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We study several types of periodicity to a class of fractional order differential equations.

1. Introduction

Fractional order differential equations is a very important subject matter. These orders
can be complex in viewpoint of pure mathematics. During the last few decades fractional
order differential equations have emerged vigorously (cf., [1-8]). We observe that there is
much interest in developing the qualitative theory of such equations. Indeed, this has been
strongly motivated by their natural and widespread applicability in several fields of sciences
and technology. Many real phenomena in those fields can be described very successfully
by models using mathematical tools of fractional calculus, such as dielectric polarization,
electrode-electrolyte polarization, electromagnetic wave, modeling of earthquake, fluid
dynamics, traffic model with fractional derivative, measurement of viscoelastic material
properties, modeling of viscoplasticity, Control Theory, and economy (cf., [3, 4, 9-15]).
Very recently, some basic theory for initial value problem of fractional differential equations
involving the Riemann-Liouville differential operators was discussed by Benchohra et al.
[16], Agarwal et al. [17-19], Lakshmikantham [20], and Lakshmikantham and Vatsala
[21, 22]. Mophou and N'Guérékata [23] have studied existence of mild solution for fractional
semilinear differential equations with nonlocal conditions (more details can be found in [24—
29]). El-Sayed and Ibrahim [30] and Benchohra et al. [31] initiated the study of fractional
multivalued differential inclusions. In this direction, we refer to the article by Henderson
and Ouahab [32] concerning the existence of solutions to fractional functional differential
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inclusions with finite delay, and existence of solutions for these types of equations in the
infinite delay framework (see [16, 31]). In the case that fractional order is a € (1,2], existence
results for fractional boundary value problems of differential inclusions were studied by
QOuahab [33].

We study in this work some sufficient conditions for the existence and uniqueness
of pseudo-almost periodic mild solutions to the following semilinear fractional differential
equation:

DPu(t) = Au(t) + D* ' f(t,u(t)), teR, (1.1)

where 1 < o« < 2, A : D(A) ¢ X — X is a linear densely defined operator of sectorial
type on a complex Banach space X, and f : R x X — X is a pseudo-almost periodic
function (see Definition 2.10) satisfying suitable conditions in x. The fractional derivative
is understood in the Riemann-Liouville sense. Type (1.1) equations are attracting increasing
interest. For example, anomalous diffusion in fractals by Eidelman and Kochubei [10] or
in macroeconomics by Ahn and McVinisch [1] has been recently studied in the setting of
fractional differential equations like (1.1). The study of almost automorphic mild solutions of
(1.1) was studied by Cuevas and Lizama in [34] (see also [35]).

As for almost periodic functions, pseudo-almost periodic functions have many
applications in several problems, for example, in theory of functional differential equations,
integral equations, and partial differential equations. The concept of pseudo-almost periodic
was introduced by Zhang [36-39] in the early nineties. Since then, such notion became of
great interest to several mathematicians (see [40-49]). To the knowledge of the authors, no
results yet exist for pseudo-almost periodic mild solution of (1.1).

We also discuss sufficient conditions for the existence and uniqueness of an
asymptotically almost periodic mild solution of the fractional Cauchy problem

V(t) = twm}(s)ds + f(to(t), t>0 (1.2)
“JoT(@-1) = ’
v(0) =up € X. (1.3)

In a work by Cuevas and de Souza [50] the authors proved existence and uniqueness
of an S-asymptotically w-periodic solution of problem (1.2)-(1.3) (see also [51]). On the other
hand, we give results on existence and uniqueness of an asymptotically almost automorphic
mild solution to a class of fractional integrodifferential neutral equations.

We now turn to a summary of this work. The second section provides the definitions
and preliminaries results to be used in theorems stated and proved in this article. In particular,
we review some of the standard properties of the solution operator generated by a sectorial
operator (see Proposition 2.2). We also recall the notion of almost periodicity, asymptotically
almost periodicity, asymptotically almost automorphy, and pseudo-almost periodicity. In the
third section, we obtain very general results on the existence of pseudo-almost periodic
mild solution to equation (1.1). The fourth section is concerned with the existence of an
asymptotically almost periodic mild solution to problem (1.2)-(1.3). While in the fifth section
we use the machinery developed in the previous sections to obtain new results on existence
and uniqueness of an asymptotically almost automorphic solution to a class of fractional
integrodifferential neutral equation. To build intuition and throw some light on the power of
our results and methods, we give, in the sixth section, a few applications.
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2. Preliminaries and Basic Results

Let (Z| - ||) and (W,|| - ||) be two Banach spaces. The notation C(R,Z) and BC(R, Z)
stand for the collection of all continuous functions from R into Z and the Banach space of
all bounded continuous functions from R into Z endowed with the uniform convergence
topology, respectively. Similarly, C(R x Z, W) and BC(R x Z, W) stand, respectively, for the
class of all jointly continuous functions from R x Z into W and the collection of all jointly
bounded continuous functions from R x Z into W. The notation .£(Z, W) stands for the space
of bounded linear operators from Z into W endowed with the uniform operator topology,
and we abbreviate it to £(Z) whenever Z = W. We set B, (Z) for the closed ball with center
at 0 radius r in the space Z. A closed and linear operator A is said to be sectorial of type p
if there exist 0 < 8 < or/2, M > 0 and p € R such that its resolvent exists outside the sector
u+Se={pu+1 : L eC arg(-A)| <0} and ||(A - A < M/IA = |, L ¢ u + Se. Sectorial
operators are well studied in the literature. For a recent reference including several examples
and properties we refer the reader to [52]. In order to give an operator theoretical approach,
we recall the following definition (cf., [50, 51]).

Definition 2.1. Let A be a closed and linear operator with domain D(A) defined on a Banach
space X. Recall A the generator of a solution operator if there exist ¢ € R and a strongly
continuous function S, : R, — £(X) such that {A% : ReA > p} C p(A) and A*' (A% - A) 'x =
f Soe‘“S,,,(t)x dt, Red > p, x € X. In this case, S,(t) is called the solution operator generated
by A.

We note that if A is sectorial of type p with 0 <0 < or(1 - a/2), then A is the generator
of a solution operator given by S,(f) :=1/ ZJrier”/\“‘l (\*— A)"'d\, where y is a suitable path
lying outside the sector p+ Sg (cf., Cuesta’s paper [53]). Very recently, Cuesta [53, Theorem 1]
has proved that if A is a sectorial operator of type y < 0 forsome M > 0and 0 <0 < (1-a/2),
then there exists C > 0 such that

CM

1Sa(®)ll 2x) < T+ e t20. (2.1)
Note that S,(t) is, in fact, integrable. The concept of a solution operator, as defined above,
is closely related to the concept of a resolvent family (see Priiss [54, Chapter 1]). For the
scalar case, where there is a large bibliography, we refer the reader to the monography
by Gripenberg et al. [55] and references therein. Because of the uniqueness of the Laplace
transform, in the border case a = 1, the family S, (t) corresponds to a Cp-semigroup, whereas
in the case a = 2 a solution operator corresponds to the concept of a cosine family; see Arendt
et al. [56] and Fattorini [57]. We note that solution operators, as well as resolvent families, are
a particular case of (a, k)-regularized families introduced by Lizama [58]. According to [58]
a solution operator S,(t) corresponds to a (1,#*/T'(a))-regularized family. The following
result is a direct consequence of [58, Proposition 3.1 and Lemma 2.2].

Proposition 2.2. Let S,(t) be a solution operator on X with generator A. Then, one has the following.
(@) Sa(t)D(A) € D(A) and AS,(t)x = Su(t)Ax for all x € D(A), t > 0.
(b) Let x € D(A) and t > 0. Then S, (t)x = x + ﬁ]((t - 5)"!/T(a)) AS,(s)ds.
(c) Let x e X and t > 0. Then fg((t —8) /T (a))S.(s)x ds € D(A),

t (t _ s)afl

Sa(h)x=x+A OW

Sa(s)xds. (2.2)
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A characterization of generators of solution operators, analogous to the Hille-Yosida
Theorem for Co-semigroup, can be directly deduced from [58, Theorem 3.4]. Results on
perturbation, approximation, representation as well as ergodic type theorems can be deduced
from the more general context of (a, k)-regularized resolvents (see [58-61]).

Let us recall the notions of almost periodicity, asymptotically almost periodicity,
asymptotically almost automorphy, and pseudo-almost periodicity which shall come into
play later on.

Definition 2.3 (see [62]). Let (X, || - ||) be a Banach space. Then f : R — X is called almost
periodic if f is continuous, and for each € > 0 there exists I(¢) > 0 such that for every interval
of length I(e)it contains a number 7 with the property that ||f(t + 7) — f(t)|| < € for each
t € R. The number 7 above is called an e-translation number for f, and the collection of such
functions will be denoted by AP(X).

Remark 2.4 (see [63]). Note that each almost periodic function is bounded and uniformly
continuous. It is well known that the range R = { f(t) : t € R} of an almost periodic function
f is relatively compact. AP(X) endowed with the norm of uniform convergence on R is a
Banach space.

Definition 2.5. Let X and Y be two Banach spaces. Then f : R xY — X is called almost
periodic in ¢ uniformly for x € Y if f is continuous, and for each ¢ > 0 and any compact
K C Y there exists I(€) > 0 such that every interval I of length I(¢)it contains a number 7 with
the property that || f(t+7,x) — f(t,x)|| < e forall t € R, x € K. The collection of such functions
will be denoted by AP(R x Y, X).

It is well known that the study of composition of two functions with special properties
is important and basic for deep investigations. We begin with the following standard result
in the theory of almost periodic function (see [39, 63]).

Lemma 2.6. Let f € AP(R xY,X) and h € AP(Y). Then the function f(-,h(-)) € AP(X).

Definition 2.7. A continuous function f : [0,00) — X (resp., [0,00) x ¥ — X) is called
asymptotically almost periodic (resp., asymptotically almost periodic in t uniformly in y € Y)
if it admits a decomposition f = g + ¢, where g € AP(X) (resp., § € AP(R x Y, X)) and
¢ € Co([0,0), X) (resp., ¢ € Co([0,0) x Y, X)). Here Cy([0,00), X) denotes the subspace
of BC([0, 00), X) such that lim;_, o ||x(f)|| = 0 and Cp([0, o0) x Y, X) denotes the space of all
continuous functions k : [0,00) x Y — X such that lim;_,,h(t,x) = 0 uniformly for x in
any compact subset of Y. Denote by AAP(X) (resp., AAP(Y, X)) the set of all such functions.
AAP(X) is a Banach space with the sup norm.

Definition 2.8. A continuous function f : [0,00) x Y — X is called uniformly continuous on
bounded sets uniformly for ¢ > 0 if for every e > 0 and every bounded subset K of Y there
exists 6 x > Osuch that ||f(t,x)-f(t,y)|| < eforallt >0and all x, y € K so that ||[x-vy|| < 6¢ k-

Lemma 2.9. Let f € AAP(Y, X) and let f(t,y) be uniformly continuous on bounded sets uniformly
fort>0.Ifue AAP(Y), then f(-,u(-)) € AAP(X).

Let PAPy(X) denote the space of all bounded continuous functions @ : R — X such
that

1
Jim o= 1ot de = 23)
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and PAP(R xY, X) denotes the space of all continuous functions such that @(-, x) is bounded
forall x € Y and

1 T
lim — O(t t= 24
Jim o= [ 0t %)t =, 24

uniformly in x € Y.

Definition 2.10 (see [36, 64]). A function f € BC(R,X) (resp, f € BC(R x Y, X)) is called
pseudo-almost periodic (resp., pseudo-almost periodic in t € R uniformly in x € Y) if f =
g+ ®where g € AP(X) (AP(Rx Y, X)) and @ € PAPy(X) (PAPy(R x Y, X)).

The functions g and @ are called the almost periodic component and, respectively,
the ergodic perturbation of the function f. The set of all such functions will be denoted by
PAP(X) (resp., PAP(R x Y, X)). Obviously PAP(X) is a subspace of BC(R, X). Furthermore,
we have that PAP(X) is a closed subspace of BC(R, X); hence, it is a Banach space with the
supremum norm (see [65]).

Lemma 2.11 (see [65]). Letf € PAP(R x Y, X) satisfy the following conditions.

(i) {f(t,x) : t € Rand x € K} is bounded for every bounded subset K C'Y.
(i) f(t,-) is uniformly continuous in each bounded subset of Y uniformly in t € R. More
explicitly, given € > 0 and K C Y bounded, there exists 6 > 0 such that x,y € K and
llx = yll < 6 imply that || f(t,x) — f(t,y)|| < € forall t € R.
Ifh e PAP(Y), then f(-,h(:)) € PAP(X).
Lemma 2.12. Assume that A is sectorial of type p < 0. If g : R — X is an almost periodic function
and I'g is given by
t
(Tg)(t) = J Sa(t—s)g(s)ds, teR, (2.5)

thenT'g € AP(X).

Proof. For € > 0, we take [(¢€) involved in Definition 2.3, then for every interval of length I(e)
contains a number 7 such that ||g(t + 7) — g(t)|| < € for each t € R. The estimate

[Tg(t+7)-Tg®)| < .[o ISa(s)I[|g(t =5 —7) —g(t—s)||ds
) -1/a
< CMf U )e s CMIkL e
o 1+ |u|s* asin(or/a)

is responsible for the fact that 'g € AP(X). O

(2.6)
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Lemma 2.13. Assume that A is sectorial of type py < 0. If f : [0,00) — X is an asymptotically
almost periodic function and I'* f is given by

t
N0 = [ Sit-9f©)ds, 120 @7)
0
thenI'* f € AAP(X).
Proof. If f = g+ ®, where ¢ € AP(X) and @ € Cy([0, ), X), then we have that I f(t) =

G*(t) + H*(t), where

G*(t) := fi Sa(t—s)g(s)ds teR, (2.8)

t 0
H*(t) := IOSa(t —5)D(s)ds — .[7 Sa(t—s)g(s)ds. (2.9)

By the previous lemma G* € AP(X). Next, let us show that H* € Cy([0, o0), X). Since @ €
Co([0, 0), X), for each € > 0 there exists a constant T > 0 such that ||®(s)|| < e forall s > T.
Then for all £ > 2T, we deduce

t/2 t
1)) < MO, | o —dsvecM[ o t—ds
0 1+|‘l/£|(t—S) t/21+|//l|(t—5)
0 1
+CM f — _ds 2.10
”g”oo _001+|/l|(t—5) ( )
S| eCM|u| ™"
<CM(||D
hS (” lloo + “g“w)-[t 1+ |‘u|s“ asin(r/a)
Therefore, lim;_, ., H*(t) = 0, thatis, H* € Cy([0, o0), X). This completes the proof. O

Lemma 2.14. Assume that A is sectorial of type p < 0. If f : R — X is pseudo-almost periodic
function and T f is the function defined in (2.5). Then I f € PAP(X).

Proof. Itisclear thatT f € BC(R, X). In fact, we get [T f||o < (CM|y|71/“7r||f||m)/((xsin(yr/a)),
where C and M are given by (2.1). If f = g + @, where g € AP(X) and ® € PAPy(X), then
from Lemma 2.12, I'g € AP(X). To complete the proof, we show that I'® € PAPy(X). For

r > 0 we see that
1 r
=),

where @, (s) = (1/2r)fir||(D(t —s)||dt, s > 0.

©
0

J Sa(s)D(t — s)ds

dtglf J ||Sa(s)||||d)(t—s)||dsdtsCMI (D’(S)ads,
2r ~+Jo 0 |/’l|

1+
(2.11)
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It is not hard to check that ®,(t) — 0 asr — oo. Next, since @, (s) is bounded and
1/(1 + |p|s") is integrable in [0, o0), using the Lebesgue dominated convergence theorem, it
follows that lim, . [ (@, (s) /(1 + |u|s*)) ds = 0. The proof is now completed. O

Let h : R — [1,00) be a continuous function such that h(t) — oo as |t|] — oo. We
consider the space Cp,(X) = {u € C(R, X) : limyy_ o (u(t) /h(t)) =0} endowed with the norm
llln = supyegllu(®)|l/ h(t).

Lemma 2.15 (see [66]). A subset K C C(X) is a relatively compact set if it verifies the following
conditions.

(c-1) The set K(t) = {u(t) : u € K} is relatively compact in X for each t € R.
(c-2) The set K is equicontinuous.

(c-3) For each e > 0 there exists L > 0 such that ||u(t)|| < eh(t) for all u € K and all |t| > L.

Let h* : [0,00) — [1,00) be a continuous function such that h*(t) — oo ast — oo.
Consider the space Cp-(X) = {u € C([0,00), X) : lim;_, o (u(t) /h*(t)) = 0} endowed with the norm
loallp = supso ()l /h*(£)).

Lemma 2.16 (see [67]). A subset K C Cy-(X) is a relatively compact set if it verifies the following
conditions.

(c-1) The set Ky = {uljop) : u € K} is relatively compact in C([0, b]; X) for all b > 0.
(c-2) lim; o (Jlu(D))) / (h* (t)) = O uniformly for all u € K.

Definition 2.17. A continuous function f : R — X is called almost automorphic if for
every sequence of real numbers (s,,),,cn there exists a subsequence (sy),cy such that g(t) =
lim,, o f(t + s,) is well defined for each t € R, and f(f) = lim, . g(t — s,) for each t € R.
Denote by AA(R, X) the set of all such functions; it constitutes a Banach space when it is
endowed with the sup norm.

Almost automorphic functions were introduced by Bochner [68] as a natural
generalization of the concept of almost periodic function. A complete description of the
properties and further applications to evolution equations can be found in the monographs
[69] and [70] by N'Guérékata.

Definition 2.18. Let X and Y be two Banach spaces. A continuous function f : RxY — X is
called almost automorphic in ¢ uniformly for x in compact subsets of Y if for every compact
subset K of Y and every real sequence (s;,),,cn there exists a subsequence (s;),cy such that
g(t,x) = lim, _, o f (f + 5,5, x) is well defined for each t € R, x € K, and lim,, ., g(f — 55, x) =
f(t,x) foreach t € R, x € K. Denote by AA(R x Y, X) the set of all such functions.

Lemma 2.19 (see [34]). Assume that A is sectorial of type p < 0. If g : R — X is an almost
automorphic function and I'g is given by (2.5), thenI'g € AA(R, X).

In 1980s, N'Guérékata [71] defined asymptotically almost automorphic functions as
perturbation of almost automorphic functions by functions vanishing at infinite. Since then,
those functions have generated lots of developments and applications; we refer the reader to
[69, 72-74] and the references therein.
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Definition 2.20 (see [75]). A continuous function f : [0,00) — X (resp., [0,00) XY —
X) is called asymptotically almost automorphic (asymptotically almost automorphic in ¢
uniformly for x in compact subsets of Y) if it admits a decomposition f = g + @, t > 0, where
g€ AAR, X) (resp., AAR x Y, X)) and @ € Cy([0, o), X) (resp., Co([0, ) x Y, X)). Denote
by AAA([0, ), X) (resp., AAA([0, o) x Y, X)) the set of all such functions. AAA([0, o), X)
is a Banach space with the sup norm (see [75, Lemma 1.8]). We note that the range of an
asymptotically almost automorphic function is relatively compact [75].

Lemma 2.21. Assume that A is sectorial of type p < 0. If f : [0,00) — X is an asymptotically
almost automorphic function and I'* f is given by (2.7), then I f € AAA([0, o0), X).

Proof. f = g+ ®, where g € AA(R, X) and @ € Cy([0, 00), X). We have that I f = G* + H*,
where G* and H* are the functions given by (2.8) and (2.9), respectively. By previous lemma

G* € AA(R, X) and by the proof of Lemma 2.13 H* € Cy([0, o), X). This ends the proof. [

Lemma 2.22 (see [75]). Let f € AAA([0,00) x Y, X) and let f(t,y) be uniformly continuous on
bounded sets uniformly for t > 0. If u € AAA([0,0),Y), then f(-,u(-)) € AAA([0, x0), X).

3. Pseudo-Almost Periodic Mild Solutions
We recall the following definition that will be essential for us.

Definition 3.1 (see [34]). Suppose that A generates an integrable solution operator S,(f). A
continuous function u : R — X satisfying the integral equation

u(t) = J‘t_ Sa(t—5)f(s,u(s))ds, VteR (3.1)

is called a mild solution to the equation (1.1).
The following are the main results of this section.

Theorem 3.2. Assume that A is sectorial of type p < 0. Let f : R x X — X be a function pseudo-
almost periodic in t € R, uniformly in x € X, and assume that there exists an integrable bounded
function Ly : R — [0, o0) satisfying

I x) = fEl <Li®llx-yll, YxyeX Viek. (3.2)

Then equation (1.1) has a unique pseudo-almost periodic mild solution.

Proof. We define the operator F : PAP(X) — PAP(X) by
t
(FD)(t) = J Sa(t—35)f(s,D(s))ds, teR. (3.3)

Given v € PAP(X), in view of Lemma 2.11, we have that s — f(s,v(s)) is a pseudo-almost
periodic function, and hence bounded in R. Since the function t — 1/(1 + |u|t*) is integrable
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on [0,00) (1 < a < 2), we get that Fov exists. Now, by Lemma 2.14, we obtain that Fv €
PAP(X), and hence F is well defined. It suffices to show that the operator F has a unique
fixed point in PAP(X). For this, consider u,v € PAP(X). We can deduce that

cn /o " CallLs[l,)"
I(F ) () = (Fro) ()] < 7?<’[00Lf(’f)d’f> lu-2l., < %nu— Ol G4

where Cp = sup,,[|Sa(t)]|2x). Since ((CallLf]l1)" /n!) < 1 for n sufficiently large, by the
contraction principle, F has a unique fixed point u € PAP(X). This completes the proof. [

We can establish the following existence result.

Proposition 3.3. Assume that A is sectorial of type p < 0. Let f : R x X — X be a function
pseudo-almost periodic in t € R uniformly in x € X that satisfies the Lipschitz condition (3.2) with

Ly € BC. Let ||Lf|| = supteRf:HLf(s)ds. IfCM|‘u|‘1/“7r||Lf|| < asin(sx/a), where C and M are
the constants in (2.1), then equation (1.1) has a unique pseudo-almost periodic mild solution.

Proof. Let F be the map defined in the previous theorem. For u,v € PAP(X) we can estimate
that

L¢(s)
Wllu(s) -v(s)|lds

o pt-m L
SCM<ZI #ds>”u—vl|w
o) e 1+ |p|(E=5)

[Fu(t) — Fo(t)|| < CMJd

t (3.5)
[*2] 1 -m
<CM —I L (s)ds>||u—v||QO
(%1 +lulme) gy !
<om( St Yudi-ol,
m:O1 + |#|ma
which finishes the proof. O

Corollary 3.4. Assume that A is sectorial of type yu < 0. Let f : R x X — X be a function pseudo-
almost periodic in t € R uniformlies in x € X that satisfy the Lipschitz condition

lftx)-ft, )| <L||x-v|, VxyeX VieR. (3.6)

IFCM|u|V%xrL < asin(sr /), where C and M are the constants given in (2.1), then equation (1.1)
has a unique pseudo-almost periodic mild solution.

To establish our next result we consider perturbations f of (1.1) that satisfy the
following boundedness condition.

(H1) There exists a continuous nondecreasing function W : [0, o) — [0, o0) such that
IIf (¢, x)|| < W(||x]|) for all t € R and x € X.

We have the following result.
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Theorem 3.5. Assume that A is sectorial of type p < 0. Let f : R x X — X be a function
pseudo-almost periodic in t € R uniformly in x € X that satisfies assumption (H1) and the following
conditions.

(H2) f(t,x) is uniformly continuous on bounded subset of X uniformly in t € R.

(H3) For each v > 0, limy— 1/h(t) fiw(W(vh(s))/(l + |pl(t = 5)"))ds = 0, where h is
given by Lemma 2.15. Set

’ W (vh(s))

S
o1+ |p|(-—5)

, (3.7)

pv) = CM‘ f
h

where C and M are constants given in (2.1).
(H4) For each € > 0 there is 6 > 0 such that, for every u,v € Cy(X), |[u—v||p < 6 implies that

s<eg, (3.8)

J’t | f(s,0(5)) = f(s,u(s))| 4
o 1+ |p|(t-s)"

forallt e R.

(H5) Forall a,b e R, a <b,andr >0, theset {f(s,h(s)x) :a<s<bxeX|x|| <r}is
relatively compact in X.

(H6) liminf; _, ,.¢/p(¢) > 1.

Then equation (1.1) has a pseudo-almost periodic mild solution.

Proof. We define the operator F on Cj(X) as in (3.3). We show that F has a fixed point in
PAP(X).

(i) For u € Cp(X), we have that

. Fu@®)|| .. CM (" W(|lull,h(s))
TR S ERRm ) LT s

(3.9)

It follows from condition (H3) that F : Cj,(X) — Cp(X). From condition (H4) it follows that
F is a continuous map.

(ii) We next show that F is completely continuous. The argument comes from
Lemma 2.15. In fact, let V = F(B,(Cy(X))) and v = F(u) for u € B,(Cp(X)).
Initially, we will prove that V (t) is a relatively compact subset of X for each t € R.
It follows from condition (H3) that the function s — W(rh(t - s))/(1 + |u|s%)
is integrable on [0,00). Hence, for ¢ > 0, we can choose a > 0 such that
CMff(W(rh(t —-5))/(1 + |puls%))ds < e. Hence v(t) € aco({Sa(s)f (¢ h(é)x) : 0 <
s <at—-a<¢<tx]] £r})+ Bo(X), where ¢y(K) denotes the convex hull of
K. Using that S,(:) is strongly continuous and the property (H5), we infer that
K = {Sa(s)f(¢,h(¢)x) : 0 < s <at—a<¢<t|x|| <r}is relatively compact set,

and V (t) C aco(K) + B.(X), which establishes our assertion.
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We next show that the set V' is equicontinuous. In fact, we can decompose

S

o(t+5) —o(t) = fosa(gz)f(t bs—gult+s—8)dé
+ fo (Sul@+$) — Sal®) f(t & ut - &)l (3.10)
+f (Suld+ ) — Sa@) (¢t — & u(t - &),

For each € > 0, we can choose a > 0 and 6; > 0 such that

IOSa(é)f(t +s—gu(t+s-¢))dé+ Im(Sa(é +5) = S5a(8)) f(t =&, u(t - &))dg

SW(rh(t+s—¢)) P W (rh(t-¢))
§CM<0 1+ |p|ge d§+2fa 1+ |p|ge d§>§e/2,

(3.11)

for s < 61. Moreover, since { f(t—¢,u(t —¢)) : 0 < ¢ < a,u € B,(Cr(X))} is relatively compact
set and S,(+) is strongly continuous, we can choose 6, > 0 such that [[(S4(¢ +5) — Sa(s)) f(t -
& u(t—2¢))| < e/2afor s < 6. Combining these estimates, we get ||v(t +s) — v(t)|| < e for s
small enough and independent of u € B, (C,(X)).

Finally, applying condition (H3), we can show that

o) _CM L W(rh(s))
h(t) = h(t)) 1+ |p|(t-s)"

ds —0, |[f|— oo, (3.12)

and this convergence is independent of u € B,(Cj(X)). Taking into account Lemma 2.15, V' is
a relatively compact set in Cj,(X).

(iii) If u*(-) is a solution of equation u* = AF(u) for some 0 < A < 1, then we can check
that |lut||, < B(||u*||n) and, combining with condition (H6), we conclude that the set
K := {u' :u* = A\F(u), A € (0,1)} is bounded.

(iv) It follows, from Lemmas 2.11 and 2.14, that F(PAP(X)) ¢ PAP(X) and, conse-
quently, F : PAP(X) — PAP(X) is completely continuous. Since K is bounded
and using Leray-Schauder alternative theorem, we infer that F has a fixed point
u € PAP(X). Let (u,), be a sequence in PAP(X) that converges to u. We see that
(Fuy), converges to Fu = u uniformly in R. This implies that u € PAP(X) and
completes the proof. O

It is particularly interesting to note that the next result is not covered by the results by
Cuevas and Lizama [34].

Corollary 3.6. Assume that conditions (H1)-(H6) hold and that A is sectorial of type p < 0. If
f R xX — Xisalmost periodic in t € R uniformly for x € X, then equation (1.1) has an almost
periodic mild solution.

Proof. It is a consequence of Lemmas 2.6 and 2.12. O
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4. Asymptotically Almost Periodic Mild Solutions
We recall the following definition.

Definition 4.1 (see [50]). Suppose that A generates an integrable solution operator S,(t). A
function u : [0,00) — X satisfying

t
u(t) = Sy(Huy +f Sa(t—1s)f(s,u(s))ds, Vt>0 (4.1)
0
is called a mild solution of the problem (1.2)-(1.3).

Theorem 4.2. Assume that A is sectorial of type p < 0. Let f : [0,00) x X — X be a function
asymptotically almost periodic in t uniformly in x € X and assume that there exists an integrable
bounded function Ly : [0,00) — [0, o0) satisfying

|ft,x)-fty)|| <Lst)||x-y|, VYxryeX, Vt>0. (4.2)

Then the problem (1.2)-(1.3) has a unique asymptotically almost periodic mild solution.
Proof. We define the operator Iy, on the space AAP(X) by

t

(Tau)(t) = Sp(B)ug + J Sa(t=35)f(s,u(s))ds := S(t)ug + va(t). (4.3)
0

We show initially that [';u € AAP(X). In fact, we observe that the estimate (2.1) implies
that S,(-)uy € AAP(X). It follows from Lemma 2.9 that the function s — f(s,u(s)) is
asymptotically almost periodic; then by Lemma 2.13, v, € AAP(X), and hence I, is well
defined. Let u, v be in AAP(X) and define C, := sup,.[|Sa(t)]| 2x). We have the following
estimate:

(4.4)

(CallLsl,)"
n!

IT"u - T, < llu -2l

which is responsible for the fact that I'y has a unique fixed point in AAP(X). O

Corollary 4.3. Assume that A is sectorial of type p < 0. Let f : [0,00) x X — X be a function
asymptotically almost periodic in t uniformly in x € X that satisfies the Lipschitz condition (4.2) with
L¢(-) = L. If CM|p|™V*xL < asinor/a, where C and M are the constants given in (2.1), then the
problem (1.2)-(1.3) has a unique asymptotically almost periodic mild solution.

Taking A = —p*I with p > 0 and X = Cin (1.2), the above result produces the following
corollary.

Corollary 4.4. Let f : [0,00) x C — C be a function asymptotically almost periodic in t uniformly
in z € C that satisfies the Lipschitz condition (4.2) with L¢(-) = L. Then problem (1.2)-(1.3) has a
unique asymptotically almost periodic solution whenever L < (asinar/a)/por.



Advances in Difference Equations 13

Remark 4.5. A similar result as that of the previous corollary was obtained by Cuevas and de
Souza [50] for obtaining an S-asymptotically w-periodic mild solution for problem (1.2)-(1.3)
(see [50, Remark 3.6] for complementary comments).

Next, we establish a version of Theorem 4.2 which enable us to consider locally
Lipschitz perturbations for equation (1.2). We have the following result.

Theorem 4.6. Assume that A is sectorial of type p < 0. Let f : [0,00) x X — X be a function
asymptotically almost periodic in t uniformly in x € X and assume that there is a continuous and
nondecreasing function L : [0,00) — [0, 00) such that for each positive number R, and x,y € X,
llx]l £ R, [ly|l £ R, one has

7 x) = fFEy)l < LB [x-yll, vE=0, (4.5)

where L(0) = 0 and f(t,0) = 0 for t > 0; then there is ¢ > 0 such that for each ug with ||uyl| < € there
exists a unique asymptotically almost periodic mild solution of (1.2)-(1.3).

Proof. Let R>0and 0 < A < 1 be such that CM (A + |u|~"/%xrL(R)/asin(or/a)) < 1. We affirm
that the assertion holds for € = AR. In fact, we consider 1 such that ||ug|| < e. We set

D, = {u € AAP(X) : u(0) = up, ||ull,, < R}, (4.6)

endowed with the metric d(u, v) = ||u — v||,. We define the operator I', on the space ®,, by
(4.3). Let u € 9,,; we next show that I';u € 9,,. We have the estimate ||[T,u(t)|| < CM(\ +
|ulV4xrL(R)/asin(or/a))R < R, that is, Tz (Dy,) € Dy -

On the other hand, for u;, u, € ®,, we obtain

"L(R)[|ua(s) — ua(s)|l
Mt @)~ < O [ ZEREEE = as
3 CM|u| ™ *xL(R) (4.7)
tXSln(Jl'/tx) ||u1 _uzlloo

< (1= CMY)lus - 2]l

To conclude, we note that 1 - CMA < 1, which means that I, is a (1 - CM\)-contraction. This
completes the proof. O

Theorem 4.7. Assume that A is sectorial of type p < 0. Let f : [0, 00) xX — X be an asymptotically
almost periodic in t uniformly in x € X that satisfies the following conditions.

(H*1) There is a continuous nondecreasing function W : [0,00) — [0,00) such that
ILf(t, x)|| < W(||x]||) forall t >0 and x € X.

(H*2) f(t,x) is uniformly continuous on bounded sets of X uniformly in t > 0.
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(H*3) For each v > 0, limt_m(l/(h*(t)))jg(W(vh*(s))/(l + |ul(t = s)"))ds = 0, where h*
is given by Lemma 2.16. Set

t Mds> (4.8)

% Py— 1
B (w) := s;;(}))h*(t) <”Sa(t)u0“ +CM o1+ |u|(t=s)

where C and M are constants given in (2.1).
(H*4) For each € > 0 there is 6 > 0 such that, for every u,v € Cp(X), || — v < 6 implies
that

s [ 2D St toDl (49
t>0 7 0

1+ |p|(t-s9)"

forallt e R.

(H*5) Forall 0 < a < b,and r > 0, the set {f(s,h*(s)x) : a <s<bxeX,|x| <r}is
relatively compact in X.

(H*6) liminf; , .¢/(p*(¢)) > 1.

Then problem (1.2)-(1.3) has an asymptotically almost periodic mild solution.

Proof. We define the operator I'y on Cp+(X) as in (4.3). We show that Iy has a fixed point in
AAP(X).

(i) For u € Cj+(X), we have that

ILau®ll  CMluoll  CM CW([[ullyh(s))
() - R R0 )1 pft-s)"

(4.10)

It follows from (H*3) that I, : Cp+(X) — Cp+(X). From condition (H*4) it follows
that I'; is a continuous map.

(ii) We next show that I’y is completely continuous. Let V' = T4(B,(Cp-(X))) and
v = I'y(u) for u € B,(Cp(X)). Initially, we can infer that V;(t) is a relatively
compact subset of X for each t € [0,b]. In fact, using condition (H*5) we get that
K = {Sa(s)f(&,h(¢)x) : 0 < s <0< ¢ <t |x|] £ r}is relatively compact. It
is easy to see that V,(t) C Sa(t)up + tC(K), which establishes our assertion. From
the decomposition of v(t + s) — v(t) given by (Sa(t +5) — Sa(t))uo + j?ssa(t +5s -
&) (& u(g))de + jg(sa(g +5) = Sa(@) f(t =& u(t —¢))de, it follows that the set V,,
is equicontinuous. We can show that lim;_, . [[v(t)||/h*(t) = 0 uniformly for all

u € B,(Cp+(X)). From Lemma 2.16, we deduce that V is relatively compact set in
Ci(X).

We note that the set {u} : u' = AT, (u'),A € (0,1)} is bounded. In fact, it follows
from condition (H*6) and the estimate ||u(|;x < B*(||ut||)- It follows, from Lemmas 2.9 and
2.13, that I',(AAP(X)) ¢ AAP(X). The remaining of proof makes use of a similar argument
already done in the proof of Theorem 3.5. O
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5. Asymptotically Almost Automorphic Solutions of Fractional Integro
Differential Neutral Equations

This section is mainly concerned with the existence and uniqueness of an asymptotically
almost automorphic mild solution to the fractional integro differential neutral equation

a-2
(u(t +g(tu(t)) = ’[ T(a- ~ %) A(u(s) +g(s,u(s))ds + f(t,u(t))), t=0, 51)

u(0) =uy € X,

where 1 < a <2, Aisalinear densely defined operator of sectorial type, and f, g are functions
subject to some additional conditions.

Definition 5.1. Suppose that A generates an integrable solution operator S.(t). A function
u:[0,00) — X satisfying the integral equation

u(t) = Sa(t) (uo + g(0,u)) — g(t,u(t)) + fosu(t =s)f(s,u(s))ds, t=0 (5.2)

is called a mild solution of problem (5.1).
We have the following result.

Theorem 5.2. Assume that A is sectorial of type p < 0. Let f, g : [0, 00) x X — X be two functions
asymptotically almost automorphic in t uniformly for x in compact subsets of X such that
170 = fEy)l <Lyllx-yl, VxyeX, vt=0,

(5.3)
gt x) - gt y) | < Lg| Vx,y € X, vt >0.

If Ly + ((CM|y|’1/” wLy)/asin(or/a)) <1, where C and M are the constants given in (2.1), then
problem (5.1) has a unique asymptotically almost automorphic mild solution.

Proof. We define the operator Y, on the space AAA([0, o), X) by
t
You(t) = Sa(t) (uo + g(0,u0)) — g(t, u(t)) +f Sa(t—15)f(s,u(s))ds. (5.4)
0

Applying Lemma 2.22, we infer that g(-, u(:)) and f(-,u(-)) belong to AAA([0, ), X). By
Lemma 2.21, we obtain that Y, is AAA([0, o), X)-valued. Furthermore, we have the estimate

tllu(S) U(S)II ds
+ | u|(t = 8)"

1/:1
-\ ¢ asm(ﬂ'/a) *’

[Yau(t) = Yav(b)|| < Lgllu(t) —o(t)|| + CMLy

(5.5)
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which proves that Y, is a contraction we conclude that Y, has a unique fixed point in
AAA([0,00),X). This completes the proof. O

Next, we establish a local version of the previous result.

Theorem 5.3. Assume that A is sectorial of type p < 0. Let f, g : [0,00) x X — X be two functions
asymptotically almost automorphic in t uniformly for x in compact subsets of X and assume that there
are continuous and nondecreasing functions Ly, Lg : [0,00) — [0, 00) such that for each positive
number R, and x,y € X, ||x|| < R, |ly|| < R, one has

, (5.6)

7

&%) = fFERI < Li®)[x=yll, (I8¢ x) =gt y)|l < Le(R)[lx—y
forall t >0, where L(0) = Lg(0) = 0and f(t,0) = g(t,0) = 0 for every t > 0. Then there is € > 0
such that ug satisfies ||uo|| < €; then there is a unique asymptotically almost automorphic mild solution

of (5.1).
Proof. Let R > 0 and A € (0,1) be such that

CML;(R)|u| ™ *x

5.7
asin(r/a) <1 5.7

H :=CM(1+Lg(AR))A + Lg(R) +

where C and M are the constants given in (2.1). We consider 1y such that ||ug|| < €, with
€ = AR; we define the space ®,,, = {u € AAA([0, 00), X) : u(0) = uy, ||t|]|x < R} endowed with
the metric d(u,v) = ||u —v||,. We also define the operator Y, on the space ®,, by (5.4). Let u
bein ®,, in a similar way as that of proof of Theorem 5.2; we have that Y,u € AAA([0, ), X).

Moreover, we obtain the estimate

CMLy(R)R|p| ™"

_ 5.8
asin (/) =HR<R. (5.8)

IYau(t)[| € CM(1 + Ly(AR))AR + Lo (R)R +

Therefore Y,(®,,) C D,,. On the other hand, for u,v € 9,,,, we see that

(5.9)

Yt el < [ L,(R)+ LRI
at — 1o = + . - 7
|| u v”oo g( ) (XSln(JZ'/a) ”u v”oo

which shows that Y, is a contraction from 9, into 9,,,. The assertion is now a consequence
of the contraction mapping principle. O

Remark 5.4. A similar result was obtained by Diagana et al. [76] for the existence of asymp-
totically almost automorphic solutions to some abstract partial neutral integrodifferential
equations.

Theorem 5.5. Assume that A is sectorial of type p < 0 and that conditions (H*1),(H*3), (H*4) and
(H*5) hold. In addition, suppose that the following properties hold.
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(A1) The functions f, g : [0,00) x X — X are asymptotically almost automorphic in t and
uniformly for x in compact subsets of X and uniformly continuous on bounded sets of X uniformly in
t>0.

(A2) There is a constant Ly > 0 such that ||g(t, h*(t)x) — g(t, h*(t)y)|| < Lgllx — yl| for all
t>0and x,y € X (here h* is given in Lemma 2.16). Set

~ CM (* W(vh*(s))
Q(”)‘S};fh*(t) o1+ |u(t=s)

ds, (5.10)

where C and M are the constants given in (2.1).
(A3) Lg + liminf, o, (Q(r)) /1 < 1.
Then problem (5.1) has an asymptotically almost automorphic mild solution.

Proof. We define the operator Y, on Cj-(X) as in (5.4); we consider the decomposition Y, =
Y! +7Y2, where

You(t) = Salt) (uo + g(0,u0)) — g(t, u(t)), t>0,

; (5.11)
Yiu(t) = j Sa(t=s)f(s,u(s))ds, t=0.
0
For u € Cp:(X), we have that
Yiu(t
e L fe (ol + N, ) + Lol + 150 (5:12)

) - ()

Hence Y! is Cj: (X)-valued. On the other hand, Y} is an Lg-contraction. It follows from the
proof of the Theorem 4.7 that Y2 is completely continuous. From Lemmas 2.21 and 2.22, we
have that

Y (AAA([0,00), X)) C AAA([0,00),X), i=1,2. (5.13)

Hence Y,(AAA([0,»0), X)) C AAA([0,0),X) and Y2 : AAA([0,0),X) — AAA([0, ), X)
is completely continuous. Putting B, := B,(AAA([0, o), X)), we claim that there is » > 0 such
that Y,(B;) C B,. In fact, if we assume that this assertion is false, then for all » > 0 we can
choose u" € B, and t" > 0 such that ||Y, u" (#")||/h*(t") > r. We observe that

W(rh*(s))

) s (5.14)
1+ |p|(t - s)

tr
I at” (t) ] < CM(Jluoll + (| g(0,u0) [[) + [, O)]I,, + Lgr + CMf0

Thus 1 < Lg + liminf, _,(Q(r)/r), which is contrary to assumption (A3). We have that Y} is
a contraction on B, and Y2(B,) is a compact set. It follows from [77, Corollary 4.3.2] that Y,
has a fixed point u € AAA([0, o), X). More precisely, u € AAA([0, o), X), and this finishes
the proof. O
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6. Applications

To illustrate our results, initially we examine sufficient conditions for the existence and
uniqueness of pseudo-almost periodic mild solutions to the fractional relaxation-oscillation
equation given by

Ou(t,x) = Pult, x) - vu(t, x) + for! <<sin(t) = itz) sin(u(t,x))), FER, x € [0,],
6.1)
u(t,0)=u(t,r)=0, teR, (6.2)

where v, > 0. To study this system in the abstract form (1.1), we choose the space X =
L2[0, ] and the operator A defined by Au = 4" — vu, with domain D(A) = {u € L?[0,x] :
u" € L*[0,or],u(0) = u(xr) = 0}. It is well known that Au = u” is generator of an analytic
semigroup on L?[0,r]. Hence, A is sectorial of type y = —v < 0. (6.1) can be formulated by
the inhomogeneous problem (1.1), where u(f)(x) = u(t,x). Let us consider the nonlinearity
f(t,)(s) = pb(t)sin(s) forall $ € X and s € [0,r], t € R with b(t) = sin(t) + (1/1 + 12),
p € R. We observe that lim,_,oo(l/Zr)Kr(l/l) + 12 dt = lim,_ (1/r) arctan(r) = 0. Hence
b € PAP(R). We observe that f : Rx X — X is pseudo-almost periodicin t € R, uniformly in
x € X such that (3.6) holds for L = 2|f|. If we assume that |p| < asin(r/a)/2CMp|V* ),
then by Corollary 3.4, the fractional relaxation-oscillation equation (6.1) has a unique pseudo-
almost periodic mild solution.
Taking p € (0,1) and A, v > 0, we define the function F as

p

) ult,7) dr| sin(x). (6.3)

— LAl .
F(t,u)(x)=e J‘O sin <fg|u(t,§)|2d§>1/2 1

We consider the following fractional relaxation-oscillation equation given by

Ofu(t, x) = O2u(t, x) —vu(t,x) + 07 'F(t,u)(x), teR, x€[0,x],

(6.4)
u(t,0)=u(t,r)=0, teR.
Equation (6.4) can be expressed as an abstract equation of the form (1.1), where
: 9(r) ’
f(td) @) =e f sin< dr| sin(¢). (6.5)
o \ll#ll.+1

Proposition 6.1. Problem (6.4) has a pseudo-almost periodic mild solution.
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Proof. Let us briefly discuss the proof of this proposition. We get without difficulties the
following two estimates:

1Ft )l < m0P2, teR, peX,

(6.6)
£t d1) = f(t §o) ||, < eI TP2|| gy — o 1F,, tER, 1, dpEX,

which are responsible for the fact that f € PAPy(Rx X, X) and that f is uniformly continuous
on bounded sets of X uniformly in f € R.
It is straightforward to verify that

p p
£ D), < e Marepr2 el N ap( N9 Y 67)
- [l +1 lpll,2 +1

and ¢ € X. Hence, we can define W in (H1) by W (¢) = x(*A/2(¢ /(& + 1))P. Taking h(t) = ',
t € R; u,v € Cp(X). From the discussion above, we see that

—ﬂO as |t| — oo,

-1/a
,[ WEh(s) - VP2l
n()

1+ |p|(t-5)* = asin(x/a) h(t)
6.8)
CFsus) - fls,0() || 3PaC2| /
Stlelngj‘ 1+ |p|(t-s9)" ds < asin(or/a) e = oIl

which means that conditions (H3) and (H4) of Theorem 3.5 are satisfied. An easy
computation leads to liminf; ., (£/f(¢)) > 1. An argument involving Simon’s theorem
(see [78, Theorem 1, pages 71-74]) proves that the set K = {f(s,e'¥lp) : a < s <
b,¢ € L*[0,x],||§ll;z < r} is relatively compact in L2[0,or]. In fact, we can verify that
If(s, ez < x1+P/2, ¢ € L?[0,o]. Hence, for a; < ay, [of(s, e'lg) (¢)d¢ is bounded
uniformly in s and ¢. On the other hand, we can infer the following estimate:

|£(5,e"9) @) - f(s.e™p) ()| < &= &1" + |5 - & (6.9)
Therefore,

f:_h|f (5,9) @ +h) - f(s,e¥19) @[ dt —0 ash—0, (6.10)

uniformly in s and ¢. Finally, Simon’s theorem leads to the conclusion that K is relatively
compact. Using Theorem 3.5, equation (6.4) has a pseudo-almost periodic mild solution. [



20 Advances in Difference Equations

Next, we examine the existence and uniqueness of an asymptotically almost auto-
morphic mild solution to the fractional differential equation

2

ult,d) = f“1<aa—§2—v>u(t,§)+a(t)f(u(t,§)), t>0, ¢e [0,

(6.11)
u(t,0) =u(t,r)=0, t>0,

u(O,é) =up(§), §€ [O,]Z'],

where uy € L?[0,x], a, f are appropriate functions, and ]f"lg(t) = fg((t— $)"2 /T (a -
1))g(s)ds. From Corollary 4.3, we can deduce the following result.

Proposition 6.2. Assume that a(-) is an asymptotically almost periodic function and that there
exists a constant Ly > 0 such that |f(x) — f(y)| < L¢lx — y| for all x,y € R. If [lall, <
(a sin(yr/a)/CMlv|_1/”’ aLg), then (6.11) has a unique asymptotically almost periodic mild
solution.

We consider the fractional differential equation

2

éu(t &) = Je! a__v u(t, &) +a(t) fgu(t T)dT 2 t>0, ¢€[0,7] (6.12)
ot ' to\ a2 ’ 0o LT Y '

u(t,0) = u(t,r) =0, >0, (6.13)

u(0,¢) = uo(s), ¢€[0,x]. (6.14)

From Theorem 4.6, we deduce the following result.

Proposition 6.3. Assume that a(-) is an asymptotically almost periodic function, then there is € > 0
such that for each uy with ||{ug||12 < € there exists a unique asymptotically almost periodic mild solution
of (6.12)—(6.14).

Proof. The proof is straightforward. Indeed, (6.12) can be expressed as an abstract equation of

2
form (1.2), where f(t,¢)(¢) = a(t)(fgd)(T)dT) ,t>0,¢ € L?[0,x]. We observe that || f(t, $1) —
[t @)l < llalleor®2(lIdalliz + g2lli2)ligr — @2llrz, for all t > 0 and ¢1, ¢2 € L*[0,r]. Hence
the perturbation is locally Lipschitz. We remark that f is asymptotically almost periodic in ¢
uniformly in ¢ € L? [0,r], as we mentioned before, by using Theorem 4.6. O

Take p € (0,1) and A, v > 0. We define the function F by

p

F(t,u)(x) =™ sin(x). (6.15)

J‘Zu(t, T)dt
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We examine asymptotically almost periodic mild solution to the fractional relaxation-
oscillation equation given by

ofu(t,x) = 6fu(t,x) —vu(t,x) + 6;"1P(t, u)(x), t>0, xe|0,x],

u(t,0) =u(t,r)=0, t>0, (6.16)
u(tlg) = uo(g)/ g € [O,]l'],

where ug € L2[0, 7).
Proposition 6.4. Problem (6.16) has an asymptotically almost periodic mild solution.

Proof. We briefly recall some argument of the proof. Problem (6.16) can be written as an
abstract problem of the form (1.2)-(1.3) in X = L*[0,r], where the perturbation associated
is

p

¢
flt, )@ =e™ f0¢(7)d7 sin(¢), ¢e€[0,a]. (6.17)

We can choose the function W in (H*1) by W (¢) = xr(1*F)/2¢f From the estimate
£t @) = f (@) ||,z < e Ma@P2|| gy — go]|8,, t>0, peL?[0,x],  (6.18)

we get conditions (H*2) and (H*4), the latter being considered with h*(t) = e, t > 0.
We can infer that

—0, ast— oo. (6.19)

1Jt W(ve') ds < 1 vﬂ”(aw)/zll‘rl/u
&) T4 (=) " = AP asin(x/a)

Hence condition (H*3) is fulfilled. By looking at the estimates

|7 e, <200, er?o,m), Il <,

As _ As N < #Plz — 118/2 B/2. 0 _ 3z (6.20)
£ (s.ep) @~ f(s.ep) @) < le-&|"* + a2t |e - 8|

and using Simon’s theorem, we conclude that condition (H*5) holds. Consequently, by
Theorem 4.7 we can assert that problem (6.16) has an asymptotically almost periodic mild
solution. This completes the proof of Proposition 6.4. O

Remark 6.5. It is easy to check that results in Section 5 are applicable to similar fractional
differential equations as those treated in this section. For the sake of shortness, the details are
left to the reader.
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