Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 751721, 11 pages
doi:10.1155/2010/751721

Research Article

On Certain Multivalent Starlike or
Convex Functions with Negative Coefficients

Neslihan Uyanik,! Erhan Deniz,? Ekrem Kadioglu,?
and Shigeyoshi Owa®

I Department of Mathematics, Kazim Karabekir Faculty of Education, Atatiirk University,

Erzurum 25240, Turkey
2 Department of Mathematics, Science and Art Faculty, Atatiirk University, Erzurum 25240, Turkey
3 Department of Mathematics, Kinki University, Higashi-Osaka, Osaka 577-8502, Japan

Correspondence should be addressed to Shigeyoshi Owa, shige21@ican.zaq.ne.jp

Received 2 April 2010; Accepted 3 June 2010

Academic Editor: N. Govil

Copyright © 2010 Neslihan Uyanik et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

By means of a differential operator, we introduce and investigate some new subclasses of p-
valently analytic functions with negative coefficients, which are starlike or convex of complex

order. Relevant connections of the definitions and results presented in this paper with those
obtained in several earlier works on the subject are also pointed out.

1. Introduction
Let <#,,(p) denote the class of functions of the following form:

f(z)=2F - Z aiz* (ak>0; mpeN:={1,2,3,...}), (1.1)
k=p+m

which are analytic and multivalent in the open unit dics % = {z: z € C and |z| < 1}.
Let f@ denote the gth-order ordinary differential operator for a function f € o£,,(p),
that is,

P! & K K

@D(zy= " pq_ - -, 1.2
/e - k:%:m(k—q)!akz 42

wherep>qg;peN; geNg=NU {0}, z€ U.
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Next, we define the differential operator D" @ as

Dfa) = (p o _%m(k 'q> (ﬂ) Gz (meN; zew).  (13)

In view of (1.3), it is clear that

DOf(q)(Z) — f(q)(z)’ le(‘?)(z) - Df(Q)(Z) = Lz< f(‘7) (Z))’,
P-4 (1.4)

D"f@(z) = D" (Df 9 (2)).

If we take p = 1 and g = 0 for D" f(@, then D" f(© become the differential operator defined by
Sdlagean [1].

Finally, in terms of a differential operator D" f@ defined by (1.3) above, let E»(q)
denote the subclass of <4, (p) consisting of functions f which satisfy the following
inequality:

an )(z)#o (zeC-{0}), f(z)=2"~ i axzr, akZO}r

k=p+m

E:ln,p (q) = {f € Jm (P)

(1.5)

wherekeN,neNy,k>nmeN;(k-q)/(p-q)>2p-q-n-1>0,z€U.
Form e N, n € Ny, and y € C - {0}, we define the next subclasses of E,’,‘1,p(q).

1/ D" (q)( )
p(q,Y>—{f€E P(q) Re{l+—<W—p+q+n>}>O, (ZE?/l)},
n B " k! k—q\" k-q Y Rey .
ey - { reeng o £ 2 (S0 (L opean) o]

k=p+m

P! +g+n+ Rey
= - q)'<|Y| Cpra+n+l) |Y|>}'

n n k! k- q " k_q
Km,p(qfr)={f€Em,p(q) Z ( > [ —p+q+n+|y||a

kp+m(k q) pP—-9

< - p+q+n+1>},

(1.6)

wherey e C- {0}, meN;(k-q)/(p—-q)>2p-g-n-1>0,z€ U.
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Remark 1.1. (1) E?M(O, y) = 5*(b) was studied by Nasr and Aouf [2] (also see Bulboaca et al.
(3D-

(2) E),1(0,1 - a) = To(m) and E,, (0,1 - a) = Cq(m), & € [0,1) were introduced by
Srivastava et al. [4].

(3) EY,(0,1 = a) = T*(a) and E} (0,1 — a) = C(a), a € [0,1) were introduced by
Silverman [5].

(4) K3, 1(0,y) = O5,(y) and K, ,(0,y) = O,,(y) were introduced by Parvathan and
Ponnusanny [6, pages 163-164].

(5) For p = 1 and g = 0, the classes E7, ,(q,Y), Ny, ,(q,v), and K, ,(g,7) are closely
related with T, ,,,(y), Onm(y), and P, (y) which are defined by Owa and Saldgean in [7].

In this paper we give relationships between the classes of E7, ,(q,y), Ny, ,(q,y), and

K3, p(9,7)- In the particular case whenm € Nand n =0, p = 1, and g = 0, we obtain the same
results as in [8].

2. Main Results

Our main results are contained in

Theorem 2.1. Let m € N, n € Ny and let y € C — {0}, then

(1) K.p(q,7) CE,(q,7);
() Ep(q,v) €Ny (q,y);

(3) if y € (0, 00), then

Ky,(qY) =E,,(ay) =Ny, (47); (2.1)

(4) ify € (-0,0), then Ny, ,(q,7) LE3, ,(9,7);
(5) if y € (-o0,0), then E}, (q,y) LK, ,(q,7)-

Proof. (1) Let f € K}, ,(q,y). We prove that

m,p

pn+l (q)(z)
W—p+q+n <|Y|, (ZE?/() (22)
If f has the series expansion
flz)=2"- > az", ax>0, (2.3)

k=p+m
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then

Dn+1f(q) (Z)

W‘P”ﬁ" —|Y|

< ~(p/(p-q))(L-p+q+n)
TP (P =) = S (K (k= q))) (k= 9)/ (p - 9))"axlz7

+ SEpn (K (k=q)) (k=a)/(p - 0)"ax((k-9)/(p-q) —p+q+n)lzl""
P!/ (p =) = Sipom (K (k= q)) (k= 9)/ (p = )" ax|z|”

|yl

(2.4)

We use the fact that D" f@(z)/zP~1#0 for z € U — {0} and lim,_,,[D" @ (z)/zP71] =
p!/(p - q)!; these imply

| © | — n
P _ K (EZaY ik so (2.5)
(p_q)' k=p+m (k_q)' p_q

forz e U.
From (2.4) and (2.5), we deduce

Dn+1f(q) (Z)

W‘P”ﬁ” = |yl

P/ p-q))(L-prg+n+]y]) _
P/ (p—a)! = S pem K/ (k=) ((k=q)/(p—q))" ax

. Sipem (K (k=q)) ((k=q)/(p-9)"ax[((k-q)/(p~q) -p+q+n) +|y|]
P!/ (p =) = Zipm (K (k= q)) (k= )/ (p — 9))" a ’

(2.6)

By using the definition of K7, ,(q,y) from this last inequality we, obtain (2.2) which
implies

1 D+l (9)
Re{¥<ﬁ—p+q+n>}>—l (zeU), (2.7)

hence f € E}, (4,7)-
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(2) Let f bein E:’n,p(q, ¥). Then (2.7) holds and, by using (2.3), this is equivalent to

1/ (P (p- )2 = 52 (K (k=)D (k= )/ (p— @)™ ="
Req - - -p+qg+n
P!/ (p-a)) 21 = X7 (KU (k= q)) (k= )/ (p — )" axz*"

>-1 (ze).
(2.8)
Forz=te[0,1)ift — 17, from (2.8) we obtain
~(PY/ (p= DY) + Sy (R (k=) (k=) /P =a) @\ | _ P
PP ) Sy (K (k- )) (k—0)/ (p— )" ax TRey P
(2.9)

which is equivalent to

Z < (k q>" k_q+|Y|2— +g+n|ag < P! |Y|2 +g+n+1
—p+m(k q)! p-q Rey P k_(p g)! \ Rey —pTa )

(2.10)

Then multiplying the relation last inequality with Rey/|y|, we obtain f € N, ,(g,7)-

(3) if y is a real positive number, then the definitions of Ny, ,(g,y) and K7, ,(q,y) are
equivalent, hence N7, ,(q,y) = K7, (¢, 7). By using (1) and (2) from this theorem, we obtain
3).

(4) We have the following two cases.

Casel. yep-q-n-1-m/(p—q),0).
Let fimq«(p, g, 1n; z) be defined by

p+m-q\™" p! (p+m-q)! .
m,a ,q,1n; =z - pm 211
fmalp,qmiz) = 2 a< P-q > pem)! (p-a)l 21

and let « > 0. We have

k%:m(k 'q) = qﬂ(%—p g+ n)%ﬂﬂ]ak

: (,g(i;nj);)!(P;T;q)n{@;’:q"””’*") Rk '}
a<v+m—q>ﬂ’ pl  (p+m-gq)!
P-4 (p+m)! (p-q)

p! {<P+m—q >Y }
=a -p+g+n)— -
(r-9)! p-q 71 m

(2.12)
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or

Z

St G Goireaen) o

!

“r-q)

! Re
<(P?®!<Cp+q+n+1yﬁ%+¢ﬂ>'

(—p+q+n+1+Pn_1 +y>§0 (2.13)

q

and then f,4(p,q,n;z) € an,p(q, Y) (see the definition of an,p(q, 7).
Let now

1 <Dn+1f(‘7) (p/ q,n; Z)

F(z)=1+ - D —p+q+n> (zeN). (2.14)
D" fra(p, 4,1 2)

Y

Then, by a simple computation and by using the fact that

(q) (p, q,m; Z) (17) (Z)

__P 2P0 _ o (p+m)! <P+m_‘1>" p!  (p+m-q)! pem=q
(r-a)! (p+m-g)'\ p-q (p+m)! (p-9)!

:p_!zp—q_a P! <p+m—q)"zp+m_q‘
(p-q)! (P-a)'\ P-q

Pl oy P <P+n1—q)"<P+7n—q>"Zwmﬂ
(p-9)! (P-9'\ pP-q P-q

pl
" (p-9)!

| _
Dn+1f7$1q,37((z) _ ﬁzpﬂi (1 _ awzm)l

an(‘i) (Z)

zZP7(1 — az™),

P-4
(2.15)
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we obtain

Dn+1 (‘721
F(z) :1+1<#—p+q+n
Y\ Dnf,k (z)

.. 1<(P!/(P—q)!)zp“’(1 —a((prm-q)/(p-9)=") _p+q+n>

Y /(p—q))zFa(1 - az™)
P/ (p-a)") 216)
_q,pratntl-az(cprgent (prm—q)/(p-4q))
B y(1-azm)
(a—abg)
=1+ —— 5 S 14 (),
ya-ag Y
where (=z",a=-p+qg+n+1, b=-p+g+n+1+m/(p-q),and
a—ab{
=—2 2.17
PO = s (2.17)
For a > 1 we, have p(U) = C,, — D(c,d), where D is the disc with the center
a’b—-a
c= —Y((X2 Y (2.18)
and the radius
_a(b-a)
d= &) (2.19)

We have F(U) = C,, — D(c+1,d) where D(c,d) = {w : |lw—c| < d} and we deduce that
Re F(z) > 0 for all z € U does not hold.

We have obtained that for a > 1, f,« € Nr”n,p (q,7), but fraé E,’;l,p(q, y) and in this case
Nup@y)ZE, (q,7)-

Case2. y € (~o,p—q-n-1-m/(p-q)).

We consider the function f,,, defined by (2.11) fora € (1,(-p+g+n+1+y)/(-p +
g+n+1+m/(p-q))). In this case, the inequality (2.13) holds too and this implies that
fm,“ € Ng@p(q’ Y)

We also obtain that f ¢ EJ}, ,(q,y) like in Case 1.
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(5) Let f = fi« be given by (2.11), where a > (ly|-p+qg+n+1)/(ly|-p+gq+n+1+
m/(p-q)) and |y|-p+qg+n+1+m/(p—q)>0.Then

= ki /k-q\"[k-q
kgm(k—q)!@—q) poqg PraTrehla
(pt+m)! /p+m-q\"[p+tm-gq
= — — —— —p+q+n+|y|
(p+rm-qg)'\ p-q P-q
a<P+m—q)” pl_ (p+rm=-9q) (2.20)
P-4 (p+m)t  (p-9)!

! +m—
=a(P;j‘J)![<pP—q q_p+q+">+m

> il s (peaen)
which implies that
fma#Ky,(q,y) formeN, neNy, y € (-,0). (2.21)
We have
L (D" filal2) a-ab;
P(z)=1+¥<m—p+q+n>=1+m=1+(p(§), (2.22)

where ¢ is given by (2.17).
From (%) = D(c, d) where c and d are given by (2.18) and (2.19), we obtain

ab+a

ReF(Z)Z].'i‘m

(2.23)

If ye(-oo,p—q-n-1-m/(p—q))and ac€ ((ly|-p+g+n+1)/(lyl-p+g+n+1+
m/(p—q)),1), then

a(y+b)+y+a

P e 0, (2.24)
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and if
m
€ - —1’1—1——,0),
Y (P q p-q
a€< ly|-p+gq+n+1 ly|-p+q+n+1 >m(01)
ly|-p+q+n+1+(m/(p-q)) |-p+q+n+1+(m/(p-q))-|yl|
(2.25)

then (2.24) also holds. By combining (2.24) with (2.23) and the definition of Eﬁ,p(q, Y), we
obtain that

ly|-p+q+n+1
lyl-p+g+n+1+m/(p-q)’

fma € Efn,p (q.y) forae <

|}f|—p+q+n+1
|-p+q+n+1+m/(p-q)-|yl|

> N(0,1), y € (-0,0).
(2.26)
O

Appendix

In this paper, we discuss the class E}, (g, y) of analytic functions with negative coefficients.
Let us consider the functions f given by

f(z) =2 + i arz* (A1)

k=p+1

which are analytic in . For such a function f, we say that f € G;‘/P(q, y) if it satisfies

1 I)n+l (9)
Re<1+¥<ﬁ—p+q+n>>>0 (zeU) (A.2)

for some complex number y with 0 < Re(1/y) <1/(p-g-n-1).
If we define the function F for f € G{ (q,y) by

1+ (1/y) (D™ f@(z) /D" f@(z) ~p+q+n) —i(l-p+q+n)Im(1/y)

F@ 1+(1-p+g+n)Re(1/y)

. (A3)
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then we know that F is analytic in %, F(0) = 1, and Re f(z) > 0 (z € %). Thus F is the
Carathéodory function. Since the extremal function for the Carathéodory function F is given

by

1+z

F(z) = 1o (A4)
we can write
1+(1/Y)(Dn+1f(q)(z)/an(Q)(z)_p+q+n)—i(l—p+q+n)1m(1/}’) 3 1+z (A5)
1+(1-p+g+n)Re(1/y) 1=z '
This shows us that
D £@)(z) , 1\ I\\1+z
(A.6)
Noting that
1 !
prl () - (D" (@) , A7
9@ = 20" ) (A7)
we see that
1 (an(q)(z))’ 1< ) 1
- = p—q—n—y+zy(1—p+q+n)1m<—>>
- n £(q)
p-q Drfl(z) =z 4 (A8)
1 2 1
:y<1+(1—p+q+n)Re<¥>><1_Z+;>,
that is,
1 (an(q)(z))’ 1 1 1
P an(q)(z) _2_2y<1+(1—p+q+n)Re<¥)>m (A9)

It follows from the above that

f(j(p ! q (lz)):];:)>((?))l B %>dt = 2y<1 +(1-p+q+n) Re<%>> J‘O %dt. (A.10)

Calculating the above integrations, we have that

1

log D" 7 (z) ~log z = —2y<1 +(1-p+q+n) Re(%)) log(1 - z). (A.11)
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Therefore, we obtain that

Vp-a) z
) B (1 = z)2(+(-prasmRe(1/Y)) ’

(D" £ (z) (A.12)

that is,

. pP—q
D"f9(z) = < ; > . (A.13)

(1 _ Z)Zy(1+(1—p+q+n) Re(1/y)

Consequently, the function f defined by the above is the extremal function for the class
G1,(q,y). But our class Ej, (q,y) is defined with analytic functions f with negative
coefficients. Thus we do not know how we can consider the extremal function for this class.
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