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Abstract A class of observers is introduced that interpolate smoothly between the Schwarzschild observer,
stable at spatial infinity, and the Kerr—Schild observer, who falls into a black hole. For these observers,
the passing of the event and inner horizon takes a finite time, which diverges logarithmically when the
interpolation parameter o goes to zero. In the field theoretic approach to gravitation, the behavior at the
horizons becomes regular, making the mass of the metric well defined.

1 Introduction

The most amazing property of black holes is their event
horizon, which even led Einstein initially to be skeptical
about the Schwarzschild metric. An observer at spatial
“infinity” will never live the day to observe something
falling into a black hole. The related infinite redshift at
the event horizon is the ultimate limit of the redshift
known from sirens on cars that move away from us.

On the other hand, there are the Painlevé—Gullstrand
and Kerr—Schild metrics, which do not exhibit a hori-
zon for the observers related to them. It is the aim
of the present paper to introduce a class of intermedi-
ate observers, the “smeared horizon observers”, which
interpolate between the Schwarzschild and Kerr-Schild
metrics by a free parameter o. Some related properties
are discussed.

In Sect. 2, we introduce the metric of the smeared-
horizon observers and consider properties like its eigen-
vectors and their behaviors in the black hole interior,
and analyze outgoing and ingoing spherical mass shells.
In Sect. 3, we connect to recent exact solutions for the
black hole interior and its role for the smeared-horizon
observer. In Sect. 4, we connect to a recent class of
exact solutions for smooth, cored black hole interiors.
In Sect. 5, we show that the field theoretic approach to
gravitation, connected to the Landau—Lifshitz pseudo
tensor for the gravitational field, becomes well defined
at the would-be horizons and hence everywhere, so that
allows to properly define the mass of the metric.
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2 Generalized Schwarzschild
and Reissner—Nordstrom metric

For smooth functions N(r) and S(r), we consider the
generalization of the Schwarzschild metric in spherical
coordinates r* = (¢, r, 0, ¢), un =0, 1, 2, 3,

- 1
ds? = —N28dt3 + §d7‘2 —r?dQ? = g, dridr”,

S=5-1, (1)

with d©Q = (df, sinfd¢). The Schwarzschild metric [1]
is described by N(r) =1, S(r) = 2GM/r; the Reissner
Nordstrém metric [2, 3] by N = 1, S = G(2M/r —
Q?/r?). The latter has an event (e) horizon and an

inner (4) horizon, where S(R. ;) =1 (S = 0). They are
located at

Reza(M+ \/M)
Ri=G(M- VM= @), Q=mpQ. (2

In our units h = ¢ = 1 and po = 4w, the Planck mass
is mp = 1/\/@

_ It holds that 0 < S < 1 in the outer space, so that
S < 0 there. Inside a core bounded by the inner horizon
R;, one has S < 1. In the Schwarzschild metric, the
inner horizon coincides with the origin, but this is a
special case. In the Reissner Nordstrom metric, S —
—oo for r — 0.

We have recently proposed a class of exact solutions
where S is regular with S ~ 72 for r — 0. The latter
property implies the presence of a finite core bounded
by an inner horizon R;. As in the Reissner Nordstrom
metric, the region between the inner and event horizons,
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termed the mantle, is a standard vacuum, described by
the Reissner Nordstrom metric with S > 1. In these
models one has N(r) = 1forr > R; and 0 < N <1 for
r < Rz

2.1 The Painlevé—Gullstrand observer

De één heeft meer in zijn mars dan de ander!

Dutch expression

One of the mysteries of black holes is that in its inte-
rior, from the event horizon to the inner horizon, the
roles of r and ¢ are interchanged. The reversed role of
r and ¢ in its interior is counterintuitive, and so is the
infinite redshift for signals from the horizon to a sta-
tionary observer at spatial infinity.

The first step to investigate the issue was made
by Painlevé in 1921 [4], and Gullstrand in 1922 [5],
actually intended to question the Schwarzschild solu-
tion. For completeness, we recall their approach. In
the Schwarzschild metric, they introduce a new time
coordinate by setting dtg = dtpes — +/(2GM /1) dr/(1 —
2GM/r), so as to obtain

2GM
ds” (1 ~ T) dt2,

2
— 24/ GM ———dtpedr — dr? — r2d02. 3)

This metric is regular except for r — 0, so that the
observer does not notice an event horizon. In integral
form one has tg = t,s —2GM{2y—log[(y+1)/(y—1)]},

where y = /r/2GM.

2.2 The ingoing Kerr-Schild observer

In this work, we follow the approach of Kerr—Schild [6]
to generate new metrics. We start by allowing in the
Kerr—Schild metric a dilated time dt — N (r)dtys,

ds? =N?(r)dtE, — dr? — r2dQ? — S(r)dk?(r). (4)
The one-form dk = k,dr" involves a null vector k,, viz.
gY kyky, = 0. The standard cases and their connection
to tg are

dk = k,drt = Ndtys + dr,
dts = dtys + A‘?gdr (iks), (5)
dk = k,drt = Ndtyxs — dr,

dts = dtys — 57 dr,

NG (oks) (6)

where ks stands for an ingoing Kerr—Schild observer
and oks for an outgoing one. Unlike (1), this is regular

The one is more capable than the other.
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also at S =1, § = 0. For the iks case, it reads

— r2d02.
(7)

ds® = —N?5dt2, — 2N Sdbiedr — (S 4 1)dr?

The inverse tks metric is coded in

S+1 S
Qv o 2
9000 = Ty O 2%

o = (ag, se‘%)' 8)

- 1
atksaT+Sa§ - 7285227

Indeed, k, is a null vector, k*k, = N2 g% 4+ 2N g% +
11
g =0.
The situation for the oks is obtained by setting dr —
—dr and 0, — —0,.

2.3 The ingoing smeared-horizon observer (sho)

The present work proposes a new class of observers, to
be called “smeared-horizon observers” (sho); the ingo-
ing ones are for some o > 0 defined by

SS
Abe = dt — —22___qr.
k N2 +52)""
o2 S
dts = dt + —2— 2y,
s=dt e NgY )

The latter form interpolates between Schwarzschild’s
stationary observer at infinity (o = 0) and the ingoing
PG observer (o — o). This observer still falls in, but
slower than the latter.

We shall take o constant, though it can actually be
a function of r.

The line element takes the form

ds? = —N?5a? — 22N TN grar
02452
_ 1 2
+(5—0? M —r2d0?, (10)
(02 4 52)
with g = det(g,,) = —r*N?s%. The inverse metric is
coded in
2 _ 5,201 g2
9,0 _ 0 250( —|—SZ+QS o
N (02 +S2)
2 o028 9
-~ 2+520tar+5’8 ——89 (11)

At any finite o, g, and g"” are regular, notably at
the would-be horizon(s) where S = 0. Taking o small
exposes Schwarzschild’s event horizon at an arbitrary
precision.
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2.4 Eigenbasis of the ingoing smeared-horizon
metric

The eigenvalues of ngVh in (10) are, next to Ay = —72
and A3 = —r2s§,
Ao = Ne 2%, A = —Ne?£, (12)

with £ defined by

(S+1)0t — 205~ NS

sinh 2L = ND)
2N (02 4 52) 2

(13)

Outside the BH core, one has N = 1 and S = 2GM /r—
GQ?/r?, so that L — GM/r at large r. In the limit
o — 0 one has sinh2£ — 1(N25? — 1)/NS, which
diverges at S = 0 and changes sign there; at small o,
these divergences are rounded. In that case, £ changes
sign at S = o2 + O(c?), which codes two locations in
the mantle, one beyond R; and the other below R..
The eigenvectors of the (0,1) sector of g,,,, are mixed,

(e*‘g, e, 0, 0)

(65, —e~¢,0, O)
JE

v/ e2€ + e—2¢

€p= €1 =

(14)

while e = (0, 0, 1, 0) and e3 = (0, 0, 0, 1). The param-
eter £ is defined by

2, &2
sinh 2& :%(sinh 2L'—N§)
0?2+ 52((S+1)o? — 2025 - 5% NS
- o028 ( 2N (02 4 S§2)2 2 )
(15)

These identities show that & = £ = $log(vV2+1) at
the horizons where N = 1, § = 1. Eliminating S in
favor of &, the line element (10) takes the form

_ap (egdt — e_ng)Q

2 _
ds® = Ne T
£ —£34)2
o (e5dr + e¢dt) oo
7N€ —628+e_28 —Tr dQ . (16)

Identifying this with the local Minkowski line element
de02 — det? — de?2 — de32?, one reads off d€? = rdd,
dé3 = rsgde and the more interesting ones,

£ -
o _pesdt—e7cdr
de® =V Ne T

& -£
1 resdr+e7cdt
A& = VN e" —m—rr- (a7)

The signs are such that in the exterior, where £ > 1,
dg0 ~ dt and dé ~ dr. For ¢ — oo one describes the
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Kerr-Schild observer; with N < 1 and S > 0, £ and
€ remain positive, making ¢ act as timelike coordinate
also in the interior.

For small o, there is a transition region which regu-
larizes the singularity at the event horizon. The regime
S < 0 applies to the outer space and also to the BH
core; in both cases, the prefactor 1/0? in sinh €& makes
& > 1 and hence d¢° ~ dt and d¢! ~ dr as usual. In
the mantle, the opposite case S > 1 involves sinh & < 0
and £ < —1, so that there is the switched connection
between ¢ and r, d€® ~ —dr and d¢! ~ dt, known from
the interior of the Schwarzschild BH. The width of the
transition region is AS ~ ¢2. For small o, one can ana-
lyze the transition by coding r in a parameter A such
that

S =(1- Nsinh\)o® + O(o?), (18)

This yields sinh 26 = sinh 2L+ O(0?) = sinh A+ O(o?).
In the absence of surface layers, N = 1 at the event and
inner horizon, whence r reads

+w

rO) = GO +w)| 1+ 2% (b A — 1)02 + O(oh)

(19)

where w = +v/M? — Q2 with the + (—) sign at the
event (inner) horizon. Starting inside the mantle near
the event horizon and going outwards, A increases from
negative to positive values, with the event horizon S =
0 located at A\. = In(v/2 + 1). Related behavior occurs
around the inner horizon.

2.5 Outgoing shells in the frame of the ingoing sho

An outgoing spherical shell for a massless field involves
de0 = det, that s,

dr  sinh(€ - L)
dt ~ cosh(E+ L) (20)

This vanishes at the inner and event horizons where £ =
L. With N = 1 outside the core, the large r behaviors
L — GM/2r and sinh2€ — (1 + o?)r/2GMo?, imply
dr/dt — 1 —2GMa?/(1 + o?)r, an outgoing motion.

Equation (15) shows that the crossing £ = £ occurs
at the would-be horizons R; . where S = 1. Setting
te = —1/5'(R.), the relation

cosh(E+ L) €L

sinh(€ — L) & — L/

|r — Re|
V2t

leads for > R, to r — R. ~ exp(t/2t.) and for r < R,
to Re—r ~ exp(t/2te). The passing of the event horizon
occurs for ¢t — —oo. Near the inner horizon, we set
t; = 1/S'(R;) and obtain likewise r — R; ~ exp(—t/2t;)

dlog|€ — L|~ 2t. dlog (21)
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and for r < R; to R; —r ~ exp(—t/2t;); the passing
occurs for ¢ — +00. In the mantle, ¢ decreases when r
increases.

Let us apply this to the Schwarzschild metric (S =
2GM/r and N = 1), employ units 2GM — 1, so that
te — 1, and define 7 = r — 1. One has

el = (r— 1)2 el

o o?r+7  log(o?r? +77%)
= t _
f(r) r+02+1arc an —— 2071 1)
(22)

It keeps the Schwarzschild singularity ¢ ~ |log 7| for the
time to go from a point 0 < r — 1 < 1 just outside of
the event horizon to a location well away.

Including a charge @, the adimensional units express
S =2GM/r — GQ?*/r? as S = 1/r — ¢®/4r? with ¢ =
mpQ/M. Tt yields

1-1¢? T —Te
2°_log +log[(r —re)(r —ri)] | + At,
T

t_”%(m -

¢' — 8¢, + A+ )2 — 167 log(r — 1)

4
At =R
j; —q2+2(2+¢?)r; — 121"]2 +8(1+ 02)7“? 8
(23)

where . ; = (1£+4/1 — ¢?) denote the event and inner
horizons, respectively, and the r; are the 4 complex
roots of §2 4+ 02 = 0. Since they arise from S = +io,
they take the explicit forms

1+/1— @1 +i0)
2(1 +io)
1+ /1- (1 —i0)
3,4 = °o01 —io)

T1,2 =

(24)

Since 73 4 = 17 o, it follows that At = 2R(At + Ato)
with

:F[u 1—q2(1+i0)]2

’ 8(1+i0)y/1 —q%(1 +io0)
— 2 i
10g<r—1i 21(14:]ic(71)+ )> (25)

It is seen that t keeps logarithmic divergences for signals
emitted close to 7¢ ;. As above for ¢ = 0, the effect of
a finite o is to double their prefactor. In other words,
for 0 — 0, At absorbs half of the logarithms of the first
line in (23). But at finite o, At itself is regular for all
real 7.

In conclusion, in the description by the ingoing sho,
it takes infinite time for the shell to emerge from the
BH. This stems with the popular statement “nothing
can escape from a black hole”.

@ Springer
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2.6 Ingoing shells described by the ingoing sho

An ingoing spherical shell for a massless field involves
de0 = —d¢!, that is,

dr _ cosh(€ — L)
&~ smh(EF L)’ (26)

which is finite for £ = £, that is, at the horizons. Inte-
grating this for the Schwarzschild metric yields

o?r+7 log(o?r® +1?)
2(c2+1)
(27)

t=—r-+ arctan

o
o2 +1

This remains finite as t ~ log 1/0 for r — 1, so the ingo-
ing massless shells are observed to go quickly through
the event horizon. For the charged case, it involves At
of Eq. (23),
t=—r+ At (28)
Compared to the outgoing case (23), next to r — —r,
the explicit logarithms disappear, while the root sum is
maintained.
In conclusion, for the incoming sho, incoming shells

only need a finite time to pass the event horizon: for
that process, no event horizon is noticed.

3 The outgoing smeared-horizon observer

So far, we considered the ingoing PG observer. The out-
going PG observer relates formally to the Schwarzschild
observer by r-reversal in going from (5) to (6), so that

dts = dtks — i—d’l"

s (3.29)

Correspondingly, there is a sign change in the shift term
in (9).

SS
dte = At + ——22_dp,
I TP ay td
o2 S
dts =dt — —2 2 _qp. 3.30
S 2+ 52 N5 (3.30)

The latter form interpolates between Schwarzschild’s
stationary observer at infinity (0 = 0) and the outgoing
KS observer (o — o0).

The reversed role of ingoing and outgoing motion cor-
responds to time-reversal, and turns the black hole into
a so-called white hole. In the exterior, dr/d¢t > 0 leads
to time delay dtg/d¢t > 1. In the Schwarzschild inte-
rior, increasing time-like coordinate r corresponds to
increasing time.
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With dr — —dr and fixing the overall sign such that
eo — (1,0,0,0) and e; — (0, 1, 0, 0) for large r, the
eigenvectors (14) become

_(e5e7%,0,0) (€78, €5,0,0)
O e r e VT oo
(3.31)

with £ again defined by (15). This leads to

£ —£
0 _pesdt+e cdr
d¢® =VNe T

—e&dt + efdr

1 _ L
et =VNe BV =t

(3.32)

In the exterior, one has N =1 and £ > 1 for small o,
so that d§y = e #dt and d¢; = e“dr, as usual; in the
mantle £ < —1 so that d§y = e~ “dr and d¢; = —e“dt;
and in the core dy = vV Ne £dt and d¢; = Vv Nefdr.
Outgoing shells are described by d¢; = d&p, so that

dr  sinh(£+ &)

dt ~ cosh(£ — &) (3:33)
and ingoing ones by d¢; = —d&y, so that
dr smh(ﬁ—f,’)' (3.34)

dt — cosh(L + &)

Apart from an overall sign, this coincides with (20).
Hence ingoing shells, described by the outgoing sho,
take infinite time to pass the horizon. Outgoing shells,
on the other hand, only take a finite time, since (3.33)
is regular.

4 Exact solutions for the black hole interior

A class of exact solutions for the BH metric, which is
regular everywhere in the core, was proposed recently.

4.1 The stress energy tensor for the sho

For general N, S and o, the Einstein tensor has the
nontrivial elements

S +rs’
0 _
Go— 7'2 5
S+rS  2N'S
1
Gl = r2 + rN "’
0 —202N'S
Gi= =@ aan
rN2%(02 4 5?)
28" +rS" N'25+3rS" N” _
2 _ 3 _ N N
Gr=0Gs= 2r +N 2r _‘_NS7
(4.35)
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with G%3 = G% due to spherical symmetry. In the
Schwarzschild case o = 0, G*, is diagonal; a value ¢ > 0
does not modify these elements, but creates the G9 ele-
ment provided N’ # 0. This represents a radial energy
current for the smeared-horizon observer falling in onto
the static energy distribution.

We express the stress energy tensor in terms of a
local cosmological constant py, an electrostatic energy
density pgp and thermal matter with velocity vector
Ut = 6/NV—S and stress energy tensor T, =
(py + po)UHU, — pyd*, involving an energy density py
and isotropic pressure py. The full stress energy tensor
reads

Tuy = (pA 7p19)5ﬂu + pECHL/ + (,019 +p19)U#UI/a
et = diag(1, 1, -1, -1). (4.36)

The Einstein equations G*, = 8tGT*, express the coef-
ficients of (4.36) in the functions N and S,

_ 25 +4rS' +r28" ﬁ’45’+37’5’ M S
PA = T 300G N 327Gr | N 167G’
(4.37)
B 28 — 28" 7&’ 35’ 7N7” S
PE= "39xGr2 ~ N 327G N 162G’
(4.38)
N'S
0y = ————— 4.39
po ArGrN’ (4.39)
where
_ -3 _ +
p)\EpA+p194pﬂ7 PEEPE+p194p197
po = po + Po- (4.40)
They combine as
S +rS’
Ptot = Px + PE + py = Bl (4.41)

While Uy = 1/U° = NvV-S for any o, U =
—028/(0% + 5§2)v/—S connects the radial energy cur-
rent 7% = G, /87G from (4.35) to the thermal mat-
ter by TO1 = ﬁﬁUOUl. Indeed, the p) and pg terms of
(4.38) are proportional to the unit matrix in their (0,1)
sectors, evidently for all o. Hence the energy current
relates to the real, thermal particles; not to vacuum or
electrostatic energy.

The electrostatic potential reads A, = 87 A(r). Con-
servation of the Maxwell tensor F),, = éuAl, - 0,A,
leads to

, N2 All ,
= (55 - ) -
(4.42)

@ Springer



3524

With electric field E(r) = —A{/N and source JV =
84 pg/N this implies
;2
E'+ ;E = [10Pq- (4.43)

Taking pg = 4m, as usual in gravitation, this has the
solution

Q(r) =4r /OT du u2pq(u)&4 "

So Q(r) is the enclosed charge. The related energy den-
sity is

B Q)
pE = — = 1
2p0 8mr

(4.45)

Notice that the connections (4.44) and (4.45) are just
as in special relativity.

Assuming that py, pq, ps and py vanish in the mantle,
our task is to provide their physical meaning in the core
r < R;, for suitable functions N, S.

4.2 A class of exact solutions

We recently presented an exact solution for a charged
black hole core r < R; [7]. Here, we recall it and then
consider it for the smeared horizon observer.

The basic motivation is that in the stellar collapse,
electrons are more easily ejected than protons, so that
the black hole is positively charged. Since the Coulomb
force is much stronger than the Newton force, the frac-
tion of surplus charge needs only be of order my/mp ~
10719, The binding energy of the nucleons is released
when their density is large enough. The rest mass of
the up and down quarks and the electrons makes up
only 1% of the energy; when it is neglected, the prob-
lem allows an exact solution with NV = 1, corresponding
to a vanishing matter temperature and neglect of rest
masses.

Consider a core charge @ .be distributed as

T
Q(r) = ¢iFy (R) =mpR; q; Fy(x),
% _ "

(4.46)

with F, = lfor x > 1. This generates an electrostatic
energy density

_ QM) _ mp ¢ F(@)
PE = gt ~ 8rR? ozt (447)

The solution for S(r)which goes from 0 at » = 0to 1 at
R;, is given by

Sele) 14 L) - ),
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J(x) = /Owdy(yl3 - 3313) Figy)

with 0 < z < 1. The integrals are well behaved when
the charge density p, is finite at r = 0, so that F,(y) ~
y3 for y — 0.

The solution rests on the insight that the zero point
energy density of the quantum vacuum can act as a zero
point battery or zero point storage, and locally absorb
the energy density

(4.48)

25+ 4rS" 428" 5 3
- saGer YT iyan,

1
dzx
0

For continuity with the vacuum, this must vanish at R;,
which fixes ¢;. It holds that s; = R;S'(R;) = ¢? — 1,
which should be non-negative at this first crossing of
S =1 starting from S =0 at r = 0.

Continuity s; = s = R;S"(R}) = 2(M.R./¢? — 1)
sets

Px

(4.49)

Qc o qu QGMC

M, 1+¢ " 1+¢F

(4.50)

With s; between 0 and 2, Q./M. ranges from %\/?; to 1,
that is to say, from quite charged to maximally charged.

It has been put forward that surface charge layers
may be present on the outer side of the inner and event
horizons [7].

The same idea of a nonuniform vacuum energy com-
bined with electric fields has been applied to dark mat-
ter [8].

4.3 The exact solutions for the smeared-horizon
observer

The connections (9), (3.30) lead to the transforma-
tion from 7§ to 74, given by ork/orY, = 6", + adls,,
with the inverse ort, /or§ = 6%, — adld., where a =
+029/(0% + S?)NS. The Einstein tensor transforms

as G, = (ort, JorE)G", (9r§ /orY,), which coincides
with the diagonal G*, tensor of the Schwarzschild case,
and contains an extra term GY, | = o(G% — GY,), con-
sistent with (4.35).

The class of exact solutions of Sect. 4.2 involves
N(r) = 1 and hence G% = G, so that the G% term
does not show up. But when py and py are nontrivial,
so is G%. This relates already to the situation where
thermal matter still involves a temperature T' = 0, but
the rest masses of the up and down quarks and elec-
trons are accounted for. They bring deviations at the
percent level, as shown in a numerical approach [7].
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5 Einstein gravity as a field in flat space
time

The aim of the present section is to consider the mass
of the regularized metrics of previous section. When
the stress energy tensor TH" is integrated over space,
the conservation 7"/, = 0 does not lead to a conserved
quantity. This led Landau and Lifshitz to derive their
pseudo tensor 7#¥ representing the energy momentum
tensor of the gravitational field itself [9]. However, it
does not transform as a tensor. It has been pointed
out that it becomes a proper object provided it is eval-
uated in Cartesian coordinates and transformed from
there [10, 11]. This approach is based on an underly-
ing Minkowski space time, in which Noether’s theorem
assures a properly stress energy tensor.

5.1 General approach

Gravitation can be described as a field (a “pudding”)
in a standard Minkowski space, so that fits naturally
with the matter fields in the standard model of particle
physics. We consider Cartesian and spherical coordi-
nates,

do? = Nuwdztde” = v, drtdr”, o =(t, x, ¥, 2),

lr“ = (t7 r? 97 ¢);
Nuv = dlag(la _17 _la _1)7
Y = (1, =1, =17, —r?s3), (5.51)
and, for some metric g,,, the Riemann metric
ds? = g, dridr. (5.52)

With g = det(g,,,) and v = det(7,,), the combinations

- gg;w

%
) kuw =\ = 9w 5.53
! ’ \/; o (5.53)

act as tensor fields in flat space time. This also applies

to the mantle of the BH, which for the Schwarzschild

metric is the full interior, even though the role of phys-

ical time is played there by the radial parameter r.
One can define the “acceleration tensor”[11]

1

AN = o (KR — e R7) (5.54)

:af’

where the column denotes covariant differentiation in

flat space with its Christoffel coefficients #, , vanishing

for Cartesian coordinates. The Einstein equations take

the form

A = grger,  em =T g -9

Y Y
(5.55)

OH is conserved in Minkowski space, ©*,, = 0; this
condition coincides with 7", = 0, the conservation of

(T + ).
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T in Riemann space. By eliminating T*” with use of
the Einstein equations G*¥ = 8rGTH", one gets

8T GO = A — %G“”, BTGt = gA*“’ — G

(5.56)

This expresses t* in terms of the metric alone. It can
be verified that the second order derivatives drop out,
together with certain first-order derivatives, so that
there remains only a bilinear expression in first order
derivatives,

1 1 1
pwv = v g xp  Lpp pup
= 87rG<2k AR Zk AR

1 6 LN LUA 1 R IR
—I—ik‘/\;\k‘””k‘ ok — ik/\;\k““k f’ﬂk »

1 . ; 1 Lo ¥
_51‘5,\5\]5’/”]{3”:)}]{/\{)9 + Zk,\xkppkwkwk/\:pgk)\:pp

1 i v LA 0
_gk,\}\kpﬁk” k"7k :ukpl:)p

1 5 1 . s
F TR ARG, — SRk kR,
1

+16

N Xk:ppkadm}akpffd) . (5.57)

The fact that all second order derivatives could be col-
lected in A,, arrives from absorbing the square-root

factors in k** = \/g/v g"".
In this field, theoretic approach in Minkowski space,

it is natural to identify t*” as the stress energy ten-
sor of the gravitational field. In Cartesian coordinates
it coincides with the Landau Lifshitz pseudo tensor.
This clarifies its role: the Landau Lifshitz approach is
correct in Cartesian coordinates; from them one can
transform the results to any other coordinate systems.
In the above approach, this is guaranteed by the covari-
ant derivatives in flat space. The material stress energy
tensor in Minkowski space is (g/v)TH".

In the above cases, the determinants of the metrics
are v = —r's2 and g = —N?rs, which implies k" =
NgH”. The mass (energy) of the metric is

AOO

E= d3ry/=70% = / dB3rrsing —,
R3 R3 &G

d®r = drdfde. (5.58)

For the Friedman metric in cosmology, it follows [11]
that ©% = 0, so that, loosely speaking, “it costs no
energy to create a universe”. This is the ultimate free
lunch, more ultimate than the effect of the cosmological
constant (dark energy, inflation) alone, for which the
energy cost is known to be compensated by the gain of
work. Indeed, ©% = 0 holds also in the radiation and
matter phases.
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5.2 The mass experienced by the smeared-horizon
observer

General relativity allows various identifications of mass,
in particular the far-field mass experienced by a New-
tonian observer. But a complete theory must deal with
the near field and behaviour in the interior, and show
that all is well there—if it is. As we demonstrate now,
this goal is reached for our class of smooth exact solu-
tions observed by the smeared horizon observer.

For the metric (10), ©% is equal for the ish and osh,
reading

600 ZUG(S—H“S’)+U4[S(S—3)§—77“S”(352+25—3)]
8nGr2(o? + 52)3

B 30252(SS—rS") + S*H(SS—rS’)

87Gr2(o? + 52)3 ’

(5.59)

independent of N. It is seen that o regularizes the 1/52
term, that is, the poles at the horizons. The other non-
trivial elements of ©#,, which is diagonal, are indepen-
dent of o,

_ NN(TS/ +S) +2rN'S

@1
1 8w Gr? ’

622 = 933

_ N2(r8"+428")+2rN'25+2N(rN"S+N'(1+25+2rS"))

67Gr
(5.60)

The Einstein equations yield for the material (non-
gravitational) energy density

w0 02+ 5+05°S
© 81GriN2(o? + §2)2

(02— S)(S +7rS").
(5.61)

The gravitational energy density t°° = %0 /N2 — 700
is proportional to 1/N?and reads

tOOZ— g55:S/ S(S2+S)+T£§2—7S)S/Sg
2rGrN2(S? + 02)3 8mGr2N2(S2? 4 02)2
S(S*+5)+r(8* =985 1485 +rSs
4rGr2N2(S? 4 02) 8nGr2N?

(5.62)

The definition of ©*” imposes that ©° is a total deriva-
tive. Indeed,

1 d04—2025’—53ﬁ

@OO _ el -
drr2dr (02 +52)2 2G°

(5.63)

It leads to the integral

o*— 2025 - 83 ﬁ
(02 +52)2 2G’
(5.64)

PO(r) = / drdnr? 0% =
0
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The origin » = 0did not contribute, since S ~ 72 in

our regularized approach. Actually, the r — 0 value
of (5.64) vanishes even in the Schwarzschild case S =
2G M /rand the RN case S = 2GM/r — GQ?/r?.

The important finding is that the quadratic divergen-
cies of (5.63) in the o = 0 case, at the S = 0 locations
of the inner and event horizons, are regulated by any
finite o, so that there is no longer a nasty “integration
across the poles”.

With regularized S(r) — 0 at r — 0, the mass is
E = P%(c0); since S = 2GM/r — GQ?*/r? for r > R.,
this yields

E = M for all 0. (5.65)

For the Schwarzschild metric, the mass M is in the field
theoretic approach determined by the gravitational field
alone, since T% = 0 implies that its energy density
equals t%° = ©% while the singularity at » — 0 is put
under the rug. In terms of 7 = r/2GM it reads when
regularized by o

400 _27—1-3(2402)72+2(24302420%)73 — (14302 +20%)74

(87Gr2) [(F—1)2+0272]3
1L df (F=-1)2+207 _
i =DM

T a2 dr (- 1)2 + 0272]

(5.66)

That the integral is regular and finite, yielding M as it
should be, cannot hide that ©° and t°° have an 1/r?
divergence at the origin, pointing at singular behavior
of the Schwarzschild metric.

Equations (5.63), (5.61), (5.62) and (5.66) show that
the smeared horizon observer encounters for small o a
smeared, non-sharp horizon, and only a true one when
the limit 0 — 0 is taken first. The mass is thus well
defined and takes the far field value M for any finite
value of o.

6 Outlook

The class of smeared horizon observers which are
introduced in this papers allow for a complete and
singularity-free description of black holes. On one hand,
the exact solutions of Ref. [7] have been carried over
without effort to these new observers; on the other
hand, their singularities at the inner and event hori-
zons in the field theoretic description of gravitation, get
smeared, so that the energy density is finite everywhere
and the mass of the black hole well defined.

These smeared horizon observers keep some peculiar-
ities: for the ingoing observer, infalling shells cross the
horizon in a finite time, but outgoing shells need infinite
time. For the outgoing observer, outgoing shells emerge
in finite time, but infalling ones need an infinite time.

This puts forward the possibility to see matter falling
into the core of a black hole in a finite time by an ingo-
ing smeared horizon observer; when this shell is next
repelled by exerting some force on it, and made to go
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outwards, and, likewise, the observer is modified into
an outgoing smeared horizon observer, he is capable to
see the shell emerging in a finite time. A perhaps sim-
pler setup is to investigate, for this type of observation,
the geodesic motion of a point particle which enters the
black hole mantle and next the core, turns around the
origin, and goes out again.

Another open question is the form of Hawking radi-
ation for smeared-horizon observers.
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