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We establish the Poincaré type inequalities for the composition of the maximal operator and the
Green’s operator in John domains.

1. Introduction

Let Q be a bounded, convex domain and B a ball in R”, n > 2. We use 0B to denote the ball
with the same center as B and with diam(oB) = o diam(B), o > 0. We do not distinguish the
balls from cubes in this paper. We use |E| to denote the n-dimensional Lebesgue measure of
the set E C R". We say that w is a weight if w € LllOC (R")and w >0, a.e.

Differential forms are extensions of functions in R". For example, the function
u(xy,xz,...,x,) is called a O-form. Moreover, if u(xy,x;,...,x,) is differentiable, then
it is called a differential O-form. The 1-form u(x) in R" can be written as u(x) =
> ui(x1, x2,..., xp)dx;. If the coefficient functions wu;(x1,x2,...,x,), i = 1,2,...,n, are
differentiable, then u(x) is called a differential 1-form. Similarly, a differential k-form u(x)
is generated by {dx;, Adx;, A---Ndx; }, k=1,2,...,n, thatis,

u(x) = Zul(x)dxl = Z Uiy, (X)AX3, Adxiy A -+ Ndx,, (1.1)
T

where A is the Wedge Product, I = (iy,1a,...,ik), 1 <i1 <ip <--- <ix < n. Let

Al = ALR™) (1.2)
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be the set of all [-forms in R”,
D' <Q /\’) (1.3)
the space of all differential I-forms on €, and

LP(Q, /\l) (1.4)

the I-forms u(x) = >;ur(x)dx; on Q satisfying fg |urlPdx < oo for all ordered I-tuples I,
1=1,2,...,n. We denote the exterior derivative by

d:D'(Qn) — D'(QA") (15)
for/=0,1,...,n -1, and define the Hodge star operator
*: AR — ATE (1.6)
as follows. If u = urdxy, iy < i < --- < iy is a differential k-form, then

s = (-1)>Duydxy, (1.7)

where I = (iy,ip,...,ik), ] = {1,2,...,n} =1, and >(I) = k(k+1)/2 + Z;‘:l ij. The Hodge
codifferential operator

d D'(Q, /\“1) —D (Q /\l> (1.8)

is given by d* = (—1)"”1 xdxon D'(Q,A*1),1=0,1,...,n—1. We write

= fQ |u|5dx)l/s. 1.9)

The differential forms can be used to describe various systems of PDEs and to express
different geometric structures on manifolds. For instance, some kinds of differential forms are
often utilized in studying deformations of elastic bodies, the related extrema for variational
integrals, and certain geometric invariance. Differential forms have become invaluable tools
for many fields of sciences and engineering; see [1, 2] for more details.

In this paper, we will focus on a class of differential forms satisfying the well-known
nonhomogeneous A-harmonic equation

d*A(x,du) = B(x,du), (1.10)



Journal of Inequalities and Applications 3

where A : Q x Al(R") — A{(R") and B : Q x Al(R") — AI"L(R") satisfy the conditions

|A(x, @) < aldlP™!,  A(x, @) &>k, [B(x, &) <blgP! (1.11)

for almost every x € Q and all ¢ € A/(R"). Here a,b > 0 are constants and 1 < p < oo is a fixed
exponent associated with (1.10). If the operator B = 0, (1.10) becomes d*A(x, du) = 0, which
is called the (homogeneous) A-harmonic equation. A solution to (1.10) is an element of the
Sobolev space Wltf(Q, A1) such that [, A(x, du)-dg+B(x,du)-¢ = 0forall p € Wllo’f(Q, AFT
with compact support. Let A : Q x A{(R") — Al(R") be defined by A(x,¢) = ¢|¢[P~2 with
p > 1. Then, A satisfies the required conditions and d*A(x, du) = 0 becomes the p-harmonic
equation

d* <du|du|""2> =0 (1.12)

for differential forms. If u is a function (0-form), (1.12) reduces to the usual p-harmonic
equation div(Vu|VulP~2) = 0 for functions. A remarkable progress has been made recently
in the study of different versions of the harmonic equations; see [3] for more details.

Let C* (L, A!) be the space of smooth I-forms on Q and

7()(@, /\l> = {u € LllOC <Q, /\l> : u has generalized gradient}. (1.13)
The harmonic /-fields are defined by
Jé(Q,/\l> = {u € 70(9,/\1> tdu=du=0, ueLP forsome 1 <p< oo}. (1.14)

The orthogonal complement of  in L! is defined by
Jei={ueL1 < u,h >=0 for allheelf}. (1.15)

Then, the Green’s operator G is defined as
G: C°°<Q,/\l> —>ewlmcw(g,/\’) (1.16)

by assigning G(u) to be the unique element of #+ N C®(Q, A') satisfying Poisson’s equation
AG(u) = u— H(u), where H is the harmonic projection operator that maps C*(Q, Al) onto
so that H (u) is the harmonic part of u. See [4] for more properties of these operators.

For any locally L*-integrable form u(y), the Hardy-Littlewood maximal operator
is defined by

1/s
1 s
M(u) = sup<m ) lu(y)| dy) , (1.17)

>0 B(x,r
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where B(x, r) is the ball of radius r, centered at x, 1 < s < co. We write M (u) = M1 (u) if s = 1.
Similarly, for a locally Lé-integrable form u(y), we define the sharp maximal operator " by

1/s
1
# _ _ S
M (u) = Sup<—|B(x, s |u(y) — upn| dy> , (1.18)

r>0

where the I-form up € D'(B, A!) is defined by

B‘lf dy, 1=0,
uy = JIET | u(@)dy (1.19)
d(Tu), 1=1,2,...,n

for all u € LP(B,Al),1 < p < oo, and T is the homotopy operator which can be found in [3].
Also, from [5], we know that both (1) and M (u) are L*-integrable 0-form.

Differential forms, the Green’s operator, and maximal operators are widely used not
only in analysis and partial differential equations, but also in physics; see [2—4, 6-9]. Also, in
real applications, we often need to estimate the integrals with singular factors. For example,
when calculating an electric field, we will deal with the integral E(r) = (1/4rep) fD p(x)((r-
x)/|Ir - x||*)dx, where p(x) is a charge density and x is the integral variable. The integral
is singular if r € D. When we consider the integral of the vector field F = Vf, we have
to deal with the singular integral if the potential function f contains a singular factor, such
as the potential energy in physics. It is clear that the singular integrals are more interesting
to us because of their wide applications in different fields of mathematics and physics. In
recent paper [10], Ding and Liu investigated singular integrals for the composition of the
homotopy operator T and the projection operator H and established some inequalities for
these composite operators with singular factors. In paper [11], they keep working on the
same topic and derive global estimates for the singular integrals of these composite operators
in 6-John domains. The purpose of this paper is to estimate the Poincaré type inequalities for
the composition of the maximal operator and the Green’s operator over the 6-John domain.

2. Definitions and Lemmas
We first introduce the following definition and lemmas that will be used in this paper.

Definition 2.1. A proper subdomain © C R" is called a 6-John domain, 6 > 0, if there exists a
point xg € Q which can be joined with any other point x € Q by a continuous curve y C £ so
that

d(§,0Q) = 6|x - g (2.1)

for each ¢ € y. Here d(¢,0€2) is the Euclidean distance between ¢ and 0Q.
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Lemma 2.2 (see [12]). Let ¢ be a strictly increasing convex function on [0, oo) with ¢(0) = 0 and
D a domain in R". Assume that u is a function in D such that ¢(|u|) € L*(D, p) and p({x € D :
|u —c| > 0}) > 0 for any constant ¢, where p is a Radon measure defined by du(x) = w(x)dx for a
weight w(x). Then, one has

J‘D¢<§|u—uaﬂ|>d‘u < ID b (alul)dp (2.2)

for any positive constant a, where up,, = (1/u(D)) [, udp.

Lemma 2.3 (see [13]). Each Q has a modified Whitney cover of cubes U = {Q;} such that

Uei=q, > X570, S Nxe (2.3)
i Qi€

and some N > 1, and if Q;NQ; # (0, then there exists a cube R (this cube need not be a member of U) in
QiNQj such that Q; UQ; C N R. Moreover, if L is 6-John, then there is a distinguished cube Qp € U
which can be connected with every cube Q € U by a chain of cubes Qo = Qj,, Qjy, ..., Qj, = Q from
U and such that Q C pQ;,,i=0,1,2,...,k, for some p = p(n, 6).

Lemma 2.4 (see [14]). Let u be a smooth differential form satisfying (1.10) in a domain D, o > 10 <
s, and t < oo. Then, there exists a constant C, independent of u, such that

lull, 5 < CIBI“ lull, o5 (2.4)

for all balls B with 6B C D, where ¢ > 1 is a constant.
Lemma 2.5 (see [5]). Let M, be the Hardy-Littlewood maximal operator defined in (1.17), G the

Green’s operator, and u € LY(Q, AN, 1=1,2,3,...,n,1 < s < t < co, a smooth differential form in a
bounded domain Q. Then,

[Ms(G))lg0 < Cllull o (2.5)

for some constant C, independent of u.

Lemma 2.6 (see [5]). Let u € LS(Q,A'),1=1,2,3,...,n,1 < s < oo, be a smooth differential form
in a bounded domain Q, M the sharp maximal operator defined in (1.18), and G the Green’s operator.
Then,

|t G|, < ciorlull (2.6)

for some constant C, independent of u.

Lemma 2.7. Let u € L _(Q,A), | = 1,2,...,n, be a smooth differential form satisfying the A-

harmonic equation (1.10) in convex domain Q, G the Green’s operator, and M the Hardy-Littlewood
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maximal operator defined in (1.17) with 1 < s <t < oo. Then, there exists a constant C(n,t,a, A, p),
independent of u, such that

1/t , t 1 1/t
(] Gt hgedn) < Cluta ko (LBM mdx) @)

for all balls B with pB C Q and any real number a and X with a > A > 0and y = (A — a) /nt, where
xp is the center of the ball and p > 1 is a constant.

Proof. Let € € (0,1) be small enough such that en < a — A and B any ball with B C €, center xp
and radius rp. Taking k = t/(1 — €), we see that k > t. Note that 1/t = 1/k + (k —t)/kt; using
Holder’s inequality, we obtain

( f (G ) m )w

; 1/t
1
= <f3 <|ﬂs(G(“))|W> dx)

2.8
1/k 1 Kt/ (k-t) (k=t)/kt 28)
< ([ wwrax) (| (s dx
B B \ d(x,0Q)*/!
1/pt
< I Gl (| (00 ax)
where = k/(k —t). Since k > t > s, using Lemma 2.5, we get
|5 (G ()l g < Calltelly p- (2.9)
Let m = ntk/(nt + ak — Ak), then 0 < m <t < k. Using Lemma 2.4, we have
l[ully,p < Cal B0/ |1ull,, 5, (2.10)

where p > 1is a constant and pB C Q. By Holder’s inequality with 1/m = 1/t + (t — m)/mt
again, we find

1/m
-1 A\
il = (f (1l = xal /= ol dx)
pB
1/t (t-m)/mt
_ t mt/ (t-m)
< <J <|u||x—xB| “f) dx) <I (|x—xB|“f) dx> (2.11)
pB pB
1/t (t—-m)/mt
< J |u|t|x _xB|—)de (lx _xB|mJ\/(t—m)dx ]
pB pB
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Note that d(x,0€2) > (p — 1)rp for all x € B, it follows that
(d(x,0Q))™ < [(p - 1)rs] ™. (212)

Hence, we have

1/pt
(] @ oy rax) " < (o= ra] 51"
B

(2.13)
— C3(r3)_a/t|B|1/ﬂt.
Now, by the elementary integral calculation, we obtain
(t-m)/mt
< (lx _xB|m)l/(tm)dx> < C4(p7’3))‘/t+n(tim)/mt. (214)
pB
Substituting (2.9)—(2.14) into (2.8), we obtain
; 1 1/t
G ——d
([ 1l s—mre)
1/t
< C5(rB)—a/H—)L/Hn(t—m)/mt|B|1/ﬂt+(m—k)/mk ’[ |u|t|x_ xB|—/\dx
pB
1/t
— C5(rB)n/k—n/t|B|1/t—1/k+()t—tx)/nt <f |u|t|x _ xB|—/\dx>
pB
1/t (2.15)
=C()|B|1/k—l/tIBll/t—l/k+()L—a)/‘rlt ’[ |u|t|x_xB|—)de
pB
1/t
= Co|B| 0/ f |ul|x — xp| ™ dx
pB
1/t
=C(nt,a, A,p)|B|Y<I ul'|x — xB|_)‘dx> .
pB
We have completed the proof. O

Similarly, by Lemma 2.6, we can prove the following lemma.

Lemma 2.8. Let u € Llsoc(Q, A, 1<s<ow,1=1,2,...,n, beasmooth differential form satisfying
the A-harmonic equation (1.10) in convex domain Q, MY the sharp maximal operator defined in
(1.18), and G Green’s operator. Then, there exists a constant C(n, s, a, A, p), independent of u, such

that

1/s
# s 1 )”S y J’ s_ 1
<IB|ﬂs(G(u))| d(x,ag)adx <C(n,s,a,\,p)|B| B lul |x_XB|Adx (2.16)
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for all balls B with pB C Q and any real number a and A witha > A > 0andy =1/s - (A —a)/ns,
where xp is the center of the ball and p > 1 is a constant.

3. Main Results

Theorem 3.1. Let u € LI _(Q,A), | = 1,2,...,n, be a smooth differential form satisfying the A-
harmonic equation (1.10), G Green’s operator, and M, the Hardy-Littlewood maximal operator defined
in (1.17) with 1 < s <t < oo. Then, there exists a constant C(n,p,t,a, 1, N, Qo, Q), independent of
u, such that

¢ 1 1/t
(G(u)) — (Ms(G ——d
(. (G - G | 7pmed=)
Ut (3.1)
<C(mp,t, a0, N,Qo, Q) <I Iultg(X)dx>
Q
for any bounded and convex 6-John domain Q C R", where
1
(X)) = Y Xpo (32)
i |x - inl

p > land a > L > 0 are constants, the fixed cube Qy C Q, the cubes Q; C Q, the constant N > 1
appeared in Lemma 2.3, and x, is the center of Q.

Proof. First, we use Lemma 2.3 for the bounded and convex §-John domain Q. There is a
modified Whitney cover of cubes U = {Q;} for Q such that Q = UQ;, and > x /5740, <

N yq for some N > 1. Moreover, there is a distinguished cube Qg € U which can be connected
with every cube Q € U by a chain of cubes Qo = Q;,,Qj;,...,Qj. = Q from U such that
QcCpQ;,i=0,1,2,...,k, for some p = p(n,6). Then, by the elementary inequality (a + b)® <
25(|al® +|b|?), s > 0, we have

¢ 1 1/t
4
d(x,0Q)" x)

, 1/t
d‘u>

< <Z <2f JQ, [ (G W) - (G | dp

Qiev

(]G - G,

_ ( f ) | (G)) ~ (M(Gw)))g,

; 1/t
“))

2 [ |G - LG,
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t 1/t
ool (3 |ﬂs(G<u>)—(ﬂs<G<u>>>Qi|d#

€U

1/t
d‘u>

The first sum in (3.3) can be estimated by using Lemma 2.2 with ¢ = x', a = 2, and
Lemma 2.7:

< f ((G)))g, — (M(G)))g,
€V

(3.3)

j | A.(Gw)) ~ (M (Gw)))g | dp

leZ)

f 2!\ M (G ) dp

He
<Ca(mptya @) T 101 | il
Qv Qi (3.4)
< C3(n p.ta, Q)|Q|Yt Z f || dﬂr)XpQ
Q€0

=c4m@LmLNmanI|m@wmx
Q

=Cs(n,p,t,a, A, N,Q) J |u|tg(x)dx,
Q

where p(x) and p;(x) are the Radon measures defined by dyu = (1/d(x,0Q)")dx and dy;(x) =
(1/|x = xg,|")dx, respectively.

To estimate the second sum in (3.3), we need to use the property of 6-John domain.
Fix a cube Q; € U and let Qo = Qj,, Qjy,--.,Qj, = Q; be the chain in Lemma 2.3. Then we have

(Ms(G())) g, = (Ms(G(1)))q,

k-1
< S| M(Gw))g, - (MG, | (35)
i=0

The chain {Q;,} also has property that for eachi,i =0,1,...,k-1,Q; N Q;., # @. Thus, there
exists a cube D; such that D; C Q;; N Q;,., and Q;; UQ;,, C ND;, N > 1, so,

max IQ]}- |' |jS+1
|Q]} N Q]}+1

} < maX{|Qj,~|/ |jS+1 } < Cé(N) (3 6)
- |Dil - |




10 Journal of Inequalities and Applications
Note that

1
1@~ |

1 (3.7)
z I o @am@)7

= C7(Tl, a, Q)|Q|/

where C7(n, a, Q) is a positive constant. By (3.6), (3.7), and Lemma 2.7, we have

| (G, - (M(Ga)g, |

1 t dx
P — s(G = s(G ) _
#(QjiN Q) Q,-,.ngmi(ﬂ( g, = (M:(CDg,,, d(x,0Q)"
Cs(n,a,Q) ~ t dyx
ST f@m% |G, - MG, | 5
Cs(n,a, Q)C¢(N)

< oo T J, o ot - tGun, [ 4
Jils Jit1 Q)i g

}

i+l

<C9(ntaNQ)Z|Q |j | (G @) - (M(G)g, | du
Tk

1 |Q; |Yf (3.8)
< ClO(”zPI tla/-/\lNrQ)Z | ] | |u|td/4]-k
k=i Jx PQji

i+1

= ClO(”rP/ t/“r-/\lN/Q)Z|ij|Yt_l J‘ |u|td/«l]'k
k=i Pk
i+1

< Cll (Tl, P, t/ a, /\/ N, Q)Z|Q|Yt71 ,[Q <|u|tdﬂjk>XPka
k=i

< ClZ(n/plt/a/-/\'/N/Q) Z J‘ <|u|td#i>Xin

€U Q

=Ci(n,p,t,a, A, N,Q) J‘ |u|tg(x)dx.
Q

Then, by (3.5), (3.8), and the elementary inequality |Zf\fl tils < M Zf\fl ti]°, we finally
obtain

3 | JGung - tGung 4

€U

< Cis(n,p,t,a, A, N, Q) Z I <I Iultg(x)dx)d‘u
i Q

Qi€v

=Ci3(m,p,t,a, A, N,Q)< f dﬂ> f lul'g(x)dx
=
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=Cui(n,p,t,a, A, N,Q) <I d#) j [ul'g(x)dx
Q Q
= C14 (n/ P/ tl a, )‘1 N/ Q)‘u(Q) f |u|tg(x)dx
Q

=Cis(n,p,t,a, A, N,Q) I |u|tg(x)dx.
Q
(3.9)

Substituting (3.4) and (3.9) in (3.3), we have completed the proof of Theorem 3.1. O

Using the proof method for Theorem 3.1 and Lemma 2.8, we get the following
theorem.

Theorem 3.2. Let u € LY (Q,A), I = 1,2,...,n, be a smooth differential form satisfying the A-
harmonic equation (1.10), G Green's operator, and M?* the sharp maximal operator defined in (1.18).
Then, there exists a constant C(n, p,s,a, A, N, Qo, Q), independent of u, such that

1 1/s
# # s
(] G - (G 5 —peex)

s (3.10)
< C(mprs,a4,N, Q0 ) ([ ' gd)
Q
for any bounded and convex 6-John domain Q C R", where
1
g§(®) = D oo —— (3.11)
i |x - XQ |

p > land a > L > 0 are constants, the fixed cube Qo C Q, the cubes Q; C Q, the constant N > 1
appeared in Lemma 2.3, and x, is the center of Q.
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