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Abstract We present and discuss two exact, but perhaps unfamiliar, representations of thermal radiation.
The first has the form of a superposition of the quantum vacuum and a stochastic classical field and the
second is the pure-state thermofield representation introduced by Takahashi and Umezawa. It is interesting
that the former is, essentially, the opposite of Planck’s original conception of blackbody radiation.

1 Introduction

The blackbody field has played a crucial role in the
development both of quantum theory and thermody-
namics [1–3], and it is both natural and timely to return
to it in connexion with recent developments in quan-
tum thermodynamics [4, 5]. In this paper, we address
the mathematical representation of the blackbody field
within quantum theory. That distinct representations
exist as a consequence of the fact that mixed states,
like the state of each field mode in blackbody radia-
tion, can be thought of as arising from any of numerous
equivalent but nevertheless distinct ensembles.

It is the simplest to consider, first, the state of a
single discrete electromagnetic field mode in a thermal
state with inverse temperature β = 1/kBT , where kB is
Boltzmann’s constant. We can represent this state by
the density operator

ρ̂ =
e−βĤ

Tr
(
e−βĤ

) =
(
1 − e−β�ω

) ∞∑
n=0

e−βn�ω|n〉〈n|,

(1)

where ω is the angular frequency of the mode and |n〉 is
the photon-number eigenstate with n photons present.
We can consider this state to represent an ensemble
of identically prepared modes, with each prepared in
a photon number eigenstate with corresponding prob-
abilities e−βn�ω

(
1 − e−β�ω

)
. This is often a useful and

convenient idea and appears regularly in texts on quan-
tum optics [6–8] and open-system dynamics [9].

Using the density operator formalism for continuum
fields has its problems, the most straightforward of
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which is the fact that it is not possible to normalise
the state. Thus in field theory, an alternative approach
is favoured. This is based on the similarity between the
Boltzmann factor, e−βĤ , and the time-evolution opera-
tor, e−iĤt/�, which suggests identification of the inverse
temperature with an imaginary time [10–12]:

t = −iβ� . (2)

To determine thermal properties, we can deform an evo-
lution path integral into the complex t plane and apply
methods familiar from quantum field theory.

Here we present two alternative representations of the
blackbody field. The first is based on idea due to Mollow
[13], that there exists a quantum state of the electro-
magnetic field that corresponds to a superposition of a
classical (c-number) field with the quantum (operator)
field. The second, thermofield representation [14–18],
was primarily designed for use in quantum field theory.
It replaces the thermal (mixed) state by an entangled
pure state in a doubled state space. Each of these rep-
resentations provides new insights into the physics of
quantum systems interacting with thermal radiation.

2 The vacuum picture

The vacuum picture, introduced by Mollow [13], derives
from the fact that a coherent state is related to the
vacuum state by means of a unitary transformation. We
follow, here, the analysis by Pegg [19] and, for simplicity
and brevity, consider just a single discrete field mode,
with annihilation and creation operators â and â†. The
requisite transformation has the form [6–8, 20, 21]

|α〉 = D̂(α)|0〉 = exp
(
αâ† − α∗â

)|0〉, (3)
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where α is a complex amplitude.
To proceed, let us consider the interaction between

a single atom and a single (near-resonant) mode of the
electromagnetic field. Such a simple situation can be
realised in the laboratory using the techniques of cavity
quantum electrodynamics [22]. The Hamiltonian for the
coupled atom-field system in this simple case has the
form

Ĥ = ĤA + �ω

(
â†â +

1
2

)
− d̂ · Ê(r), (4)

where ĤA is the Hamiltonian for the freely evolving
atom and ω is the angular frequency of the single cav-
ity mode. The coupling is of the electric–dipole form,
with d̂ being the dipole–moment operator for the atom
and Ê(r) being the electric field operator for the cavity
mode at the position, r, of the atom:

Ê(r) = E0(r)â + E∗
0(r)â

†, (5)

where E0(r) is a function that depends on the geometry
of the enclosing cavity.

To proceed to the vacuum picture, we first transform
to an interaction picture [8] in which the time depen-
dence of the field is associated with Ê. This has the
effect of removing from the Hamiltonian the term asso-
ciated with the freely evolving field. We find

Ĥ ′ = ĤA − d̂ · Ê(r, t), (6)

where

Ê(r, t) = E0(r)âe−iωt + E∗
0(r)â

†eiωt. (7)

The description of the coupled atom–field system is
completed by the choice of an initial state of the atom
and of the field, which we take to have the uncorre-
lated form |ψA(0)〉|α〉. We arrive at the vacuum pic-
ture by applying to this initial state the unitary oper-
ator D̂−1(α) = D̂(−α), which leaves the initial field
state as the vacuum. The transformation is completed
by applying the corresponding transformation to the
electric field operator:

Ê(r, t) → D̂−1(α)Ê(r, t)D̂(α) = Ê(r, t) + E(r, t),
(8)

where

E(r, t) = E0(r)αe−iωt + E∗
0(r)α

∗eiωt (9)

is the c-number electric field. Equation (8) embodies the
key idea in the vacuum picture, in that the full electric
field is this picture is a superposition of a classical field,
E(r, t), and a quantum field Ê(r, t), with the corre-
sponding state of the quantum field being the vacuum.

This means that we can write our final Hamiltonian in
the form

Ĥ ′′ = ĤA − d̂ · Ê(r, t) − d̂ · E(r, t), (10)

in which there are now two interaction terms: the first
induces a coupling between the atom and the surround-
ing vacuum field and the second couples the atom to the
classical driving field.

The representation of a laser field as a c-number field
superposed with the full multi-mode vacuum was the
key idea behind Mollow’s approach [13]. The classical
field in this case drives the excitation of the atom and, if
it is strong enough, also Rabi oscillations. The coupling
between the atom and the quantum vacuum results
in spontaneous emission by which the atom fluoresces.
The idea has been applied also to cavity quantum elec-
trodynamics to investigate the origin of the quantum
collapses and revivals in the evolution of the atomic
inversion in the Jaynes–Cummings model [23] in which
a single atom interacts with a single resonant cavity
mode.

Finally, we note that there is nothing in our analysis
that is specific to a single discrete cavity mode and it
follows that the same idea, of superposing a classical
field with the vacuum, can be applied both to multi-
mode problems and also to continuum fields.

3 The thermal vacuum picture

We can extend, to thermal states, the idea from the
preceding section by introducing a distribution of pos-
sible coherent state amplitudes. This means treating
the state as representing an ensemble of amplitudes, α,
for the classical fields with the associated probability
distribution

P (α) =
1

πn̄
exp

(
−|α|2

n̄

)
(11)

rather than the single value of α considered in the pre-
ceding section. Readers familiar with the rudiments of
quantum optics will recognise this as the Glauber P-
function for a thermal state of a mode with mean pho-
ton number n̄ = (eβ�ω − 1)−1. Indeed we can write the
density operator for this state in the form [8, 20]

ρ̂ =
∫

d2αP (α)|α〉〈α|. (12)

From this we can calculate the ensemble average of
properties of the field mode [8]. For example, the first
and the second moments of the photon number are

〈â†â〉 =
∫

d2αP (α)|α|2

= n̄ (13)
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〈(â†â)2〉 = 〈â†2â2〉 + 〈â†â〉
=

∫
d2αP (α)|α|4+n̄

= 2n̄2 + n̄. (14)

Yet the situation in the vacuum picture is different.
Here we envisage the quantum state of the mode to be
the vacuum state and for the full electric field to be a
superposition of the electric field operator for the mode,
with a classical field with amplitude α drawn from an
ensemble with probability distribution P (α).

It is interesting to ask what insights the thermal vac-
uum picture might offer, as the results of any calcu-
lation must coincide with those found with any other
representation of the field. We consider three phenom-
ena for blackbody fields and examine the interpretation
of these. The first is Einstein’s famous observation that
the fluctuations in a blackbody field appear to have
both wave and particle contributions [24, 25]. For our
single-mode thermal state, this corresponds to the fact
that the variance in the observed photon number in the
mode is (from Eqs. (13) and (14))

Δn2 = n̄2 + n̄. (15)

We can associate the first contribution with wave fluc-
tuations and the second with the shot noise familiar
from counting particles, so this variance exhibits both
wave and particle characteristics. We can check this in
our vacuum picture, as we have precisely a superpo-
sition of a classical wave and quantum contributions.
One problem needs to be addressed, however, and this
is that we do not have a photon description for our
classical part of the field. We can address this by con-
sidering the fluctuations in the local energy density of
our single field mode. We find

Δ(E2
Tot(r)

2) = Δ(E2)2 + 4〈E2〉〈0|Ê2|0〉 + Δ(Ê2)2

= 8|E0|4
(

n̄2 + n̄ +
1
4

)
. (16)

The origin of the contributing terms in the vacuum pic-
ture is at once clear: the n̄2 term arises solely from
the fluctuations in the c-number, classical, part of the
field and so may very reasonably be associated with
the wave properties of the field. The n̄ term arises from
both the classical and the quantum parts of the super-
position and, indeed, may be thought of as arising from
the interference between these. We note that a simi-
lar interference occurs in the technique of homodyne
detection used to detect optical squeezing [7]. The final
term arises from the quantum fluctuations of the vac-
uum state. Had we analysed the fluctuations in terms of
a photodetection experiment, only the n̄2 and n̄ parts
of this would have appeared [21, 26, 27].

Our second phenomenon is the absorption and emis-
sion of radiation by an atom immersed in a blackbody
field. Here we identify three fundamental processes:

absorption, stimulated emission and spontaneous emis-
sion. The rates for the first two of these are governed by
the Einstein B coefficients, whilst the last one is deter-
mined by his A coefficient. It is common to see absorp-
tion and stimulated emission treated within a semiclas-
sical theory, in which the atom or molecule is treated
quantum mechanically but the field is described classi-
cally. The A coefficient can then be derived later within
the fully quantum theory [7]. Our vacuum picture
(which is fully quantum) demonstrates why this is pos-
sible: the absorption and stimulated emission processes,
in this picture, arise from the interaction between the
atom and the classical component of the superposed
fields. The vacuum component cannot induce absorp-
tion and gives rise only to the spontaneous emission,
that part of the emission that occurs even in the absence
of the blackbody field.

Finally, we turn to consider the question of the coher-
ence of the blackbody field. In the quantum theory of
coherence, the observed phenomena depend only on
normally ordered moments of the field and it follows
necessarily that, in the vacuum picture, the quantum
part of the superposed fields does not contribute and
we need only consider the classical contributions. These,
as we have seen, are determined by a Gaussian random
process and we need only evaluate these. For the first
two non-trivial moments we find

〈Ei(r, t)〉 = 0

〈Ei(r, t)Ej(r, t + τ)〉 = δij
2�

3ε0π2c3

(
π
4 1 + 2cosh2(πτ/�β)

(�β)4sinh4(πτ/�β)
− 3

τ4

)
.

(17)

In modelling the interaction between a blackbody field
and matter, it may be that separating out this fluctuat-
ing classical field from the quantum vacuum field may
simplify the analysis as well as providing fresh insights
into the phenomena arising.

4 Historical interlude

It is interesting to compare the physical picture of
blackbody radiation provided by the vacuum picture
with that provided in earlier treatments. In particu-
lar, there is an interesting comparison to be made with
Planck’s early thinking on the topic. In his famous 1900
paper, he wrote the following [28].

Let us consider a large number of monochromatically
vibrating resonators—N of frequency ν (per second),
N ′ of frequency ν′, N ′′ of frequency ν′′,..., with all N
large numbers—which are at large distances apart and
are enclosed in a diathermic medium with light veloc-
ity c and bounded by reflecting walls. Let the system
contain a certain amount of energy Et (erg) which is
present partly in the medium as travelling radiation
and partly in the resonators as vibrational energy. The
question is how in a stationary state this energy is dis-
tributed over vibrations of the resonators and over the
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various colours of the radiation present in the medium,
and what will be the temperature of the total system.

To answer this question, we first of all consider the
vibrations of the resonators and assign to them arbi-
trarily definite energies, for instance, and energy E to
the N resonators ν, E′ to the N ′ resonators ν′,.... The
sum

E + E′ + E′′ + ... = E0

must, of course, be less than Et. The remainder
Et − E0 pertains then to the radiation present present
in the medium. [My bold.] We must now give the dis-
tribution of the energy over the separate resonators of
each group, first the distribution of the energy E over
the N resonators of frequency ν. If E [the energy of the
resonators] is considered to be a continuously divisible
quantity, this distribution is possible in infinitely many
ways. We consider, however—this is the most essential
point of the whole calculation—E to be composed of
a very definite number of equal parts and use thereto
the constant of nature h = 6 · 55 × 10−27 erg sec. This
constant multiplied by the common frequency ν of the
resonators gives us the energy element ε in erg, and
dividing E by ε we get the number P of energy ele-
ments which must be divided over the N resonators. If
the ratio is not an integer, we take for P an integer in
the neighbourhood.

It is by no means easy to follow, after more than 100
years, precisely the line of Planck’s reasoning [3], but
it seems to be clear that Planck was, in effect, quan-
tising the energy of the material medium (resonators)
in equilibrium with the radiation field and leaving the
remaining energy, Et − E0, available for the electro-
magnetic field. Other interpretations are certainly pos-
sible, but this at least suggests, in modern terms, some-
thing closer to what we refer to, today, as semiclassi-
cal theory in which the matter is quantised but the
field is treated classically. Our vacuum picture, which
is an exact representation, is essentially the opposite of
this idea: it describes blackbody radiation as a super-
position of the, inherently quantum, vacuum state of
the field together with a Gaussian random c-number
(classical) field, such as would be generated by clas-
sical currents in the matter comprising the source of
the radiation, where Planck seems to have conceived of
quantised matter as a source of a continuously varying
(classical) field, we have arrived at a picture that is con-
sistent with classical (noisy) matter superposed with a
quantum electromagnetic field.

5 Thermofield representation

A second, but very different, pure-state representation
of a thermal state is provided by the thermofield vac-
uum state, which is a pure state in a doubled state
space designed to give rise to thermal statistics in the
original space [14–18]. This is possible because the pure
state is an entangled state of the original system and

the additional system (referred to as a fictitious system)
so that the reduced density of operator for the original
system is mixed. The idea is most simply conveyed by
reference to the specific example of a single field mode,
spanned by the number states {|n〉}. To these we add
a second fictitious (tilde) oscillator with number states
{|ñ〉} and write the thermofield vacuum state as

|0(β)〉 =
(
1 − eβ�ω

)1/2
∞∑

n=0

e−nβ�ω/2|n〉|ñ〉. (18)

The orthogonality of the number states means that the
expectation value of any operator acting only on the
state space of the original mode will have the same value
as that for the thermal density operator, Eq. (1).

The reader may have noticed that the thermofield
vacuum state is identical to the two-mode squeezed
state generated from the two-mode vacuum state by
means of the Bogoliubov unitary transformation [8, 17,
29]:

(19)

T̂ (θ)|0, 0̃〉 = exp
(
θ(â†ˆ̃a† − ˆ̃aâ)

)
|0, 0̃〉

= sechθ

∞∑
n=0

(tanhθ)n|n, ñ〉 .

The thermofield a vacuum state and the two-mode
squeezed state have the same form if we require tanhθ =
e−β�ω/2.

Before discussing the features of the thermofield rep-
resentation, a short historical digression is in order.
Takahashi and Umezawa were not the first to spot the
connexion between the pure state, Eq. (19) and single-
mode thermal averages [6, 30], but they were, to the
best of my knowledge, the first to make systematic use
of this fact. The representation of the thermal state by
an entangled state in a doubled space can be extended
to apply to any mixed state of any quantum system
[31]. When this idea was rediscovered in the context
of quantum information theory, it became known as
purification [32, 33].

The power of the thermofield technique derives from
the fact that it is related to the two-mode vacuum state
by means of a unitary transformation. This means that
thermal expectation values can be reduced to the form
of a vacuum expectation value. A simple example may
serve to illustrate this point. We may recall that the
normal ordered moments for the thermal state have the
simple form [8]:

〈â†mâk〉 = δmkm! n̄m. (20)

We can check this simply using the thermofield vacuum
state:

〈â†mâk〉 = 〈0(β)|â†mâk|0(β)〉
= 〈0, 0̃|(coshθâ† + sinhθˆ̃a)m(coshθâ + sinhθˆ̃a†)k|0, 0̃〉
= sinhm+k〈0̃|ˆ̃amˆ̃a†k|0̃〉
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= δmkm! n̄m, (21)

where we have used the canonical transformation

T̂ †(θ)âT̂ (θ) = coshθâ + sinhθˆ̃a† (22)

and its conjugate.
As with the thermal vacuum picture, the thermofield

representation provides a distinct physical idea for the
form of interactions with the blackbody field. To see
this, let us return to the electric-dipole interaction
between an atom and a single electromagnetic field
mode represented by the Hamiltonian in Eq. (4). The
first problem that we need to address is the correct form
to take for the free Hamiltonian for the fictitious mode.
A natural try might be �ω

(
ˆ̃a†ˆ̃a

)
, but this is incorrect;

we need take the negative of this so that our Hamilto-
nian becomes:

Ĥ = ĤA + �ω
(
â†â − ˆ̃a†ˆ̃a

)
− d̂ · Ê(r). (23)

The reason for this is that we require the form of the
two-mode free Hamiltonian to be invariant under the
action of the unitary operator T̂ (θ):

T̂ †(θ)
(
â†â − ˆ̃a†ˆ̃a

)
T̂ (θ) =

(
â†â − ˆ̃a†ˆ̃a

)
. (24)

This has the important feature that the free evolution
of the operator coshθâ + sinhθˆ̃a† corresponds, simply,
to multiplication by the phase factor e−iωt:

T̂ †(θ)â(t)T̂ (θ) =
(
coshθâ + sinhθˆ̃a†

)
e−iωt. (25)

We can transform our coupled atom thermal field sys-
tem into a system in which the atom is coupled to the
vacuum state, |0, 0̃〉, by first transforming our Hamil-
tonian into the form given in Eq. (6) and then trans-
forming this using the T̂ (θ) unitary operator:

T̂ †(θ)Ĥ′T̂ (θ) = ĤA − d̂ ·
(
coshθÊ(r, t) + sinhθ ˆ̃E(r, t)

)
,

(26)

where Ê(r, t) is as given in Eq. (7) and the second,
tilde, operator has the form

ˆ̃E(r, t) = E0(r)ˆ̃a†e−iωt + E∗
0(r)ˆ̃aeiωt. (27)

The interpretation of the dynamics associated with
this picture differs markedly from from that inferred
from models based on the mixed state, thermal den-
sity operator or the thermal vacuum picture introduced
above. Quanta are provided to excite the atom from
the negative-frequency (fictitious) mode and these can
then be removed from the atom by exciting the true
field mode.

As with the thermal vacuum picture, the dynamics
in the thermofield representation are associated with a
superposition of two fields. In this case, however, both
are quantum in nature, represented by operators. The
difference between these is that one has the form of reg-
ular harmonic oscillators but the other (fictitious) field
is formed from a negative frequency (or inverted) har-
monic oscillator. For open systems, such as occurs for
an atom immersed in a full blackbody field, the ther-
mofield representation provides, effectively, two reser-
voirs: the first is a bath of modes in their vacuum state
and the second is a bath of inverted oscillators. We have
a combination of the first reservoir at temperature 0+
and the second at the effective temperature 0−, with
the inverse temperature β determined by the relative
strengths of the couplings to these two.

As a final thought, we note that that it is often
the case that a mixed state corresponds to situations
in which correlations with an unobserved system are
omitted from consideration. In the thermofield formal-
ism this corresponds to the introduction of the ficti-
tious mode(s). There are physical situations in which
such correlated, or entangled, systems are produced. In
nonlinear optics, for example, a non-degenerate para-
metric oscillator produces a two-mode squeezed state
of the down-converted mode [17, 30, 34, 35]. At a
very different scale, the thermofield representation has
been employed to model the Hawking mechanism of
black hole evaporation, in which fields trapped within
the blackhole become entangled with those escaping to
infinity [36, 37].

6 Conclusion

Blackbody radiation occurs for the electromagnetic
field in thermal equilibrium with its surroundings at a
given temperature. The corresponding mixed state can
readily be obtained by maximising the entropy of each
field mode subject to a constraint of fixed mean energy
[6, 33]. It is an essential feature of all mixed states that
they can be decomposed into a great number of possible
ensembles, and this suggests that there are many possi-
ble ways to decompose the state of the black body field.
In this paper, we have presented two such possible rep-
resentations, each based on reducing the quantum state
of each field mode into a vacuum state.

Our first vacuum representation is based on the
observation that a field mode prepared in a coherent
state may equally well be considered to be a superpo-
sition of the vacuum state with a classical, c-number,
field. The thermal vacuum representation is obtained
by replacing the stable and fixed classical field with a
Gaussian random one. We have seen that this represen-
tation gives meaning to the idea that absorption and
stimulated emission events are semiclassical in origin,
whilst spontaneous emission is fully quantum.

Our second vacuum representation is the thermofield
picture introduced by Takahashi and Umezawa [14].
This was designed with applications to quantum field
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theory in mind. The key idea is the use of a doubled
state space, with each field mode supplemented by a
second “fictitious” mode. The thermal state is then an
entangled pure state of the these two modes of the same
form as a two-mode squeezed vacuum state [17]. The
thermal (mixed state) properties of the original modes
arise from this state by virtue of the fact that the ficti-
tious mode is necessarily unobserved. The power of this
representation comes, principally, from the fact that the
thermofield vacuum state is simply related to the two-
mode vacuum state by means of a unitary transforma-
tion. This allows us to map thermal averages onto vac-
uum expectation values and to exploit well-developed
techniques from quantum field theory to evaluate ther-
mal averages.

It may be, by virtue of their very different character,
that these two vacuum representations may serve to
simplify certain models and calculations. Be that as it
may, it is certainly true that they provide new physical
pictures and insights.
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