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Abstract The pandemic being a health issue at its core is a multifaceted crisis encompassing both economic
and epidemic factors in a twisted tale of challenges. In counteraction, we have proposed a combined
epidemic–economic model that analyses system dynamics arising in the presence of an infectious disease
(SARS-2-COVID-19 in our case). Dynamical analysis of the system has been performed in context to the
equilibria along with local and global stability analysis of the system simultaneously visualizing the effect
on capital stabilization. The global stability analysis has been performed using graph-theoretic method.
Curve-Fit has been performed for the system using optimization algorithm. The relation between all the
parameters and variables involved in the model has been explored by calculating sensitivity indices which
gives us the proportion that a relative change in a parameter brings to the relative change in a variable.
Our findings reveal that (1) Vaccination instigates economic growth (with evidence of data obtained for
24 countries). (2) Complete vaccination leads to a considerable reduction in all infections (reduction up
to 90%, as per current CDC study). (3) Excessive exposure to media can facilitate spike in infections. (4)
Parameter sensitivity analysis can be of immense help in policy formation.

1 Introduction

The economy in any country is an ecosystem in which
goods and services, demand and supply, money mar-
ket, capital stock, production, national income, and
savings are all connected and dependent on each other
through multifarious channels. Natural calamities, such
as famines, droughts, floods, earthquakes, pest inva-
sions, and disease outbreaks, are detrimental to the
economy no matter the level at which they occur. The
ongoing pandemic has shrunken economies all across
the globe including India. In the presence of an infec-
tious disease, such as the current SARS-2-COVID 19
virus, the economy is bound to suffer setbacks. We
have plethora of information on how various industries
have been hit including but not limited to imports and
exports, aviation industry, tourism industry, oil prices,
meat processing sector, construction sector, forest sec-
tor, public services and overseas employment, etc. The
novel coronavirus will make the world pay approxi-
mately between 16 trillion and 35 trillion dollars by
2025 [1]. Economic models are rolling out figures per-
taining to various domains, assessing the impact of the
pandemic financially but with no direct relationship
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to infection rates or natural recoveries. Killing more
than 4 million people globally [2], the virus contin-
ues to invades the lives of people, affecting billions
of masses. Again, epidemic models [3–6] can address
the spread of infection, mortality, morbidity, recover-
ies, and role of vaccinations, but cannot contribute
directly for analysing economic damage/possible recov-
ery. The pandemic being a health issue at its core is
a multifaceted crisis [7] encompassing both economic
and epidemic factors in a twisted tale of challenges
like capacity constraints in form of reduced labor due
to infections, supply-chain disruptions due to partial
and complete lock downs, and competition for global
influence in form of effective vaccines [1]. Addressing
former issues, a combined epidemic–economic model
can act as a lodestar to not only analyse economy v/s
infections but to make effective forecasts imbibing both
financial and health factors in direct relationship with
each other. This proposed piece of research in a novel
attempt encapsulates this effort wherein we have anal-
ysed an ‘epidemic–economic’ model in the presence of
novel corona virus infection with the intent of exploring
the threads between capital stabilization and the role of
vaccine. We have populated the basic SIR model with
two vaccinated classes V1 and V2 and the resulting SIVR
model has been combined with Solow’s model of eco-
nomic growth pertaining to evolution of capital stock.
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1.1 Vaccination and economic growth: an
underestimated relationship

Prima facie, the pandemic hits as a serious health crisis.
Though months into it, the economic damage arising
out of it was enough to drop world’s GDP (gross domes-
tic product) by 4.6% in 2020 as per inputs from Bureau
of Economic Analysis. SARS-COVID-2 has affected the
world through multifarious channels, and hence, there
have been multitude of studies into it. Ranging from in-
depth analysis of the latest variant [8] to the recurrent
waves of infection [9,10] and achieving herd immunity
[11], there have been humongous efforts all across the
globe to curb this pandemic. In the absence of a per-
manent cure, our hope to sustain this infectious catas-
trophe lies purely on physical distancing, mask prac-
tice, robust monitoring, herd immunity, and vaccina-
tion. Vaccination, unabatedly, is a significant part of the
multi-factorial public health system and imbibes ardent
potential for bringing down the pandemic. Researchers,
scientists, and medical fraternity all across the globe
are making humongous efforts to develop cost-effective
vaccines that can target the virus and its mutations.
Presently, more than 200 vaccines are being developed
with two dozen of them being authorized for use [12]. As
of November 10 2021, 51.1% population has received at
least one dose [13]. Worldwide, 7.31 billion doses have
been administered as of November 10 2021, with 27.36
million being administered daily [13].

Our work revolves around studying the impact of vac-
cinated classes, primarily on capital stock and how the
various epidemic and economic variables and parame-
ters are related to each other. The alma matter on the
relation between vaccination and economic growth has
delivered important insights. Researchers in [14] have
analyzed the connectivity between HDI (Human Devel-
opment Index) and GDP (macro-socioeconomic mea-
sures) and SARS-COVID-2 vaccine distribution based
on data from 25 countries (data as on first week of
February 2021). Findings reveal that higher GDP per
capita associates with higher number of vaccinations
and HDI does not follow the same. Authors in [15] have
shed light on vaccine nationalism through statistical
data and have portrayed its impact on world’s economy
pertaining to four scenarios, i.e., no vaccination at all,
only vaccine producing nations have vaccine, all high
income and vaccine producing nations have vaccine,
and all high and middle income and vaccine produc-
ing nations have vaccine. Conclusion arised that spend-
ing on vaccine allocation and development by leading
economies is relatively trifle in comparison to the eco-
nomic loss that incurs, while the latter is ignored. Data-
driven research [14,15] maintains the stand on COVID-
19 vaccination adding to economic growth, National or
Worldwide. However, the findings do not imbibe any
model for correlation or improvement. Given the audac-
ity vaccines are being reported to posses to curb, if not
extinct, the ongoing pandemic often leads to a stinging
question. Will vaccination end the pandemic? Promi-
nent research [16] dares to answer affirmative, though
‘when’ and ‘how’ have been reported to be dependent

on vaccine availability, accessibility, and vaccination
rates. This work [16] takes a dig at whether vaccina-
tion can end the SARS-COVID-2 infection while tak-
ing into account accessibility and availability of vac-
cines and vaccination rates. Taking case example from
one developed country (United States) and one devel-
oping country (Indonesia), the work propagates that
vaccines imbibe ardent potential to annihilate SARS-
COVID-2 infection. Establishing positive correlation
between COVID-19 vaccination rates and GDP per
capita [17], the research uses Spearman’s correlation
analysis to examine the strength and direction of asso-
ciation between GDP per capita and SARS-COVID-2
vaccination rates across 46 countries (data as on 12 Jan-
uary 2021). Findings reveal that countries having high
vaccination rates had higher GDP per capita. All of
the aforementioned works have established prominent
results based on statistics alone without any involv-
ing mathematical model. Data-driven studies depend
heavily on the source and quality of data imported;
hence, even minor discrepancies can alter results and
claims made through them. Mathematical models add
weight and credibility to the research in broadly two
ways. First being, that the model can be subjected to
various data sets leading to versatile possible outcomes
and thus providing better insights and forecasts rather
than specific results rolling out from a single data set.
Second, modelling complex situations like that of the
ongoing pandemic always have a room for improvement
in the form of adding/removing parameters and under-
standing how the increase/decrease in one parameter
can affect the outcomes of the model. This cannot be
done in the case of data-driven research.

Model-based research in this arena is sparse and there
are very few works to quote. Authors [18] talk about
macroeconomic gains as a result of increased vaccina-
tion rates using DTP vaccine as a proxy for the study.
Their results talk about reduced public health improve-
ments and economic benefits as the investment in vac-
cinations is reduced. This research covers general vac-
cination approach in a pre-pandemic world and does
not include the ongoing pandemic and its effects in any
manner. In another prominent work [19], an augmented
epidemic–economic with two time delays is investigated
for hopf bifurcation in presence of an infectious dis-
ease. Stability of disease free and endemic equilibrium
points has been explored. Their results propagate that
local stability corresponding to the endemic equilibrium
point relies on R0 and on latent period (time delay τ2),
whereas the first delay (Kalecki’s time delay τ1) does
not make a significant difference to model behaviour.
However, the model does not include vaccinated class
in any capacity nor does it discusses the role of vacci-
nation in uplifting the economy.

1.1.1 Novelty and goal of the paper

There is a paucity of macroeconomic assessment of
vaccines that extensively investigates how population
saved can affect government expenditure on education,
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health, and future tax receipts, contribute to capital
stabilization, and aid in growing GDP [20]. Our pro-
posed model captures this gap at heart and places the
macroeconomic valuation of vaccines at an exposition
where public health benefit can translate into remark-
able economic activity. In layman terms, the major
intent in this research is to study the impact of vaccina-
tion on capital stock, i.e., the impact of V1 and V2 on K.
To the best of our knowledge, the proposed epidemic–
economic model involving two vaccinated classes is
a first of its kind. So far, only data [14–16] have
been available to check an increasing/decreasing eco-
nomic activity with an increasing/decreasing vaccina-
tion rate or roll out. A model-based approach and anal-
ysis to evaluate the impact of vaccination on the econ-
omy (capital stock) has not been attempted so far.
Our work has made an attempt in this direction, and
clearly, it is in a position to demonstrate how an incre-
ment/decrement in infections, transmission rate, recov-
ery rate, death rate, media, and rate of vaccination can
modulate economic growth (capital stock). Mentioned
below are the goals of this research work and these
aspects have not been explored before in the context
of the proposed K,S, I, V1, V2, R model:

– Exploring the calibre of vaccination in promoting
economic growth globally. Can vaccination act as a
lodestar for improved economic figures (can capital
stock ‘K’ be instigated as the vaccinated class ‘V1’
increases)?

– How does the infected class respond to complete
vaccination (relation between infected class I and
vaccinated class V2)?

– The global consociation of media and the pandemic.
How is the media affecting infected and susceptible
classes (how parameter ‘m’ affects infected class I
and susceptible class S?

– The association of epidemic–economic parameters,
i.e., N,σ,A, α, δ, μ, p, p1, p2, b1, γ, ψ and m with cap-
ital stock, susceptible class, infected class, vacci-
nated classes (both), and the recovered class. What
is the degree of relationship, if there exist any,
between them?

The analysis has been performed with data sourced
from www.mygov.in/covid-19 (rates of vaccination,
recovery, and infections, data as on June 19 2021) and
thus provide room for realistic dynamics around the
pandemic. We have compared the results obtained from
our model with original data on GDP and vaccina-
tion percentage facilitating evidence for proposed work.
Also, a curve fit using optimization algorithm has been
performed to fit our system with the help of the initial
conditions and the parametric values.

The stratification of the paper is as follows. Section 2
comprises of mathematical model formulation and the
questions addressed by this piece of research. Model
dynamics is covered in Sect. 3. Numerical simulation
and discussion find place in Sect. 4 followed by parame-
ter sensitivity analysis performed in Sect. 4.1 and curve-

fit using optimization algorithm performed in Sect. 4.2.
Conclusion has been laid out in Sect. 5.

2 Mathematical model: evolution

The epidemic–economic model under investigation
inspired from [19], is an amalgamation of Solow’s eco-
nomic growth model [21,22] and an SIV1V2R epidemic
model. The SIV1V2R model has been derived from
the original SIR (Susceptible, Infected, Recovered) epi-
demiological model presented by Kermack and McK-
endrick [23]. The model divides the population into
three different classes, i.e., S, I, R assuming constant
birth and death. SIR model has been the epicentre of
disease modelling since its introduction. The differential
equations pertaining to the SIR model take the follow-
ing form:

⎧
⎪⎪⎨

⎪⎪⎩

dS
dt = μN − βSI − μS

dI
dt = βSI − γI − μI

dR
dt = γI − μR.

(1)

The susceptible class represents the section of the
population that is prone to the disease but have not
acquired it. Infected class represents the section that
is infected from the disease and Removed class encom-
passes population that is no longer infected. Either the
population has recovered from the infection or died
from it. For our research intentions, we have populated
the basic SIR model with two vaccinated classes V1 and
V2 inspired from [24]. Vaccinated class V1 represents
the section of the population that have been vaccinated
once. V2 class involves population that have been vac-
cinated with both the doses. The SIV1V2R model so
obtained is refashioned with the following assumptions:

– All of the susceptible population do not get vacci-
nated. Only a fraction of them get vaccinated due to
the apprehensions surrounding vaccines.

– The interaction between susceptible and infected
classes is mapped by Holling type-II functional
response.

– Even after getting vaccinated with both the doses,
the population can still join the susceptible class and
be prone to getting infected. These kind of infec-
tions are termed as ‘Breakthrough’ infections [25,26]
and exist for all types of vaccines prescribed against
SARS-COVID-2. Breakthrough infections can be
attributed to occurrence of severe variants (such as
the delta variant), low immune response to vaccina-
tion and traveling to places that are seeing significant
surge in cases.

– Breakthrough infections may even occur after first
dose. Owing to the facts presented by various studies
[26–28], it is evident that the percentage of break-
through infections is less and that the severity of
infection reduces manifold. Hence, given the tri-
fle quantity of breakthrough infections [28,29], we

123

www.mygov.in/covid-19


3548 Eur. Phys. J. Spec. Top. (2022) 231:3545–3562

choose to associate it with only one class of vaccina-
tion and have assumed it to be associated after sec-
ond dose, i.e., V2 class. This assumption also finds
backing from the idea that general masses unless
fully vaccinated take more care and precautions and
are less prone to falling prey to breakthrough infec-
tions.

– After recovering naturally from the infection, the
population can still join the susceptible class and be
prone to getting infected. Such infections are termed
as ‘Reinfections’. A reinfection as defined by Indian
Council Of Medical Research (ICMR) is the occur-
rence of two positive tests at a gap of at least 102
days with one interim negative test.

– The susceptible, vaccinated and the recovered class
contribute to the economy. How ? Highlighting the
importance of vaccination, majority of countries
have made it mandatory for their citizens to get
the jab for working offline both in government and
private spaces. Following this rule will result in
increased employment opportunities for the masses
and fuel the slow paced economy, thus aiding in
increased capital stock for the country.

– The infected population cannot contribute as they
are sick, need physical and mental rest, and are not
in a position to work.

The equation of evolution of capital stock from
Solow’s economic growth model [21] is given by

dK

dt
= σ(AKαL1−α) − δK(t). (2)

The epidemic model SIV1V2R in the current scenario
when the vaccination drive is in progress is given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt = (1 − p)μN − μS − b1IS

(1+mI) + ψR

dI
dt = b1IS

(1+mI) − μI − γI

dV1
dt = pμN − μV1 − p1V1

dV2
dt = p1V1 − μV2 − p2V2

dR
dt = γI + p2V2 − μR − ψR.

(3)

The system is bounded in the region {S, I, V1, V2, R;
S + I + V1 + V2 + R = N}.

Combining Eqs. (2) and (3), we obtain the amalga-
mated epidemic–economic model in question as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dK
dt = σAKα(S + V1 + V2 + R)1−α − δK

dS
dt = (1 − p)μN − μS − b1IS

(1+mI) + ψR

dI
dt = b1IS

(1+mI) − μI − γI

dV1
dt = pμN − μV1 − p1V1

dV2
dt = p1V1 − μV2 − p2V2

dR
dt = γI + p2V2 − μR − ψR.

(4)

Figure 1 demonstrates the flow diagram of the pro-
posed model.

The variables and parameters used in the model are
defined in Table 1.

3 Model dynamics

3.1 Existence of equilibrium points

The system (4) possesses a disease free or boundary
equilibrium point E0(K0, S0, 0, V 0

1 , V 0
2 , R0) given by

K0 =
(

σA

δ

) 1
(1−α)

(S0 + V 0
1 + V 0

2 + R0),

S0 =
(1 − p)μN(μ + ψ)(μ + p1)(μ + p2) + ψpp1p2μN

μ(μ + ψ)(μ + p1)(μ + p2)

V 0
1 =

pμN

(μ + p1)
V 0
2 =

pp1μN

(μ + p1)(μ + p2)
,

R0 =
pp1p2μN

(μ + ψ)(μ + p1)(μ + p2)
.

Endemic or interior equilibrium point E∗(K∗, S∗, I∗,
V ∗
1 , V ∗

2 , R∗) for the system (4) is given by

K∗ =
(

σA

δ

) 1
(1−α)

(S∗ + V ∗
1 + V ∗

2 + R∗),

S∗ =
(μ + γ)(1 + mI∗)

b1
=

(1 + mI∗)N
R0

V ∗
1 =

pμN

(μ + p1)
, V ∗

2 =
pp1μN

(μ + p1)(μ + p2)

I∗ =
μ(μ + ψ)(μ + p1)(μ + p2)[(1 − p)Nb1 − (μ + γ)] + ψb1pp1p2μN

[(μ + ψ)(μ + γ)(mμ + b1) − ψb1γ](μ + p1)(μ + p2)

R∗ =
γμ(μ + ψ)(μ + p1)(μ + p2) [(1 − p)Nb1 − (μ + γ)] + ψb1pp1p2μNγ+pp1p2μN [(μ + γ)(μ + ψ)(mμ + b1) − ψb1γ)]

(μ + ψ)(μ + p1)(μ + p2) [(μ + ψ)(μ + γ)(mμ + b1) − ψb1γ)]
.
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Fig. 1 Flow diagram of the KSIV1V2R model. Suscepti-
ble individuals S can either move to the infected class I
or the vaccinated class V1. The susceptibles who get vac-
cinated with the first dose join vaccinated class V1 at the
rate of p. Individuals who recover naturally after getting
infected, join the recovered class R at the rate of γ. Individ-
uals who receive the second dose of vaccination after get-
ting the first dose move towards the vaccinated class V2 at

the rate of p1. After receiving both the doses, individuals
move towards the recovered class R at the rate of p2. Even
after recovering from the infection naturally or getting vac-
cinated with both the doses, individuals from the recovered
class R join back to the class of susceptibles S at the rate of
ψ owing to breakthrough infections/reinfections. Only the
classes S, V1, V2 and R can join the labour force to contribute
to the class of capital stock K

Table 1 Variables and parameters

Variables and parameters Interpretation

K Capital stock
L Size of employed population
S Susceptible individual density
I Infected individual density
R Recovered individual density
V1 Vaccinated individual density after first dose
V2 Vaccinated individual density after second dose
N Total population density
σ Rate at which savings are performed
A Technological progress constant
0 < α < 1 Elasticity of production
δ Depreciation rate of capital stock
μ Birth and death rate
p Rate of first dose of vaccine
p1 Rate of second dose of vaccine
p2 Rate at which vaccinated individuals get recovered
b1 Rate of infection
γ Rate at which infected individuals recover/natural recovery rate
ψ Rate at which recovered individuals get susceptible again
m Effect of media

It follows that I∗ > 0 and R∗ > 0, if (1 − p)Nb1 >
(μ + γ) and (μ + γ)(μ + ψ)(mμ + b1) > ψb1γ. We will
now be analysing the stability of boundary and interior
equilibrium points for the system (4).

3.2 Mathematical analysis

The KSIV1V2R model used in this paper is locally and
globally stable. For better understanding of the mathe-
matical analysis of the KSIV1V2R model, relevant mat-
ter has been stated in Appendix 1.

3.2.1 Basic reproduction number

Basic reproduction number R0 is a crucial element of
the dynamic analysis of any epidemic model. It signifies
the number of secondary infections stemming from a
single infection. If R0 ≤ 1, then the disease will die out;
if R0 > 1, then the disease will continue in the system.
Since, we want to explore the impact of vaccination
when the infection is present, we will be dealing with
R0 > 1 primarily. R0 can be written as
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Table 2 Parametric values and their sources. Rate per day or rate/day has been calculated as (1/number of infected
or recovered or vaccinated or ‘as the case may be’ individuals on a typical day). For example, if the number of people
vaccinated with second dose on a typical day is 4000, then the rate/day of second dose of vaccine will be 1

4000
= 0.00025

Parameters Values Source Unit

σ 0.3 [19] –
μ 0.0035342 [24] Births and deaths/day
p 0.004545 https://www.mygov.in/covid-19 Rate/day
p1 0.001 https://www.mygov.in/covid-19 Rate/day
p2 0.00909 https://www.mygov.in/covid-19 Rate/day
A 1 [19] –
α 0.5 Assumed –
b1 0.62 Assumed Rate/day
δ 0.2 [19] –
N 140 Assumed –
γ 0.0476 [24] Rate/day
ψ 0.0011 https://www.mygov.in/covid-19 Rate/day
m 0.5 Assumed –

Fig. 2 Relation between vaccinated class V1 and Recovered class R

R0 =
b1N

(μ + γ)
.

4 Numerical simulation and discussion

The analysis has been performed for R0 > 1 which
implies that the disease is prevalent in the system
and does not die out. The system of equations (4) for
parametric values mentioned in Table 2 has a unique
positive equilibrium (K∗, S∗, I∗, V ∗

1 , V ∗
2 , R∗) resting at

(237.0320, 0.5716, 11.8177, 0.4446, 0.0366, 105.0860).
We see that the system (4) demonstrates (Fig. 2)

a positive relation of the capital stock and recovered
class with the vaccinated class V1 which falls in line
with the intent behind the model discovering how the
vaccinated classes contribute towards the economy. The
vaccinated class V1 adds to the capital stock and recov-

eries. This is also evident from Table 4 for sensitivity
indices, wherein the rate of first dose of vaccine ‘p’ is
positively correlated to both the vaccinated classes V1,
V2 and the capital stock.

Modulating the rate of first dose of vaccine p, we
observe that (Fig. 3) as the rate is dipped to p = 0.4545
rate/day, it results in lower values of capital stock and
recoveries. Furthermore, on increasing the rate to p =
0.0000004545 rate/day, we observe that capital stock
and recovered class show a significant boost.

Remark 1 Our results vouch an exact replication of sit-
uation around the ongoing pandemic. In the absence of
an exact cure to the disease, vaccination stands to be
our biggest weapon in fighting the disease and control-
ling the damage done by the infection. If the popula-
tion is not adequately vaccinated, it may fall prey to
the deadly infection resulting into severe health issues
and increased fatalities. On the contrary, if the masses
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Fig. 3 Relation between V1,R and K when rate of first dose of vaccine ‘p’ is modulated

Table 3 GDP per capita (2019), GDP Per Capita (2020), GDP Per Capita (October 2021), and Vaccinated Population
(November 10, 2021)

Country GDP Per Capita GDP Per Capita GDP Per Capita V1 + V2

(2019) (2020) (October 2021) (November 10, 2021)

United Arab Emirates 43,103.3 38,661.176 43,537.689 98
Portugal 23,284.5 22,437.1 24,457.144 89
Singapore 65,640.7 59,797.8 66,263.418 87
Spain 29,555.3 27,063.2 30,536.858 82
Qatar 62,088.0 50,805.5 61,790.572 80
Canada 46,326.7 43,258.2 52,791.228 79
Norway 75,826.1 67,389.9 82,244.232 77
Ireland 80,886.6 85,267.8 102,394.017 77
Italy 33,566.8 31,676.2 35,584.882 77
Netherlands 52,476.3 52,397.1 57,714.876 76
France 40,578.6 39,030.4 45,028.265 76
New Zealand 42,755.2 41,477.9 45,879.609 74
United Kingdom 42,354.4 40,284.6 46,200.258 74
Germany 46,794.9 46,208.4 50,787.859 69
United States 65,279.5 63,543.6 69,375.375 67
Israel 43,588.7 43,610.5 49,840.250 67
Switzerland 85,334.5 87,097.0 93,515.484 66
Iran 3,114.6 2,282.6 12,725.042 65
Mexico 9,946.0 8,346.7 9,967.388 58
India 2,100.8 1,900.7 2,116.444 53
Indonesia 4,135.2 3,869.6 4,224.98 46
Russia 11,497.6 10,126.7 11,273.242 40
Bangladesh 1,855.7 1,968.8 2,138.79 30
South Africa 6,001.4 5,090.7 6,861.17 27
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Fig. 4 Association of vaccination and GDP per capita across countries

Fig. 5 Relation between vaccinated class V2 and infection
I, when rate of second dose of vaccination ‘p1’ is modulated

are vaccinated timely and with an increased rate, it
will not only result into increased recoveries but also
boost the capital stock of the nation. Results obtained
from the model demonstrate an increased capital stock
corresponding to an increased rate of vaccination and
vice versa. An increasing capital stock is the lodestar
for increased GDP. How? An increased value of capital
stock brings specialisation and large-scale production
along [30]. Both of these entities bring down the cost
of production per unit in addition to offering increased
output and productivity. In fact, the economy suffers
when the rate at which capital stock moves in fails
to match with the rate of growing population leading
to humongous under-employment and unemployment
[22,30]. Hence, a capital stock that is expanding, by all
means, contributes to a blooming GDP. Findings from
our model align perfectly with outcomes of prominent

Fig. 6 Effect of media on infected class I and susceptible
class S

literature [14,16,17] which maintains a firm stand on
higher GDP values being associated with higher vacci-
nation rates across the globe.

Another milestone towards our model and its conse-
quent work is the data from 24 countries [13]. Table 3
illustrates GDP per capita (Current U.S dollar) of 2019
[31] and its comparison with GDP per capita (Current
U.S dollar) of 2020 [32] and the second quarterly esti-
mate of GDP per capita (U.S dollars, Current Price)
in the form of ‘World Outlook Economic Database—
October 2021’ [33] published by International Monetary
Fund. Percentage of people those who have received
first dose (V1) and percentage of people those who have
received both the doses (V2) add in to form total vac-
cinated percentage [13] in a country, i.e., (V1 + V2) in
Table 3. The table covers comparative analysis of the
GDP per capita of 24 countries in 2019 and 2020 to that
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of October 2021 while demonstrating the vaccinated
population percentage. Countries have been arranged
in descending order of vaccinated population percent-
age as on November 10, 2021. Prima facie, it is observed
that economies with prominent vaccinated percentage
show greater boost in GDP figures falling in line with
the concept and results of our model. Obviously, the
increase in GDP is uneven across countries owing to
the degree of positive correlation that exist between
the vaccinated population percentage and GDP per
capita of that respective country [17]. This degree of
correlation depends on a multitude of factors including
geographical distribution, population density,cvaccine
hesitancy, and vaccine Nationalism [15]. However, nar-
rowing down to countries with vaccinated percentage
less than 60%, i.e., Mexico, India, Indonesia, Russia,
Bangladesh, and South Africa, it is to be noted that
their increase in GDP per capita is not as prominent
as compared to countries with vaccinated percentage
more than 60%. Looking at the values of GDP per
capita (2019) and the estimates of GDP per capita
October 2021, it can be deduced that vaccination insti-
gates enhanced economic growth, further strengthening
the results propagated by the model. For better under-
standing of the results, a pictorial representation (Fig.
4) of GDP per capita October 2021 and its association
with vaccinated population percentage as on November
10, 2021 is shown on World map.

Understanding the relation between infected class
and the vaccinated class V2 (second dose) (Fig. 5),
it is interesting to observe that the number of infec-
tions starts to come down as the vaccinated class V2

increases. The rate p1 = 0.001 rate/day for second dose
is less than that of p = 0.004545 rate/day for the first
dose. A period of gap is necessarily required between
the doses for the effective working of the vaccines. Due
to irregular periods between which the two doses are
taken, availability/non-availability of the second dose,
and the callous nature of the masses after taking first
shot of the vaccine, all contribute towards a lower rate
of p1 as compared to its counter part p and has been
taken in accordance with the above-mentioned factors.

Remark 2 We observe in Fig. 5 that an increase in
rate (p1 = 0.00005 rate/day) of second dose of vac-
cine curbs the infection to a greater degree, bringing
it down as evident from the graph. Though, while the
rate (p1 = 0.9 rate/day) of second dose of vaccine is
decreased, the infections start rising in a prominent
manner. This behaviour of the system backs the idea
propagated by scientist and medical board regarding
the second dose of vaccination. Taking both the doses
at appropriate intervals guarantees maximum protec-
tion from the infection and curb fresh infections from
spewing up. In an indirect relationship, less infections
would definitely aid in stabilizing the economy if not
remarkably increase it. A concrete evidence supporting
our result is the study [34] conducted by ‘Centers for
Disease Control and Prevention’ (CDC). Data [35] were
extracted from 4000 individuals with versatile profes-
sions viz health care workers, delivery workers, teachers,

and first responders who were inoculated with Mod-
erna/Pfizer vaccine between the period of December
2020 and March 2021. The study concludes that vac-
cines caused a 90% reduction in all infections.

Also, the two rates p1 = 0.001 and p1 = 0.00005 show
close statistics. Even if we increase the rate sufficiently
high, it continues to curb infections at an intensity sim-
ilar to that of p1 = 0.001.

Analysing the effect of media on susceptible class
S and infected class I against time, our results (Fig.
6) show slight variation from the perceived notions of
how media affect us. With subsequent lock downs and
restricted movements happening during the course of
pandemic, we are hooked on to our television sets and
mobile phones more than ever, hence experiencing and
absorbing larger quantities of information fed to us. As
we increase the rate with which the media affects us
from m = 0.5 to m = 0.9, we see prominent rise in the
number of both susceptible and infected classes (also
evident from the values pinned on the graph Fig. 6, X-
represents susceptibles in the figure and Y -represents
infected in the figure). The effect on infected class is
more. Reducing the effect of media to m = 0.0005, we
see that it brings down susceptible and infected indi-
viduals to some extent. Further reduction in the rate to
m = 0.000005, the system maintains status quo.

Remark 3 There is no doubt that the media do affect
us. Increasing the rate with which it affects us implies
that our exposure to it increases. As evident from the
results obtained, m = 0.9 has a negative impact on
the system. With a new piece of information emerging
everyday, contrasting data on how the infection may
spread and how to avert it, the recurring waves of infec-
tion and the dynamics of the disease make media a
tricky partner. Dwelling too much into it may make
the general population uneasy as if the infection is in-
evitable given the new variants and when the numbers
spike. This may lead to panic movements across cities,
regions, and even countries spreading infection to places
that have successfully got control of it. Also, on seeing
infections go down general masses adopt callous atti-
tude towards COVID-19 appropriate behaviour. As a
result people visit flea markets, and attend and orga-
nize large-scale ceremonies and head for popular tourist
destinations thereby adding to infections and suscepti-
bility. The case of Russia serves as a classic example in
this context. During the month of March, 2021, Russia
declared its region almost infection free with its indige-
nous vaccine ‘Sputnik-V’ encapsulating an efficacy of
98%. The cases had gone down considerably, falling to
less than 8000 in the month of May, 2021. and the coun-
try was boosting of its fight against the infection. The
media reported accordingly and general masses started
taking it lightly without feeling the need to get vacci-
nated and adopting callous behaviour against COVID-
19 appropriate culture. As a result, within a month,
the cases in Russia doubled up asking the administra-
tion to intervene and advise people to follow norms. It
later came out that only 13% of the population had
been vaccinated as on May,2021 which led to the spike
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Table 4 Sensitivity indices, βxi
pj

= ∂xi
∂pj

∗ pj

xi
, of the state variables at the endemic equilibrium, xi, to the parameters, pj

- K∗ S∗ I∗ V ∗
1 V ∗

2 R∗

p 1.2914 ∗ 10−5 −0.039 −.0046 1.1240 1.0837 −0.0096
p1 −3.7548 ∗ 10−7 1.0794 ∗ 10−4 1.2664 ∗ 10−4 −0.2222 0.7498 6.6345 ∗ 10−4

p2 −1.1505 ∗ 10−7 3.9757 ∗ 10−5 4.7074 ∗ 10−5 0 −0.7214 2.4647 ∗ 10−4

b1 −1.0232 ∗ 10−5 −0.9964 0.0042 0 0 0.0049
m −1.0125 ∗ 10−5 −0.8494 0.0036 0 0 0.0042
γ 0.0026 0.1506 −0.9124 0 0 0.1019
μ 0.0030 0.7197 0.7636 −0.7854 −1.0332 0.1196
δ −0.1126 0 0 0 0 0
ψ −5.2626 ∗ 10−4 0.1591 0.1867 0 0 −0.0219
N 0.0308 0.8817 1.0461 1.1336 1.1475 1.2177
σ 0.1130 0 0 0 0 0
A 0.1130 0 0 0 0 0
α 3.8560 ∗ 10−4 0 0 0 0 0

Fig. 7 Parameter sensitivity analysis K, R, S

Fig. 8 Parameter sensitivity analysis I, V1, V2
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Fig. 9 Curve fit

in the infections once the masses were devoid of the
fear of contracting the virus. Cases continue to increase
in Russia [36] (22,000 as of 1-08-2021), though people
have started taking an account of the situation.

Reducing the effect of media, i.e., to m = 0.0005,
we see positive impact on the system which is obvi-
ous in context to the aforementioned explanation. Lim-
ited exposure also limits the chances of misinforma-
tion and fake news/partial information from making
rounds which in turn makes the audience alert but
not assertive. The figures of death and helplessness can
more often than not, and disturb individuals mentally
and emotionally making their immune system vulnera-
ble. Selective consumption of data contributes to a bet-
ter state of physical and mental health aiding in stabi-
lization of infections. Further diminishing the rate with
which the media affect us to m = 0.000005, we see that
the state of the system remains unchanged, indicating
that there needs to be sufficient exposure for any visible
change to occur. With such trifle value, system retains
its last state and has no considerable effect to show.
Hence, it can be said that media though indirectly have
a considerable impact on the economy of a country.

4.1 Parameter sensitivity analysis

We have performed sensitivity analysis of the endemic
equilibrium point E∗(K∗, S∗, I∗, V ∗

1 , V ∗
2 , R∗) with res-

pect to all the epidemic–economic parameters present
in the model pertaining to the methodology in [37].
Through this process of parameter sensitivity analy-
sis, we investigate the degree to which a parameter
can affect the concerned variable through an affirmative
relationship or a negative relationship. The sensitivity
index (Table 4) obtained gives us the proportion that
a relative change in a parameter brings to the relative
change in a variable.

Definition [37]. For the variable x that depends dif-
ferentiably on a parameter p, we define the normalised

forward sensitivity index β of a variable as

βx
p =

∂x

∂p
× p

x
. (5)

In layman terms, for a parameter p and βx
p = 1 as

we increase or decrease p by certain percentage, let us
say k percent, then x also increases or decreases by the
same k percentage. For instance, β

V ∗
1

p = 1.1240 depicts
the relation of vaccinated class V1 with the rate of first
dose of vaccine, i.e., p. As we increase p, vaccinated class
V1 increases as well as evident from Fig. 3. Also

βS∗
p = 0.039, β

V ∗
2

p = 1.0837, βI∗
p = .0046.

It is understood that p the rate of first dose of vaccine,
i.e., vaccination will bring down the infections and sus-
ceptibles by offering subsequent protection, and thus, it
has a negative relationship with infected class and sus-
ceptible class. Rate of first dose of vaccine facilitates for
the second dose and hence in an affirmative association
with vaccinated class V2.

The parameter ψ is in a positive relationship with
the infected and susceptible class and in an nega-
tive association with the recovered class, i.e., βS∗

ψ =
0.1591, βI∗

ψ = 0.1867, βR∗
ψ = 0.0219. The parame-

ter ψ denotes the rate at which the individuals after
a breakthrough infection/reinfection join the suscepti-
ble class. Hence, as the rate of ψ increases, it increases
the vulnerability of the population to get infected and
hence increases susceptibles and infections accordingly.
Also, increased susceptibles and infections would ham-
per recoveries, and hence, ψ is negatively related to the
recovered class. The value β

V ∗
2

p1 = 0.7498 propagates
that the rate of second dose of vaccine, i.e., p1 is in
positive relation with vaccinated class V2 which implies
that as we increase the rate of second dose, the indi-
viduals in class V2 will increase accordingly which is
obvious. Natural recovery rate γ shares an affirmative
mapping with the capital stock, susceptible class, recov-
ered class, and a negative association with the infected
class

βK∗
γ = 0.0026, βS∗

γ = 0.1506, βR∗
γ = 0.1019,

βI∗
γ = 0.9124.

An increase in natural recoveries would definitely
boost the capital as recovered class is contributing
to the capital stock (Eq. 4). Since a portion from
the recovered class goes into susceptible class again,
hence increasing γ increases susceptibles too. Again, an
increase in natural recoveries would lead to less infec-
tions and hence the relationship between them. Table
4 explains how the various epidemic–economic param-
eters are associated with the epidemic–economic vari-
ables when the system is in a state of equilibrium. A
graphical representation (Figs. 7, 8) of Table 4 explains
the relationship in a visually rich and enhanced manner.
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This analysis can be of great help in policy forma-
tion and predicting future trends of recoveries and infec-
tions. For instance, looking at the relationship between
rate of vaccination of first dose p and the vaccinated
class V2 and infected class I, increasing the rate of
vaccination would certainly aid in bringing down the
infection and facilitate for the second dose of vaccina-
tion. Hence, majority of offices and institutions both
private and government have put a policy of “Compul-
sory vaccination to work”. In another scenario, predict-
ing trends of the pandemic like, to what extent can a
rise in the rate of infection b1 increase the additions to
infected class? or how many people can recover each
day, if the recovery rate ψ increases by a specific per-
centage. Such forecasts can be made.

4.2 Curve-fit using optimization algorithm

Following numerical approximation, we have fitted our
system with the help of the initial conditions and the
parametric values. The method’s role is to minimize the
square of errors of all the parametric values of our data
[38]. We have used Levenberg–Marrquadt algorithm
which helps in minimizing the residual by comparing
the current residual vector with previous residual vec-
tor [39]. Furthermore, since we did not get the desired
results, we optimized the curve fit again by Nedlar–
Mean algorithm [40] which uses initial guess for param-
eter estimation [41] (Fig. 9) and the result propagates
that this methodology assisted with producing a perfect
match for our model as we get a single regression line
and all the cluster points are nearest to regression line
which indicates that residual error is minimum [42].

5 Conclusion

We have braced an epidemic–economic model which is
the amalgamation of an SIV1V2R model and Solow’s
model of economic growth. The SIV1V2R model has
been obtained by populating the basic SIR model with
vaccinated classes V1 (recipients of the first dose) and
V2 (recipients of the second dose). Model dynamics
have been investigated for the existence and local sta-
bility of boundary and interior equilibrium points and
global stability of interior(endemic) equilibrium point.
Parameter sensitivity analysis for system (4) has been
performed. Also, we have performed curve fit for the
system (4) using Nedlar–Mean algorithm. Our analysis
reveals the following:

1 Will vaccination instigate economic growth ? A sim-
ple answer to this tricky question is ‘Yes’. Results
obtained from the model as shown in Fig. 3 clearly
indicate an improved capital stock with improved
vaccination rates and a decreased capital stock with
low vaccination rates. Providing firm testimony to
our results are the recent studies (discussed in
Sect. 1.1) vouching in all forms for higher GDP

rates belonging to countries with high vaccination
rates. A hands-on-evidence to further strengthen the
bond between vaccination and economic growth is
the data from 24 countries (Table 3) on the posi-
tive relationship of GDP per capita and vaccinated
population percentage which clearly propagates the
results obtained from our model.

2 Findings from the model (Fig. 5) reveal that com-
plete vaccination brings down the infection consider-
ably. Earlier vaccinations were just associated with
preventing hospitalizations and reducing the degree
of severity of infections but as the results have it,
they are also cutting on circulation of silent infec-
tions. The conclusion of a study done by CDC in
2021 (discussed in Sect. 4) is in synchronisation with
the outcomes of our model in this context.

3 Media, in all of its form, print, and electronic, are
playing a crucial role in the face of the catastro-
phe that the novel SARS-COVID-2 has bestowed
globally. As the model points out (Fig. 6) increased
exposure to media instigates infections and suscep-
tibles, whereas for vice versa, we see a decline in
infections. In either of the case, the economy gets
affected.

4 Through performing parameter sensitivity analy-
sis (Table 4) for the proposed epidemic–economic
model, we have gained insight on the intensity with
which the rate of vaccination of first dose p facili-
tates vaccinated classes V1 and V2 and brings down
the addition to infected class I. The performance of
the rate of natural recoveries in hitting the infected
class has also been demonstrated (Table 4). Hence,
quantifying the association of parameters with vari-
ables in the epidemic–economic model through the
exercise of parameter sensitivity analysis can greatly
aid in curating policies both economical and health
wise that fulfill the major goal behind them.

Apart from indigenous growth, vaccines are facili-
tating global economy as well. How? The aftermath
of global cost of vaccination reveals that high-income
countries can expect a worthwhile return of 4.80 dol-
lars for every dollar spent on facilitating low-income
countries with vaccines. As in the event of low-income
countries not being able to access vaccines, the world
should be ready for sustaining loses between 60 and
340 billion dollars a year in GDP. As an extension to
this work, parameters denoting different entities such
as ‘vaccine hesitancy’, ‘effect of pandemic on popula-
tion growth rate and its economic consequences’, ‘rise
in mental health issues’ and impact of ‘work from home’
condition, etc., can be added to the model and their
effect be analysed.
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A Mathematical analysis

A.1 Local stability analysis

General Jacobian matrix for system (4) is given by

J =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

αZ(S+V1+V2+R)
K(1−α)

− δ Z 0 Z Z Z

0 (−μ − b1I
1+mI

) − b1S
(1+mI)2

0 0 ψ

0 b1I
(1+mI)

( b1S
(1+mI)2

− μ − γ) 0 0 0

0 0 0 (−μ − p1) 0 0
0 0 0 p1 (−μ − p2) 0
0 0 γ 0 p2 (−μ − ψ)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

,

where Z = σKα(1 − α)(S + V1 + V2 + R)−α

General characteristic equation pertaining to the Jaco-
bian matrix above is given by

[
αZ(S + V1 + V2 + R)

K(1 − α)
− δ − λ)

] [ (

μ +
b1I

1 + mI
+ λ

)

(
b1S

(1 + mI)2
− μ − γ − λ

)

(μ + p1 + λ) (μ + p2 + λ)

(μ + ψ + λ)

]

[(

− b1I

1 + mI

) (
b1S

(1 + mI)2

)

(μ + p1 + λ) (μ + p2 + λ)

(μ + ψ + λ)]
[(

b1Iγψ

1 + mI

)

(μ + p1 + λ) (μ + p2 + λ)

]

= 0.

Characteristic equation pertaining to the boundary equi-
librium point E0 is given by

αZ0(S0 + V 0
1 + V 0

2 + R0)

K0(1 − α)

−δ − λ)(μ + λ)(b1S
0 − μ − γ − λ)(μ + p1 + λ)(μ + p2 + λ)

(μ + ψ + λ) = 0.

Eigen values corresponding to boundary equilibrium

point E0 are λ1 =
αZ0(S0+V 0

1 +V 0
2 +R0)

K0(1−α)
− δ < 0, if K0 >

αZ0(S0+V 0
1 +V 0

2 +R0)

δ(1−α)
, λ2 = −μ, λ3 = b1S

0 − (μ + γ) < 0

if b1S
0 < (μ + γ) or R0 < N

S0 , λ4 = −(μ + p1), λ5 =
−(μ + p2), λ6 = −(μ + ψ). Consequently, E0 is stable if,

K0 >
αZ0(S0+V 0

1 +V 0
2 +R0)

δ(1−α)
and R0 < N

S0 . Next, the char-
acteristic equation pertaining to interior equilibrium point
E∗(K∗, S∗, I∗, V ∗

1 , V ∗
2 , R∗) is given as follows:

[
αZ∗(S∗ + V ∗

1 + V ∗
2 + R∗)

K∗(1 − α)
− δ − λ)

] (

μ +
b1I

∗

1 + mI∗ + λ

)

(
b1S

∗

(1 + mI∗)2
− μ − γ − λ

)

(μ + p1 + λ)(μ + p2 + λ)

(μ + ψ + λ)

[(

− b1I
∗

1 + mI∗

) (
b1S

∗

(1 + mI∗)2

)

(μ + p1 + λ) (μ + p2 + λ)

(μ + ψ + λ)]

[(
b1I

∗γψ

1 + mI∗

)

(μ + p1 + λ) (μ + p2 + λ)

]

= 0.

Expanding the above expression, we obtain

λ6 + a5λ
5 + a4λ

4 + a3λ
3 + a2λ

2 + a1λ + a0 = 0,

where

a5 = [(μ + ψ) + (μ + p1) + (μ + p2)] −
(

μ +
b1I

∗

1 + mI∗

)

+

[
b1S

∗

(1 + mI∗)2
− μ − γ

]

− αZ∗(S∗ + V ∗
1 + V ∗

2 + R∗)
K∗(1 − α)

a4 = − b21I
∗S∗

(1 + mI∗)3
+ [(μ + ψ) + (μ + p1) + (μ + p2)]

[

−
(

μ +
b1I

∗

1 + mI∗

)

+

(
b1S

∗

(1 + mI∗)2
− μ − γ

)]

−(μ + p1)(μ + p2) − (μ + ψ) [(μ + p1) + (μ + p2)]

−αZ∗(S∗ + V ∗
1 + V ∗

2 + R∗)
K∗(1 − α)

{

− [(μ + ψ) + (μ + p1) + (μ + p2)]

−
(

μ +
b1I

∗

1 + mI∗

)

+

[
b1S

∗

(1 + mI∗)2
− μ − γ

] }

a3 =
b1I

∗γψ

(1 + mI∗)
+ (μ + ψ)(μ + p1)(μ + p2)

[(

μ +
b1I

∗

1 + mI∗

) (
b1S

∗

(1 + mI∗)2
− μ − γ

)

− b21I
∗S∗

(1 + mI∗)3

]

[(
b1S

∗

(1 + mI∗)2
− μ − γ

)

−
(

μ +
b1I

∗

1 + mI∗

)]

[(μ + ψ)((μ + p1) + (μ + p2))] [(μ + p1)(μ + p2)]

−(μ + ψ)(μ + p1)(μ + p2)

−αZ∗(S∗ + V ∗
1 + V ∗

2 + R∗)
K∗(1 − α)

{

− b21I
∗S∗

(1 + mI∗)3

+ [(μ + ψ) + (μ + p1) + (μ + p2)]
[(

−μ − b1I
∗

1 + mI∗

)

+

(
b1S

∗

(1 + mI∗)2
− μ − γ

)]

−(μ + p1)(μ + p2) − (μ + ψ) [(μ + p1) + (μ + p2)]

}

a2 =

[(

μ +
b1I

∗

1 + mI∗

) (
b1S

∗

(1 + mI∗)2
− μ − γ

)
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− b21I
∗S∗

(1 + mI∗)3

]

[(μ + ψ) [(μ + p1) + (μ + p2)] + (μ + p1)(μ + p2)]

+(μ + ψ)(μ + p1)(μ + p2)
[

−
(

μ +
b1I

∗

1 + mI∗

)

+

(
b1S

∗

(1 + mI∗)2
− μ − γ

)]

+
b1I

∗γψ

(1 + mI∗)
[(μ + p1) + (μ + p2)]

−αZ∗(S∗ + V ∗
1 + V ∗

2 + R∗)
K∗(1 − α)

{

b1I
∗γψ

(1 + mI∗)

+(μ + ψ)(μ + p1)(μ + p2)
[(

μ +
b1I

∗

1 + mI∗

) (
b1S

∗

(1 + mI∗)2
− μ − γ

)

− b21I
∗S∗

(1 + mI∗)3

]

[(
b1S

∗

(1 + mI∗)2
− μ − γ

)

−
(

μ +
b1I

∗

1 + mI∗

)]

[(μ + ψ)((μ + p1) + (μ + p2))]

[(μ + p1)(μ + p2)] − (μ + ψ)(μ + p1)(μ + p2)

}

a1 =

[(

μ +
b1I

∗

1 + mI∗

) (
b1S

∗

(1 + mI∗)2
− μ − γ

)

− b21I
∗S∗

(1 + mI∗)3

]

(μ + ψ)(μ + p1)(μ + p2) +
b1I

∗γψ

(1 + mI∗)
(μ + p1)(μ + p2)

−αZ∗(S∗ + V ∗
1 + V ∗

2 + R∗)
K∗(1 − α)

{

(μ + ψ)(μ + p1)(μ + p2)

[

−
(

μ +
b1I

∗

1 + mI∗

)

+

(
b1S

∗

(1 + mI∗)2
− μ − γ

)]

+
b1I

∗γψ

(1 + mI∗)

{

(μ + p1) + (μ + p2)
}

+

[(

μ +
b1I

∗

1 + mI∗

) (
b1S

∗

(1 + mI∗)2
− μ − γ

)

− b21I
∗S∗

(1 + mI∗)3

]

[(μ + ψ) [(μ + p1) + (μ + p2)] + (μ + p1)(μ + p2)]

}

a0 = −αZ∗(S∗)+)V ∗
1 )+)V ∗

2 )+)R∗)
K∗(1− α){ [(

μ)+)
b1I∗

1)+)mI∗

) (
b1S∗

(1 + mI∗)2
)−)μ)−)γ

)
−)

b21I∗S∗

(1 + mI∗)3

]

(μ + ψ)(μ + p1)(μ + p2) +
b1I∗γψ

(1 + mI∗)
(μ + p1)(μ + p2)

}
.

Following Routh–Hurwitz criterion, we obtain that the
endemic equilibrium point E∗(K∗, S∗, I∗, V ∗

1 , V ∗
2 , R∗) is sta-

ble, provided the following conditions are met:

a6 > 0, a5 > 0, a0 > 0,
a5a4 − a6a3

a5
> 0,

a3(a5a4 − a6a3) − a5(a5a2 − a6a1)

a5a4 − a6a3
> 0,

(ga5a2 − a6a1)[a3(a5a4 − a6a3) − a5(a5a2 − a6a1)] + (a5a4 − a6a3)[−a1(a5a4 − a6a3) + a2
5a0]

a5[a3(a5a4 − a6a3) − a5(a5a2 − a6a1)]
> 0,

and
a1(a5a4 − a6a3) − a2

5a0

(a5a4 − a6a3)

− a0a3(a5a4 − a6a3) − a0a5(a5a2 − a6a1)[a5a3(a5a4 − a6a3) − a2
5(a5a2 − a6a1)]

(a5a4 − a6a3)(a5a2 − a6a1)[a3(a5a4 − a6a3) − a5(a5a2 − a6a1)] + (a5a4 − a6a3)[−a1(a5a4 − a6a3) + a2
5a0]

> 0.

A.2 Global stability

To establish global stability, we count on the graph-theoretic
method [43–46]. We have constructed a Lyapunov function
through a directed graph using the terminologies from [43].
A directed graph possesses a set of ordered pair say (i, j)
and vertices. Here, (i, j) is known as arc to terminal vertex
j from initial vertex i. For the terminal vertex j, d−(j) is
the in-degree of j which denotes the number of arcs in the
digraph. For initial vertex i, d+(i) is the out-degree of vertex
i which denotes the number of arcs in the digraph. Let us
consider a weighted directed graph say χ(P ) over a q × q
weighted matrix P where the weights(aij) of each arc, if
they exist, are aij > 0, and if otherwise, then aij = 0.

We consider ci as the co-factor of lij of the Laplacian of
χ(P ) which is given by

lij =

⎧

⎪⎨

⎪⎩

−aij i �= j
∑

k �=i

aij i = j.

If there is a strongly connected path, i.e., directed to and
fro path for the arcs in χ(P ) then ci > 0 ∀ i = 1, 2, . . . , q.
We rope in Theorem 3.3 and Theorem 3.4 from [43,45],
which will help us in the construction of lyapunov function.
The theorem is as follows:

– Theorem 3.3 of [43]: if aij > 0 and d−(i) = 1, for some
i, j, then

ciaij =

q
∑

k=1

cjajk
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– Theorem 3.4 of [43]: if aij > 0 and d+(j) = 1, for some
i, j, then

ciaij =

q
∑

k=1

ckaki.

Also, we use Theorem 3.5 of [43] which is stated as
Theorem 1.

Theorem 1 Let us consider an open set L ⊂ Rm and a
function f : L → Rm for a system

ż = f(z) (6)

and assuming:
(a) ∃ Bi : L → R , Gij : L → R and aij ≥ 0, such that
B′

i = B′
i|6 ≤ ∑q

j=1 aijGij(z), with z ∈ L, i = 1, . . . , q

(b) For P = [aij ], of (G, P ) each directed cycle Dc satis-
fies

∑

(i,j)∈ε(Dc)
Gij(z) ≤ 0 , z ∈ L,

where ε(Dc) is set of arcs in Dc.
Then, for ci ≥ 0, i = 1, . . . , q, the function is

B(z) =

q
∑

i=1

ciBi(z)

satisfies B′|6 ≤ 0, that is, B(z) is a Lyapunov function for
6.

A.2.1 Constructing the Lyapunov function

Let

B1 =
(K − K∗)2

2
, B2 =

(S − S∗)2

2
, B3 = I − I∗ − I∗ ln

I

I∗ ,

B4 =
(V1 − V ∗

1 )2

2
, B5 =

(V2 − V ∗
2 )2

2
, B6 =

(R − R∗)2

2
.

Now, by differentiation, we have

B′
2 = (S − S∗)S′ ≤ ((1 − p)μN + μS∗)(S + K)

− b1S
∗IS

(1 + mI)
+ ψRS = a21G21 + a23G23 + a26G26

where, a21 = (1 − p)μN + μS∗, a23 = b1S
∗, a26 = ψ.

B′
3 =

(
I − I∗

I

)

I ′ ≤ b1IS

(1 + mI)
+ (μ + γ)I∗(I + K + 1)

= a32G32 + a31G31 where, a32 = b1, a31 = (μ + γ)I∗

B′
4 = (V1 − V ∗

1 )V ′
1 ≤ (pμN + μV ∗

1 + p1V
∗
1 )(V1 + S)

= a42G42 where, a42 = (pμN + μV ∗
1 + p1V

∗
1 )

B′
5 = (V2 − V ∗

2 )V ′
2 ≤ p1V1V2 + (μ + p2)(V2 + S)

= a45G45 + a52G52 where, a45 = p1, a52 = (μ + p2)

B′
6 = (R − R∗)R′ ≤ γIR + p2V2R + (μ + ψ)(R + I)

= a36G36 + a56G56 + a63G63 where, a36 = γ,

a56 = p2, a63 = (μ + ψ).

For B1 differentiating, we have, B′
1 = (K − K∗)K′ ≤

σKα+1(S +V1 +V2 +R)1−α − δKK∗. Adhering to the com-
plexity of the model, we have considered two cases.

Case I: α = 0
The lyapunov function constructed makes

B′
1 = (K − K∗)K′ ≤ σKS + σKV1 + σKV2 + σKR

+δK∗(K + V2) = a12G12 + a14G14 + a15G15

+a16G16 + a51G51

where a12 = σ = a14 = a15 = a16 and a51 = δK∗.
We get an associated weighted directed graph, as shown

in Fig. 10. Then, by Theorem 3.5, [43] ∃c′
is, 1 ≤ i ≤ 6, such

that B =
∑q

i=1 ciBi is a lyapunov function. Using Theorem
3.3 and 3.4, we get the relation between ci.

For a14 > 0 and d+(4) = 1, we get c1a14 = c4(a45 + a42),
and for a63 > 0 and d−(6) = 1, we get c6a63 = c5a56+c3a36.
Hence

c1 = c3 = c2 = c5 = 1, c4 =
a14

a45 + a42
andc6 =

a56 + a36

a63

Thus,
the lyapunov function is as follows:

B = B1 + B2 + B3 +
σ

p1 + (pμN + μV ∗
1 + p1V ∗

1 )
B4

+B5 +
p2 + γ

(μ + ψ)
B6.

And, for B′

B′ = (K − K∗)K′ + (S − S∗)S′ +

(
I − I∗

I

)

I ′

+
σ

p1 + (pμN + μV ∗
1 + p1V ∗

1 )
(V1 − V ∗

1 )V ′
1 + (V2

−V ∗
2 )V ′

2 +
p2 + γ

(μ + ψ)
(R − R∗)R′.

Case II: α = 1

B′
1 = (K − K∗)K′ ≤ σK2 + δK∗(K + R)

= a11G11 + a61G61 where a11 = σ and a61 = δ.

We get an associated weighted directed graph as shown
in Fig. 11. Similarly as above, for a45 > 0 and d+(5) = 1,
we get c4a45 = c5(a52 + a56). Hence,

c1 = c3 = c6 = c2 = c5 = 1, c4 =
a52 + a56

a45

Thus, the lyapunov function is as follows:

B = B1 + B2 + B3 +
μ + 2p2

p1
B4 + B5 + B6

And, for B′

B′ = (K − K∗)K′ + (S − S∗)S′ +

(
I − I∗

I

)

I ′ +
μ + 2p2

p1

(V1 − V ∗
1 )V ′

1 + (V2 − V ∗
2 )V ′

2 + (R − R∗)R′

If we consider the set U = {x ∈ R6
+ : B′ = 0}, then

we see that K = K∗, S = S∗, V1 = V ∗
1 , V2 = V ∗

2 ,
I = I∗ and R = R∗. Hence, we get the unique equi-
librium point (K∗, S∗, I∗, V ∗

1 , V ∗
2 , R∗). Therefore, following

’LaSalle’s Invariance’ principle, it can be said that the
endemic equilibrium point is globally stable.
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Fig. 10 Directed graph
for α = 0

Fig. 11 Directed graph
for α = 1
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