Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 769201, 12 pages
doi:10.1155/2010/769201

Research Article

On Complete Convergence for Arrays of Rowwise
p-Mixing Random Variables and Its Applications

Xing-cai Zhou"? and Jin-guan Lin®

! Department of Mathematics, Southeast University, Nanjing 210096, China
2 Department of Mathematics and Computer Science, Tongling University, Tongling, Anhui 244000, China

Correspondence should be addressed to Jin-guan Lin, jglin@seu.edu.cn

Received 15 May 2010; Revised 23 August 2010; Accepted 21 October 2010

Academic Editor: Soo Hak Sung

Copyright © 2010 X.-c. Zhou and J.-g. Lin. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We give out a general method to prove the complete convergence for arrays of rowwise p-mixing
random variables and to present some results on complete convergence under some suitable

conditions. Some results generalize previous known results for rowwise independent random
variables.

1. Introduction

Let {Q, ¥, P} be a probability space, and let {X,,;n > 1} be a sequence of random variables
defined on this space.

Definition 1.1. The sequence {X,;;n > 1} is said to be p-mixing if

|[EXY — EXEY]|
p(n) =sup sup

0 (1.1)
kel xerz(#)), verx gz, | \/E(X - EX)’E(Y - EY)?

asn — oo, where ¥}, denotes the o-field generated by {X;;m <i < n}.

The p-mixing random variables were first introduced by Kolmogorov and Rozanov
[1]. The limiting behavior of p-mixing random variables is very rich, for example, these in
the study by Ibragimov [2], Peligrad [3], and Bradley [4] for central limit theorem; Peligrad
[5] and Shao [6, 7] for weak invariance principle; Shao [8] for complete convergence; Shao
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[9] for almost sure invariance principle; Peligrad [10], Shao [11] and Liang and Yang [12] for
convergence rate; Shao [11], for the maximal inequality, and so forth.

For arrays of rowwise independent random variables, complete convergence has
been extensively investigated (see, e.g., Hu et al. [13], Sung et al. [14], and Kruglov
et al. [15]). Recently, complete convergence for arrays of rowwise dependent random
variables has been considered. We refer to Kuczmaszewska [16] for p-mixing and p-mixing
sequences, Kuczmaszewska [17] for negatively associated sequence, and Baek and Park [18]
for negatively dependent sequence. In the paper, we study the complete convergence for
arrays of rowwise p-mixing sequence under some suitable conditions using the techniques
of Kuczmaszewska [16, 17]. We consider the case of complete convergence of maximum
weighted sums, which is different from Kuczmaszewska [16]. Some results also generalize
some previous known results for rowwise independent random variables.

Now, we present a few definitions needed in the coming part of this paper.

Definition 1.2. An array {X,;;i > 1,n > 1} of random variables is said to be stochastically
dominated by a random variable X if there exists a constant C, such that

P{[Xyi| > x} < CP{CIX| > x} (1.2)

forallx>0,i>1andn > 1.

Definition 1.3. A real-valued function I(x), positive and measurable on [A, oo) for some A > 0,
is said to be slowly varying if

lim HAx) =1 for each A >0. (1.3)
x—o [(x)
Throughout the sequel, C will represent a positive constant although its value may
change from one appearance to the next; [x] indicates the maximum integer not larger than
x; I[B] denotes the indicator function of the set B.
The following lemmas will be useful in our study.

Lemma 1.4 (Shao [11]). Let {X,,;n > 1} be a sequence of p-mixing random variables with EX; = 0
and E|X;|1 < oo for some q > 2. Then there exists a positive constant K = K(q, p(-)) depending only
on q and p(-) such that for any n > 1

q ogn
n </ exp <K[12g? ]P<2">> max ()"

E max
1<i<n

i

j= i=0

[logn]
+nexp <K Z p*/4 <2i>> max E|X,-|q> .

(1.4)

i=0

Lemma 1.5 (Sung [19]). Let {X,,;n > 1} be a sequence of random variables which is stochastically
dominated by a random variable X. For any a > 0 and b > 0, the following statement holds:

E|X,|"IN|Xa| < b] < C{EIX|"I[|X] < b] + b"P{|X| > b} }. (1.5)
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Lemma 1.6 (Zhou [20]). Ifl(x) > 0 is a slowly varying function as x — oo, then

(1) >, nl(n) < Cm** U (m) for s > -1,
(i) X5, n°l(n) < Cm**(m) for s < 1.

This paper is organized as follows. In Section 2, we give the main result and its proof.
A few applications of the main result are provided in Section 3.

2. Main Result and Its Proof

This paper studies arrays of rowwise p-mixing sequence. Let p, (i) be the mixing coefficient
defined in Definition 1.1 for the nth row of an array {X,;;i > 1,n > 1}, that is, for the sequence
an,an, Y (2 > 1.

Now, we state our main result.

Theorem 2.1. Let {X,;;i > 1,n > 1} be an array of rowwise p-mixing random variables satisfying
sup, > pi/q(zi) < oo for some q > 2, and let {ay;i > 1,n > 1} be an array of real numbers. Let
{bn; n > 1} be an increasing sequence of positive integers, and let {c,; n > 1} be a sequence of positive

real numbers. If for some 0 < t < 2 and any € > 0 the following conditions are fulfilled:
(a) S cn 37 PllaniXuil 2 by} < o,
(b) 372y cab™"" maxicics, @l E[Xoul I [lan Xl < eby/"] < oo,
(©) Sz cnba™ " (maxaics, lan PEIX Tl ani X < b} D" < o0,

n=1

then

i (@0 Xaj = an X [ X | < e}"])
j=1

[e'e]
chP max
1<i<b,

n=1

> gb}/f} < oo. (2.1)

Remark 2.2. Theorem 2.1 extends some results of Kuczmaszewska [17] to the case of arrays of
rowwise p-mixing sequence and generalizes the results of Kuczmaszewska [16] to the case of
maximum weighted sums.

Remark 2.3. Theorem 2.1 firstly gives the condition of the mixing coefficient, so the conditions
(a)-(c) do not contain the mixing coefficient. Thus, the conditions (a)—(c) are obviously
simpler than the conditions (i)-(iii) in Theorem 2.1 of Kuczmaszewska [16]. Our conditions
are also different from those of Theorem 2.1 in the study by Kuczmaszewska [17]: g > 2 is
only required in Theorem 2.1, not g > 2 in Theorem 2.1 of Kuczmaszewska [17]; the powers of
b, in (b) and (c) of Theorem 2.1 are —q/t+1 and —q/t+q/2, respectively, not —q/t in Theorem
2.1 of Kuczmaszewska [17].

Now, we give the proof of Theorem 2.1.
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Proof. The conclusion of the theorem is obvious if 37 ; ¢, is convergent. Therefore, we will
consider that only >, ¢, is divergent. Let

i i
Ynj = aannd[|an]~an| < Ebgl/t], Tm’ = ZYn]', Sni = Zaannj,
j=1

j=1
(2.2)
bn bn
A= { niXni = Yni } B= {ame 7 Y }
i=1 i=1
Note that
P{ max Sy - ET,i| > gb}/t} = P{ { max|Sy; — ET,i| > gbl/f} N A}
1<i<b, 1<i<b,
1/
+P{{1r2ax|5m ET,i| > eb,, t}ﬂB} (2.3)
bn
< P{lmabx |Toi = ET,i| > eb}/*} + EP{ @i Xl > eb}/*}.
By (a) it is enough to prove that for all € > 0
[ee]
> cn P{ max|Ty,; — ET,i| > sb}/f} < oo. (2.4)
1<i<b,

By Markov inequality and Lemmal4, and note that the assumption
sup, 57 o *(21) < oo for some g > 2, we get

P{ max|T; ~ ET,il > gbl/f} < b, Emax|T,; — ET,il’

1<i<b, 1<i<b,
y [logb ] ,
< Cp, " K Ja(2 E
Cb b exp % Pn < ) 1I£1aX |am nll

X I[|am~Xm-| < ebl/t] + Kexp K[kgn]pn (2i>
" i=1
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2 arz
«(bamax Elan X, P10, X, < et/
1<i<b,
< Cb, " max|ay| B Xl "1 || anXoul < £b}"]
1<i<by,

q/2
-q/t+q/2 2 2
+ € (maxlan PEX,l o Xl < b}/ )

(2.5)
From (b), (c), and (2.5), we see that (2.4) holds. O

3. Applications

Theorem 3.1. Let {Xy;;i > 1,1 > 1} be an array of rowwise p-mixing random variables satisfying

sup, > pi/q(Zi) < oo for some q > 2, EXy; = 0, and E|X,;lP < oo foralln > 1,i > 1, and

1<p <2 Let{ay;i>1,n>1} bean array of real numbers satisfying the condition

-1
{21%>;|ani|”E|Xni|p = O(n" ), asn— oo, (3.1)

for some 0 <v <2/q. Then for any € > 0and ap > 1

i
D anjXnj
j=1

Zn"‘p_zP max >en® p < oo. (3.2)
= 1<i<n

Proof. Put ¢, = n*?72, b, = n,and 1/t = a in Theorem 2.1. By (3.1), we get

®© b,
chzp{lanixnil > 5b,lq/t}

n=1 i=1

jee] n [ee) jee]
< Cznap_zzn_ap|am’|pE|Xm'|p < Czn_lll‘%agrilanilpE|Xnilp < Czn_2+v < oo,
n=1 -

n=1 i=1 n=1

[ee]
—q/t+1
chbnq fggz(Elanani|qI[|anani| < Eb}l/t]

n=1

i [0o]
ap=2,-aq+l,a(g-p) P P ~24+v
< Cén n n ?;.agﬁanJ E|Xm| < C%Tl < oo,

[¢’e) q/2
—q/t+q/2 2

> caby” <maxE|anani| I[|am-Xm'| < 5b,11/t]>

o 1<i<by
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o) q/2
< CZn"‘”‘zn“"’*‘V 2,a(2-p)q/2 <Ilnax| aiPE| Xm.|P>
<i<n

n=1

[ee)
< Cznap(l—q/2)+(vq/2—l)—1 <o

n=1

(3.3)

following from vgq/2 -1 < 0. By the assumption EX,,; = 0 forn > 1,i > 1 and by (3.1), we have

i
n “max ZanjEanI[|aann]~| < en”|
=1

1<i<n

n
< Cn’“Z|anjEX,,jI[|aannj| < gn”] |
j=1

N (34)
<Cn* 3 | an EXpiI [|anjXuj| > en®] | '
j=1

n
< Cn Y |ani|"E| X"
=1

<Cn "*'max|a,;|PE|X,j|' <Cn™®P*” —0, asn— oo,
1<j<n

because v < 1 and ap > 1. Thus, we complete the proof of the theorem. O

Theorem 3.2. Let {X,;;i > 1,n > 1} be an array of rowwise p-mixing random variables satisfying
sup, 32, p1(21) < oo for some q > 2, EXyi = 0, and E[Xyl’ < oo foralln > 1,i > 1, and
1 < p < 2. Let the random variables in each row be stochastically dominated by a random variable X,
such that E\X|P < co, and let {ay;i > 1,n > 1} be an array of real numbers satisfying the condition

max|a,;|f = O<n”‘1>, as n — oo, (3.5)
1<i<n

for some 0 < v <2/q. Then for any € > 0 and ap > 1 (3.2) holds.

Theorem 3.3. Let {X,;,n > 1,i > 1} be an array of rowwise p-mixing random variables satisfying

sup, > pf/"(zi) < oo for some q > 2 and EX,,; = 0 forall n > 1,i > 1. Let the random variables in
each row be stochastically dominated by a random variable X, and let {a,;;i > 1,n > 1} be an array of
real numbers. If for some 0 <t <2,v>1/2

suplaw| = O(n'/"™),  EIX"” <co, 6)

i>1
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then for any € > 0

i

ani Xy,
20 X

j=1

[ee]
ZP max >en'/t b < co. (3.7)
=) 1<i<n

Proof. Take ¢, = 1 and b, = n for n > 1. Then we see that (a) and (b) are satisfied. Indeed,
taking g > max(2,1 +2/v), by Lemma 1.5 and (3.6), we get

o) b,

Sen >, P{1aniXul > ebl/'}
n=1 i=1
= 3 5P (el 2 en'') < CSSP(XI 2 O
n=1i=1 n=1i=1
= CiniP{Ck” <X < C(k+ 1)”}
n=1 k=n

<CY K*P{Ck” < |X| < C(k+1)"} < CE[X]"” < oo,
k=1

[e0)
—g/t+1
S enbn™"" max|anl E| Xl [|ani Xl < eby"|
1<i<b,
n=1
oo nq/t
< CZn"’/t+1max|ani|‘7 E|X|”’I[|am-X| < gnl/t] + —P{lam-X| > gnl/t}
~ 1<i<n ||

[oo] o]
< CZn‘(1+Z/")/t+1max|am-|1+2/”E|X|1+2/" +CDn maxP{ |a,iX| > snl/t}
o 1<i<n P 1<i<n

o 1+2/v .
< CZn—(1+2/v)/t+1 <sup|am-|> E|X|1+2/v + CZnP{ IX| > Cn")
n=1

n=1 i>1
< Czn7v71E|X|l+2/V + Czn—v—1E|X|l+2/V < Cznfvfl <o (38)
n=1 n=1 n=1

In order to prove that (c) holds, we consider the following two cases.
If v > 2, by Lemma 1.5, C, inequality, and (3.6), we have

0 q/2
—q/t+q/2
chbnq +q (1133;(|ani|2E|Xni|2I[|anani| < gb}/t]>
SISOy

n=1

[¢’e) q/2
< /02 (max|ay PEIXPI [lanXol < en']
1<i<n

n=1
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® q
+C> i’ maxP{lam-X| > snl/t}
1<i<n

n=1

/2

0 q/2
< CZn—q/t+q/2n(l/t)(l—Z/V)(q/Z) maxlani|1+2/vE|X|1+2/v
1<i<n

n=1

+C Y n?(P{|X] > Cn”})"?

n=1

- (142/)(q/2) P
< Czn—q/t+q/2+(1/t)(1—2/v)(q/2) <sup|am~|> <E|X|1*2/”> q

n=1 i>1

[ee)
+ Cznq/2n—(l+2/v)(vq/2) <E|X|1+2/”>q/z

n=1

& —(v41)(/2) 1+2/v\ 92
SCZn q <E|X| ) < 0.

n=1

(3.9)

If1/2 < v <2, take g > 2/(2v — 1). We have that (2v — 1)q/2 > 1. Note that in this case
E|X|* < oo. We have

(o] EI/2
-q/t+q/2
chbnq i <1r£l,§g(|ani|2E|Xni|zI [|aniXm'| < 5b;11/t]>
S1Sby

n=1

© q/2 ©
< Cy il (max|ani|2E|X|21[|am-xm| < en”f]) +CYn"(P{|X] 2 Cn" )
n=1 Isisn n=1

© q =
<CS i/l <sup|am~|> (eixP)"" + e (Eixp) "
i>1

n=1 n=1

<CY @b (E|X|2)" < . (3.10)
n=1
The proof will be completed if we show that

i
n_l/t{xglig jZlan]-EXniI[|anl-Xm-| < snl/t] — 0, asn— oo. (3.11)
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Indeed, by Lemma 1.5, we have

n” {3% Zan]EXTl]I“an]Xml < snl/t] < Cn*l/t;yan J|EIX| + C]Z;P{|an]X| > gnl/*}

< CnVEIX|+ CnP{|X| > en"}

< CnVE|X|+Cn "VEIX|"?Y — 0, as n— oo.
(3.12)
O

Theorem 3.4. Let {X,;;i > 1,n > 1} be an array of rowwise p-mixing random variables satisfying

sup, >.i° 1p,/"(21) < oo for some q > 2, and let {a,;;i > 1,n > 1} be an array of real numbers. Let
I(x) > 0 be a slowly varying function as x — oo. If for some 0 < t < 2 and real number A, and any
€ > 0 the following conditions are fulfilled:

(A) 32y ntl(n) Iy P{lan Xl 2 en'/!} < oo,
(B) o0y n* " (n)ymaxicicn E|aniXnil I [|aniXni| < ent’!] < o,
(Q) 3%, n*9/t4/2] () (maxi cicy| @ni|” E1Xoni T [ @i Xoi] < gnl/t])"/ * <o,

then

i <aann]- - anjEanI[|aannj| < snl/tD
i1

Zn*l(n)P{max
1<i<n
n=1 S

> snl/t} < oo. (3.13)

Proof. Let ¢, = n*l(n) and b, = n. Using Theorem 2.1, we obtain (3.13) easily. O

Theorem 3.5. Let {X,;;i > > 1,n > 1} be an array of rowwise p-mixing identically distributed random

variables satisfying >, pn '1(21) < oo for some q > 2 and EXq1 = 0. Let I(x) > 0 be a slowly varying
function as x — oo. Iffora>1/2,ap>1,and 0 <t <2

EXul?1(1Xul) <, (3.14)

then

[©e]
Zn”’”‘2l(n)P { max
o) 1<i<n

i
D> X
j=1

> gnl/t} < oo. (3.15)

Proof. Put A = ap—-2and a,; =1 forn >1,i > 1in Theorem 3.4. To prove (3.15), it is enough to
note that under the assumptions of Theorem 3.4, the conditions (A)—(C) of Theorem 3.4 hold.
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By Lemma 1.6, we obtain

S P{1Xul > en'”') = S 1(m) 3 P{em! < ol < elm+ 1)
n=1 m=n

n=1

< CZP{sml/t <Xyl < elm+ 1)1/*}211“%’-11(71)
m=1 n=1 (3.16)

< ch“Pl(m)P{gml/f < |Xn| < e(m+ 1)1”}

m=1

< CE|X11|“Pfl<|Xn|f) < oo,

which proves that condition (A) is satisfied.
Taking q > max(2, apt), we have ap — g/t < 0. By Lemma 1.6, we have

N 0@/ () E| Xy |71 [IX11| < Enl/t]

n=1

[©2] n
= >0 3 EX | [e(m - 1) < |Xa| < em!"]
n=1

m=1

< CZE|X11|qI[€(m -V < |Xn| < sml/t] Zn“”_l_(q/t)l(n) (3.17)

m=1 n=m

< C > m AU m)E|X 'L [em - 1)Y' < [Xnr| < /]

m=1

< CEIXu|™1(|Xul') < oo,

which proves that (B) holds.
In order to prove that (C) holds, we consider the following two cases.
If apt < 2, take g > 2. We have

inap—Z—q/Hq/zl(n) <E|X11|21[|X11| < gnl/t]>q/2
n=1

[e’e] /2
< C Y n P2/ () /-2 <E|X11|""’t1 [|X11| <en' f])q (3.18)

n=1

o]
< czn(apfl)(lfqﬂ)fll(n) < 0.

n=1
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If apt > 2, take g > max(2,2t(ap —1)/(2 - t)). We have ap — g/t + q/2 < 1. Note that in
this case E|X11|*> < co. We obtain

o) /2 )
S e zaltar2y ) (E|X11|21[|Xn| < snl/th < CYIn P24/ () < oo (3.19)
n=1 n=1

The proof will be completed if we show that

1/t
n- {Ef?; ;EXn,I[|X11| <€en ] — 0, asn— oco. (3.20)
If apt < 1, then
n~'max ZEXn]I[|X11| < gnl/f] < Cn"PE[Xy|" — 0, asn —s oo. (3.21)
1<i<n

If apt > 1, note that EX;; = 0, then

n! {r<11a<x ZEXn]I[|X11| < gnl/t]

(3.22)

< n—l/t+1

EX111[|X11| > snl/t] | < Cn"PE|Xy | — 0, asn — oo.

We complete the proof of the theorem. O

Noting that for typical slowly varying functions, [(x) = 1 and I(x) = log x, we can get
the simpler formulas in the above theorems.
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