], Kim gave the relation
between the power sum polynomials and the generalized higher-order Euler polynomials.
The main purpose of this paper is to give the symmetry identities for the twisted generalized
Euler polynomials of higher order using the symmetric properties of the multivariate p-adic
invariant integral on Z,,.
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2. Symmetry Identities for the Twisted Generalized
Euler Polynomials of Higher Order

Let y be Dirichlet’s character with an odd conductor d € N. Thatis,d € Nwithd =1 (mod 2).
For ¢ € T,, the twisted generalized Euler polynomials attached to x, E;,¢(x), are defined as

23950 (-1)"y(a)é%e™ = g
!

fxx(y)éye<x*y)td#(y) = rigd s 1 e’“=n§En,X,g(x)n— (see [12]).  (2.1)

In the special case x = 0, E, ¢ = Ey,y¢(0) are called the nth twisted generalized Euler numbers
attached to y.
From (2.1), we note that

JX X(W)& (x+y)"du(y) = Emye(x), meNU{0). (2.2)

Forn e Nwithn =1 (mod 2), we have

nd-1

f X(x)éxe(x+"d>tdﬂ(x)+f x()Eedu(x) =2 > (1) x(1) &'e". (2.3)
X X 1=0

Let Ty ¢ (n) = 3L, (=1) x(D)¢'1¥. Then we see that

g fx X(x)& e D dp(x) + fx X(x)§* e dp(x)

(2.4)
2f ety dux) & "
- J'X endxténdxd‘u(x) - 2kZ=0Tk,X,§ (nd - 1)_'

Now we define the twisted generalized Euler polynomials Eilk))( ;(x) of order k attached
to x as follows:

k
2305 (-1) x(@)ge™ & "
xt a=0 _ (k)
e ( Yol s 1 _nZ:o Epps () (2.5)
In the special case x = 0, ES,C))(,(; = ES,{))(,(; (0) are called the nth twisted generalized Euler numbers

of order k.
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Letwy,wy,d € Nwithw,; =1, w; =1,and d =1 (mod 2). Then we set

(m) me (Hzl_)((xi))é(zgl xi)wi (X xf+w2x)w1td‘u(x1) e dp ()
(w w> | .X') J'X édwlwzxedwlwzxtd#(x)
(2.6)

% <’[ <H X(xi)>§(2?—l1 xx')‘que(Zgl xi+w1y)w2tdl/l(x1) ce d#(xm)>’

i=1

where

FGet e X)) - dp(xm) = f j fGe e ) dp(x) - dp(xn). (27)
Xm X X
—_——

m-times

From (2.6), we note that

])((Tg)(wllwz | x) = (IX <H X(xi)>§(2f"i1 xi)wle(Z::1 xi)wltd‘u(xl) - dﬂ(xm)>ew1wzxt

i=1

) (IX X(xm)éwzxmewzxmtdﬂ(xm) >ew1wzyt (2.8)

-[X éd‘wl wzxedwl wzxtdﬂ (x)

(-[Xm . <H x(xi) ) fin xz)wze p xl)wztd‘u(xl) dy(xm_1)>,

From (2.4), we can easily derive the following equation:

x pxt ] dw; -1
[x x(x)é*edp(x) = > (-1 y(Déle! = ZTkxg(dwl Dk" (29)

f gdwlxedwlxtd‘u x) e

It is not difficult to show that

pW1waxt <J‘ <H x(xi)>§(2ﬁ1Xf)W1e(Zi'Z1 Xf)w“d‘u(xl)...dy(xm)>

i=1

i <ZZZ_(% (_1)ax(a)§aw1eaw1t> it Z E(m) (wsx) ktk‘

(2.10)

gdwl edwlt + 1 k X g1
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By (2.8), (2.9), and (2.10), we see that

) ltl ktk
T (w5 | x) = (Z E o (W22) — (Z Ty,
1=0

<§: E(mng( 1]/)w tl>

i=0
(2.11)
[ee) n n
B <Z (% )uedt T e )
n=0 j=0
X Z Tkxng (w:id - 1)E] —k, 2 (wly) al’
k=0 :
In the viewpoint of the symmetry of ])(;g) (w, woy | x) for wi and w,, we have
0 n j
I 1) =3 <]§é (")ewlor L o o)
(2.12)

j : n
t
X E <]>Tkxgw1 (wzd 1)E]mk ;()gwl (Z(J2y)> m
k=0 :

Comparing the coefficients on both sides of (2.11) and (2.12), we obtain the following
theorem.

Theorem 2.1. Let wy,wy,d € Nwithw, =1, wy; =1,and d =1 (mod 2). For n € NU {0} and
m € N, one has

L n i n— m m=
3 (3ot e (-5 o

j=0
(2.13)
—Z ( >w1w2 ]E(n_qj)xéwz (701X) Z < >Tkx§“’1 (wzd 1)E](mk )1()§w1 (wa)
Let m =1 and y = 0 in Theorem 2.1. Then we also have the following corollary.
Corollary 2.2. For wy,w,,d € Nwithw; =1, w, =1,and d =1 (mod 2), one has
- [/ n

> <m> Ep g1 (w2 X)W w0y T,y g2 (wid — 1)

m=0
(2.14)

n

n —
:Z <m> Em,xfng (Zlhx)w;l mwgi e,y 21 (Zl)zd — 1) (see [2])
m=0
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Let y be the trivial character and d = 1. Then we also have the following corollary.

Corollary 2.3. Let wy,w; € Nwithw; =1,w; =1 (mod 2). Then one has

_igwy w) 1
ZJ <> n-jger (W20) Ty gr (w1 — 1)
(2.15)

—Z< )wl‘% gz (01) T (w2 - 1),

where E, ;(x) are the nth twisted Euler polynomials.
If we take w, = 1 in Corollary 2.3, then we obtain the following corollary.

Corollary 2.4 (Distribution for the twisted Euler polynomials). For w; € N with w; =1 (mod
2), one has

Epe(x) Z( Yook g (60T,14a01 = ) (2.16)

From (2.6), we can derive that

]g)(wl,wz | x)

w1d-1 m
= < > x((-1) ng’f <H x(xi)>
1=0 X\ =1

Xg(zﬁl xi)w: pwi (5 Xi+(w2/w1)l+w2x)td#(x1) .. d‘u(xm)>

<J' <H (i) >§<z:';£ X (S Wt gy dy(xm_1)>
Xm'l

- n n— m-1
=> <Z <k>w1w kEL k)()ng (w1y)

n=0 k=0

(2.17)

wld—l n
I 10,1 2 (m) w> t
x XOED'EE., <w2x + Jz>> —

=0 1 n!

By the symmetry property of ])(C'Z) (w1, wy | x) in w; and w,, we also see that

0 n wyd-1
n m— % w; m w "
:Z (Z <k>w2w1 KE o (w21) Z XOEYEESN ., <w1x+jl>>a-

2
(2.18)
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Comparing the coefficients on both sides of (2.17) and (2.18), we obtain the following theorem
which shows the relationship between the power sums and the twisted generalized Euler
polynomials of higher order.

Theorem 2.5. Let wy,wy,d € Nwithw, =1,w, =1,and d =1 (mod 2). For n € NU {0} and
m € N, one has

n n . _ wid-1 " . wy
Z <k>w§“w2 kE‘f‘l—k,X),{EwZ (w1y) IZ(; x(O(-1)'¢ ZIE,(C,X),éwl <w2x+ —l>

k=0 w1
(2.19)

n wod-1
n n— m—1 < wil p(m w1
=§) (k)wgwl kE;_k,X{éwl (wyy) ZZ(; y()(-1)'¢ ’E,((,X),ng <w1x+ —1>.

w»

If we take x =0, y = 0, and m = 1 in Theorem 2.5, then we have the following identity:

t /n _
Z (k) Ex,y i1 wfwg an,k,x,ng (wr1d - 1)
k=0

(2.20)

n

n _
:Z (k) Ep Wy w Ty o (wod — 1).
k=0
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