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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let ¢ :
C — R be a real-valued function and © : C x C — R be an equilibrium bifunction, that is,
O(u,u) = 0 for each u € C. We consider the following mixed equilibrium problem (MEP)
which is to find x* € C such that

O(x*,y) +o(y) —p(x*) >0, VyeC. (MEP)

In particular, if ¢ = 0, this problem reduces to the equilibrium problem (EP), which is to find
x* € C such that

O(x*,y) >0, VYyeC (EP)

Denote the set of solutions of (MEP) by Q and the set of solutions of (EP) by I'. The mixed
equilibrium problems include fixed point problems, optimization problems, variational
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inequality problems, Nash equilibrium problems, and the equilibrium problems as special
cases; see, for example, [1-5]. Some methods have been proposed to solve the equilibrium
problems, see, for example, [5-21].

In 2005, Combettes and Hirstoaga [6] introduced an iterative algorithm of finding the
best approximation to the initial data when I' # ¢ and proved a strong convergence theorem.
Recently by using the viscosity approximation method S. Takahashi and W. Takahashi [8]
introduced another iterative algorithm for finding a common element of the set of solutions
of (EP) and the set of fixed points of a nonexpansive mapping in a real Hilbert space. Let
S : C — H be a nonexpansive mapping and f : C — C be a contraction. Starting with
arbitrary initial x; € H, define the sequences {x,} and {u,} recursively by

O(un, y) + l(y— Up, Uy —Xn) >0, VyeC,
Tn (TT)

Xn+1 = Onf (xy) + (1 —ay)Su,, Yn2>0.

S. Takahashi and W. Takahashi proved that the sequences {x,} and {u,} defined by (TT)
converge strongly to z € Fix(S) NI with the following restrictions on algorithm parameters
{an} and {r,}:

(i) imy oty = 0and 3,7 ay = o0;
(ii) liminf, 7, > 0;

(iii) (A1): ZZO:O |atni1 — ay| < o0; and (R1): ZZO:O [Tr1 — 7| < 00.

Subsequently, some iterative algorithms for equilibrium problems and fixed point
problems have further developed by some authors. In particular, Zeng and Yao [16]
introduced a new hybrid iterative algorithm for mixed equilibrium problems and fixed point
problems and Mainge and Moudafi [22] introduced an iterative algorithm for equilibrium
problems and fixed point problems.

On the other hand, for solving the equilibrium problem (EP), Moudafi [23] presented a
new iterative algorithm and proved a weak convergence theorem. Ceng et al. [24] introduced
another iterative algorithm for finding an element of Fix(S) NI. Let S : C — C be a k-strict
pseudocontraction for some 0 < k < 1 such that Fix(S) N T #0. For given x; € H, let the
sequences {x,} and {u,} be generated iteratively by

O(un, y) + l(y —Up, Uy —Xn) 20, YyeC,
Tn (CAY)

Xn41 = Oy + (1 = a,)Su,, Yn>1,

where the parameters {a,} and {r,} satisfy the following conditions:

(i) {an} C [a, p] for some a, B € (k,1);

(ii) {rn} C (0, 00) and liminf, _, 1, > 0.
Then, the sequences {x,} and {u,} generated by (CAY) converge weakly to an element of
Fix(S)nT.

At this point, we should point out that all of the above results are interesting and
valuable. At the same time, these results also bring us the following conjectures.
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Questions

(1) Could we weaken or remove the control condition (iii) on algorithm parameters in
S. Takahashi and W. Takahashi [8]?

(2) Could we construct an iterative algorithm for k-strict pseudocontractions such that
the strong convergence of the presented algorithm is guaranteed?

(3) Could we give some proof methods which are different from those in [8, 12, 16, 24]?

It is our purpose in this paper that we introduce a general iterative algorithm for
approximating a common element of the set of fixed points of a demicontractive mapping
and the set of solutions of a mixed equilibrium problem. Subsequently, we prove the strong
convergence of the proposed algorithm under some mild assumptions. Our results give
positive answers to the above questions.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty
closed convex subset of H.

Let T : C — C be a mapping. We use Fix(T') to denote the set of the fixed points of T.
Recall what follows.

(i) T is called demicontractive if there exists a constant 0 < k < 1 such that
ITox = x| < floe = *[1* + kl|x = Tx]® (2.1)
for all x € C and x* € Fix(T), which is equivalent to

1-
(x =Tx,x—x") > Tkllx—TxHZ. (2.2)

For such case, we also say that T is a k-demicontractive mapping.

(ii) T is called nonexpansive if

ITx =Tyl < [lx - yll (2.3)

forall x,y € C.

(iii) T is called quasi-nonexpansive if

ITx = ™[] <l = x| (2.4)

for all x € C and x* € Fix(T).
(iv) T is called strictly pseudocontractive if there exists a constant 0 < k < 1 such that

ITx = Tyll* < llx = yII* + kll(x - Tx) = (y - Ty)|? (2.5)

forall x,y € C.
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It is worth noting that the class of demicontractive mappings includes the class of
the nonexpansive mappings, the quasi-nonexpansive mappings and the strictly pseudo-
contractive mappings as special cases.

Let us also recall that T is called demiclosed if for any sequence {x,} C H and x € H,
we have

x, — x weakly, (I -T)x, — 0 strongly = x € Fix(T). (2.6)

It is well-known that the nonexpansive mappings, strictly pseudo-contractive mappings are
all demiclosed. See, for example, [25-27].

An operator A : C — H is said to be 6-strongly monotone if there exists a positive
constant 6 such that

(Ax - Ay, x-y) 2 6llx -yl (2.7)

forall x,y € C.
Now we concern the following problem: find x* € Fix(T) N Q such that

(Ax*, x—x*) >0, VxeFix(T)nQ. (2.8)

In this paper, for solving problem (2.8) with an equilibrium bifunction® : CxC — R,
we assume that O satisfies the following conditions:

(H1) © is monotone, thatis, O(x,y) + O(y,x) < 0forall x,y € C;
(H2) for each fixed y € C, x — O(x, y) is concave and upper semicontinuous;

(H3) for each x € C, y — O(x, y) is convex.

A mapping 17 : C x C — H is called Lipschitz continuous, if there exists a constant
A > 0 such that

In(x )l < Mx-yll, VxyeC. (2.9)

A differentiable function K : C — R on a convex set C is called

(i) 7-convex if
K(y) - K(x) > (K'(x),1(y,%)), Vx,yeC, (2.10)

where K’ is the Frechet derivative of K at x;

(ii) n-strongly convex if there exists a constant ¢ > 0 such that

K(y) - K@) = (K'(0,n(y,x)) 2 (3)Ix-vl’, vxyeC. (2.11)
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Let C be a nonempty closed convex subset of a real Hilbert space H, ¢ : C — R be
real-valued function and © : C x C — R be an equilibrium bifunction. Let r be a positive
number. For a given point x € C, the auxiliary problem for (MEP) consists of finding y € C
such that

O(y,z) +o(z) —o(y) + %(K'(y) -K'(x),n(z,y)) >0, VzeC. (2.12)

Let S, : C — C be the mapping such that for each x € C, S,(x) is the solution set of the
auxiliary problem, thatis, Vx € C,

Sr(x) = {y €C:0(y,z)+p(z) - o(y) + %(K/(y) -K'(x),n(z,v))>0,Vz € C}. (2.13)

We need the following important and interesting result for proving our main results.

Lemma 2.1 ([16, 28]). Let C be a nonempty closed convex subset of a real Hilbert space H and let
¢ : C — R bea lower semicontinuous and convex functional. Let © : C x C — R be an equilibrium
bifunction satisfying conditions (H1)-(H3). Assume what follows.

(i) n: Cx C — H is Lipschitz continuous with constant A > 0 such that

@) n(x,y)+n(y,x)=0,Vx,yeC,

(b) n(-,-) is affine in the first variable,

(c) for each fixed y € C, x — 1(y, x) is sequentially continuous from the weak topology
to the weak topology.

(ii) K : C — Ris n-strongly convex with constant o > 0 and its derivative K' is sequentially
continuous from the weak topology to the strong topology.

(iii) For each x € C, there exist a bounded subset D, C C and z, € C such that for any
y € C\ Dy,

Oy, zx) +p(zx) — () + %(K’(y) - K'(x),1(zx,y)) <0. (2.14)

Then there hold the following:
(i) S, is single-valued;
(ii) Sy is nonexpansive if K' is Lipschitz continuous with constant v > 0 such that o > Av and

(K'(x1) = K'(x2), q(u1,uz2)) > (K'(u1) = K'(u2), p(uy, u2)), V(x1,x2) € CxC, (2.15)

where u; = S, (x;) fori=1,2;
(iii) Fix(S,) = Q;

(iv) Q is closed and convex.
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3. Main Results

Let H be a real Hilbert space, ¢ : H — R be a lower semicontinuous and convex real-valued
function, © : H x H — R be an equilibrium bifunction. Let A : H — H be a mapping
and T : H — H be a mapping. In this section, we first introduce the following new iterative
algorithm.

Algorithm 3.1. Let r be a positive parameter. Let {1, } be a sequence in [0, o0) and {a,} be a
sequence in [0, 1). Define the sequences {x,}, {y,}, and {z,} by the following manner:

xp € C chosen arbitrarily,

O(zy, x) + ‘P(x) - ‘P(Zn) + %(K,(Zn) - K,(xn)/ q(x, zn)) 20, VxeC, (3.1)

Yn = 2Zn — )lnAZm

Xne1 = (1= an)yn +a,Ty,.

Now we give a strong convergence result concerning Algorithm 3.1 as follows.

Theorem 3.2. Let H be a real Hilbert space. Let ¢ : H — R be a lower semicontinuous and convex
functional. Let © : H x H — R be an equilibrium bifunction satisfying conditions (H1)-(H3). Let
A:H — H bean L-Lipschitz continuous and 6-strongly monotone mapping and T : H — H be a
demiclosed and k-demicontractive mapping such that Fix(T) N Q # 0. Assume what follows.

(i) n: Hx H — H is Lipschitz continuous with constant A > 0 such that

(@) n(x,y)+n(y,x)=0,Vx,y € H,

(b) (-, -) is affine in the first variable,

() for each fixed y € H, x — 1(y, x) is sequentially continuous from the weak topology
to the weak topology.

(ii) K : H — R is n-strongly convex with constant o > 0 and its derivative K' is not only
sequentially continuous from the weak topology to the strong topology but also Lipschitz
continuous with constant v > 0 such that o > \v.

(iii) For each x € H; there exist a bounded subset D, C H and z, € H such that, for any
]/ ¢ D.X'/

O(y, zx) +¢(zx) — () + %(K’ () - K'(x),1(zx,y)) <0. (32)

(iv) ay € [y, (1 = k) /2] for some y > 0, limy, oAy = 0 and X025 Ay = co.

Then the sequences {x,}, {yn}, and {z,} generated by (3.1) converge strongly to x* which solves the
problem (2.8) provided S, is firmly nonexpansive.
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Proof. First, we prove that {x,}, {y.}, and {z,} are all bounded. Without loss of generality,
we may assume that 0 < 6 < L. Given p € (0,26/L?) and x,y € H, we have

(A = D)x = (A - Dy|* = 2| Ax - Ayl + |Ix - y|I* - 2u(Ax - Ay, x - y)
<PPLPlx =yl + llx = yI* - 2u6lx - yI? (3.3)

= (1248 +4°1%) Ix = yIF,

that is,

[(pA = D)x = (WA =)yl < \/1-2u6 + p2L2|x - y]. (3.4)

Take x* € Fix(T) N Q. From (3.1), we have

|Yne1 = (X* = Lt AX)|| = (| (Zne1 = A1 AZpar) — (X7 = L AxY)||

- “ <1 - )";1 ) (Zns1 = x*) = %((VA ~Dzp — (A -T)x*)

An . An .
< (1= 2 Yz -l + L (4 = D)z = (A= D)

U
(3.5)
Therefore,
* * ‘/\Tl‘*’lw *

||yn+1 (" =L A < (1~ T |Zne1 — ", (3.6)

where w =1-14/1-2ud + pu*>L? € (0,1).

Note that z,,11 = S;x,41 and S, are firmly nonexpansive. Hence, we have
121 = 7 = 1S, 2Xne1 = Sy
< <ern+1 - STX*/ Xn+l — X*>

(3.7)

= <Zn+1 - X", Xpa1 — x*>
1 *112 *112 2
= 5 (lzmen = I+ vasn = [ = e = zan 1),

which implies that

2 2 2
zne1 = X7 < Mlonsa = X717 = 12011 = Zaaa |I”. (3.8)
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From (2.2) and (3.1), we have

[E x*llz =[(1- an)yn +a, Ty, — X*”z
= ”(yn -x") - an(]/n - Tyn)||2

= ”yn - x*llz - 2an<yn - Tynr Yn — x") + ai”yn - T]/nHZ

1k (3.9)
<y = x*I1* - 2a, 1Y = Tyal® + aillyn — Tyl
%112 2
= ”yn -x*|I" - a,(1 -k - an)“yn - Tyn”
< llyn — x|
From (3.6)—(3.9), we have
Y1 = X[ < lYne1 = (X7 = Lusr AxT)|| + Lpa || AXT|
)Ln w * *
< (1= 229 fzn - 271 + Ay 42°)
1w
< (1= 222 ) bty = 2°] + by A
< (1- 222 )y =1+ 4]
(3.10)
< _ n+1w> n+1w{ H ||Ax*||}
Ax*
<max{ [y, "””’W}
o HIIAX| }
< - .
< max{ ly - 1L 4%
This implies that {y,} is bounded, so are {x,} and {z,}.
From (3.1), we can write v, — Ty, = (1/a,)(Yn — Xn+1). Thus, from (3.9), we have
2wt = x*17 < Mlym = x*I7 = an(1 = k = @) lyn = Tymll®
1-k-a, (3.11)

lyn - xn+1||2-

2
<y =x"I17 -

n



Fixed Point Theory and Applications 9

Since a,, € (0, (1 -k)/2], 1 -k —ay)/a, > 1. Therefore, from (3.8) and (3.11), we obtain

26021 = 217 < ym = 217 = 1Y = Xnsa |
= |lzp = x* = M AZ|? = 120 = Xps1 — A Az |)?

= |20 = "> = 20 (Azp, 25 = ) + A7 | Az

(3.12)
~ 120 = Xnsa|I* + 200 ( Az, 2y — Xns1) = A2[| Az, ||
= |lzn - x*”Z =2 (X1 — X7, Az ) — || Xn41 — Zn||2
< 2w = "1 = 1200 = Zall® = 240 (xna1 = x*, Azy) = [ X001 = 2l
We note that {x,} and {z,} are bounded. So there exists a constant M > 0 such that
[(xp41 — X", Azy)| <M Vn>0. (3.13)
Consequently, we get
3ns1 = |1 = |2 = X1 + [|%ms1 = 2l + |20 = Zul|* < 2MA,,. (3.14)

Now we divide two cases to prove that {x,} converges strongly to x*.

Case 1. Assume that the sequence {||x, — x*||} is a monotone sequence. Then {|[x, — x*||} is
convergent. Setting lim,, _, - ||x, — x*|| = d.

(i) If d = 0, then the desired conclusion is obtained.

(ii) Assume that d > 0. Clearly, we have

%41 = x*[1* = [l = x*|* — 0, (3.15)

this together with 1, — 0 and (3.14) implies that
%1 = 2al* + 1200 = 2al® — 0, (3.16)
that is to say

lxns1 — znll — O, [|xn = zu|| — O. (3.17)

Let z € H be a weak limit point of {z,, }. Then there exists a subsequence of {z,, }, still
denoted by {z,, } which weakly converges to z. Noting that \,, — 0, we also have

Yne = Zn, — An, AzZp, — z weakly. (3.18)
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Combining (3.1) and (3.17), we have

1
||T]/nk - ynk” = ||ynk = Xl
Ay,

1
= X = Zn + Ay Az (3.19)

3
< ”xnk+1 - Zle” + )‘le”Aznk”

— 0.

Since T is demiclosed, then we obtain z € Fix(T).

Next we show that z € Q. Since z,, = S, x,, we derive
Oz, ) + 9lx) = p(zn) + L (K'(z) - K' (G n(x,2)) 20, VxeC. (3:20)
From the monotonicity of ©, we have
LUK () = K i) 10, 20) +90) = 9z) 2 -0, 1) 2 O, 70),  (3:21)

and hence

<K,(znk) - K’(xnk)
r

,1(x, an)> +(x) — p(z) 2 O(x, 2y,). (3.22)

Since (K'(zpn,) — K'(x4,))/r — 0and z,, — z weakly, from the weak lower semicontinuity
of p and O(x, y) in the second variable vy, we have

O(x,z) + p(z) —p(x) <0, (3.23)
forallx e C.ForO <t<land x € C,let x; = tx + (1 — t)z. Since x € C and z € C, we have
x; € C and hence ©(xy, z) + ¢(z) — ¢(x;) < 0. From the convexity of equilibrium bifunction

O(x, y) in the second variable y, we have

0=0(xt, xt) + p(xt) — p(x1)
<tO(xy, x) + (1 - 1)O(xy, 2) + tp(x) + (1 - t)ep(z) — () (3.24)
< HO(xr, %) + 9(x) — p(x1)],

and hence O(x;, x) + ¢(x) — ¢(x;) > 0. Then, we have
O(z,x) +p(x) —¢p(z) 20 (3.25)

for all x € C and hence z € Q.
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Therefore, we have
z € Fix(T) N Q. (3.26)
Thus, if x* is a solution of problem (2.8), we have

li{ninf(znk -x*, Ax") = (z—x*, Ax*) > 0. (3.27)

Suppose that there exists another subsequence {z,, } which weakly converges to z'. It is easily
checked that z’' € Fix(T) N Q and

liminf(z,, — x*, Ax*) = (2’ - x*, Ax*) > 0. (3.28)
Therefor, we have
liminf(z, — x*, Ax*) > 0. (3.29)

Since A is 6-strongly monotone, we have
(xps1 — X, Azy) > 6llzy — x"||2 +(zy — X, AX") + (Xpe1 — Zn, Azp). (3.30)
By (3.17)—(3.30), we get

liminf(x,. — x*, Az,) > 6d°. (3.31)

From (3.12), for 0 < e < 6d?, we deduce that there exists a positive integer number ny large
enough, when n > ny,

a1 — %2 = |20 — |2 < —24 <6d2 - €>. (3.32)
This implies that
omer = x| = [[20m, — x7|| < —2(5d2 - e) 3 . (3.33)
k:no

Since 3,7y A, = oo and {x,} is bounded, hence the last inequality is a contraction. Therefore,
d =0, that is to say, x, — x*.

Case 2. Assume that {|x, — x*||} is not a monotone sequence. Set I, = ||x, — x*||*> and let
7: N — N be a mapping for all n > ng by

T(n) =max{k € N :k<mn, I'n <Tk1}. (3.34)
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Clearly, T is a nondecreasing sequence such that 7(n) — o asn — oo and 'z < Iz for
n > ny. From (3.14), we have

%21 = Z2 I + X2y = Ze P < 2MAr(y — 0, (3.35)
thus
lxzmy1 = 2zl — O, |27 (n) = Zr(m)|l — 0. (3.36)
Therefore,
1%z ny+1 = X7y || — 0. (3.37)

Since I'r(ny < I'r(my+1, for all n > ng, from (3.12), we get

0< ||xT(n)+1 - X*llz - ||xT(n) - x*”Z + ||xT(n)+1 - Z’r(n)”2 + ”xT(n) - ZT(Tl)”2
(3.38)

< —2/\7.(")<x7(n)+1 - x*, AZT(n)>/
which implies that

(Xz(my+1 — X*, AZzmy) <0 Vn > ng. (3.39)

Since {z(»)} is bounded, there exists a subsequence of {z.(,)}, still denoted by {z;(,} which
converges weakly to g € H. It is easily checked that g € Fix(T) N Q. Furthermore, we observe
that

6||ZT(n) - x*”Z < <ZT(n) - x7, AZT(n) - Ax*>

(3.40)
= <xT(n)+1 - x*/ AZT(n)> + <ZT(n) — X1(n)+1, AZT(n)> - <ZT(n) - x*/ Ax*>~
Hence, for all n > ng,
6 * (12 * *
zrmy = X*|I7 < {Zr(n) = Xemy+1, AZrm)) = (Zr(m) — X, Ax™). (3.41)
Therefore
. *12 1 * *
limsup||zz@m) — x*||” < == (g - x*, Ax*) <0, (3.42)
n— oo 6
which implies that

Tim |27 — %" = 0. (3.43)
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Thus,
Timn [y = x| = 0. (3.44)
It is immediate that
nlgr;o ey = nlgrgo Iz = 0. (3.45)

Furthermore, for n > ny, it is easily observed that I', < I'zy+1 if n#7(n) (ie, 7(n) < n),
because I'; > I'j;; for 7(n) + 1 < j < n. As a consequence, we obtain for all n > ny,

0<T, < maX{rT(Tl)l 1q”r(n)-*—l} = r-r(n)+1- (3.46)

Hence lim, _,,,I'; = 0, that is, {x,} converges strongly to x*. Consequently, it easy to prove
that {y,} and {z,} converge strongly to x*. This completes the proof. 0

Remark 3.3. The advantages of these results in this paper are that less restrictions on the
parameters {1, } are imposed.

As direct consequence of Theorem 3.2, we obtain the following.

Corollary 3.4. Let H be a real Hilbert space. Let ¢ : H — R be a lower semicontinuous and convex
functional. Let © : H x H — R be an equilibrium bifunction satisfying conditions (H1)-(H3). Let
A :H — H bean L-Lipschitz continuous and 6-strongly monotone mapping and T : H — H bea
nonexpansive mapping such that Fix(T) N Q # (. Assume what follows.

(i) n: Hx H — H is Lipschitz continuous with constant X > 0 such that;

(@) n(x,y)+n(y,x)=0,Vx,y € H,

(b) n(-,-) is affine in the first variable,

(c) for each fixed y € H, x — 1(y, x) is sequentially continuous from the weak topology
to the weak topology.

(ii) K : H — R is n-strongly convex with constant o > 0 and its derivative K' is not only
sequentially continuous from the weak topology to the strong topology but also Lipschitz
continuous with constant v > 0 such that o > Av.

(iii) For each x € H; there exist a bounded subset D, C H and z, € H such that, for any
y g DX/

Oy, 2 + (=) = p(y) + 1 (K'(4) ~ K (0, 1(z0,)) <0 647)

(iv) ay € [y, (1 = k) /2] for some y > 0, limy, oAy, = 0 and 3,77y Ay = o0.

Then the sequences {x,}, {yn}, and {z,} generated by (3.1) converge strongly to x* which solves the
problem (2.8) provided S,is firmly nonexpansive.
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Corollary 3.5. Let H be a real Hilbert space. Let ¢ : H — R be a lower semicontinuous and convex
functional. Let © : H x H — R be an equilibrium bifunction satisfying conditions (H1)-(H3). Let
A :H — H bean L-Lipschitz continuous and 6-strongly monotone mapping and T : H — H bea
strictly pseudo-contractive mapping such that Fix(T) N Q # 0. Assume what follows.

(i) n: Hx H — H is Lipschitz continuous with constant A > 0 such that

(@) n(x,y) +n(y,x)=0,Vx,y € H,

(b) n(-,-) is affine in the first variable,

(c) for each fixed y € H, x — 1(y, x) is sequentially continuous from the weak topology
to the weak topology.

(ii) K : H — R is n-strongly convex with constant o > 0 and its derivative K' is not only
sequentially continuous from the weak topology to the strong topology but also Lipschitz
continuous with constant v > 0 such that o > \v.

(iii) For each x € H; there exist a bounded subset D, C H and z, € H such that, for any
y g D.XI

Oy, ) + (=) ~9(v) + 1 (K (5) =K' (), 1(z0,9)) <0 (.48)

(iv) ay € [y, (1 = k) /2] for some y > 0, limy, Ay, = 0 and >,77 Ay = o0.

Then the sequences {x,}, {y,} and {z,} generated by (3.1) converge strongly to x* which solves the
problem (2.8) provided S, is firmly nonexpansive.
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