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Abstract This is a mini-review about generalized instantons of noncommutative gauge theories in dimen-
sions 4, 6 and 8, with emphasis on their realizations in type II string theory, their geometric interpretations,
and their applications to the enumerative geometry of non-compact toric varieties.

1 Introduction

Instantons in Yang—Mills theory on 4-dimensional
Euclidean space R?* are solutions to (anti-)self-duality
equations for gauge fields with suitable boundary con-
ditions at infinity [1]. They are labelled by their topo-
logical Pontryagin charge, called the instanton number,
and are absolute minima of the Yang—Mills action func-
tional.

In the quantum theory, instantons are of particu-
lar interest as they provide non-perturbative contri-
butions to the path integral. However, the instanton
partition functions are divergent because the instan-
ton moduli spaces are non-compact, due to singulari-
ties where instantons shrink to zero size and also due to
the non-compactness of the ambient space R* in which
instantons can run away to infinity. A UV regulariza-
tion which resolves the small instanton singularities is
provided by deforming the equations to instanton equa-
tions in noncommutative field theory [2]. An IR regu-
larization is provided by putting the gauge theory in
an 2-background and regarding the instanton partition
function as the corresponding equivariant integral over
the instanton moduli space [3].

From a geometric point of view, the compactified
instanton moduli space is isomorphic to a moduli space
of torsion free sheaves on the complex projective plane
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P2 with suitable characteristic classes and framing con-
ditions [4]. From a physical perspective, instantons arise
in type II string theory as Dp-D(p+4)-brane bound
states in the low energy limit [5]. The noncommuta-
tive deformation corresponds to turning on a non-zero
constant background B-field in the flat 10-dimensional
target spacetime [6].

Yang-Mills instantons on R* can be extended to
‘generalized instantons’, which are Euclidean BPS solu-
tions of Yang—Mills theories in higher even dimensions
2n > 4 satisfying generalized (anti-)self-duality equa-
tions [7]. They are defined on spaces of special holonomy
and naturally appear in type II string theory, where one
is interested in instantons in dimensions up to 8 (n = 4).
The corresponding instanton moduli spaces are related
to various problems of interest in enumerative algebraic
geometry, which has contributed to the ongoing fruitful
exchange of ideas and techniques between physics and
mathematics.

It is the purpose of this mini-review to survey these
and other interactions between noncommutative geom-
etry, string theory and algebraic geometry. We present
both old and recent developments from a unified per-
spective with emphasis on their commonalities and dif-
ferences in the various dimensions 4, 6, 8. Through-
out we highlight the many open problems that remain,
with plenty of pointers to the relevant literature for
more details and further reading. In Sect. 2 we review
the constructions and geometry of instantons on non-
commutative R?", explaining their realisations in string
theory in Sect. 3. In Sect. 4 we explain the computa-
tion of equivariant instanton partition functions and
their applications to enumerative geometry. In Sect. 5
we survey developments beyond the case of flat space
R?" including noncommutative instantons on orbifolds,
on defects, and on general toric Calabi—Yau manifolds.
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2 Noncommutative instantons on IR2"

2.1 Generalized instanton equations

Let M, be a connected oriented Riemannian manifold
of even dimension 2n > 4, and let * be the associ-
ated Hodge duality operator acting on differential forms
on M,. A (generalised) instanton is a localized finite-
action solution to the classical Euclidean field equations
of a gauge theory on M,. They are solutions to first
order X-self-duality equations [8-10)

SAF=xF (1)

for a U(r)-connection 1-form A with curvature 2-form
F =dA+ A A A. Here X is a differential form of degree
2n — 4 which is taken to be a singlet of the holonomy
group H C SO(2n), a maximal subgroup of the struc-
ture group of the frame bundle of M,, which is preserved
by the equations (1).

If 3 is closed, dX = 0, then the instanton solutions
of (1) are labelled by topological numbers correspond-
ing to the Chern classes of the associated gauge bundle
£ — M,; in particular, the n-th Chern class ch, (&)
determines the instanton charge k € Z. The Bianchi
identity dyF = dF + A A F = 0 together with (1)
imply

dA*F:dA(Z/\F):E/\dAF:O. (2)

In this case every solution of the instanton equations
is a solution of the second order Yang—Mills equations,
i.e. an extremum of the Yang—Mills action functional
SYM on Mn.

In 4 dimensions, X is a locally constant function
on M and the maximal holonomy group is H = SO(4).
Since #*2 = 1 when acting on 2-forms, in this case

F=+x(XF)=X+xF=X%F, (3)

and so ¥ = + 1. We will work with anti-self-dual instan-
tons [11, 12], satisfying « F = —F.

In 6 dimensions, ¥ is a closed 2-form and the
only allowed holonomy groups are SO(4)xSO(2) and
U(3) [7]. The first choice corresponds to the case where
M3 is the direct product of a 4-manifold and a Riemann
surface. We will assume that ¥ is non-degenerate and
defines a Kéhler structure w on Ms. Then H = U(3).

In 8 dimensions, ¥ is a closed 4-form and the
maximal holonomy group is H = Spin(7) C SO(8) [7,
13]. We will take ¥ to be a Spin(7)-structure on My,
which in a local chart is given by the Cayley 4-form
[14]. In this case the self-adjoint operator * o (X A —)
acting on 2-forms has eigenvalues A = —3,1. We will
take A = 1.
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2.2 Instanton singularities

Derrick’s Theorem [15] forbids localized solutions on
M, = R?" with finite Yang Mills action when n >
2: If A = Ay(x)da* is a localized solution of the
Yang—Mills equations, we can deform the field A by
rescaling the coordinates as x — Az for A € R~ (. Then
the Yang—Mills functional Sy changes to Sym(A) =
A4727 Goy with S4p (1) = (4—2n) Sym < 0, and hence
A is no longer a localized solution. It follows that the
moduli space of solutions to the generalized instanton
equations (1) is empty.

This problem is cured by deforming the equations (1)
to noncommutative instanton equations. Since the the-
ory is no longer formulated on flat Euclidean space, Der-
rick’s Theorem does not apply. The coordinates cannot
be rescaled without affecting the Moyal-Weyl commu-
tation relations [z#, "] = 16M¥.

However, even in 4 dimensions, we have to contend
with the small instanton UV singularities. For example,
let ng, for a = 1,2, 3 be the 't Hooft symbols and o, the
generators of the Lie algebra su(2). An SU(2) instanton
solution A = A® ® o, on R* is given by the celebrated
family of BPST instantons [16]

N (x — x0)¥ dat

A% =2
| — o|24+A2

: (4)

which is parametrized by the center of mass modulus
zo € R* and the instanton scale A € R~ . This solution
becomes singular when its scale is shrunk to zero size
(A —0).

These singularities are again resolved by consider-
ing noncommutative instantons. This introduces a min-
imum size £ for the instantons, and so it resolves the
moduli space singularities as instantons cannot reach
the singularity where their size vanishes. Because of
the additional length scale &, there is no commutative
equivalent of this resolution of singularities.

Finally, for any n > 2, we still have to contend
with the non-compact IR singularities which arise from
instantons that run away to infinity in R??. These are
resolved by coupling the gauge theory to Nekrasov’s
supergravity 2-background [3].

2.3 Hermitian Yang—Mills equations

The noncommutative deformation is equivalent to the
choice of a complex structure J on M, = R?", which
induces a Poisson bivector § = £ w™! that we wish to
quantize, where £ € Ry and w is the corresponding
Kéhler (1, 1)-form of M,,. The instanton equations are
now generally defined on the Kéhler n-fold (M,,,w, J),
and under suitable conditions they are equivalent to the
Hermitian Yang-Mills equations

FO2=0 , w"'AFM =pw1,, (5)
where F = F?0 4 FL1 4 F02 i5 the decomposition of
the field strength in the standard basis of (1, 0)- and
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(0, 1)-forms, and p is a constant which is non-zero only
when the gauge bundle £ has non-trivial first Chern
class. The first equation turns & into a holomorphic
bundle, while the second equation can be regarded as a
stability condition.

We will usually consider gauge fields with vanishing
first Chern form chy(€) = 0, or alternatively we may
consider only the traceless part of the field strength ten-
sor F', and hence assume p = 0. In this case the equa-
tions (5) coincide with the Donaldson—Uhlenbeck—Yau
(DUY) equations [17, 18] which describe stable holo-
morphic vector bundles over M,, with finite character-
istic classes.

In 4 dimensions, the introduction of a com-
plex structure J breaks the holonomy group to U(2) C
SO(4), and the anti-self-duality equations * F' = —F
are equivalent to the Hermitian Yang—Mills equations
(5) forn =2 and p = 0.

In 6 dimensions, the holonomy group is simi-
larly U(3) € SO(6), and the generalized instanton equa-

tions w A F' = x F' are again equivalent to (5) for n =3
and p = 0.

In 8 dimensions, J defines a Calabi—Yau struc-
ture and reduces the holonomy to SU(4) C Spin(7).
A compatible Spin(7)-structure is determined by ¥ =
1 wAw—Re(12), where (2 is the non-degenerate holomor-
phic 4-form associated with the SU(4)-structure. The
complex conjugate of 2 defines an antilinear involution
xq acting on (0, 2)-forms on My, which enables one
to introduce the anti-self-dual part F** = 1 (F02 —
xq FO2) of F%? in the —1 eigenspace of *q [19, 20].
The Spin(7)-instanton equation * (X A F') = F can be
reduced along the inclusion SU(4) C Spin(7) to

F?2=0 | wAwAwAFH =0. (6)
Any solution of the Hermitian Yang—Mills equations (5)
for n = 4 and p = 0 is automatically a solution of
the Spin(7)-instanton equations (6), but not conversely
unless the topological number fM4 QA Tr(FO2 A FO2)

vanishes [21].

2.4 Noncommutative gauge theory

The noncommutative deformation of the generalized
instanton equations on the Ké&hler manifold M, =
R2" ~ C™ uses Berezin-Toeplitz quantization with the
Poisson structure § = £w~!. Starting from the triv-
ial prequantum line bundle L — M, with holomor-
phic polarization, the Hilbert space H = H(M,,, L) =
ker (0, ) is the space of holomorphic sections of L, where
w = &£ da. Holomorphic functions on M,, are naturally
realized as operators on H.

In particular, the Toeplitz quantization map sends
the local complex coordinates {zq,Zz}7_; of C™ to
operators with the commutation relations

[Zaa zb] =0= [257 25} ) [Zm 25] = €5a5 Ty . (7)
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By the Stone—von Neumann theorem, the Hilbert space
‘H is isomorphic to the unique irreducible representation
of this algebra, the Fock module

H=Hin =C[Z,...,Z,]]0)

= P cl, (8)

A€z,

where the vacuum vector |0) is a fixed section in ker(8,)
and 77 = (n1,...,n,). The operators z; and z, act on H
as creation and annihilation operators, respectively, and
so H is spanned by the eigenstates |77 ) of the number
operators N, = % Za zq with eigenvalues n, for a =
1,....,n.

Using the Segal-Bargmann representation zz; =
—£ % of the algebra (7), the U(r) instanton equa-
tions (5) (with p = 0) and (6) can now be rewrit-
ten as equations for infinite-dimensional matrices Z, =
1, ®ZzZz +1€(Agq—1 +1As,) acting on H" = C" @ H.
They are algebraic operator equations for the noncom-
mutative fields given by

0 n=23
Za,Zb = { , ’
[ } %eabéd_ [Zcivzjj] )
D124 Za) = —n€ Ty

a=1

These equations are much easier to analyse and solve
than the original first order partial differential equa-
tions.

2.5 Explicit solutions

The simplest solution to the equations (9) is the vacuum
solution

Za == I]-T’ ® Za (10)

with vanishing gauge connection. More general solu-
tions can be found using the solution generating tech-
nique which applies partial gauge transformations to
the vacuum solution (10) [22-26]. Explicit finite action
BPS and non-BPS solutions of the noncommutative
DUY equations on R?" for any n > 1 were studied
extensively in [27-31].

NS-Type instantons The Nekrasov—Schwarz (NS)
type instantons include the instanton solutions that
were originally found in [2, 32] via a noncommutative
version of the ADHM construction. Focusing momen-
tarily on the rank 1 case r = 1, we fix an inte-
ger ¢ > 0 and a partial isometry Sy which projects
out the finite-dimensional subspace of states |7) with
|7i]:= >, nq < ¢ from the Fock space H. Explicitly

S}S@Zﬂn—ﬂg s stg:]lH, (11)
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with IIy = 7,5 ., [7) (7i]. Then the NS-type instantons
are given by

Za = S7a fo(N) S}, (12)

where N = >""_| N, is the total number operator, and
fe is a real function of N given by

(D) (Cn—
fe(N)Z\/l—%(ln—Ue)-

(13)

These solutions have finite Yang—Mills action and topo-
logical charge

k= ch,(€) = (_Zif)n Trn(g)n

(rn—1
:TrH(Hg):< *xl )

which is the number of states removed by the shift oper-
ator Sy. They correspond to localized instantons sit-
ting outside a characteristic radius 1/ £ from the origin
in R?". This demonstrates how the noncommutative
deformation resolves the singular configuration space
of commutative instantons which would sit on top of
each other. Higher rank analogues of these solutions
are described in [28, 33, 34].

(14)

ABS construction By relaxing the conditions (11)
one can generate more general solutions of higher rank
r > 1 with instanton charge &k by appealing to the
Toeplitz algebra of the space H" = C” @ H. A Toeplitz
operator is a partial isometry Ty, : H" — H" with trivial
kernel and k-dimensional cokernel, that is, it obeys

T]I Tk = ILH‘I‘ s Tk; T]I = ]]-HT - Pk ) (15)

where Py is a rank k projector on the space H". Then
the basic shift operator soliton is given by Z, = T, (1,®
Al
Za) T,

An explicit realization of these Toeplitz operators for
rank r = 2”71 is given by the noncommutative ABS
construction [35]. We use real polarization and set T}, =
(T)* with

o 1 .
= oo 1'% (16)

where v-2 = vy, 2" and the rxr matrices 7, obey anti-
commutation relations such that

0 —n
T, = © 17
14 (,Y;rL 0 ) ( )

generate the Clifford algebra of the inner product space
(R?",6,,,). The operator T has trivial kernel, while 7'f
has a 1-dimensional kernel which is spanned by the vec-
tor |)®|0), where |a) denotes the lowest weight spinor
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of SO(2n). The ABS construction (16) can be straight-
forwardly generalized to introduce 2 n k real moduli into
the solution which specify the locations of the k& non-
commutative instantons on R?" [27].

2.6 Moduli spaces of instantons

The explicit solutions obtained in Sect. 2.5 elucidate the
geometric description of the instanton moduli spaces
My, (C™) for n = 2,3,4, that is, the (suitably com-
pactified) quotient space of charge k solutions to the
rank r instanton equations (5) (with g = 0) and (6)
on R2?" by gauge transformations. Focusing momen-
tarily on the rank 1 case, there is a correspondence
between U(1) instantons of charge k on noncommuta-
tive R?" and ideals Z of codimension & in the polyno-
mial ring Clwy, . .., w,]: In all of the solutions discussed
in Sect. 2.5, the partial isometries bijectively identify
the Fock space 'H with a subspace

Hr =I[z1,...,%,]|0), (18)
where 7 is the ideal of codimension k formed by the
polynomials f € Clwy,...,w,] satisfying

Pkf(217"'52n)|6>:0' (19)

These ideals parametrize the Hilbert scheme Hilb* (C™)
of k£ points in C", and hence there is an isomorphism

My, 1(C") ~ Hilb*(C") . (20)

Geometrically, Hilbk((D") parametrizes 0-dimensional
subschemes Z C C™ with Hilbert—Poincaré polynomial
h%(Oz) = k. For n = 2 and generic k, the Hilbert
scheme Hilb*(C?) is a smooth manifold of complicated
topology [4]. For n = 3,4 and k > 3, however, the
Hilbert scheme is not smooth: it is not even a manifold,
as in general it has several different branches of varying
dimension.

In the general higher rank case r > 1, we note that
the vacuum solution (10) in noncommutative gauge the-
ory is a realization of the free coherent sheaf of sec-
tions of the trivial rank r holomorphic vector bundle
O®" on C". Then each choice of partial isometry with
the identifications (18) and (19) realises a 0-dimensional
quotient O™ — Oz of O with h°(Oz) = k. These
parametrize the Quot scheme Quotk,, (O®") of k points
in C™, and hence there is an isomorphism

M. (C") ~ Quotk,, (O%7) . (21)

For r = 1 this is the same as the Hilbert scheme:
Quotf,,. (0) = Hilb*(C™).

The same moduli space Quoth.(O%") also
parametrizes framed torsion free sheaves & on
projective space IP™ of rank r and ch,(£) = k [36]:
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Any such sheaf sits in a short exact sequence

where Sz = 1.0z is a coherent sheaf supported
on a set of & points Z C C" under the canonical
open embedding ¢ : C* — P™. For n = 2, these
are the celebrated Gieseker—Nakajima moduli spaces
fmk,r(®2) which parametrize charge £ noncommutative
U(r) instantons on R* [2], framed rank r torsion free
sheaves £ on P2 with chy(€) = k [4], and framed alge-
braic bundles on a noncommutative projective plane
[37].

3 Noncommutative instantons from string
theory

3.1 Cohomological Gauge theory

The Hermitian Yang—Mills equations have a long his-
tory in string theory dating back to the mid-1980 s,
where they naturally appear as the conditions for sur-
vival of at least one unbroken supersymmetry in the
low-energy effective field theory in d < 4 dimensions.
They have acquired renewed interest due to their rel-
evance in the description of D-branes in type IIA
string theory. The low-energy effective dynamics on a
stack of r D-branes can be obtained by dimensional
reduction from 10-dimensional A" = 1 supersymmetric
Yang-Mills theory with gauge group U(r), which after
topological twisting become cohomological field theo-
ries [38]. Generalized instanton equations then appear
as the BRST fixed point loci on which these theories
localize.

We start by compactifying type ITA string theory on

RY972" x M, , (23)

where M,, is a Kihler n-fold, and consider the (twisted)
low-energy effective field theories on r D(2n)-branes
wrapping the space M, [39]. The gauge theory is
defined on M, while holomorphic coordinates of
R'972" become complex scalar fields of the theory. The
original Lorentz symmetry SO(1,9) in ten dimensions is
broken generically to SO(1,9—2n)xU(n). In the bosonic
sector, the non-compact R-symmetry SO(1,9—2n) acts
only on the scalars.

Instantons of charge k = ch,(£) in this theory
are realised as supersymmetric bound states of £ DO-
branes inside the D(2n)-branes [40, 41]. More generally,
the Chern forms ch,(€) couple to Ramond-Ramond
(2n—2p)-form fields on M,, with 1 < p < n and rep-
resent Pontryagin charges of D(2n—2p)-D(2n) bound
states.

We reduce 10-dimensional supersymmetric
Yang—Mills theory on a 4-dimensional Kéhler manifold
(Mz,w) with U(2) holonomy. After the Vafa-Witten
twist [42], the bosonic field content consists of a gauge
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field A, a self-dual 2-form BT which is an auxiliary field,
and a complex Higgs field @, all valued in the adjoint
representation of the gauge group U(r). The bosonic
action is minimized by the equations

Ft+1[B"xBY|+1[B",®]=0, (24)

d4BT +d @ =0,
where ™ = 1 (F+x F) is the self-dual part of the cur-
vature 2-form. We will only consider solutions of the
partial differential equations (24) which have BT = 0,

yielding 4-dimensional instantons, together with paral-
lel Higgs fields that will play an important role below.

We similarly reduce the theory in ten dimen-
sions on a 6-dimensional Kahler manifold (M35, w) with
U(3) holonomy. After twisting, the bosonic spectrum
consists of a gauge field A, a (3, 0)-form p and a com-
plex Higgs field ®, all valued in the adjoint representa-
tion of U(r). The twisted gauge theory corresponds to
the moduli problem associated with the field equations
[43, 44]

F*° 4+ 840=0,
w/\w/\Fl’l—I—%[,Q,@]:uw/\w/\w 1,, (25)
da®=0.

We will always assume p = 0, i.e. chy(£) = 0, which in
the ITA string picture excludes D4-D6 bound states. If
we further restrict to SU(3) holonomy, the Calabi-Yau
structure enables us to set ¢ = 0 because of uniqueness
of the holomorphic 3-form in that case. Then the first
two equations of (25) reduce to the DUY equations.

Dimensional reduction of 10-dimensional N' =
1 supersymmetric Yang—Mills theory on a manifold My
of Spin(7)-holonomy is equivalent to a topological twist
of the resulting 8-dimensional supersymmetric gauge
theory [43]. The bosonic field content of the reduced
theory on the Kahler 4-fold (My,w), with holonomy
SU(4) C Spin(7), consists of a complex gauge field A
and adjoint Higgs field ®, and the path integral local-
izes onto the moduli space of solutions of the equations
21]

F? =0
WAWAWAFY = pwAwAwAwl,, (26)
dsq®=0.

Setting 4 = 0 amounts to excluding D6-D8 bound
states, in which case the first two equations coincide
with the Spin(7)-instanton equations (6). We may fur-
ther exclude D4-D8 bound states by restricting to solu-
tions which have vanishing charge | M, QA Tr(F%2 A
F%2) = 0, in which case (26) also reduce to the DUY
equations.

Noncommutative gauge theories arise from the
dynamics of open strings on D-branes in the presence

@ Springer
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Fig. 1 The ADHM quiver. The arrow ja (resp. ¢3) is non-
zero only for n = 2 (resp. n = 3). Vertices labelled by r and
k are associated with r D(2n)-branes and k DO-branes,
respectively. The arrows 7, j» represent the D0-D(2n) strings
which carry fields in the bifundamental representation of
U(r) x U(k), while ¢3,b1,...,b, describe DO-DO strings
which generate (complex) U(k) gauge fields

of a large Kalb-Ramond field on M,, = R*" [6], which
allows for a unified treatment of worldvolume theories
of D-branes of various dimensions [45, 46]. In addition
to the algebraic instanton equations (9), the Higgs fields
® obey

[Za, @] = 0=1[Z}, 9], (27)
fora=1,...,n.
3.2 ADHM quiver matrix model

The equations (9) for U(r) noncommutative instantons
of charge k describe the low-energy interactions of k
DO-branes with 7 D(2n)-branes in type IIA string the-
ory in a large Kalb—-Ramond field, from the perspective
of the world volume gauge theory on the D(2n)-branes.
On the other hand, from the perspective of the DO-
branes, wherein the D(2n)-branes are heavy, the bound
states are described by (generalised) ADHM equations,
deformed by a Fayet—Iliopoulos coupling & related to the
non-zero B-field [2, 21, 34, 47-51]: introducing noncom-
mutativity corresponds to adding a Fayet—Iliopoulos
term ¢ in string theory. This gives a physical deriva-
tion of the ADHM construction of instantons [11]: the
low-energy effective theory on the DO-branes is a coho-
mological matrix model [5, 52], whose field content can
be succinctly encoded in a representation of a quiver,
called the (generalized) ADHM quiver (see Fig. 1).
This perspective in the various dimensionalities is nicely
reviewed in [53].

The BRST fixed points of the cohomological matrix
model yield relations for the ADHM quiver, together
with D-term conditions. These are called ADHM equa-
tions and they can be identified with the vacuum equa-
tions of the supersymmetric gauge theory. This gives
an algebraic description of the instanton moduli space
My, (C™) as a moduli space of stable representations of
the bounded ADHM quiver, which is the moduli space
of vacua of the Higgs branch from the perspective of
the DO-brane theory.

The case n = 2 is special. In 4 dimensions the ADHM
quiver is the double of the framed Jordan quiver, and
the choice ¢ = 0 is permitted, which corresponds to
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turning off the B-field. This is why commutative instan-
tons exist on R*. However, in this case the small instan-
ton singularity persists: it corresponds to the transition
between the Coulomb and Higgs branches of the DO-
brane theory [54, 55], where the DO-branes escape from
the D4-branes.

In marked contrast, choosing & = 0 when n = 3,4
would reduce the open string spectrum to only the
D0-DO strings, which does not describe instantons. In
other words, instanton solutions on R or R® only exist
for € > 0: there are no stable BPS bound states of
DO0-D(2n)-branes in 2n dimensions for n = 3,4 unless
a (supersymmetry preserving) Kalb—Ramond field is
turned on [56].

3.3 Instanton partition functions

The local geometry of the moduli space of U(r) instan-
tons on the Kéahler n-fold M, is captured by the 3-term
instanton deformation complex, which for n = 2, 3,4,
respectively, reads as

QO(M:% g) 2 QO72(M37 g)
QO 3(M37 g)
b} dy
QO(My, g) =2 QO (My,g) =2 Q¥ (My,g),  (28)

where g := gl(r,C). The first arrows are infinitesi-
mal complex gauge transformations, while the second
arrows are the linearizations of the first of the equations
n (24)—(26). For n = 2 we set BT = 0 in (24), while for
n = 4 we defined 95 := Py 004 where P, = % (1—xq)
is the projection to the —1 eigenspace Q%%(My, g) of the
involution *q from Sect. 2.3.

The supersymmetric field theory provides an inte-
gral representation of the enumerative moduli problem
captured by these elliptic complexes, whose cohomol-
ogy groups are spanned by the fermionic zero modes of
the supermultiplets of the cohomological gauge theory.
The contribution to the path integral of a given point
in the moduli space is non-zero if the Yukawa interac-
tions saturate these zero modes. The degree 0 coho-
mology describes infinitesimal automorphisms, which
we assume vanishes by restricting to irreducible con-
nections. The degree 1 cohomology describes infinites-
imal deformations and represents the tangent space to
the moduli space at a fixed holomorphic connection A.
The degree 2 cohomology parametrizes obstructions to
deformations, which is spanned by the antighost zero
modes and defines the obstruction bundle over the mod-
uli space. It represents a virtual fundamental class, and
its presence means that only the virtual tangent bundle,
and not the stable tangent bundle on the coarse moduli
space, is well-defined. One may (very roughly) think of
the virtual fundamental class as the Poincaré dual of
the Euler class of the obstruction bundle; its degree
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is the difference between the ranks of the tangent and
obstruction bundles, called the virtual dimension of the
moduli space. The BRST symmetry localizes the path
integral (in a fixed topological sector) to an integral
over this cycle.

When M,, = C™ we can stratify the moduli space into
its connected components 9y .(C™) labelled by the
instanton number k € Z>o. The Atiyah-Singer index
theorem computes their virtual dimensions as Euler
characters of the deformation complexes (28) with the
results

2rk ,n=2
vdim My, . (C*) =<0, n=3. (29)
rk, n=4

Partition functions of the topological field theory on C"
are then given by integrating the Euler class of a ‘mat-
ter bundle’ &, , — My, (C™) whose rank equals the
virtual dimension of the moduli space. The instanton
partition function is formally the generating function
for the Euler characteristics of %}, and has the form

2 g Zq / e(Hir) , (30)

(D2, (T

where the counting parameter ¢ weighs the instanton
number and is determined by the UV gauge coupling.

The first complex in (28) has trivial obstruc-
tion bundle, and so the stable tangent bundle

TMy,,-(C?) is well defined. The instanton moduli space
My, -(C?) can be constructed as a smooth variety [4,
57], and a natural choice for the matter bundle is the
tangent bundle itself: ., = Ty ,.(C?). This corre-
sponds to the coupling of topologically twisted NV = 2
gauge theory to an adjoint hypermultiplet, and (30)
defines the Vafa—Witten partition function of N' = 4
supersymmetric Yang-Mills theory in 4 dimensions.
Another canonical choice is the matter bundle %, , =
Vier @ C?", where Vi is the ‘natural bundle’ on the
instanton moduli space My, ,.(C?). Its fibre over a gauge
orbit [A] is the vector space CF that features in the
ADHM construction of Sect. 3.2, on which the D0-D0
strings act. In this case (30) is the instanton partition
function of N' = 2 supersymmetric Yang—Mills theory
on R* coupled to 2r flavours of fundamental fermions.

The second complex in (28) defines a per-

fect obstruction theory [58, 59], which has been used
to construct a virtual fundamental class [90, ,.(C3)]'™
n [19, 60]. In this case the partition function (30) is
only defined for the pure N' = 2 cohomological gauge
theory in 6 dimensions [44, 61]: we simply integrate 1
over [My -(C3)]'" to get the generating function for the
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(virtual) ‘volumes’ of the instanton moduli spaces. For
further discussion see [62].

The self-dual obstruction bundle restricts to
real vector bundles Oby . — M. ,(C*). The obstruc-

tion theory defined by the third complex in (28) has
been used to construct a virtual fundamental class
[My..,.(CH]Y™ using locally free sheaves and perfect
obstruction theory in [63, 64]; more general construc-
tions use derived geometry [65] or algebraic cycles [66].
It depends on a choice o of orientation of Ob,_ . [49]. The
stable tangent bundle is not well-defined, but a natural
choice of matter bundle on My, ,.(C*) is again obtained
from the ADHM description as J#,, = %, ® C"; it
represents the coupling of the pure N’ = 2 cohomolog-
ical gauge theory in 8 dimensions to r flavours of fun-
damental fermions, which in the string theory picture
of Sect. 3.2 is equivalent to adding r anti-D8-branes.
The addition of anti-branes modifies neither the ADHM
description nor the Fayet—Iliopoulos coupling & [21].

4 Equivariant gauge theory

4.1 Q-Deformation

The integrals (30) as they stand are not generally
well defined because the non-compactness of the ambi-
ent variety C" generally precludes the mentioned con-
structions of virtual fundamental cycles to integrate
over. A particularly powerful approach uses equivari-
ant localization to define them via equivariant integrals

f[mk (@my]vir OVET the instanton moduli spaces.

The global symmetry group of the cohomological field
theory is

U(r)eot x U(n) , n=2,3

G” - { U(T)COI X SU(4) X U(r)ﬂa ,n= 4 (31)

where the colour symmetry U(r).o acts by rotating the
framing of the gauge bundle at infinity in R?"™, and the
flavour symmetry U(r)g, acts on its vector represen-
tation C”. (When the 4-dimensional theory is coupled
to fundamental matter the symmetry is extended to
Ga x U(2r)g,.) This group can be rotated into its max-

imal torus
Tz x Te,
Te= {Tﬂ T- x

where we label the torus factors by the correspond-
ing complexified Cartan subalgebra elements ¢: the
Coulomb parameters & = (ay,...,a,) are vacuum
expectation values of the complex Higgs field ® and
€ = (e1,...,en) are the weights for the natural com-
plcx scahng action of the n-torus (C*)™ on C”, while
m = (mq, ..., m,) are masses of r fundamental fermion

fields.

n=23

Tm ,’I’L:4 (32)
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We restrict the path integral to gauge field configura-
tions which are Tj -invariant. This can be achieved by
coupling the gauge theory to Nekrasov’s 2-background
[3] through a shift of the BRST operator by inner con-
traction with the vector field generating the SO(2n)
rotational isometries of R?" ~ C™, restricted to U(2),
U(3) and SU(4) holonomy which preserve the instanton
equations on C™ for n = 2,3,4, respectively. The Q-
deformation does not change the instanton equations,
but it provides a natural compactification of the moduli
space My, -(C™) by giving C™ a finite equivariant vol-
ume fcn = o (T~C”) = . However, it deforms

the equations (27) for the Higgs field @ to

[(I), Za] =¢aZa [q)a Z[I] = —&q Z[i : (33)
For the NS-type instantons (12) in rank 1 the solutions
are

:54<ZEQNQ> Si+aly . (34)
a=1

The -deformation localizes integrals over the virtual
fundamental cycle [0, (C™)]"™" onto the isolated T -
fixed points of the moduli space, and the equivari-
ant integral § [y (Cn i e( A%, is the pushforward of

e(#%,») to a point in the Ty -equivariant cohomology of
My -(C™), whose coefficient ring is C[£ ]. The virtual
localization theorem [67] then computes the integrals in
(30) as a sum over these fixed points, giving the instan-
ton partition function as a formal power series in ¢ and
the equivariant parameters ¢ :

5o

(M, - (C7)]Vir

Zea(gF e(Hir)

oo
—S ¢

k=0 sem .(Cm)'E

et-((Obg,)5) et ((Hk,r)5)
2 et (T My, (C™))

(35)

We shall now explain how to evaluate the Tj-
equivariant Euler classes appearing in this expression
as bosonic and fermionic fluctuation determinants in
the path integral for the noncommutative cohomologi-
cal gauge theory on the D(2n)-branes [52], which repre-
sent quantum fluctuations around T -invariant instan-
ton solutions.

4.2 Combinatorics

The fixed points of the instanton moduli spaces have
a combinatorial significance. Recall from Sect. 2.6 that
each U(1) noncommutative instanton of charge k corre-
sponds to an ideal of codimension % in the polynomial
ring Clwy, ..., w,]. A Tz-fixed point of the instanton
moduli space corresponds to a monomial ideal Z, which
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in turn can be identified with a set of lattice points [68,
69]
Y7 = {(bl,...,bn) € 7%,

These can be regarded as labelling the corners of k
unit hypercubes piled on top of each other in the
positive n-multiant of R"™, called an n-dimensional
Young diagram, generalizing the more familiar (ordi-
nary) Young diagrams which are obtained for n =
2. They correspond to m-dimensional partitions, i.e.
non-increasing sequences of non-negative integers p =
{Piywin_1 tir,in_1>1: the n-dimensional Young dia-
gram % is recovered from p as % = {(by,...,b,) €
7%y 11 < bp < pyy.wt,_, }, where the number of hyper-
cubesin & isthesizek = [#[:= 3", ;o) Piyein s
For n = 2 these are the familiar partitions (see, e.g. [57,
70]), while for n = 3 they are plane partitions (see, e.g.
(34, 44, 70]) and for n = 4 solid partitions (see, e.g. [21,
49]). In Fig. 2 we illustrate the cases n = 2 and n = 3.

A Tp-invariant U(r) noncommutative instanton of
charge k corresponds to a decomposition Z = @;zl 1,
where 7; are monomial ideals of codimension k; in
the polynomial ring Clws,...,w,] with >;_, k = k.
These are in one-to-one correspondence coloured n-
dimensional Young diagrams Y = (2, ...,%,), where
%, has k; hypercubes, or equivalently with coloured n-
dimensional partitions p'= (p1, ..., pr), where |%j|= k;.

From the string theory perspective, the r D(2n)-
branes are separated in the Coulomb phase of the gauge
theory, and the Coulomb parameters label the positions
of neighbouring D(2n)-branes relative to one another.
The hypercubes of the n-dimensional Young diagrams
index the DO-branes, while their colour is the informa-
tion relative to which D(2n)-brane they are bound to:
k; DO-branes bound to a D(2n)-brane labelled by a; are
described by an n-dimensional Young diagram with k;
boxes in the [-th sector of the Hilbert space Hz,. They
correspond to a charge k; noncommutative U(1) instan-
ton on the worldvolume of the D(2n)-brane in position
aj.

’ﬁ wba~1 ¢I} .
a=1

(36)

n |

Fig. 2 Left: A partition represented as a Young diagram
with 12 boxes. Right: A plane partition represented as a
3-dimensional Young diagram with 18 cubes
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4.3 Characters

All ingredients needed for the evaluation of the equiv-
ariant instanton partition functions (35) for the coho-
mological gauge theory on C™ can be encoded into a
normalized character Chz(¢) [52], which is a function
of a real variable t € R>(. For the contribution of a
noncommutative instanton associated with a collection
of ideals Z, it is defined using traces of powers of the
Higgs field ® as

n

Chr(t): =[] (1 —e'®) Try, e'®

a=1

= zr:etal (1 —
=1

n

H (1 —etea)

a=1

of Xiny e D) (37)

This computes the top equivariant Chern class of the
gauge bundle at a BPS state ¢ through

" Ch(”)
hTF(Er) = ?{ ch = ST (3
n €1 €En
where
n _ an n
g =Y Fecrae Y
=1 (b1,...,bn)EY;
(39)

is the coefficient of t" in the power series expansion of
the character (37) about ¢ = 0. The first term gives the
classical contribution [];_, ¢~ /™€1"**» to the path
integral (which we drop), while the second term yields

the correct weight factor d?! in (35) for the sector of
topological charge k = |%|=Y",_, |%|.

4.4 n=2: Donaldson—Witten theory

Recall that for n = 2 the obstruction bundle is trivial
and the Vafa—Witten partition function is defined by
taking the matter bundle ., = Ty .(C?), giving
the generating function for the Euler characteristics of
the instanton moduli spaces My, ,.(C?), or alternatively
the number of bound states of k£ DO-branes inside r
D4-branes wrapping My = C2. In this case the ratio of
fluctuation determinants in (35) is trivially equal to 1,
and the partition function is independent of the equiv-
ariant parameters (&,¢&’):

Zea(a) =Y a7 =), (40)
2
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where the inverse of the Euler function
o0
ig) = [ (1 —q") (41)
n=1

is the generating function for the number of parti-
tions of fixed size. For r = 1 this reproduces the
known Euler characteristics of the Hilbert schemes
My, 1(C2) ~ Hilb* (C2) [4].

The equivariant gauge theory also allows for the def-
inition of the instanton partition functions for a larger
class of N' = 2 supersymmetric gauge theories in 4
dimensions, which are called Nekrasov partition func-
tions [3, 68], whereby the rank of the matter bun-
dle %, is no longer necessarily equal to the dimen-
sion of the instanton moduli space My -(C?). When
rk . = dim My, - (C?) the field theory is conformal,
whereas when rk ., < dim 90, ,.(C?) it is asymptoti-
cally free.

An important example is the instanton partition
function of the cohomological gauge theory without
matter, known as (equivariant) Donaldson-Witten the-
ory. This corresponds to the Nekrasov partition func-
tion for the 4-dimensional U(r) pure N' = 2 gauge
theory, defined by the equivariant integral of 1 over
M. -(C?). In this case the Atiyah-Bott localization the-
orem gives

A7
ZT‘ A7 é” &T’ pure ,
C2( ) ; eT{(T?im\?ﬂ,r(@z))
(42)
where A is the UV scale. The function

e162log Z¢o(A;&,€)PY¢ is analytic in (e1,e2) near
€1 = €2 = 0 and its leading term is the prepotential for
the Seiberg—Witten effective action [71]. Geometrically,
(42) is the generating function for the equivariant
volumes of the instanton moduli spaces 9y, ,.(C?).

The equivariant Euler classes can be calculated with
the result

eTz(TW imkm((Dz))
= dety, (ad ® + &1 Ly, ) detyy, (ad P + 29 19y,)

B 1 [ dt (et®r1+et2) Chz(t) Chz(—t)
7eXp(7Z/0 ?(1—Cosht€1)(1—cosht€2))

r

=[] v @Ee), (43)

=1

where we used a trace regularization for the infinite-
dimensional determinants. We set
T oo
Nl,l’ (a, 3 )

= H (a1 — Lo, (O) g1 + (Ag, (0) e2 + 1))
Uez,
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X H (al/l + (L@, (D/) + 1) €1 =+ Aﬂ]l, (DI) 52)
D/GWZI
(44)

with a;; = a; — a;, where Ly (O) is the leg-length and
Ay (O) the arm-length of the box O in the Young dia-
gram % (see, e.g. [57, 72]).

In particular, the U(1) Nekrasov partition function is
independent of the Coulomb parameter a and the com-
binatorial series can be summed in closed form using
topological properties of Hilbert schemes [57], with the
result

Zz (Ao = oMeres, (45)

which gives § (g2 1= (ﬁ)k

4.5 n=3: Donaldson—Thomas theory

For the noncommutative gauge theory on C2, the ratio
of fluctuation determinants required in (35) is given by
(34, 44]

et-((Obg,) )
eTt_(Tg; SJT;W ((DS))

detyy, (ad @) [] detr,(ad D + eqp Lyy,)
a<b

3
dety (ad @ + ey, ) ] detp,(ad @ + 419, )
a=1

(- [ SO

where we defined g4 := €, + & for a,b € {1,2,3}, and
€ := €1 + €2 + €3. The evaluation of the integral in (46)
at a generic point £ of the 2-background is performed
in [70].

Restricting the holonomy group to SU(3) C U(3)
sets the Calabi-Yau specialization ¢ = 0 of the Q-
deformation. In this case the ratio of fluctuation deter-
minants (46) simplifies drastically, and the equivariant
Euler classes of the tangent and obstruction bundles at
a BPS state % coincide up to the sign (—1)"1?, inde-
pendently of the equivariant parameters (&, ) [34, 44,
70]. The partition function (35) for n = 3 then reads as

Zea (@)oo = Y (=) 171 g”
7 (47)

=M((-1)"q)",

where the MacMahon function

=11 ﬁ (48)

is the generating function for the number of plane par-
titions of fixed size.
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For » = 1 the gauge theory partition function (47)
is the generating function for the Donaldson-Thomas
invariants of the Calabi-Yau 3-fold Mz = C2, which
enumerate the virtual numbers of ideal sheaves in the
Hilbert scheme M, 1(C3) ~ Hilb*(C3). Tt coincides
with the partition function of topological string the-
ory on Ms through the simple change of variables
q = —e 9= [44, 73], whose formal power series expansion
in the string coupling g, computes the Gromov—Witten
invariants which enumerate holomorphic curves in Mj.

For r > 1 the partition function (47) generates higher
rank Coulomb branch invariants, which can be obtained
as a degenerate central charge limit of higher rank Don-
aldson—-Thomas invariants for D0-D6 bound states [74].
These enumerate the virtual numbers of rank r torsion
free sheaves which are locally free in codimension 3 on
the Calabi-Yau 3-fold M3, and they are also in corre-
spondence with Gromov—Witten invariants. However,
the gauge theory in this branch does not seem to be
dual to topological string theory. Instead, its physi-
cal significance is captured by the generalized Donald-
son-Thomas invariants DT, (M3) € @QQ, which are inde-
pendent of the rank r of the gauge theory [75, 76] and
defined via

Z3 (@)l =0

= exp ( — i (=1)"" nr DT, (C?) q") . (49)

These are related to the generalized Gopakumar—Vafa
BPS invariants BPS,(M3) € @, which count M2-
brane-antibrane bound states in M-theory compacti-
fied on R'® x Mz x S' [77] and are defined through
DT, (M3) = X gpn BPS,,/4(Ms)/d?. Explicitly one finds

DT, (C%) = % , BPS,(C3=1. (50)
d|

For general U(3) holonomy, with arbitrary e, it was con-
jectured in [70] (by comparing with earlier K-theory
conjectures of [78, 79]) that the equivariant instanton
partition function of the U(r) cohomological gauge the-
ory on C3 is given by

T€12€23 €13

Zgo(a:0) = M((-1)q)” " HEES L (s1)

independently of the Coulomb parameters &. For r = 1
this formula appeared originally in [80] in the geomet-
ric setting of relative Donaldson—Thomas theory, where
the exponent is minus the Tz-equivariant Euler char-
acteristic xt.(Ms) = §,,. chi® (TMs) of the Kéhler 3-

fold M3 = C3. For r > 1 it was proven in [81] using
the symmetric perfect obstruction theory of the Quot

scheme 9y, ,.(C?) ~ Quotfys (OF7).
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4.6 n=4: Donaldson—Thomas theory

For the noncommutative gauge theory on C*, the
ratio of fluctuation determinants associated with the
tangent-obstruction theory is given by [21]

er.((Oby ) 7)
et (T M, (C4))

3
dety, (ad @) J] dety,(ad® + eqp Ly, )

a,b=1
a<b

4
detHI (ad D +e, 17‘(1)
a=1
— ex (7 1 /Oo ﬁ Chz(t) ChI(—t) )
- o 1 Hi:l (L—efee) .

2

This expression has a sign ambiguity due to the choice
of square root needed to define the equivariant Euler
class of the real self-dual obstruction bundle Ob, .,
which is related to its orientation. The SU(4) holon-
omy implies that the equivariant parameters & =
(e1,€9,€3,€4) satisfy the Calabi—Yau constraint e; +
-+++e4 = 0, which enables us to express et,((Ob,.),7)
using any triple (g4, €p,€.), up to a sign; in writing (52)
we have chosen the triple (g1, €2, €3).

The contribution to (35) for n = 4 from the matter
bundle J# , = ¥, ® C is likewise given by [21]

(52)

eT{((nj/k;T)zf ® CT) = H detHI(CI) —my ]lHI)
=1

—exp (- /O h fzﬁ;_lc?f(_ﬂeet_j) . (53)

The evaluation of the integrals in (52) and (53) is per-
formed in [21], where it is shown that the 8-dimensional
cohomological partition function can be summed to the
closed formula

mTeE]g €13 €23

Zea(gEm) = M(—q) v, (54)

where m = 1 377, (my — ;). This formula demon-
strates an intimate relation between the instanton
counting theories in 8 and 6 dimensions. While this
connection is clear from the field theory perspective [21,
49], it is non-trivial from a combinatorial point of view:
the partition function (35) for n = 4 is written as a sum
over (coloured) solid partitions, for which no generating
function is known and instead the generating function
of plane partitions appears.

In particular, by setting m; = a;+e4 forl=1,...,7,
the partition function (54) reduces to the partition
function (51) for the cohomological gauge theory on
the Kéhler 3-fold My = C3, up to the rescaling ¢ —
(—=1)"*1 q. It would be interesting to understand this
mass specialization as a specific charge configuration of
the D8-branes and anti-D8-branes that annihilate into

3671

D6-branes through a process of tachyon condensation
[82], whose bound states with the DO-branes correspond
to 6-dimensional instantons.

For » = 1 the formula (54) also appears in [49] as
the cohomological limit of a conjectural formula for
the analogue K-theory partition function on C* x S*.
In the geometric setting of [83], the exponent is the

Tz-equivariant characteristic number 55M4 chj(L) A

chi?(TMy), where L — My is a line bundle of Chern
number —m which represents the Chan—Paton gauge
bundle on the anti-D8-brane; the specialisation m = &4
corresponds to the Tgz-equivariant line bundle L =
O(D) associated with the divisor D = {# € C*|24 =
0} ~ C3. Unlike the theory on Calabi—Yau 3-folds, here
the rank 1 gauge theory does not seem to be dual to
a Gromov-Witten theory for Calabi-Yau 4-folds (see
e.g. [84]). For r > 1 the formula (54) also follows from
the cohomological limit of the conjectural higher rank
K-theory formula of [50] (see [21]).

As in Sect. 4.4, the Q2-deformation also allows for the
definition of an instanton partition function by drop-
ping the matter bundle contribution. Then the equiv-
ariant instanton partition function of pure U(r) super-
symmetric Yang-Mills theory in 8 dimensions is given
by [21]

£12€13¢523
f1e283°4 P = 1

, r>1"

27 (A 2P = { (55)

1

This follows from the large mass limit m; — oo of (54),
with ¢ — 0 and A = (—1)" mq - - - m,. ¢, which decouples
the fundamental hypermultiplets. In the rank 1 case,
this formula was conjectured in [49, 83]; geometrically

it implies that f[Hilbk'(dﬂ)]gir 1= (- %)k (with
our choice of orientation o). However, in contrast to the
pure 4-dimensional gauge theory (42), here the higher
rank pure N = 2 partition functions on C* are trivial:
the equivariant volumes of the instanton moduli spaces

My, (C*) =~ Quotfyu (OF7) for > 1 all vanish.

5 Orbifolds, defects and toric geometry

5.1 Instantons on orbifolds

Type II string compactifications on singular spaces such
as orbifolds can be well defined, and we may use these
as a first non-trivial generalization of our constructions
beyond the flat spaces C". A central role is played
by orbifolds that admit crepant resolutions, which pre-
serve Calabi—Yau properties and allow computation of
the string spectrum on a smooth Calabi-Yau space
obtained by blow-ups of the orbifold singularities [85].
The string dynamics can then be considered in ‘orbifold’
or ‘large radius’ phases, which are related by collapsing
the compact cycles of the resolution [86].

This enables the extension of the noncommutative
instanton theories to the toric Calabi-Yau orbifolds
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M, = C"/T, where I C SL(n,C) is a finite abelian
group which commutes with the torus Tz of the Q-
background, and C" is viewed as the fundamental rep-
resentation of SL(n, C). As a l-module, C™ has branch-

ing weights §= (s1,...,$,). We denote by T the finite
abelian group of irreducible representations ps of I'.

The orbifold field theory is naturally constructed by
keeping only contributions from [-invariant instantons,
via projection to the trivial representation s = 0 of
the orbifold group I, which involves an action of I on
the Chan—Paton space C”, defined by a homomorphism
I' — U(r). Focusing momentarily on the rank 1 case, the
Hilbert space (8) for the noncommutative gauge theory
is a -module which admits an isotopical decomposition
into irreducible representations

H=6& Hs, (56)

sef

where H is the subspace of H spanned by states |77)
satisfying 7i - §:= Y_I'_| ng s, = s, by which is meant
Qi pEle ~ pg at the level of M-modules.

The -equivariant operators Z:H — C"®H decom-

pose into maps Z((IS) : Hs — Hs4s,, and the noncom-
mutative instanton equations (9) become

Zc(zs+5b) ZIES) _ Z§S+Sn,) Z(gs)

0,n=23
N

n

S (2128 - 20 287N = —ne P
a=1
(57)

where P®) is the projection of H onto the isotopi-
cal subspace H;, and (57) should be understood with
the Calabi-Yau condition |§|= 0. Similarly, the I'-
equivariant Higgs field ® : 'H — H splits into maps
&) : H, — M, obeying the equations ®(+sa) Z{¥ —
7906 =, 789,

Partial isometries T} of H decompose accordingly,
and in the equivariant gauge theory the solutions of (57)

are parametrized by T-coloured n-dimensional Young
diagrams % = (%) .p, where b = (b1,...,b,) € %

if and only if § - b = s. Every diagram %; can be
identified with a monomial ideal Z; in the polyno-
mial ring Clwy,...,w,] of codimension ks such that
k = ESEF ks. Geometrically, %, corresponds to a I-
invariant O-dimensional subscheme Z C C" whose
global sections HY(Oz) form the representation ps.

To compute orbifold instanton partition functions, we
define an equivariant character generalizing (37) which
gives the contribution of a noncommutative instanton

associated with a direct sum 7 = P, ¢ Zs of monomial
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ideals through

Chi(t) : = i e

_ 1 =5 (58)
=l-@w P> ete b
bedy

where

Chyt) =3 3 et b, (59)
Y brewy

More generally, one can weigh the I-coloured noncom-
mutative instantons in the twisted orbifold sectors s # 0
by a larger set of variables, to match with the count-
ing of fractional DO-branes expected from string theory
in the D(2n)-brane gauge theory on C™/I'. The instan-
ton partition functions have been calculated for various
orbifold groups ' and n = 2,3,4 in, e.g. [21, 51, 75,
87-90].

It is also useful here to consider quiver matrix models
associated with the orbifold group I, generalizing the
ADHM quiverAdescription on C". To each representa-

tion ps for s € I we associate a vertex of a quiver, where
a vertex s is connected to a vertex s’ by a number of
arrows equal to the multiplicity of the representation
ps in C™ ® ps. The resulting quiver is known as the
(generalized) McKay quiver; we illustrate two examples
in Fig. 3. It comes with a set of relations which encode
the holomorphic parts of the instanton equations (57).

This identifies the path algebra of the bounded
McKay quiver as a noncommutative resolution of the
abelian orbifold singularity C"/I', in the sense that its
centre is isomorphic to the (noncommutative) crossed
product coordinate algebra Clws,...,w,] x [ of the
quotient C™/I'. The moduli space 93?27,.(@”) of instan-
tons on C"/I, viewed as -invariant U(r) noncommu-
tative instantons on C” of topological charge k, is then
identified as a moduli space of stable representations of
the bounded McKay quiver.

The construction of these orbifold theories depends
dramatically on the complex dimension n. They have
been studied from this perspective in [91-94] for n = 2,

0 (0,0)
: / \pl %(?2)\

Fig. 3 McKay quivers of the A,_; orbifold C?/Z, (left)
and the orbifold C*/Z2xZs (right). The vertices are rep-
resented by ks fractional DO-branes stuck at the orbifold
singularity which transform in the representation ps of T,
while the arrows are associated with [-invariant massless
excitations of open strings starting and ending on the same
DO0-brane in C". Framing introduces vertices represented by
D(2n)-branes and arrows represented by D0-D(2n) strings
as before
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in [75, 76] for n = 3, and in [21, 51] for n = 4. Their
connections with (generalized) McKay correspondences
for n = 2,3 is reviewed in [62].

The only toric Calabi-Yau orbifolds of C? are
the Kleinian A,_; singularities C?/Z,, with the gen-
erator of the cyclic group I' = Z, acting on C? as
(21,20) +— (e?™V/P 2z, e 271/P 2,). By the McKay cor-
respondence [95], the McKay quiver traces out the A-
type affine Dynkin diagram of the simply laced Lie alge-
bra su(p) (see Fig. 3). The connected components of

the instanton moduli space smfz (€?) are called Naka-

jima quiver varieties of type A [92], which parametrize
framed Z,-equivariant torsion free sheaves on the pro-
jective plane P2.

These moduli spaces are realized in type II string the-
ory as Higgs branches of quiver gauge theories which
appear as worldvolume field theories on Dp-branes in
a Dp-D(p+4) system with the D(p+4)-branes located
at the fixed point of the orbifold [93]. The Dp-D(p+4)
bound states are enumerated by the Vafa—Witten par-
tition function for A/ = 4 supersymmetric Yang—Mills
theory on C?/Z,, which reproduces the character of the
affine Lie algebra su(p) [92].

The same result is obtained [96] from the instanton
partition function on the minimal resolution of the quo-
tient singularity C€2/%,, which is an ALE space X of
type A,—1. Since X is a toric variety, its equivariant par-
tition function can be computed by gluing together C?
patches, as we explain in Sect. 5.4. For general N’ = 2
theories the two approaches are expected to produce
the same partition function, provided that it is inde-
pendent of the size of the cycles of the resolution X.
This relation has however not yet been proven; see [97,
98] for discussion of this point.

Like the case n = 2, for n = 3 a crepant

resolution X — C3/I always exists (though it is no
longer unique in general), which enables a parametriza-
tion of the instanton moduli space Smi’r (C3?) in terms
of torsion free sheaves via an application of Beilin-
son’s theorem [75]. A natural choice is the I-Hilbert

scheme X = Hilb" (C3) of -invariant 0-dimensional
subschemes Z C C? of length || such that H°(Oy) is
the regular representation of I'; it can be parametrized
by [-invariant ideals Z C Clw;,ws,ws] of codimen-
sion ||, and it is itself isomorphic to a moduli space
of noncommutative instantons in the Coulomb branch.
For the example [ = Zyx7Zy whose generators act on
C3 as (21, 292,23) — (—21,—22,23) and (21,22, 23) —
(21, —22,—23) (see Fig. 3), the natural crepant resolu-
tion X is the closed topological vertex geometry [62,
75].

The generalized McKay correspondence dictates an
equivalence between (stable) representations of the
bounded McKay quiver and coherent sheaves on a
crepant resolution X of the singularity C3/I [99,
100]. This reformulates the enumeration of noncommu-
tative Donaldson-Thomas invariants as an instanton
counting problem [75], as the noncommutative orbifold
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instantons enumerate -equivariant sheaves on C3. For
ideal sheaves they coincide with the orbifold Donald-
son-Thomas invariants defined in [101]. Unlike the case
n = 2, the instanton partition functions on C3 /I and its
toric crepant resolution X are related by wall-crossing
formulas [75, 76], which connect the orbifold and large
radius phases.

While for n = 2,3 the quotient singularities
C" /T always have crepant resolutions [99], for n = 4
this is not always guaranteed for an arbitrary finite
abelian subgroup I' C SL(4, C) [102]; even the I-Hilbert

scheme Hilb" (C™) can be singular when n > 3. More-
over, the path algebra of the bounded McKay quiver
does not generally give a noncommutative crepant res-
olution when n > 3 [103, 104]; a counterexample is
C*/Zy with Zsy acting on Z € C* as the reflection
Z +— —Z, which has no crepant resolutions.

For orbifold groups I' such that the Hilbert—-Chow
morphism Hilb" (C*) — C*/T is a crepant resolution, a
geometric interpretation of the noncommutative instan-
tons on C*/I in terms of coherent sheaves is sketched in
[51] by extending the n = 3 constructions of [75] which
are based on homological algebra. This would enable an
analogous reformulation of Donaldson-Thomas theory
on these orbifolds, as well as a comparison of the orb-
ifold and large radius phases of the low-energy dynamics
of D-branes on C*/I. A detailed analysis of instanton
partition functions on Calabi—Yau orbifolds of the 4-
fold C* appears in [21].

5.2 Instantons on divisor defects

Instantons on orbifolds are also useful for the descrip-
tion of instantons in gauge theories in the presence of
divisor defects, on which gauge fields become singular
with fixed monodromy. Near a defect the ambient n-
fold has the local product form M,, = D x C, where D
is a divisor and C is a local fiber of the normal bundle.
When restricted to C, the gauge connection assumes
the form

A = —iadlogw + non-singular terms ,  (60)

where w is a local coordinate on C, and « is an element
in the Cartan subalgebra of the gauge group U(r) which
parametrizes the singularity of the (full) divisor oper-
ator. The curvature 2-form F' of (60) has a singularity
proportional to the de Rham current which is Poincaré
dual to the divisor D.

The pair (D,«) is called a parabolic structure. It
breaks the gauge symmetry along D to the commutant
subgroup L, C U(r) of a, called a (minimal) Levi sub-
group. The Levi subgroups L correspond to parabolic
subgroups of GL(r, C), which can be thought of as sta-
bilizers of flags of vector spaces 0 = Uy C Uy C --- C
U.=C".

For n = 2,3, the moduli space of instantons in the
presence of a defect in M, = C" is parametrized by

@ Springer



3674

framed flags

FoD)CF_py1 C--CF_1CFo (61)

of rank 7 torsion-free sheaves on (IP1)" with ch; (F;) =
I D and ch,, (F;) = k;. These are called parabolic sheaves
[105] and the corresponding moduli space is denoted by

D5, (C"), with & = (ko, ky ..., kr_1).
The moduli spaces D (C") are the connected com-

ponents of the moduli space 9, .(C") of U(r) non-
commutative orbifold instantons on C" with topolog-

ical charge k = |E | for the action of a group I' whose
fixed point locus is the divisor D and which preserves
the parabolic structures; for a detailed discussion see
[106-108]. For example, for a defect operator located
on the divisor D = {Z € C"|z, = 0}, the orbifold
group is the cyclic group ' = Z, acting on the target
space as (21,...,2n_1,%n) — (21, Zn_1,€27/" 2,)).
The analysis of these noncommutative instantons then
follows the orbifold quiver description from Sect. 5.1
[107, 108].

For n = 4 these types of instantons have not yet been
studied in detail. The general setup of the problem is
sketched in [108].

5.3 Spiked/tetrahedron instantons

Another generalization of noncommutative instantons
on C™ for m = 2,3 involves more general supersym-
metric defects in the gauge theory on C*, which corre-
spond to configurations of instantons on C™ C C* with
different spatial orientations. For m = 2 these are called
spiked instantons [109, 110], while for m = 3 they are
called tetrahedron instantons [111]. The noncommuta-
tive gauge theory is realized similarly to Sect. 2.4, now
with the Hilbert space

D = Pp C*Q@Him (62)
AECm AEG,,
for m = 2,3, where H;...,,, is the m-oscillator Fock

module (8), and %, is the set of (i) labels of m-

dimensional coordinate hyperplanes in C*.

We seek operator solutions Z,, a € {1 ,4} of the
BPS equations (9), with n = 4 and r = ZAE% TA,
for noncommutative gauge fields with gauge group
X aez,, U(ra) such that Z,|cragp,. ,,= 0 whenever
a ¢ A. These are given by suitable linear combinations
of solutions (Z41,...,Z4,m)Aec%,, to U(ra) noncommu-
tative instanton equations on C™, determined by par-
tial isometries T4  of the Hilbert space C™ ® Hi...p.
For example, a spiked instanton solution (with m = 2)
is given by

= DB Zani) >
A€C2 . (63)
acA
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where h(ab)(a) = 1,2 according to whether a < b or
a > b, respectively. Similarly, the Higgs fields are given
by ® = @ ey, Pa where &4 are solutions to U(ra)
noncommutative parallel section equations on C™.

Spiked/tetrahedron instantons find their physical
realizations in type IIB string theory [110-112] as D1-
branes probing a configuration of intersecting stacks
of D(2m+1)-branes with an appropriate large constant
background B-field turned on; the different orientations
of the D(2m+1)-branes are labelled by the hyperplane
set . The result is an ADHM-type matrix model
based on a quiver encoding the field content of the low-
energy effective theory on the D1-branes (see Fig. 4).

These solutions parametrize the spiked/tetrahedron
instanton moduli space My #(C™), where ¥ =
(ra)aee,,. If ¥ = (ra,0,...,0) (up to permutation
of its entries), then this is isomorphic to the usual
moduli space of noncommutative instantons on C™:
My (ra,0,...,0)(C™) =~ Quotk,. (O®74).

To treat the case of general 7, consider the worldvol-
ume of 74 D(2m+1) 4-branes for fixed A € €, which
supports k£ D1-branes. These are accompanied by 7 40
D(2m+1) go-branes, labelled by A° € %,,\A, which
intersect the D(2m+1) 4-branes in hyperplanes

HAOIZ{ZEGZL|Za:03a¢AO}? (64)

and produce defects in C’}' of codimension 1 or 2. Let
Z 4 denote the union of a set of k points with the col-
lection of hyperplanes | J Aceg,\ a4 Hae.

Then each solution realises a quotient Q%74 —»
Oz, determined by the Hilbert—Poincaré polynomial
Py (t; k,7) of the subscheme Z4 C C™, which specifies
how the D1-branes and the defects H 4o lie inside the
D(2m+1) 4-branes. It follows that the instanton moduli

TAl
A
g2, A @Q
Sy
T’A(Ti) (m)

Fig. 4 ADHM quiver description of spiked (with j2,4)
and tetrahedron (without j2,4) instantons. Vertices labelled
by ra for A € %, are associated with r4 D(2m+1)a-
branes wrapping the coordinate hyperplane C3 C C*, while
the remaining vertex is associated with k D1-branes. The
arrows ia, jo,a represent the D1-D(2m-+1)4 strings, while
b1, ...,bs describe D1-D1 strings
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space is isomorphic to the Quot scheme
My (C™) ~ Quotgn ™7 (O%), (65)

independently of the choice of label A € %, since
the noncommutative instanton equations are symmet-
ric under permutation of the entries of 7.

The equivariant gauge theory on the Calabi—Yau
4-fold C* is again defined by introducing the Q-
background. The global symmetry group of the the-
ory is then rotated to the maximal torus T; =
( XAEC TgA) X Tg where & = (61,...,54) and 5,4 =
(aa1,-..,a4,,) are vacuum expectation values of the
complex Higgs field & = P Acy,, Pa. Via equivariant
localization the instanton partition function localizes
onto the T -fixed points of the instanton moduli space
My #(C™). A Tp-invariant spiked/tetrahedron instan-
ton of charge k corresponds to a sum EBAE% Ta =

Dace,, @,2, Za, where T4, are monomial ideals of
codimension k4, in the polynomial ring Clwy, ..., ws]
labelled by the Coulomb parameters a,;, with
Yoace, ka = Dace 22y kag = k. They are in
correspondence with arrays & = (%4)acy,, where
Yy = (Pan,...,%r,) are m-dimensional coloured
Young diagrams with k4 boxes.

Consequently, the normalized character associated
with a sum of ideals 74 is

Chz,(t):=]] (1

acA

—etea) Troe, et®a

TA
— lz etaA,l (1 _ H (1 _etaa)
=1

acA
t > eq(ba—

e a€A

x Y 1)) . (66)

(ba)aca€Za,

Instanton partition functions are calculated starting
from the character (66) in [109, 111, 113].

5.4 Instantons on toric varieties

The equivariant gauge theory can be defined on any
toric n-fold M,, with isometries. There are two distinct
classes, corresponding to compact and non-compact
M,,. The noncommutative gauge theory is only under-
stood so far in detail for the non-compact case of a toric
Calabi—Yau n-fold. We sketch the main new features of
the instanton partition functions in these cases, which
now also capture the geometry of M, and extra char-
acteristic classes of the noncommutative instantons.

A smooth toric Calabi-Yau n-fold M,, is completely
determined by its toric diagram Ay, , from which one
may combinatorially construct M, from a set of rules
which glue together C" patches. The set of n-valent ver-
tices Vi, of Ay, correspond to the Tg-fixed points of
M,,, while the set of edges Eys, represent Tg-invariant
projective lines P! connecting a pair of fixed points with
normal bundle @7} Op1(—m;). The Calabi-Yau con-

e —1
dition imposes .| m; = 2. For each vertex v € Vy,
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there is a local coordinate chart C™ centered at the
fixed point on which the torus Tz acts with weights £.

The idea is to solve the noncommutative instan-
ton equations in each patch and then glue the
local solutions together into a global contribution to
the path integral. The instanton partition function
that we describe below enumerates bound states of
D0-D2-D(2n)-branes in M,,. Recall from Sect. 3.1 that
for n = 2,3 this is tantamount to restricting to solu-
tions of the noncommutative DUY equations (or assum-
ing that M,, contains only compact 2-cycles). Geomet-
rically, the formalism below describes the ‘equivari-
ant vertex’ for the ‘crystal melting’ partition function,
which enumerates subschemes of dimensions 0 and 1
in M,,.

In this set up, Ty -invariant instantons of U(r) non-
commutative gauge theory on each C™ patch in the
Coulomb phase are described by sums of monomial
ideals Z,, = @ITZI Z,, in Ogn associated with infi-
nite coloured n-dimensional Young diagrams 677;, for
v € Vi, (with a suitably regularized hypercube count

|Z,|). They correspond to torsion free sheaves on M,
supported on the subscheme Z formed by Vs, and
Eu,.

Their contribution to the partition function is
specified by the normalized version of the charac-
ter Try,, e!®, which now depends on the asymp-
totic boundary conditions needed to glue the patches
together. The boundary conditions are fixed by the
asymptotics of %, in the coordinate directions of C"
labelling the corresponding edges emanating from the
vertex v, which are expressed in terms of coloured
(n—1)-dimensional Young diagrams 2, for a =
1,...,n. The character associated with the ideal Z,
which generalizes (37) is then given by

a'=1
a’#a
t > el (b,—1)
X Y. e aFe
E/E%a/l
n -
_ H (1—et5@) Z et€":b
a=1 EE?J/v,z

(67)

For each patch labelled by a vertex v, the calculation
follows the steps described in Sect. 4 for the computa-
tion of fluctuation determinants and the weighting by
the gauge coupling ¢ of the top equivariant Chern class
chlt' v(€z,), which gives the DO-brane charges. Each
vertex contribution has a factor associated with the
vertex itself, as well as edge factors associated with
the asymptotic Young diagrams. The edge factors are
treated using both contributions associated with an
edge coming from its two adjacent vertices. This gives
the D2-brane charges through the equivariant Chern

@ Springer



3676

class chlt‘_”1 (€1,) which is computed from the coefficient
of t"~1 in the series expansion of (67) near ¢ = 0.

The compact 2-cycles wrapped by the D2-branes are
elements of Hy(M,), which is generated by lines P!
labelled by the edges e € Ej, . By Poincaré duality,
they may be identified with the Pontryagin fluxes for
the Chan—Paton gauge fields valued in the compactly
supported cohomology H?"~2(M,,,Z) in every Cartan
direction [ =1, ...,r. These are determined (up to ori-
entation) by the sizes of the boundary Young diagrams
| Ze1|, which are counted by parameters Q. for each
edge e determined by the Kéhler classes of M,,. In the
following we denote the collection of these weights by

Q = (QE)EEEM,,‘
On a toric surface My of SU(2) holonomy,

the crystal and instanton partition functions are related
but not quite the same [114]. The asymptotic profile
of an ordinary infinite Young diagram % is simply a
pair of non-negative integers (di,ds), which we extend
to include arbitrary orientations corresponding to the
magnetic charges of D2-branes wrapping spheres P?!.
We denote a collection of magnetic fluxes through the
edges of My by d := (d°)cep,,, € H2(Ms,Z), and the
charges of a D2-brane labelled by e inside the r D4-
branes as d® := (dS, . .., d°).

The Nekrasov partition function of the pure N’ = 2
U(r) gauge theory on Ms is then given by the “master
formula” [115, 116]

Zy, (A, Q&8P

2 I Q7 A

dl,...,greHCQ(Mg,Z) eEEjuz
N pure
% 11 Z&Z(A;E—s— ) wgde,gv) (68)

vEV, e€En,

where C' is the intersection matrix of the compact divi-
sors D, € Ho(Ms), and w? are the weights of the Tz-
equivariant line bundles Oy, (D,) at the fixed point
labelled by v.

The analogue expression in U(r) Vafa—Witten theory
on M, simplifies because of the t-independence of the
N = 4 partition function on C2, giving the factorization
(96, 117-120]

Zi,(0,Q) = (7(q) XM O, (¢, Q)" (69)

where x(M>) is the Euler characteristic of the toric sur-
face My and O, (q,Q) is the theta-function defined

by the second line of (68) (with the usual replacement
A — ¢). For the minimal ALE resolution of the toric
A, orbifold singularity discussed in Sect. 5.1, the first
factor in (69) is the contribution from regular instan-
tons which are free to move throughout Ms; they have
vanishing first Chern class and transform in the regular
representation of the orbifold group I' = 7Z,. On the
other hand, the second factor is the contribution from
the fractional instantons which represent anti-self-dual

@ Springer

Eur. Phys. J. Spec. Top. (2023) 232:3661-3680

connections with non-trivial magnetic fluxes through
the compact divisors D,.

On a toric Calabi—Yau 3-fold Mj3 the gauge
theory calculation agrees with the equivariant ver-
tex/crystal calculation in Donaldson—Thomas theory
[73]. The asymptotic profile of a 3-dimensional Young
diagram % is a triple of ordinary Young diagrams
(27, 23, Z).

The instanton partition function for the U(r) coho-
mological gauge theory on M3 in the Coulomb phase is
given by [34, 44, 121, 122]

I, (,Q) =% Il V, (0
Z UGV]M?’ (70)
X H nge (q,Qe) )
EGEMa
with the vertex contributions
Tl
Vor@= > ((=)g= (71)
* b, |0F =2
and the edge contributions
i fo, Z;: |Z el
Ey(q,Qe) = ((=1)"q)= © e
7.(a,Qe) = ((=1) q)r Qe (72)
> mie | Zeal |2 ]
X (_1)1,1/:1 ,

where fg-_, is an integer determined by the normal bun-
dle over the compact 2-cycle labelled by e.

The factorization of the Donaldson—Thomas parti-
tion function (70) is analogous to the splitting of the
Vafa—Witten partition function (69). This partition
function (or more precisely its K-theory version on
M x S') was extended in [123, 124] to the general U(r)
gauge theory and in [124] to include D4-branes wrap-
ping compact 4-cycles of M3, corresponding to the faces
of the toric diagram Ajy,.

The equivariant gauge theory approach to
noncommutative instantons on a general toric Cal-

abi—-Yau 4-fold M, has not been studied in detail
yet. An equivariant vertex formalism is developed in
[83, 125, 126] using geometric methods which enumer-
ates DO-D2-D8&-brane bound states in rank 1 Donald-
son—Thomas theory on Mjy.

5.5 Further developments

There is a more extensive body of literature on non-
commutative instantons in other settings which do not
directly fit into the main line of development discussed
in this paper, but which are certainly worthy of mention
here.

A close avatars of our theories in 4 dimensions are
the instantons on toric noncommutative manifolds such
as spheres [127, 128], which uses techniques from the
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theory of isospectral deformations and noncommutative
geometry in braided monoidal categories. By combin-
ing these approaches with techniques from toric geom-
etry and noncommutative algebraic geometry, one can
quantize toric varieties directly, which offers an alter-
native approach to noncommutative instantons com-
pared to the patching construction discussed in Sect. 5.4
[129-131].

These types of noncommutative instantons come
from g-deformations, of the type originally discussed
in [37]. They also appear in gauge theories on vari-
ous noncommutative spaces based on quantum groups
[132-135]. Some of these theories have the curious fea-
ture of producing noncommutative moduli spaces of
noncommutative instantons [136-138].

Finally, we mention for completeness that instantons
have also been studied in gauge theories on fuzzy spaces
and in matrix models [139-141].
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