
Eur. Phys. J. Plus         (2024) 139:311 
https://doi.org/10.1140/epjp/s13360-024-05089-z

Regular Art icle

Electronic and optical properties of tetrapod quantum dots under applied electric
and magnetic fields

R. V. H. Hahn1, F. Mora-Rey2, R. L. Restrepo3, A. L. Morales2, J. Montoya-Sánchez2, G. Eramo4, M. G. Barseghyan5,
A. Ed-Dahmouny6, J. A. Vinasco7, D. A. Duque8, C. A. Duque2,a

1 Departamento de Electrónica y Tecnología de Computadores, Facultad de Ciencias, Universidad de Granada, Granada, Spain
2 Grupo de Materia Condensada-UdeA, Instituto de Física, Facultad de Ciencias Exactas y Naturales, Universidad de Antioquia UdeA, Calle 70 No. 52-21,

Medellín, Colombia
3 Universidad EIA, Envigado C.P 055428, Colombia
4 Mediterranean Institute of Fundamental Physics-MIFP, Via Appia Nuova, 31, Marino, Rome 00047, Italy
5 Department of Solid State Physics, Yerevan State University, 1, Al. Manoogian, 0025 Yerevan, Armenia
6 SIGER Laboratory, Faculty of Sciences and Technology, Sidi Mohamed Ben Abdellah University, 2202 Fez, Morocco
7 Institución Universitaria-ITM, Calle 73, 76A-354, vía al Volador, 050034 Medellín, Colombia
8 GICEI, Facultad de Ingeniería, Institución Universitaria Pascual Bravo, 050034 Medellin, Colombia

Received: 18 December 2023 / Accepted: 11 March 2024
© The Author(s) 2024

Abstract In this work, the ground and low-lying excited states in GaAs tetrapod-shaped nanocrystals and in CdTe/CdS core/shell
tetrapod-shaped nanocrystals are computed in the case of a finite confinement potential model using the finite element method and
the effective mass approximation. For the single material tetrapod, electron energy levels are studied as a function of size parameters
and the intensity of externally applied electric and magnetic fields, while for the core/shell tetrapod the electron and hole states are
analyzed relative to size parameters of the core and shell thickness. The results show that the energies are strongly influenced by the
tip-arm geometry, arm diameter, shell thickness and the intensity of the electric and magnetic fields.

1 Introduction

Colloidal semiconductor nanostructures have versatile physical and chemical properties, which make them suitable candidates for
applications in fields ranging from medicine [1, 2] to optoelectronics [3, 4]. Their properties can be tuned via size and shape
modifications, chemical composition and ligand choice, among others. Particularly, control over size and morphology has been of
paramount importance in materials chemistry over the last few years, which has allowed the development of synthesis protocols
for nanoparticles with specific and particular shapes [5–7]. So, branched nanocrystals (NCs) have emerged as strong alternatives
for a wide range of applications [8] thanks to their peculiar geometry that confer on them singular optoelectronic and mechanical
properties compared to the conventional spherical nanocrystals. Within these branched NCs, tetrapod-shaped nanocrystals, or simply
tetrapods (TPs), are easily manufactured and processed structures whose properties can be tuned in various ways, since they can
be found either as single material structures [9] or as core/arm or core/shell structures of combined materials [10–13] or even as a
substrate for the growth of spherical metal or semiconductor nanoparticles in the tips of the arms [14–16].

NCs conformed by at least two different crystal phases combine several components with different electronic structures in a
single entity, and the band engineering at the interface of these semiconductor heterostructures has a significant relevance in the
realization of new functional photovoltaic and optoelectronic devices, thanks to the formation of type I and type II heterostructures
[17, 18]. While, an enhancement of photoluminescence has been observed in certain type I heterostructures, type II band alignments
commonly lead to a quench of light emission. Type II CdTe/CdSe and CdTe/CdS core/shell nanocrystals have been found to be ideal
candidates for their application in photovoltaics, as they present a long-range photoinduced charge separation [18, 19]. Specifically,
nanocrystal-polymer hybrid solar cells display a promising performance when constructed with CdTe/CdSe TPs [20, 21], which has
brought to light the need for a simple and inexpensive synthetic route for type II CdTe/CdSe and CdTe/CdS tetrapod-shaped NCs
[22, 23]. These structures consist of a tetrahedral zinc blende (ZB) core and a wurtzite (WZ) shell grown from the core region [19].

Some authors suggest modifying the properties of the TPs through the introduction of anisotropies in the morphology of the
arms, such as variations in the length or diameter of at least one of them [24–26]. This type of anisotropy can be directly fixed in the
design stage of the nanocrystals [25, 27] or can occur accidentally during the synthesis process [28, 29]. These tetrapod-shaped NCs
have shown significant potential for applications in different fields, such as photovoltaics [30–32], photodetectors and sensing [33,
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Fig. 1 Schematic representation of the GaAs tetrapod nanostructure (a) with fixed lower arm radius, R1 � 5 nm, and variable upper arm radius, R2 and arm
length, H. The CdTe/CdS core/shell tetrapod nanostructure (b) is depicted together with a zoom of the geometric center. The arm diameter, D, arm length,
H ′ and shell thickness, sh, are also shown

34], lasing [35] and single-nanoparticle transistors [36]. A judicious choice of band alignment between the materials composing
the heterostructured TP can result in a broad delocalization of the electron or hole wave functions from the core into the arms of
the tetrapod, which is optimal for applications requiring efficient charge separation, such as in solar cells. Additionally, tetrapod-
shaped nanostructures are expected to yield suppressed nonradiative Auger recombination rates thanks to the reduced spatial overlap
between the core electron and hole wave functions, turning them to more efficient optical gain material than nanorods or quantum
dots [35, 37].

In this work, we try to shed light on the effect of externally applied electric and magnetic fields on tetrapod-shaped nanocrystals
made of a single material or in a core/shell configuration. A profound theoretical knowledge of this kind of nanostructures is crucial
to their practical implementation, in this article we examine the ground and low-lying excited states for electrons and holes in a
GaAs tetrapod-shaped nanocrystal and in a CdTe/CdS core/shell tetrapod-shaped nanocrystal subjected to an electric in/or magnetic
field. The influence of size parameters, shell thickness, and the intensity of the electric and magnetic fields on the energy levels
of the first electron and hole states will be numerically calculated by solving the stationary Schrödinger equation by means of a
finite element method (FEM) within the effective mass approximation. This paper is structured in the following way: in Sect. 2 we
present the theoretical model and describe the basic theory, in Sect. 3 we present and discuss our numerical results and, finally, our
conclusions are shown in Sect. 4.

2 Theoretical model

In this study, we focus on the energy states and their associated wave functions in two different tetrapod structures, i.e., a GaAs
tetrapod and a CdTe/CdS core/shell tetrapod under the influence of external electric and/or magnetic fields, applied along the
z−direction. Figure 1 presents a schematic representation of the geometry of the two systems considered in this work, together with
the main dimensions of the structures and the values of the confinement potential in each region. For the sake of clarity, the reference
system is also depicted. For the calculations, the origin of the reference system is set at the geometric center of the tetrapods.

The confining potential profile considered for the CdTe/CdS core/shell TP structure [19] is shown in Fig. 2, where the main
numerical values which will be of interest for the calculations are indicated. As can be seen in Fig. 2, three regions with different
potentials are distinguished in the core/shell tetrapod-shaped nanostructures, i. e., the geometric center or core, the arms and the
shell. In this work, the difference between the core and the arms will not be considered, which differ in the crystalline structure of
the material, since the tetrapod has been built as the intersection of four cylinders, so the material of the core has the same crystalline
structure as the arms. The core region of Fig. 2 has been used in this work to indicate the gap and to establish the reference for the
arms and shell potentials.

The Hamiltonian of the problem, within the effective mass approximation, is written in Cartesian coordinates as follows:

H � 1

2m∗
e,h

(
i� �∇e,h ∓ e �Ae,h

)2 ± e �F · �re,h + Ve,h(x , y, z), (1)

, where e is the absolute value of the electron charge, �r � (x , y, z) stands for the electron position and m∗
e, h is the effective mass

for electrons (subindex e) and holes (subindex h). The first mathematical sign corresponds to the Hamiltonian for electrons, while
the second is associated to the Hamiltonian for the holes. It is important to note that the effective mass will be considered to be
position-independent within each of the materials composing the tetrapods.
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Fig. 2 Confining potential profile corresponding to a CdTe/CdS core/shell tetrapod

The gauge chosen for the description of the magnetic field effect entails the following conditions for the magnetic vector potential
of electrons and holes, �A: (i) �∇ · �A � 0 and (ii) �A � − 1

2 �r × �B. Under the first condition, the Hamiltonian in Eq. 1 takes the form:

H � − �
2

2m∗
e,h

�∇2
e,h ∓ ie�

m∗
e,h

�Ae,h · �∇e,h +
e2

2m∗
e,h

A2
e,h ± e �F · �r + V (x , y, z). (2)

In this work, both the electric and magnetic field are applied along the z−direction, i. e., �F � (Fx , Fy , Fz) � (0, 0, F) and �B � (Bx ,
By , Bz) � (0, 0, B). From Fig. 1 it is clear that the fields will be parallel to the vertical arm of the tetrapods. Taking into account
the second condition mentioned above for the magnetic vector potential, Eq. 2 can be written as:

H � − �
2

2m∗
e,h

�∇2
e,h ∓ ie�

2m∗
e,h

B

[
y

∂

∂x
− x

∂

∂y

]
+

e2

8m∗
e,h

B2(x2 + y2) ± e F z + V (x , y, z). (3)

The energies and wave functions of the bound states of electrons and holes are obtained with the assumption of parabolic bands as
the solutions of the Schrödinger equation:

H �i (x , y, z) � Ei �i (x , y, z). (4)

Eq. 4 is numerically solved via a finite element method (FEM) as implemented in the COMSOL-Multiphysics software [38]. The
Dirichlet boundary condition,� � 0, was applied to the outer surface of the GaAs tetrapod, as the wave function must be finite.
Similarly, for the core/shell tetrapod: (i) wave function continuity on the core-shell interface, �core � �shell , (ii) BenDaniel-Duke
boundary condition: 1

m∗
core

∂�core
∂X � 1

m∗
shell

∂�shell
∂X with X � x , y, z and (iii) Dirichlet boundary conditions on the outer surface of the

CdTe/CdS core/shell tetrapod: � � 0.

3 Results and discussion

The Schrödinger equation, shown in Eq. 4, was solved using the FEM via the COMSOL-Multiphysics software [38] within the
effective mass approximation. We investigated numerically the lowest confined energy states for electrons and holes in a GaAs
tetrapod-shaped nanocrystal and in a CdTe/CdS core/shell tetrapod-shaped nanocrystal subjected to an electric in/or magnetic field
as a function of size parameters such as lower radius R1, upper radius R2, length of the arm H, shell thickness sh and intensity of
the electric and magnetic fields F and B, respectively. The parameters for electrons and holes adopted in numerical calculations
are m∗

e, GaAs � 0.067m0, m∗
e, CdTe � 0.11m0, m∗

e, CdS � 0.18m0, m∗
h, CdTe � 0.69m0, m∗

h, CdS � 0.7m0 (here, m0 is the free
electron mass) [19, 39] and barrier heights of Vcore/arm � 65 meV and Vcore/shell � −0.52 eV for electrons in CdTe/CdS TP and
Vcore/arm � −18 meV and Vcore/shell � 1.486 eV for holes in CdTe/CdS TP, as shown in Fig. 2. The computations were performed
for negative and positive values of the electric field F.

For the sake of clarity, this section has been divided in two subsections, the first one is devoted to the analysis of the GaAs
tetrapod-shaped nanostructure, while the second one focuses on the CdTe/CdS core/shell tetrapod.

3.1 GaAs Tetrapod

In order to better understand the features of tetrapod-shaped NCs, firstly the single material TP is analyzed. The energies of the first
eight electron states are shown in Fig. 3. The first remark that emerges from this figure is that the energies of all states decrease as the
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Fig. 3 Variation of the electron energies of the ground and seven first excited states as a function of the upper radius, R2, for a GaAs tetrapod with fixed
lower radius, R1, and arm length, H. The numbers set by the lines indicate the degeneracy of the energy levels. Calculations correspond to H � 10 nm and
R1 � 5 nm

Fig. 4 Squared modulus of the electron wave function in a GaAs tetrapod corresponding to the unique ground state with upper radius R2 � 0 nm (a) and
the fourfold degenerate ground state with upper radius R2 � 10 nm (b) to (e). Calculations are for R1 � 5 nm and H � 30 nm. Ocher color represents the
maximum value, while green is associated to the minimum value

upper radius, R2, increases. This is a direct consequence of the increment in the volume of the structure originated by the increase in
R2. This feature is in perfect agreement with other studies on nanostructures with different morphologies, such as spherical quantum
dots [40, 41]. The numbers set by the lines indicate the degeneracy of the energy levels. Looking at the first four electron states in
Fig. 3, a particularity arises from R2 ≈ 5 nm. The electron ground state becomes fourfold degenerate given that the electron wave
function (EWF) moves from the TP center to the four arms as they shift from a conical morphology for R2 � 0 nm to a cylindrical
one as R2 increases. To clarify this fact, in Fig. 4 the EWF of the ground state is depicted for the two extreme R2-values considered
in this work.

The second step in the analysis of this single material tetrapod-shaped nanostructure is the study of the first eight electron
energy states varying simultaneously the length of the four arms, H, maintaining the lower and upper radii equal to each other,
R1 � R2 � R � 5 nm. These results are shown in Fig. 5. The energy of the ground state is well-separated from the first excited
states for all values of H, which means that the EWF corresponding to the ground state remains in the geometric center, the core
region, as the length of the arms increases. For the sake of clarity, the EWF of the ground state is depicted in panels (a) and (b) of
Fig. 6 for the two extreme values of H considered in this study. A close look to the region of larger values of H reveals a tendency
for the fourth electron excited state to degenerate with the first three excited states, as their energy gets closer to each other the larger
the H-value. As a final remark from Fig. 5, the same trend in the energy behavior already shown in Fig. 3 is found here, given that
despite being fixed the cross-section of the arms, their elongation also causes an increase in the volume of the structure. To make
clear that the ground state energy also follows this trend, the inset shown in Fig. 5 is a zoomed-in version of this state.

For the sake of completeness, Fig. 7 shows the first electron energy states in the GaAs TP computed for a fixed value of the arm
length and varying the arm radii, with the prescription R1 � R2 � R. As the parameter R moves to larger values, the volume of
the structure ascends and, therefore, the energy of all electron states decreases. The latter has been already shown in Figs. 3 and 5.
The ground state energy is always well differentiated from the next excited states, indicating that the EWF remains within the core
at the geometric center, having an s-like character. To clarify this fact, in Fig. 8 the EWF of the ground state corresponding to the
extreme values of R under study are shown in panels (a) and (b), respectively. It is also important to point out the case of the first
four excited states. For small values of R, i. e., thin arms, the first excited state is fourfold degenerated given that the EWF is located
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Fig. 5 Variation of the electron energies of the ground and seven first excited states as a function of the arm length, H, for a GaAs tetrapod with fixed lower
and upper radii, R1 � R2 � R. The inset is a zoom for the ground state energy. Numbers set by the lines indicate the degeneracy of the states. Calculations
correspond to R � 5 nm

Fig. 6 Squared modulus of the electron wave function corresponding to the ground state in a GaAs tetrapod nanostructure with an arm length of H � 10 nm
(a) and H � 30 nm (b). Calculations are for equal lower and upper radii, R1 � R2 � R � 5 nm. Ocher color represents the maximum value, while green
is associated to the minimum value

in the four arms of the nanostructure. This behavior has already been shown when analyzing Fig. 5. However, as the radius of the
cylinders grow, the state turns to be threefold degenerate, p-like states, as the fourth excited state starts to emerge as a distinguishable
energy state at R ≈ 5 nm, given its s-like symmetry. To clarify, the behavior of the aforementioned fourth excited state, the electron
wave function of the first four excited states is shown in panel (b) of Fig. 7. This fourth excited state shows an incipient tendency to
degenerate with the next three excited states for larger values of R as can be shown in panel (a) of Fig. 7, the reason to this lying in
the fact that the effect of the cylindrical arms is lost for large values of R.

If a GaAs TP with equal lower and upper radii and fixed arm length is now considered, the effect of external electric and magnetic
fields is studied. In a first step, the effect of these two fields is studied separately and then, in a second step, their combined effect
on the TP nanostructure is analyzed. Figure 9 displays the behavior of the ground state and the first three excited states of the GaAs
TP when an external electric field is applied on the nanostructure in the z-axis, both in the positive and negative direction. In the
case in which the electric field points to the negative z-axis the EWF is displaced to the vertical TP arm, the energies of the first
four electron states are well-separated. As the electric field intensity decreases, the EWF is allowed to move towards the TP core
until, for F � 0, a threefold degeneracy for the first excited state is found, i. e., the first excited state is a p-like one, which has also
been shown in Fig. 7 for R � 5 nm. This characteristics are maintained if the electric field is applied along the positive z-direction,
up to F ≈ 50 keV/cm. In all cases, the s-like ground state is deformed to a prolate ellipsoid by the electric field. Given that the
electric field affects the px , y-states in the same way, but not the pz-state, the latter becomes distinguishable from the former two as
F increases. For F > 50 kV/cm, the EWF is totally pushed towards the lower three TP arms, giving rise to the threefold degenerate
ground state that is shown in Fig. 9.

In the absence of an external electric field, the application on the GaAs TP of a magnetic field gives rise to increasing energies
for all states, see Fig. 10. The aforementioned impact of the electric field on the s- and px , y, z-states is also valid in the case of the
magnetic field, justifying the behavior of the energies of the ground and first three excited states shown in Fig. 10.

When a variable magnetic field and a constant electric field of 150 kV/cm are simultaneously applied on the GaAs TP along the
positive z-axis, see Fig. 1, a threefold degenerate ground state is found for all values of the magnetic field, as it is shown in panel
(a) of Fig. 11. The reason to this lies on the fact that the electric field pushes the EWF towards the opposite direction. The EWF
can, therefore, be located within each one of the three lower arms of the tetrapod with the same probability. As the strength of the
magnetic field increases, the energy of the threefold degenerate ground state and the first excited state increase. If the electric field
is now applied along the negative z-direction, see panel (b) of Fig. 11, the degeneracy of the ground state is broken, as the EWF
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Fig. 7 Electron energy variations corresponding to the ground and seven first excited states as a function of the simultaneous variation of the lower and upper
radii, R1 � R2 � R, for a GaAs tetrapod with fixed arm length, H, (a) and electron wave function of the first four excited states, ψ1−4, for two different
values of the arm radius (b). Numbers set by the lines in the upper panel indicate the degeneracy of the states. Calculations correspond to H � 30 nm. Red
color represents the maximum positive value, while blue is associated to the minimum negative value

Fig. 8 Squared modulus of the electron wave function corresponding to the ground state in a GaAs tetrapod nanostructure with fixed arm length of H � 30 nm
and equal lower and upper radii, R1 � R2 � R � 6 nm (a) and R1 � R2 � R � 6 nm (b). Ocher color represents the maximum value, while green is
associated to the minimum value

Fig. 9 Electron energy dependence on the externally applied electric field for the ground and first excited states in a GaAs tetrapod with fixed arm length,
H and equal lower and upper arm radii, R1 � R2 � R. Calculations correspond to H � 30 nm and R � 5 nm

concentrates within the vertical arm of the nanostructure. This justifies also the straight-line-behavior of the energies observed for
high magnetic field values.
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Fig. 10 Electron energy dependence on the externally applied magnetic field for the ground and first excited states in a GaAs tetrapod with fixed arm length,
H and equal lower and upper arm radii, R1 � R2 � R. Calculations correspond to H � 30 nm and R � 5 nm

Fig. 11 Electron energy dependence on the externally applied magnetic field for the ground and first excited states in a GaAs tetrapod with fixed arm length,
H and equal lower and upper arm radii, R1 � R2 � R, when a constant electric field of 150 kV/cm is applied on the nanostructure. The magnetic field
is directed towards the positive z-direction, while the electric field points to the positive z-direction (a) and negative z-direction (b). Numbers by the lines
indicate the degeneracy of the states. Calculations correspond to H � 30 nm and R � 5 nm

3.2 CdTe/CdS core/shell Tetrapod

In order to gain more insight on the physics of the tetrapod-shaped nanostructures, the properties of a CdTe/CdS core/shell TP will
be scrutinized along this section. Figure 12 shows the energy dependence on the shell thickness for the first electron and hole states
considering two values of the core diameter, see Fig. 1b for notation.

Looking at panels (a) and (b) of Fig. 12, two different regimes are observed, depending on whether the shell thickness, sh, is
greater or smaller than ≈ 1.5 nm. Being sh � 0 nm the energy gap is of 1.482 eV, as it is straightforward from Fig. 2. In this
situation, the system behaves as a type II heterostructure, where the electrons are localized in the core and the holes are confined
within the arms. However, once the shell thickness has a non-zero value the energy gap changes to 0.962 eV, see Fig. 2. With this
configuration, the electrons tend to localize within the shell, while the holes remain within the arms. The transition between both
scenarios for the EWF materializes for sh ≈ 1.5 nm, as it can be seen in Fig. 12a and b. Once, the EWF is located at the shell, an
increase of the shell thickness generates a reduction in the energies, given that the volume of the structure containing the electrons
is augmented. The localization of the electrons in each one of the four arms of the TP is equiprobable and, therefore, the electron
ground state is fourfold degenerated. Finally, as the holes always remain within the arms of the nanostructure, their energies are
essentially independent of the shell thickness, which turns into nearly horizontal lines in panels (c) and (d) of Fig. 12. At this point, it
is of paramount importance to note that available experimental data of CdTe/CdS core/shell TPs with D � 2.2 nm and D � 3.7 nm
[19] are in perfect agreement with the numerically calculated data presented in this work.

In order to illustrate the EWF behavior described above, Fig. 13 shows the four isoenergetic electron wave functions associated
to the fourfold degenerate ground state in the core/shell TP with D � 2.2 nm. It is straightforward from this figure that the EWF
tends to displace from the core region to the shell as the shell thickness, sh, becomes increasingly larger.

4 Conclusions

We carried out a theoretical investigation into the energy levels of the first low-lying states for a confined electron in a GaAs and a
CdTe/CdS core/shell tetrapod-shaped nanostructure under geometrical modifications and the effect of external electric and magnetic
fields. The wave functions and the energy levels were obtained by means of the FEM within the effective mass approximation. For
the GaAs TP, the results show that any modification involving an increase in the volume of the tetrapod results in a progressive
reduction of the energies of all levels. Particularly interesting is the case of the modification of the upper radius of the arms that, as
it increases starting from zero, generates a fourfold degenerated ground state, given that the EWF moves from the core to the four
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Fig. 12 Energy as a function of the shell thickness, sh, for a CdTe/CdS core/shell tetrapod with core diameter D � 2.2 nm (a), (c) and core diameter
D � 3.7 nm (b), (d). Upper panels correspond to electron states, while lower panels are represent whole states. Numbers by the electron energies indicate
the degeneracy of the states. Calculations correspond to H � 30 nm

Fig. 13 Illustration of the electron wave functions corresponding to the fourfold degenerate ground state, ψ1−4, for sh � 0.5 nm (upper panel) and sh � 4 nm
(lower panel) in a CdTe/CdS core/shell tetrapod. Calculations correspond to D � 2.2 nm and H � 30 nm

arms of the nanostructure. When applied separately, the electric and magnetic fields deform the s-like EWF of the ground state to a
prolate ellipsoid and the displacement of the EWF in the opposite direction of that of the electric field is noticeable. The magnetic
field always causes an increase in the energy of all levels. These two effects are also observed under the combined application of the
electric and magnetic fields. Finally, the variation of the energies of the first electron and hole states in the CdTe/CdS core/shell TP
was analyzed as a function of the shell thickness for two different core diameters. The results suggest the existence of two different
regimes based on the band alignment of the core, the arms and the shell, once the latter has a relevant thickness. The transition
between both regimes occurs at a thickness of ≈ 1.5 nm and is characterized by the shifting of the EWF from the core to the shell,
while the wave function of the holes remains in the arms at all cases. Our calculated results thoroughly reproduce the experimental
results already published for this tetrapod-shaped nanostructure with the same dimensions and material specified here. The analysis
of core/shell TPs subjected to external electric and magnetic fields, as well as of the electronic and optical properties of GaAs and
CdTe/CdS core/shell TPs with impurities are under further investigation and will be published elsewhere.
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