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Using the fixed point method, we prove the generalized Hyers-Ulam stability of the following
additive-quadratic-quartic functional equation f(x +2y) + f(x - 2y) = 2f(x + y) + 2f (—x —y) +
2f(x —y) +2f(y — x) —4f(—x) = 2f (x) + fQRy) + f(-2y) - 4f(y) — 4f (-y) in complete random

normed spaces.

1. Introduction

The stability problem of functional equations originated from a question of Ulam [1]
concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki
[3] for additive mappings and by Th. M. Rassias [4] for linear mappings by considering an
unbounded Cauchy difference. The paper of Th. M. Rassias [4] has provided a lot of influence
in the development of what we call generalized Hyers-Ulam stability or as Hyers-Ulam-Rassias
stability of functional equations. A generalization of the Th. M. Rassias theorem was obtained
by Gavruta [5] by replacing the unbounded Cauchy difference by a general control function
in the spirit of Th. M. Rassias” approach.



2 Journal of Inequalities and Applications

The functional equation
fle+y)+ f(x-y) =2f(0) +2f (y) (1.1)

is called a quadratic functional equation. In particular, every solution of the quadratic functional
equation is said to be a quadratic mapping. A generalized Hyers-Ulam stability problem for the
quadratic functional equation was proved by Skof [6] for mappings f : X — Y, where X is
a normed space and Y is a Banach space. Cholewa [7] noticed that the theorem of Skof is
still true if the relevant domain X is replaced by an Abelian group. Czerwik [8] proved the
generalized Hyers-Ulam stability of the quadratic functional equation. The stability problems
of several functional equations have been extensively investigated by a number of authors
and there are many interesting results concerning this problem (see [4, 9-26]).
In [27], Lee et al. considered the following quartic functional equation

f@x+y)+f(2x-y) =4f(x+y) +4f (x —y) +24f(x) - 6f(v). (1.2)

It is easy to show that the function f(x) = x* satisfies the functional equation (1.2), which is
called a quartic functional equation and every solution of the quartic functional equation is said
to be a quartic mapping.

Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X if d
satisfies

(1) d(x,y) =0ifand only if x = y,

(2) d(x,y) =d(y,x) forall x,y € X,

(3) d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.1 ([28, 29]). Let (X, d) be a complete generalized metric space and let J : X — X bea
strictly contractive mapping with Lipschitz constant L < 1. Then for each given element x € X, either

d( J'x, ]"“x) - (1.3)

for all nonnegative integers n or there exists a positive integer ngy such that
(1) d(J"x, J"™*'x) < oo, for all n > ny,

(2
(€]
4) d(y,y*) <1/ -L))d(y,Jy) forally €Y.

)
) the sequence { J"x} converges to a fixed point y* of J,
) y* is the unique fixed point of | in theset Y = {y € X | d(J™x,y) < oo},
)

In 1996, Isac and Th. M. Rassias [30] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By

using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [31-36]).



Journal of Inequalities and Applications 3
2. Preliminaries

In the sequel we adopt the usual terminology, notations and conventions of the theory of
random normed spaces, as in [37—41]. Throughout this paper, A* is the space of all probability
distribution functions that is, the space of all mappings F : RU {-c0, +o0} — [0, 1], such that
F is left-continuous, non-decreasing on R, F(0) = 0 and F(+o0) = 1. D" is a subset of A"
consising of all functions F € A* for which I"F(+o0) = 1, where I” f (x) denotes the left limit
of the function f at the point x, thatis, I” f (x) = lim;_, - f (t). The space A* is partially ordered
by the usual point-wise ordering of functions, that is, F < G if and only if F(t) < G(t) for all
in R. The maximal element for A* in this order is the distribution function ¢y given by

0, ift<0,
eo(t) = (2.1)
1, ift>0.

Definition 2.1 ([40]). A mapping T : [0,1] x [0,1] — [0,1] is a continuous triangular norm
(briefly, a t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(a,1)=aforalla € [0,1];

(d) T(a,b) <T(c,d) whenever a<cand b <dforalla,b,c,de[0,1].

Typical examples of continuous t-norms are Tp(a,b) = ab, Tar(a,b) = min(a,b) and
Tr(a,b) = max(a+b-1,0) (the Lukasiewicz t-norm).

Recall (see [42, 43]) that if T is a t-norm and {x,} is a given sequence of numbers in
[0,1], T, x; is defined recurrently by Tl.lzlxi =xiand T, x; = T(Tl.’:llxi,xn) forn>2.TZ x;is
defined as T x+.

It is known ([43]) that for the Lukasiewicz t-norm the following implication holds:

lim (Tp) 2y =1 &= D (1-x,) < 0. (2.2)

n=1

Definition 2.2 ([41]). A Random Normed space (briefly, RN-space) is a triple (X, p, T), where X
is a vector space, T is a continuous t-norm, and y is a mapping from X into D* such that, the
following conditions hold:

(RN1) py(t) = eo(t) for all t > 0 if and only if x = 0;
(RN2) pax(t) = px(t/]al) for all x € X, a #0;
(RN3) praiy(t+5) > T(px(t), py(s)) forall x,y € X and t, s > 0.

Definition 2.3. Let (X, u, T) be a RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every € > 0 and A > 0,
there exists positive integer N such that p,,_(e) > 1 - A whenever n > N.

(2) A sequence {x,} in X is called Cauchy if, for every € > 0 and A > 0, there exists
q Y y
positive integer N such that piy, ., (€) > 1 — A whenever n > m > N.
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(3) A RN-space (X, pu, T) is said to be complete if and only if every Cauchy sequence in
X is convergent to a point in X. A complete RN-space is said to be random Banach
space.

Theorem 2.4 ([40]). If (X, u, T) is a RN-space and {x,} is a sequence such that x, — x, then
limy, -, oo ph, (t) = px(t) almost everywhere.

The theory of random normed spaces (RN-spaces) is important as a generalization
of deterministic result of linear normed spaces and also in the study of random operator
equations. The RN-spaces may also provide us the appropriate tools to study the geometry of
nuclear physics and have important application in quantum particle physics. The generalized
Hyers-Ulam stability of different functional equations in random normed spaces, RN-
spaces and fuzzy normed spaces has been recently studied in, Alsina [44], Mirmostafaee,
Mirzavaziri and Moslehian [33, 45-47], Mihet and Radu [38, 39, 48, 49], Mihet, Saadati and
Vaezpour [50, 51], Baktash et al. [52] and Saadati et al. [53].

3. Generalized Hyers-Ulam Stability of the Functional Equation f(x +
2y)+ f(x=2y) =2f(x+y) +2f(—x—y) +2f (x —y) +2f (y —x) —4f (—x) —
2f(x) + f(2y) + f(-2y) - 4f(y) - 4f(-y): An Odd Case

One can easily show that an odd mapping f : X — Y satisfies f(x +2y) + f(x - 2y) =

2f(x+y) +2f (mx—y) +2f (x~y) +2f (y —x) =4 (-x) =2f (x) + f Q) + f (=2y) ~4f (y) - 4f (-y)
if and only if the odd mapping mapping f : X — Y is an additive mapping, that is,

flx+2y) + f(x -2y) = 2f(x). (3.1)

One can easily show that an even mapping f : X — Y satisfies f(x +2y) + f(x -2y) =

2f (x+y) +2f (mx—y) +2f (x~y) +2f (y —x) —4f (-x) =2f (x) + f 2y) + f (=2y) ~4f (y) -4 f (-y)
if and only if the even mapping f : X — Y is a quadratic-quartic mapping, that is,

flx+2y) + f(x-2y) =4f(x +y) +4f (x —y) - 6f(x) +2f (2y) - 8f (y).  (32)

It was shown in [54, Lemma 2.1] that g(x) := f(2x) —4f(x) and h(x) := f(2x) — 16f(x) are
quartic and quadratic, respectively, and that f(x) = (1/12)g(x) — (1/12)h(x).
For a given mapping f : X — Y, we define

Df(x,y) = f(x+2y) + f(x-2y) - 2f (x +y) —=2f (-x~y) - 2f(x ~y) - 2f (y - x) 53
FAF(=x) +2f (x) - £ (2y) - f(-2y) +4f (y) +4f (-y) '

forall x,y € X.
Using the fixed point method, we prove the generalized Hyers-Ulam stability of the
functional equation D f(x, y) = 0 in complete RN-spaces: an odd case.
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Theorem 3.1. Let X be a linear space, (Y, u, Tar) be a complete RN-space and @ be a mapping from
X2 to D*(®(x,y) is denoted by (@) such that, for some 0 < a <1/3,

D33, (1) < Dy y(at) (x,y € X, t>0) (3.4)

Let f : X — Y be an odd mapping satisfying

HDf(xy) () = Dy (1) (3.5)
forallx,y € X and all t > 0. Then
g X
A(x) = 351303 f(S_”> (3.6)

exists for each x € X and defines a unique additive mapping A : X — Y such that

1-3a
Hf()-A) () 2 (Dx,x< o t) (3.7)
forall x € X and all t > 0.
Proof. Letting x = i in (3.5), we get
Hf3x)-3f(x) (£) = D2 () (3.8)

forallx e X and all t > 0.
Consider the set

S;:{g:X—>Yl} (39)
and introduce the generalized metric on S:
d(g, h) =inf{u € R" : pg()-nx) (ut) > Dy (t),¥x € X, Vi > 0}, (3.10)

where, as usual, inf () = +oo. It is easy to show that (S, d) is complete. (See the proof of Lemma
2.11in [38].)
Now we consider the linear mapping J : S — S such that

T =33(3) (311)

for all x € X and we prove that J is a strictly contractive mapping with the Lipschitz constant
3a.
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Let g, h € S be given such that d(g, h) < . Then
Hg(x)-h(x) (€t) 2 Dxx(F) (3.12)
for all x € X and all t > 0. Hence

Hig(x)-Th(x) (Baet) = Hag(x/3)-3n(x/3) (3aet)

= g(x/3)-h(x/3)(agl)

(3.13)
> Dy 3,x/3(art)
> Oy x(t)
forall x € X and all t > 0. So d(g, h) < € implies that d(J g, Jh) < 3ae. This means that
d(Jg,Jh) <3ad(g,h) (3.14)
forall g,h € S.
It follows from (3.8) that
() -3f(x/3) (at) > Dy (1), (3.15)
for all x € X and all f > 0. So
1
d(f,]f)§a<§. (3.16)
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following;:
(1) Ais a fixed point of J, that is,
A<f> “Law (3.17)
3/ 3 '
for all x € X. The mapping A is a unique fixed point of J in the set
M={heS:d(hg) < x}. (3.18)

This implies that A is a unique mapping satisfying (3.17) such that there exists a u € (0, o)
satisfying

Hf(o-Aw) (uE) 2 Dxx(E), (3.19)

forallx e X and all £ > 0;
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(2)d(J"f,A) — 0asn — co. This implies the equality
. x
lim 3"f<3—n> = A(x) (3.20)

forall x € X.Since f : X — Yisodd, A: X — Y is an odd mapping;
(3)d(f,A) < (/1 -3a))d(f,]f) with f € M, which implies the inequality

[24

A) < .
d(f,A) < 15 (3.21)
from which it follows
(Lt> > O, () (3.22)
//lf(x)’A(x) 1 _ 3“ - x,X . .
This implies that the inequality (3.7) holds.
Now, we have,
t t
HanDf (x/3m,y/3) () = Ko (x/3n,y/37) 3n 2 Due/3ny /3 31 (3.23)
forallx,y € X,allt>0and alln € N.
So, we obtain by (3.4)
t
H3nDf (x/3my/37) (t) > Dy Ga) (3.24)

forallx,y € X,allt>0and alln € N.
Since lim;, —, o @y, (t/ (Ba)") = 1forall x,y € X and all t > 0, by Theorem 2.4, we
deduce that

AuDA(x,y) (t) =1 (325)

for all x,y € X and all ¢ > 0. Thus the mapping A : X — Y is additive, as desired. O

Corollary 3.2. Let 6 > 0 and let p be a real number with p > 3. Let X be a normed vector space with
norm || - ||. Let f : X — Y be an odd mapping satisfying

t
E+O(llxll” + NIy [I”)

UDf(xy) () > (3.26)

forallx,y € X and all t > 0. Then

Ax) = lim 3" f<31> (3.27)
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exists for each x € X and defines an additive mapping A : X — Y such that

(3 = 3)t

O-Al (£) > 3.28
Hf(o-Ag) (F) 3 —3)+ 230 (3.28)
forall x € X and all t > 0.
Proof. The proof follows from Theorem 3.1 by taking
@, ,(t) = f (3.29)
T be(lal? + [yl '
for all x, y € X. Then we can choose & = 377 and we get the desired result. O

Similarly, we can obtain the following. We will omit the proof.

Theorem 3.3. Let X be a linear space, (Y, u, Tar) be a complete RN-space and @ be a mapping from
X2 to D* (D(x, y) is denoted by Dy, )such that, for some 0 < a < 3,

@y /3,/3(t) < Dy (at) (x,y € X,t>0). (3.30)
Let f : X — Y be an odd mapping satisfying (3.5). Then
.1
A(x) := lim 3—nf(3"x) (3.31)

exists for each x € X and defines a unique additive mapping A : X — Y such that
K o-aw) (£) 2 Py (3 = a)t) (3.32)

forall x € X and all t > 0.

Corollary 3.4. Let 0 > 0 and let p be a real number with 0 < p < 1. Let X be a normed vector space
with norm || - ||. Let f : X — Y be an odd mapping satisfying (3.26). Then

A(x) = lim 37 f(3"x) (3.33)

exists for each x € X and defines a unique additive mapping A : X — Y such that

(3 - 3)t
(3 -37)t + 20| |x|]”

K x)-Ax) () 2 (3.34)

forall x € X and all t > 0.
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Proof. The proof follows from Theorem 3.3 by taking

t
t+ (I + [ly[1")

UDf(xy) () > (3.35)

for all x, y € X. Then we can choose a = 37 and we get the desired result. O

4. Generalized Hyers-Ulam Stability of the Functional Equation f(x +
2y)+ f(x=2y) =2f(x+y) +2f (—x—y) +2f (x —y) + 2f (y — x) —4f (—x) —
2f(x) + f(2y) + f(-2y) —4f(y) —4f(-y): An Even Case

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the
functional equation Df(x, y) = 0 in random Banach spaces: an even case.

Theorem 4.1. Let X be a linear space, let (Y, u, Tar) be a complete RN-space and @ be a mapping
from X? to D* (®(x,y) is denoted by @, ) such that, for some 0 < a < 1/16,

@, (at) > Doy oy (t)  (x,y € X,£>0). (4.1)

Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.5). Then

Q(x) = 11132016n<f<2f_1> _4f<2£n)> 42)

exists for each x € X and defines a quartic mapping Q : X — Y such that

1-16a 1-16a
> - -7 .
Hfx)-4f(x)-0x) (B) = Tm <(Dx,x ( = t> , Doy x < 5 f>) (4.3)

forall x € X and all t > 0.

Proof. Letting x = y in (3.5), we get
HfGy)-6f y)+15f (y) () 2 Dy (E) (4.4)

forally € X and all t > 0.
Replacing x by 2y in (3.5), we get

H (ay)-4f (3y)+4f (29) +4£ () (B) = Payy (£) (4.5)

forally € X and all t > 0.
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By (4.4) and (4.5),

H £ ()20 (2x)+64f (x) (BF)
> T (Maf ) -6 £ (2x)+15 (x)) (4E), P f (4x)-4f By f 2x) 44 () () (4.6)
> TM ((Dx,x(t)/ cDZx,x(t))

forall x € X and all t > 0. Letting g(x) := f(2x) —4f(x) for all x € X, we get
Hg(x)-168(x/2) () =2 Tava(Ps2,x/2(t), Pux/2(t)) (4.7)
forall x € X and all t > 0.

Let (S, d) be the generalized metric space defined in the proof of Theorem 3.1.
Now we consider the linear mapping J : S — S such that

Jh(x) = 16h(§) (4.8)

for all x € X. It is easy to see that J is a strictly contractive self-mapping on S with the
Lipschitz constant 16a.
It follows from (4.7) that

Hg(x)-16g(x/2) (5di’) >Twm (q)x,x(t)r (I)Zx,x(t)) (49)
forall x € X and all t > 0. So

d(g Jg) <5a< 15_6 < oo. (4.10)

By Theorem 1.1, there exists a mapping Q : X — Y satisfying the following:
(1) Qis a fixed point of J, that is,

X

(%) = 7.0 (411)

for all x € X. Since g : X — Y is even with g(0) =0, Q : X — Y is an even mapping with
Q(0) = 0. The mapping Q is a unique fixed point of J in the set

M={heS:d(h g) <w}. (4.12)

This implies that Q is a unique mapping satisfying (4.11) such that there exists a u € (0, c0)
satisfying

Hg(x)-Q(x) (ut) >Twm (q)x,x(t)/ (I)2x,x(t)) (413)

forallx e X and all £ > 0;
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(2)d(J"g,Q) — 0asn — oo. This implies the equality

lim 16"g(21n) = Q(x) (4.14)

n—oo

forall x € X;
(3) d(h,Q) <1/(1 -16a)d(h, Jh) for every h € M, which implies the inequality

5a

. 4.15
1-16a (415)

d(g,Q) <

This implies that the inequality (4.3) holds.

Proceeding as in the proof of Theorem 3.1, we obtain that the mapping Q : X — Y
satisfies f(x +2y) + f(x - 2y) =2f(x+y) +2f (—x —y) + 2f (x —y) + 2f (y — x) —4f(—x) —
2f(x) + f2y) + f(22y) = 4f (y) —4f (~y).

Now, we have

Q(2x)-16Q(x) = lim [16"g<2f—_1> —16"+1g(2—fl)] =16 lim [16"’1g<23f_1>—16"g<%>] =0
(4.16)

for every x € X. Since the mapping x — Q(2x) —4Q(x) is quartic (see [54, Lemma 2.1]), we
get that the mapping Q : X — Y is quartic. O

Corollary 4.2. Let 6 > 0 and let p be a real number with p > 4. Let X be a normed vector space with
norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.26). Then

Q(x) = 11132016"<f<%> —4f(21n)> (4.17)

exists for each x € X and defines a quartic mapping Q : X — Y such that

(2r —16)t
x)—4f(x)-Q(x) (£) = 4.1
Hr@x-4f (-0 (F) @ —16)t + 51+ )] (4.18)
forall x € X and all t > 0.
Proof. The proof follows from Theorem 3.1 by taking
t
HDf(xy) (E) 2 (4.19)

t+ (%7 + Jly[l”)

for all x, y € X. Then we can choose & = 277 and we get the desired result. O
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Similarly, we can obtain the following. We will omit the proof.

Theorem 4.3. Let X be a linear space, (Y, u, Tar) be a complete RN-space and @ be a mapping from
X2 to D* (D(x, y) is denoted by Dy, ) such that, for some 0 < a < 16,

@,y (at) > Dyyoyn(t) (x,y € X, t>0). (4.20)
Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.5). Then
— 1 1 n+l n
)= i - () -470) a2
exists for each x € X and defines a quartic mapping Q : X — Y such that

16 —a 16 —a
HF@x)-4f(0)-Q(x) (£) > T;m <cDx,x (—5 t>,®2x,x< = t>> (4.22)

forall x € X and all t > 0.

Corollary 4.4. Let 0 > 0 and let p be a real number with 0 < p < 4. Let X be a normed vector space
with norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.26). Then

Q(x) := lim % (f(2"1x) - 4f ")) (4.23)

exists for each x € X and defines a quartic mapping Q : X — Y such that

(16 —2P)t
X)-4f(x)-Q(x) (£) 2 4.24
Hr@n-4f (-0 (F) (16 -27)t + 5(1 + 29) 0[] (4.24)
forall x € X and all t > 0.
Proof. The proof follows from Theorem 3.3 by taking
H (t) 2 d (4.25)
Df(xy)(£) 2 .
T 07 + vl
for all x, y € X. Then we can choose a = 2P and we get the desired result. O

Theorem 4.5. Let X be a linear space, (Y, u, Tar) be a complete RN-space and @ be a mapping from
X2 to D* (®(x, y) is denoted by @, )such that, for some 0 < a < 1/4,

D,y (at) > Doeoy () (x,y € X,t>0). (4.26)
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Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.5). Then

T(x) := 111%4n<f<;_1> _16f<2in>> (4.27)

exists for each x € X and defines a quadratic mapping T : X — Y such that

1-4a 1-4a
HF@x)-16f(x)-T(x) (t) 2 Tm <(Dx,x <7t>, (I)Zx,x< 5 f>> (4.28)

forall x € X and all t > 0.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 4.1.
Letting g(x) = f(2x) — 16 f(x) for all x € X in (4.6), we get

Hg(x)-4g(x/2) (5) 2 Tava (Px/2,x/2(t), Pux/2(t)) (4.29)

forall x € X and all t > 0.
It is easy to see that the linear mapping J : S — S such that

Jh(x) = 4h(§), (4.30)

for all x € X, is a strictly contractive self-mapping with the Lipschitz constant 4a.
It follows from (4.29) that

ﬂg(x)—4g(x/2) (56[[’) > TM(q)x,x(t)r q)2x,x (t)) (431)
forall x € X and all £ > 0. So

d(g,Jg) <5a < oo. (4.32)

By Theorem 1.1, there exists a mapping T : X — Y satisfying the following.
(1) T is a fixed point of J, that is,

T(%) - }LT(x) (4.33)

for all x € X. Since g : X — Y is even with g(0) =0, T : X — Y is an even mapping with
T(0) = 0. The mapping T is a unique fixed point of J in the set

M={heS:d(hg)<wx) (4.34)
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This implies that T is a unique mapping satisfying (4.33) such that there exists a u € (0, o)
satisfying

ﬂg(x)fT(x) (ut) 2 TM ((Dx,x (t), q)Zx,x (t)) (435)

forallx e X and all £ > 0;
(2)d(J"g,T) — 0asn — oo. This implies the equality

Tim 4" g<21n) = T(x) (4.36)

forall x € X;

(3) d(h, T) < —

1-4a

d(h, Jh) for each h € M, which implies the inequality

5a

. 4.37
1-4a ( )

d(g T) <

This implies that the inequality (4.28) holds.

Proceeding as in the proof of Theorem 4.1, we obtain that the mapping T : X — Y
satisfies f(x +2y) + f(x —2y) = 2f(x +y) +2f(—x —y) + 2f (x —y) + 2f (y — x) —4f(—x) —
2f(x) + f(2y) + f(=2y) - 4f (y) - 4f (-y)-

Now, we have

T(2x) - 4T(x) = lim [4"g<2,f1) - 4"+1g(21n>] = 4 lim [4”’1g<2i1> - 4"g<21n)] =0
(4.38)

for every x € X. Since the mapping x — T(2x) — 16 T(x) is quadratic (see [54, Lemma 2.1]),
we get that the mapping T : X — Y is quadratic. O

Corollary 4.6. Let 6 > 0 and let p be a real number with p > 2. Let X be a normed vector space with
norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.26). Then

o x \ x
T(x) = lim 4 ( f(zH ) 16 f( o )) (4.39)
exists for each x € X and defines a quadratic mapping T : X — Y such that

(F — 4yt
X)— X)—1(Xx t Z
H@n-16f()-T() () @ D+ 501+ 0]

(4.40)

forall x € X and all t > 0.
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Proof. The proof follows from Theorem 4.5 by taking

t

@, (1) :=
YO e + )

(4.41)

for all x, y € X. Then we can choose a« = 277 and we get the desired result. O
Similarly, we can obtain the following. We will omit the proof.

Theorem 4.7. Let X be a linear space, (Y, pt, Tar) be a complete RN-space and @ be a mapping from
X? to D* (®d(x, y) is denoted by Dy.,,) such that, for some 0 < a < 4,

D,y (at) > Dyyoyn(t) (x,y€X,t>0). (4.42)

Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.5). Then

T(x):= lim 4l( £(2m1x) ~16f(2"x) (4.43)

exists for each x € X and defines a quadratic mapping T : X — Y such that
4-a 4-a
Hfx)-16f(x)-T(x) (1) 2 Tm <CDx,x (—5 t> , Doy x (—5 t) > (4.44)

forall x € X andall t > 0.

Corollary 4.8. Let 0 > 0 and let p be a real number with 0 < p < 2. Let X be a normed vector space
with norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.26). Then

T(x) = lim 41,1 (f(2"1x) - 16f(2"x)) (4.45)

exists for each x € X and defines a quadratic mapping T : X — Y such that

(4-2p)t

x)-16f(x)-T(x) (£) 2 4.46
Hren-6-10 (D) 2 e e e Bl (4.46)
forall x € X andall t > 0.
Proof. The proof follows from Theorem 4.7 by taking
t
Duy (1) = (4.47)

t+ (%l + [ly[l")

for all x, y € X. Then we can choose a = 2” and we get the desired result. O
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