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Abstract. We present a guide to calculate the interactions between
Rydberg states, and put into evidence the importance of the anisotropic
and state-mixing character of these interactions for p and d states.
We then summarize recent theoretical results obtained in this context
related to the formation of anisotropic Rydberg excitation patterns
and the influence of state-mixing on the familiar Rydberg blockade
phenomenon.

1 Introduction

Rydberg states represent highly excited electronic states of atoms. Due to the large
orbital radius of the valence electron, such states are long-lived and induce strong
interactions between the atoms [1], which make them a very natural platform to ob-
serve quantum many-body phases [2], and a very promising candidate for quantum
information applications [3]. With recent experimental developments, it became pos-
sible to arrange cold atoms in well defined geometries, excite them to a Rydberg
level, and obtain single-site resolved measurements, allowing to demonstrate block-
ade physics [4,5] between two atoms [6,7], and its consequences at the many-body
level [8-14].

Recently, due to the possibility to excite Rydberg states from a ground state level,
via a single photon transition, Rydberg p states have drawn attention. However, in
contrast to the familiar s, /, states, the interactions between Rydberg p or d states are
anisotropic, i.e. the energy potential depends on the angle between the displacement
vector of the atoms and the magnetic field [15]. Moreover, the interactions do not
conserve in general the electronic state of the atoms [16,17], such “state-mixing” not
being taken into account in the traditional Rydberg blockade picture.

The goal of this article is to review the theoretical tools, which allow to describe the
interactions between Rydberg states, either at short distances (dipole-dipole regime)
or large distances (van der Waals regime), and show the presence of the anisotropic
and state-mixing character of these interactions. First, in Sect. 2, we present a concise
guide allowing to calculate Rydberg wave-functions and the corresponding dipole-
dipole Hamiltonian. In Sect. 3, we obtain the van der Waals Hamiltonian and illus-
trate the interacting properties of Rydberg s,p,d, f states with various examples.
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Fig. 1. Interactions between two Rydberg atoms, parametrized in terms of spherical coor-
dinates (7,6, ). The blue circles represent the positively charged cores (nucleus and inner
electrons) and the red circles represent the two electrons.

Finally, in Sect. 4, we summarize our recent results [18,19] in this context, show-
ing the anisotropic properties of Rydberg gases in optical lattices and the effect of
state-mixing on the Rydberg blockade phenomenon.

2 Dipole-dipole interactions between Rydberg states

In this section, we show how to calculate the dipole-dipole interactions between two
Rydberg atoms. To do so, we write the dipole-dipole Hamiltonian in the fine-structure
basis, and present a guide to calculate dipole matrix elements using model poten-
tials [20] and the knowledge of the Rydberg energy levels.

The situation we have in mind is shown in Fig. 1: we consider two Rydberg atoms
t = 1,2, separated by a vector r. Our goal is to describe the Coulomb interaction
between these two inhomogeneous charge distributions, in the regime where the
distance r between the atoms is much larger than the typical orbital radius r;
of a Rydberg electron around the nucleus. In this case, the Coulomb potential
can be written using a multipole expansion, the dominant contribution being the
dipole—dipole interaction [3]:

(dd) _ r2d® . d® — 3(d® - r)(d® -r)

H -

; (1)

which is written here in atomic units, with the dipole operator d(¥) = —#; associated
with the Rydberg electron’s position of atom i. In order to be able to apply this
Hamiltonian for any angular momentum state, we now write this Hamiltonian in
spherical coordinates [21] defining the spherical components of the dipole operator
diy = F1/3/2(d, £ idy), do = d., where z is the quantization axis. We obtain:
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Here (7,0, ) are the spherical coordinates of the vector connecting the two atoms,
with respect to the quantization axis z. The square brackets denote a Clebsch-Gordan
coefficient and Y} ,,, (0, ¢) the spherical harmonics functions. We now explain in detail
how this Hamiltonian couples Rydberg states.

2.1 Calculation of dipole matrix elements in the fine-structure
In the fine-structure representation, a Rydberg state, denoted a, is character-

ized by the set of quantum numbers ng, 4y, ja, Sq, Mg corresponding to a wave-
function |n,X,m.) = R, x,(r:)|Xa, ma), where we use the short-hand notation
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Xo = (ayJa,Sa) and consider in all this work a single valence electron s, = 1/2.
The decomposition of the wave-function into a radial part R, x, (r;) and an angular

a

part |X,, m,) allows to write the matrix elements of the dipole operator of the atom
1 between two Rydberg states a and c as:

<TlaXama|d£zL) |ncXcmc> = InaXa,nCXc Jm,Xam,l,Xbmb~ (3)

The calculation of the radial part

I xynex. = /RnaXa(Ti)RncXc(ri)T?dri (4)

requires the knowledge of the radial wave-function, whereas the angular part is an
analytic function of the quantum numbers [17]:

Im,Xama Xem, = (_1)jc+la+1/2 \/(2jc +1)(20 + 1)
Je 1| Ja 1 [l ba] [ £.1/2 j.
X{mcm‘ma}{OO‘ 0] \Ja 1 4af’ 5)

where the braces in the first line denote a Wigner 65 symbol.

2.1.1 Radial matrix elements

The last ingredient required for the evaluation of the matrix elements of the dipole-
dipole Hamiltonian is the radial wave-function, which enters in the calculation of the
radial integral (4). For Rydberg states, the radial wave-function can be calculated
from the radial Schrédinger equation

Loy + 1)
e

o +V(ri)| Rn,x,(ri) = En,x, Rn,x, (i) (6)

1
—=VZ

2 " + ;
The Rydberg electron is subject to the potential V(r;) = Vinod(ri) + Vio(r3), where
Vinod(r;) corresponds to a model potential [1,20] describing the interaction between
the electron and the nucleus, beyond the Hydrogen approximation, and

2 2

Vio(ri) = — L. S =2

3 = 1.3
2r; 4rs

Ja(Ja +1) = La(be + 1) — 5a(s4 + 1)] (7)

represents the familiar spin-orbit contribution. Finally, E,  x, represents the energy
of the Rydberg state a. There are two options to calculate Rydberg radial wave-
functions based on Eq. (6). A first possibility is to numerically solve this equation
as an eigenvalue problem, and obtain the set (R, x, (7:),En,x,) characterizing the
Rydberg state. An alternative approach consists in directly integrating the radial
equation using the experimental values [22,23] of the Rydberg energies E,,_ x,. Such
an integration can be carried out via the Numerov method (see for example [24]).

As an illustration, we show in Fig. 2 the radial wave-function obtained for differ-
ent Rydberg states. The typical extension of the Rydberg wave-function scales as n?
whereas the difference between the different curves, obtained for ¢, = s, p, d, f, resem-
bles a phase-shift, which can be associated with the different values of the quantum
defect [1]. On the other hand, the effect of the spin-orbit coupling, which also mani-
fests in the value of the quantum defect, is not visible on such curves, the difference
between the radial wavefunctions of, for example, p; /o and p3/o states, could hardly
be observed.
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Fig. 2. Radial wave-functions for Rubidium Rydberg atoms, in a mas1/2, Map1/2 state
[panel (a)], nads/2, nafs/2 [panel (b)], represented as a blue, red, green, grey line, respec-

tively. The distance of the electron r; with respect to the nucleus is expressed in units of the
Bohr radius ao.
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Fig. 3. Rubidium Radial matrix elements I, x, n.x. as a function of n. — n, and for
different processes ¢q, jo — ¢, je corresponding to the three panels. The color code indicates
the value of ng, from 20 (light blue) to 100 (dark blue).

The evaluation of the radial matrix elements I,, x, n.x. is now straightforward
and we present in Fig. 3 the values obtained for different processes n,X, — n.X,,
which are indicated in each panel. One can notice that the values of these integrals
only take non-negligible values in a small set of values n. — n, around 0, corre-
sponding to the regions where the two radial wave-functions R, x,, Ry, x, overlap
significantly.

2.2 Dipole-dipole Hamiltonian in fine-structure basis

We can now write explicitly the coupling between Rydberg atoms by the dipole-
dipole Hamiltonian Eq. (2). Considering the process where the two-atom state is
[neXeme,ngXamg) (The first atom is in the state |n.X.m.), whereas the other is in
state |ngXgmg).) are transferred to the state |ng,X,mg, ny Xpmy), the decomposition
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of the dipole matrix elements into radial and angular part leads to the following
dipole-dipole matrix element:

(naXama, npXpmy|H " 0. Xome, ngXama)

o CB (naXaanb> ncchdXd)
= .3

X D(Xama Xpmp, Xceme Xgma), (8)

where the radial C3 coefficient is a simple product of radial integrals
C3(”aXaanb7 ncchdXd) = Inn,XaynCXCIanbwndXd (9)

and the angular part has an analytic expression.

247 1 1 2
D(XamaXpmy, XemeXama) = —\[ == D7 [ml o m1+m2]
mi,m2
XYQfml—&-er(aa‘p)Jm1,Xama7Xcmcsz,Xbmb,ded' (10)

Note that the Wigner symbol and Clebsch-Gordan coefficients appearing in the ex-
pression of the angular part of the dipole matrix element Eq. (5) and in Eq. (10)
are associated with a set of symmetry rules of the dipole-dipole interactions. (i) The
dipole-dipole interaction has an odd symmetry: |{. — ¢,| = 1 and |€q — £p] = 1,
i.e. the dipole-dipole interaction only couples different neighboring orbital quantum
numbers. (ii) The magnetic quantum number is not necessarily conserved but varies
by at most one unit: m. — m, = —m; = —1,0,1, mg — mp = —me = —1,0,1.
Finally, we emphasize that in the case, where the total magnetic quantum num-
ber is conserved, Am = mj + mg = 0, the contribution of the spherical harmonics
Y5,0(0,¢9) x1—3 cos? § corresponds to the generic angular dependence of dipolar sys-
tems [25]. However, in the case where the quantum number is not conserved Am # 0,
the associated spherical harmonics have a different angular dependence and also take
complex values oc e *A™¢_ Such spin-orbit process, which appears naturally in the
dipole-dipole interactions, is the main building block of recent proposals to observe
topological phases via dipolar systems [26].

2.3 Application: anisotropic dipole-dipole interactions

Before we present the perturbative regime of the dipole-dipole interactions, we show
an elementary example of application regarding the calculation of dipole-dipole matrix
elements, which applies for a recent experimental measurement [27]. We consider,
for the two Rubidium atoms 1, 2, the coupling between the two-body state |ab) =
159d3/2,m; = 3/2,59d3/2,m; = 3/2,) and |cd) = |61pya,m; = 1/2,57f5/9,m; =
5/2 + Am). The angular dependence of the dipole-dipole matrix element is shown
in Fig. 4, for the different processes Am = 0,—1,—2. In the angular momentum
conserving case Am = 0, we obtain the familiar dipole-dipole potential curve
1 — 3 cos? §, whereas the processes for Am involves another spherical harmonic. Note
that in this case the matrix element vanishes at § = 0, as a consequence of the
conservation of the angular momentum, along the direction of the atoms [16,17].

3 Van der Waals regime

The calculation of the interaction Hamiltonian between two Rydberg atoms requires
in general a very large basis |n,X,mg, n.Xzm.) corresponding to all the states cou-
pled by the dipole-dipole interaction within a given energy range. However, at large
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Fig. 4. Angular dependence of the dipole-dipole interaction for different processes Am =
0, —1, —2, shown respectively in blue, green and red.

distances and away from Forster resonances [3], it is possible to treat these interac-
tions perturbatively, and obtain a reduced van der Waals (vdW) Hamiltonian, gov-
erning the interaction in a reduced Hilbert space. At large magnetic field, where the
typical interaction strength is smaller than the Zeeman shifts, this reduced Hilbert
space corresponds to a single Rydberg pair state and the associated energy can be
written as Cg/r%, where Cp is the well-known van der Waals coefficient [3]. Here we
are interested in a more general scenario where we take into account the coupling
between different Zeeman (aka magnetic) states, and write the vdW Hamiltonian in
the corresponding fine-structure basis.

3.1 Perturbative coupling between fine-structure manifolds

To do so, we consider two atoms in a Rydberg state, which belongs to the fine-
structure manifolds 1, X4, 7, X3 (for example n,s/2,n551/2). Now we write the part
of the dipole-dipole Hamiltonian, which connects the set n,X,, ny X, to another set
of manifolds: n.X.,nqXq (for example ncp; /2, nap1/2)

03(naXaanba Uz
7"3

XengX
naXq) Z Z [D(XomaXpmp, XemeXama)

Me, Mg =~ Ma,Mp

h:

X | g Xama, np Xpmp) (neXcme, ngXama| + h.c]

+0(Xpne, ngXq)[neXeme, ngXama) (neXeme, ngXama| (11)

where 0(n.X.n¢Xq) = En x, + Enyx, — En,x, — En, x, is the Forster defect, cor-
responding to the energy mismatch between the two sets of fine-structure manifolds.
Note that we assume for simplicity that the Forster defect is independent of the values
of the magnetic quantum numbers mg, my, m., mq, which is valid at small magnetic
fields when the Zeeman shifts are much smaller than the Forster defect obtained at
zero magnetic field. At large distances, where the condition C3/r3 < § is satisfied, we
can treat in second-order perturbation theory the coupling to the states of the man-
ifold n.X.,nqX4 and obtain an effective vdW Hamiltonian, restricted to the Hilbert
space of the fine-structure n,X,, np Xp:

CG (ncchdXd)

h ~
r6

M(X.Xa), (12)
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Table 1. Channels involved Xc(i) Xéi) in the vdW Hamiltonian of two atoms, excited in a
Xa,Xp state, respectively.

XoXp l S$1/281/2 l P1/2P1/2 | P3/2P3/2 l d3/2d3/2 l d5/2d5/2

XC“)X? DP1/2P1/2 81/281/2 S1/281/2 | P1/2P1/2 | P3/2P3/2
Xc(2)Xc(12) P3/2P1/2 | d3j2S1/2 | Si/2d3j2 | Pij2P3s2 | P3j2fs)e
Xc(B)X¢(13) D1/2P3/2 31/2d3/2 d3/231/2 P3/2P1/2 f5/2p3/2
xMx Y P3/2D3/2 | dsjedssa | s1/2ds2 | P1j2fs/2 | P3j2frse

XC(‘L”)XC(I5> dss28172 | fsy2pis2 | fr/2p3/2
Xéﬁ)Xéﬁ) d3jadsya | p3j2p3s2 | f5/2f5)2
XY’X@” d3jadsya | paj2fsse | fs/2f7)2
Xés)Xf) ds/2dsse | fsy2p3/2 | fry2fs)2
xOx dsj2dsy2 | fs/2f5/2 | fry2f72

where the vdW coefficient is

Cg (naXaanb, ncchdXd)

Cﬁ(ncchdXd) == 6(77, X ndXd)

(13)

and the operator M(X.X;) can be written in the fine-structure basis
{IneXama, npXpme) }:

{ naXama, np Xpmp| M(X X g)|na Xom.,, np Xpmy)
= Z D(Xgma Xymy, XemeXamg)D* (Xoml, Xymy, XemeXamg).  (14)

Me,Mq

The Hamiltonian (12) is thus defined in a Hilbert space of reduced dimension
(2ja + 1)(2jp + 1), compared to the original dipole-dipole Hamiltonian Eq. (11). We
now repeat the same procedure for all dipole-dipole coupled (n.X.,nqsXq) sets of
fine-structure manifolds.

3.2 Van der Waals Hamiltonians

We can obtain the vdW Hamiltonian in a compact form by noticing that the angular
M matrices do not depend on the first quantum numbers n., ng4, allowing to group
the different contributions in terms of channels ¢ = 1,2, .. associated with the quan-
tum numbers XC(Z)XU(;) [15,17,21] and listed in Table 1. The final form of the vdW

Hamiltonian reads @

C
h=>Y_ %M (15)
with ) 4 )
o =3 Co(neXPngx ) (16)

Ne,Nd

and M; = M(Xc(l)X(gl)). The Cg coefficients are calculated from Eq. (16) using the
values of the C5 coefficients and of the Rydberg energies. We show in Fig. 5 their values
in the usual situation where the state of both atoms belongs to the same manifold:
ny = ng, Xp = X,. Note that some values of the C’é.l) coefficients are identical, for
instance for ¢ = 2,3 in the first two columns. In the case of p3/5 and d3/ states, the
divergences of the Cy coefficients put into evidence the presence of Forster resonances
where the Forster defect § is nearly zero.
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Fig. 5. Van der Waals coefficients Cé” of the channels [Table 1], associated with

the Rubidium Rydberg states s1 /2, p1/2, P3/2, d3/2, shown respectively in panels (a), (b), (c)
and (d). The values are shown as a solid line for positive values, as a dashed line otherwise.

3.2.1 The familiar s/ states

In the case of X, = X}, = sy, states, the vdW Hamiltonian can be written in the
form [19]:

2 [ 11nm (2) (4)
h= 57,6 | 3 2057 +14Cs™ +11C 7| 1
—sin?6 —% sin 20 —% sin 20 sin?
1 .2 2 .2 4 1.
—=sin20 sin“f—% sin“0—3 ssin26
JF(*OE(SI) +20€(s2) - Cé4)) T .2 b S ,
—5sin20 sin 075 sin 975 5 sin 20
sin? 0 % sin 20 % sin 20 —sin? 6
(17)
written here in the basis (| — 3,—3),| — 3,3),]3.—3),[3,2)) where we use in the
following the shorthand notation |mgmy) = [neXem; = mq, npXpm; = my). The

matrix I is the 4 x 4 identity matrix. The first term in Eq. (17) describes the isotropic
part of the interaction, corresponding to the well-known van-der Waals shift, which
is at the heart of the Rydberg blockade phenomenon [4]. The second term represents
the contribution of the anisotropic and the state-mizing character of the vdW inter-
actions. The anisotropy refers to the fact that the interaction between two atoms in
a given m; state depends on the angle 6 between their relative vector and the di-
rection of the quantization axis. The state-mixing character corresponds to the fact,
that in analogy to the dipole-dipole interactions presented in the previous section, the
vdW interactions couple different angular momentum states. We emphasize that, in
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Fig. 6. Examples of matrix elements of the vdW Hamiltonian Eq. (15), for n = 30 Rubidium
atoms and (a) s1/2, (b) p1/2, (¢) ps/2, (d) ds/2, (€) ds/2 and (f) fs5/2 states. In each panel,
we represent the matrix elements (mqmp|h|m,my), where m, = my = —j and mj,, mj, are
shown in the legends. The phase ¢ has been set to 0 so that all matrix elements are real.

the case of s states, the existence of the second term is only due to the fine-structure
splitting on the neighboring p states, cf. Table 1. Consequently, this term corresponds
to a small deviation compared to the isotropic, diagonal term.

Finally, the matrix elements of the vdW Hamiltonian depend on the angle 6, but
not the corresponding eigenvalues [17,19] which are isotropic. However, the presence
of a magnetic field along the z direction, breaking the degeneracy between the differ-
ent angular momentum states, makes the eigenvalues of the total Hamiltonian depend
on ¢ and gives the anisotropy of the vdW interactions a physical meaning.

As an illustration, we show in Fig. 6(a) three matrix elements of the vdW Hamil-
tonian Eq. (17). The diagonal term (—3 — 1|h| — 1 — 1) represented as a blue line,
is much larger than the off-diagonal elements, showing that the effect of the state-
mixing is negligible for Rydberg s; /o states. Moreover, the potential curve is almost
independent of the value of the angle 6, illustrating the isotropic character of the

interactions.
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3.2.2 Rydberg p; / states

We now consider the case of p; 5 states, where the state-mixing and the anisotropy
now play an important role. The vdW Hamiltonian can also be written in the form
Eq. (17), with the crucial difference that the C’éz) take different values, see Fig. 5.
Consequently, the second term related to the anisotropic and state mixing character
of the interactions is no longer negligible compared to the case of s /5 states. We show
in Fig. 6(b) the same matrix elements as in (a): except at § = 0, where the angular
momentum is conserved, the state-mixing processes, represented as green and red
lines, are of the same order of magnitude as the diagonal matrix element. Moreover,
in contrast to sy, states all three processes have a strong angular dependence.

3.2.3 Higher angular momentum Rydberg states: p3 /2, d3/2, ds/2, f5/2

In the case of Rydberg states with higher angular momentum j = 3/2,5/2, .., the
vdW Hamiltonian, written in the product state basis | — 7, j),| — 7,7 + 1), .., involves
(27+1)? states . Despite the fact that such Rydberg states are associated with a larger
Hilbert space, the anisotropic and state-mixing features are very similar compared
to the case of p;/, states. To conclude this section, we show in Fig. 6(c)—(f) the
angular dependence of some matrix elements of the vd W Hamiltonians with the same
notations as in the case of 51/, and p; /o states [(a)—(b)].

4 Applications

The goal of this section is to make use of the theoretical toolbox presented in the
previous sections to discuss the impact and the possible applications of the state-
mixing and anisotropic character of the vdW interactions. We first present the results
obtained in Ref. [18] where we describe a many-body system excited to a Rydberg
p state and interacting via the vdW anisotropic potential. We then present a theory
of generalized Rydberg blockade taking into account the effect of state-mixing for
mesoscopic Rydberg ensembles [19].

4.1 Anisotropic interactions for Rydberg crystals

In a recent work [18], we studied the consequence of such anisotropy on the formation
of Rydberg crystals. The system we have in mind is shown in Fig. 7: we consider a
set ¢ = 1,.., N of atoms, placed at positions r;, in a two-dimensional square lattice
and excited from a ground state level | ) to a Rydberg level | 1). We are interested
in the situation where a strong magnetic field induces a large Zeeman shift between
the magnetic levels so that we can ignore state-mixing processes, and reduce the vdW
Hamiltonian to a scalar, anisotropic, energy shift. The many-body Hamiltonian can
be written as:

N

N N
o= 03 (00 - as®) ¢ Ly 3 Collu)liB (18)

i=1 i=1 k=1,k+£i

where o = [Ty 4+ [ (T o) = [T (1] — [4)i(d| refer to the Pauli matrices,
P; =|1)i(1] is the projection on the Rydberg level, 2, A denote, respectively the
Rabi frequency and the detuning associated with the laser-excitation and Cg(0; )
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Fig. 7. Anisotropic Rydberg crystal obtained by dissipative state preparation of Rydberg
ps/2 states. The graphics are reproduced from [18].

corresponds to the vdW coefficient associated with the interaction between Rydberg
states and defined as ; x (11 |h| 11)ik = Co(0sx)/ | i — 1 |-

We are interested in the ground-state |G) of this model, corresponding to the zero-
temperature phase-diagram. A particularly interesting case is the so-called “classical
limit” Q = 0, where the Fock states, or classical configurations, |[], s;), with s; =1, |,
are eigenstates of the Hamiltonian. For A < 0, the energy is minimal when all spins
are polarized |G) = | | .. ]) (we consider without loss of generality, that the vdW
interactions are repulsive). On the other hand, for A > 0, the energy of the up-
per state T becomes larger than the one of the lower state |, thus making the
presence of Rydberg excitations energetically favorable. Due to the vdW interac-
tions, these excitations tend to be distant from each other leading to a crystalline
pattern [2,28,29].

In an experiment, such Rydberg crystals, which have been observed in the case
of isotropic s/, states [30] are prepared by dissipative state preparation: the para-
meters of the laser 2 and A are varied in time starting from a known ground-state
configuration 2 = 0, A < 0 to end in the crystalline region 2 # 0, A > 0. The
question addressed in Ref. [18] is the role of the anisotropic vdW interactions in the
formation of Rydberg Crystals involving p or d states. To this end, we studied via a
time-dependent mean-field approach, which is in particular exact in the classical limit,
the preparation of such crystals. As an illustration, we represent in Figs. 7(b)—(c),
the ground-state excitation pattern, obtained at the end of the preparation for two
different configurations. In the isotropic configuration, corresponding to a magnetic
field orientation perpendicular to the plane, the Rydberg excitation pattern is invari-
ant by a rotation of 90 degrees. In the the anisotropic case, where the magnetic field
is set along the plane, the crystal is preferentially aligned along the = axis, where the
interactions are the weakest. Finally, we studied the role of the quantum fluctuations
which depend on the value of the laser Rabi frequency 2, leading to a progressive
melting of the crystalline phase towards a disordered phase.
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(b) (c)
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, double-excitation probability

%5172 |g)

Fig. 8. Generalized Rydberg blockade with state-mixing, represented here for two atoms
laser-excited to a Rydberg p;/, states. The graphics are reproduced from [19]. (This figure
is subject to copyright protection and is not covered by a Creative Commons license.)

4.2 Anisotropic Rydberg blockade with state-mixing: magic distances

In the case of weak or moderate magnetic fields, the coupling between different mag-
netic levels of the fine-structure cannot be ignored. In Ref. [19], we investigate its
consequences on the well-know Rydberg blockade phenomenon [4]. To this end, we
first consider the situation, shown in Fig. 8, where two atoms are excited via a laser
to a Rydberg p, /, state and interact via vdW interactions. The corresponding Hamil-

tonian can be written in the form Hy =), 4, HX) + h, see Fig. 8(a), with:

=2 [l - 5]+ |- 3) ol -nasf3) (3

i
where g is a ground state level, h is given in Eq. (17) and Ap represents the Zeeman
shift induced by the magnetic field. The limiting case § = /2 represents the simple

example of state-mixing where the doubly laser-excited state | — % — %} is only coupled

via the vdW interactions to |4 3). In this case, considering that initially the two atoms
are in the ground state |gg), we can restrict the Hilbert space to four states: |gg),
lg— 3} =1v2(|lg— 3) + | — 3g)) and the doubly excited states | — 2 — 1), |21} with
the reduced Hamiltonian

; (19)

0 hQ /2 0 0
| p9/V2 0 h/V2 0
hM - 0 hQ/\/ﬁ u/TG C/'r'6 ’ (20)
0 0 c/r8 u/r% — 2hA .

where u, ¢ are a sum of Cél) coefficients, representing respectively the energy shift
and the coupling between magnetic levels. In the familiar Rydberg blockade picture
associated with sy /o states, the term c is neglected. Consequently, the doubly excited
state | — % - %> can only be excited at large distances, where the interaction w is
negligible compared to the laser excitation bandwidth o €2: this is the well-known

Rydberg blockade phenomenon.
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The goal of our work consisted in investigating how the mixing term ¢, which
is of the same order as u for p;,, affects the Rydberg blockade phenomenon.
To this end, an insightful representation of the problem is obtained by diag-
onalizing the Hamiltonian in the doubly-excited manifold {| —5 —31),[33)}, ob-
taining two energies A1(r), Aa2(r). The representation of the Born-Oppenheimer
(BO) potentials A1(r), A2(r) as a function of the distance r between the atoms,
represented schematically in Fig. 8(b), allows one to know whether the doubly-
excited manifold can be excited or not, generalizing thus the Rydberg blockade
phenomenon.

A particularly interesting situation corresponds to the case where the Zeeman shift
Ap competes with the vdW interactions (u, ¢): at large distances, one of the BO ener-
gies is, for instance, negative, due to the Zeeman shift, while at short distances, it be-
comes positive due to the vdW interactions. Consequently, there is a “magic” distance
r = 1o, where this energy is zero, allowing for a resonance excitation of the doubly ex-
cited state [see Figs. 8(b)—(c)]. At this particular distance, interactions still play an im-
portant role however, as the state | A1), which is excited, is a linear superposition of the
two product states |—%— %), %%> This has interesting consequences at the many-body
level: considering p = 1,.., M pairs of atoms separated by the magic distance: due
to the superposition character of the magic distance state |A1), the many-body state
|¥) = ®p|A1)p is not a zero-energy eigenstate of the vdW Hamiltonian »°  h,. The
consequence of this phenomenon, related to the non-additivity properties of the inter-
action Hamiltonian (see [31] in the context of dipole-dipole interactions), is a blockade
mechanism: in a blockade sphere, defined as the region where interactions dominate
over the laser-excitation, it is not possible to excite more than one magic-distance
state |A1).

Finally, the analytical understanding we developed in the context of p;/, can
be extended to the case of higher angular momentum states: ps/o,ds/p states in
particular. As an illustration, we applied our approach to give a theoretical under-
standing of recent experimental results [32], showing the angular dependence of the
vdW interactions between Rydberg dsz/, states, in an situation where the magni-
tude of the state-mixing processes can be neglected compared to the direct, diagonal,
interaction.

5 Conclusion

In summary, we have presented the complete theoretical toolbox, necessary to cal-
culate the dipole-dipole and van der Waals interactions between Rydberg states.
We put in particular into evidence the anisotropic character of the vdW interac-
tions, and the presence of state-mixing processes, i.e coupling terms between differ-
ent magnetic levels. Finally, we summarized recent applications of this theoretical
framework to the description of exotic many-body phases [18] and unconventional
Rydberg blockade [19], both of them being relevant for the interpretation of on-going
and future experiments. The possibilities given by these rich and complex proper-
ties of the Rydberg interactions are manifold: observation of topological states of
matter [26], implementation of exotic spin models [33,34], new types of interactions
between Rydberg polaritons [35], or the implementation of chiral spin-wave guides,
where Rydberg excitations propagate along a chain of atoms along a preferential
direction [36].
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