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Abstract There are confusions about angular momentum propagation in scattering or decay processes involving the transition
between particle systems that appear to transform differently under Lorentz transformations. This paper provides an analysis of the
transformation properties of the states and interactions for a few typical processes within the standard model of particle physics,
and performs explicit calculations showing how angular momentum transfers in these processes. We shall show explicitly (a) how
a state with zero angular momentum evolves via interactions mediated by a single vector boson of spin one, and (b) that angular
momentum conservation is completely consistent with the calculation in quantum field theory. A discussion is also given about the
phenomenological consequences of the theoretical results obtained in this study.

1 Introduction
Within the standard model (SM), the decay of a charged pionl (take 7w ~ to be definite) into a lepton /~ and an anti-neutrino v; occurs
through weak interactions mediated by a W boson. This process is described in Fig. 1. The corresponding matrix element is
Qry 8Pk — ki — k)i M~ (k) — I (k1) (ko))
i 2maVyy

sin Oy

= f (17 ()5 () W (x) 10) x (01T (o)~ (R, (1)
where « is the fine structure constant, V,,4 the “ud” element of the quark mixing matrix, and Oy the weak mixing angle. The definition
of the amplitude M follows the convention of Ref. [1]. The pion and leptons are in “in” and “out” states respectively, and the fields
between the states are all renormalized. The polarizations of the fermions? are not labeled explicitly. The V — A quark current is
defined by

+ N 1— y5 d
J; x) = \I/“(x)y“T\IJ (x). 2)

Note that the decay occurs inevitably via the interaction term W; (x)J‘f *(x), which is explicitly extracted in Eq. (1). The insertion
of the vacuum states indicates then that the fields can only be contracted in such a way as to maintain a factorized form for the
transition amplitude represented by the graph in Fig. 1. The first factor of the integrand in Eq. (1) gives the vertex function of two
external fermions and an off-shell propagator [2, 3] with all order corrections including the self-energy graphs.? These are denoted
by the blob in light grey in Fig. 1. The second factor has a simple tensor structure determined by the properties of the quark current
and of the states under Lorentz transformations* and translations:

Ol (k) = 5 frklteh, 3

where f,; is the pion decay constant (in the convention of the particle data group [4]). It receives contributions from perturbative
and non-perturbative interactions within the 7~ induced by the quark current J,f *(x). These interactions result in the decay of the
pion and are represented by the blob in dark grey in Fig. 1.

Perturbative calculations can be done for the branching ratio RY, =TI'(z~ — e V.)/'(m~ — w~v,), which is independent

e/n
of f.The agreement between the SM prediction of RZ/ ., (with radiative corrections) and measurements has reached a level within

1 Or more generally, a charged pseudoscalar meson.

2 We do not distinguish anti-fermions from fermions except where the distinction affects our discussion.

3 Only half of the self-energy contribution should be included for the external lines in accord with the reduction of the S-matrix [2, 3].
4 The Lorentz transformations (and Lorentz group) in this paper do not involve space inversion and time reversal operations.

4 e-mail: bowenw @hznu.edu.cn (corresponding author)
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Fig. 1 The decay of a charged 7]
pion into a lepton and an

anti-neutrino: 7~ — [~ v;. The

light blob represents purely

perturbative interactions in the

graph, while the dark blob also s
includes non-perturbative

contributions

0.5%, and is limited by the accuracy of the experiment [5]. This provides a good precision test of the SM and perturbative calculations
in quantum field theory. Furthermore, f5 can be calculated in lattice QCD (see Ref. [4], Table 72.1). It can also be extracted from
experiments once the W decay subprocess (i.e., the first factor of the integrand on the r.h.s. of Eq. (1)) is computed (with parameters
such as V,,4 taken from other measurements). Comparison of results from both approaches shows an agreement at the percent level
[4]. This is also the level of uncertainty of the Lattice QCD result.

On the other hand, measurements of the angular distributions of pion decay products in the pion rest frame were done in many
early experiments. While most of them obtained isotropic results (e.g., Ref. [6-8]), small asymmetry were found in some of the
studies (e.g., Ref. [9] ). There are no reports of significant deviation from a uniform angular distribution in more recent experiments
of pion decays [10, 11]. The limits for the sizes of possible Lorentz violating terms are set to the level of 107> ~ 10~ relative to
the SM terms [12-14].

It is a consensus that no anisotropic angular distributions can be deduced from the charged pion’s SM decays, since the pion is a
pseudoscalar and the interactions involved are all Lorentz invariant. Studies of possible Lorentz violating effects all seek to find the
sources for Lorentz violation from extensions of the SM [12-16]. It may be conceptually confusing, however, that in the SM a spin-0
initial state propagates via a spin-1 vector boson, and remains isotropic before being measured. This is usually explained by noting
that there is a longitudinal polarization mode of the massive vector boson that behaves like a scalar with 0 angular momentum [1, 17,
18]. In Ref. [19] the decay is considered as occuring via a spin-0 goldstone boson to avoid non-conservation of angular momentum.
Nevertheless, it is still helpful to analyze the decay and other related processes using symmetry principles to show explicitly how
angular momentum conservation manifests at the amplitude level.

In the following we shall first explore the rotational and Lorentz symmetries in production processes of a vector boson, and then
illustrate the results based on symmetry considerations by simple tree level calculations. Consequences of the results in experiments
will then be discussed. A summary and discussion of the results will be given at the end.

2 Angular momentum transfer in the production of a vector boson

It is helpful to first work out the angular momentum of a vector boson (vector current) created from a collision of two spin-1/2
fermions. This is somewhat more complicated than the case of charged pion decay, but it provides a richer picture as to how angular
momentum is transferred between different parts of an amplitude. To make the discussion general, we start by considering the matrix
element

(01 (X)| pas has Pos ) = € PrPEITO1 J(0)| pay Aa Pis Ab)s 4

where J# denotes the SM current that tranforms like a vector, axial-vector, or a combination of them, e.g., J# = Weyrwe,

@y“ # WY, etc. The momenta and helicities of the fermions are indicated in the state ket. This matrix element represents the all
order contribution to the fermion-vector vertex shown in Fig. 2a (with the vector boson part excluded, as indicated by the vertical
bar).

The initial state is made up of two fermions with definite momenta and helicities, as indicated in the state ket in Eq. (4). This is not
an eigenstate of the angular momentum. To analyse the angular structure of the process, we expand the initial state as a combination

of states with definite J, M, A4, Ap, P* = p, +p,, and E* = ./pg + mg +, /pi + ml% [20, 21]. J and M are respectively the quantum
numbers for the total angular momentum of the fermions, and for its projection on the 3-axis in the center-of-mass (CM) frame of
the fermions, in which the 3-direction is defined by the direction of the 3-momentum of a: p = p, = —p,,. It is convenient to work
in this CM frame and express the expansion as [20, 21]

|Pas has Pos o) = Y CylJ, M = ha = A has 2 DI, ®)
J
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Fig. 2 Vertices that produce a
vector boson in the processes, Dby Ao
a fermion-fermion scattering, and
b decay (of e.g., r[i, W, etc.). The
light blob represents purely
perturbative interactions in the
graph, while the dark blob also
includes non-perturbative
contributions
[)ﬂ

(b)

where P* = 0 is suppressed, and E* is replaced by |p| in the states on the r.h.s. of Eq. (5). J runs over the integers 0, 1,
There is no sum over M, because the 3-component of the angular momentum coincides with the difference of the helicities. For an
anti-fermion, the physical spin in the direction of its momentum is opposite to its helicity, so an extra minus sign is to be included
in its helicity A, or A, when obtaining M = A, — Ap. It is shown [20, 21] that C; = /(2J + 1)/(47) in order to be consistent with
the normalization of the momentum and angular momentum eigenstates:

(Plos M3 Phs M| Pas ha P M) = (20)°2E, 2Eb83<p; — PS> (B} — Pp)3i, 83,0 ©)

M 30 2 D1 M s s 1) = ) e 3005 (E* — E")31718m M8 03 0, )

b b
¢ p|

Note that Eq. (7) is expressed in the CM frame of P*, in which P*' may be non-zero. For a non-zero P*', Eq. (7) gives 0 irrespective
of the 3-direction chosen in the CM frame of P*' to define M’. Whereas if P*' = P* = 0, both M and M’ are defined with respect
to the direction of p. However, in Eq. (7), M and M’ are not restricted to M = A, — Ap and M' = A}, — )»;7, since the states are not
restricted to those in the expansion in Eq. (5). The matrix element in Eq. (4) can also be expanded as

(O1J*(0) pas Aas Pbs Ab) = ZCJ(OIJ“(O)IJ,M = ha = Abs Aas Aps [PI) ®)
J

or, for a full process with the final state | f),

(F1Pasras Posp) = Y Co{fIJ, M = A = kb, has Ao, D). Q)
J

We are particularly interested in analysing the contribution to the matrix element in Eq. (8) from each value of J. A vanishing
contribution from a specific J signifies that the propagation of this angular momentum eigenvalue is forbidden. To determine the
allowed J values we should consider the transformation properties of both the operator J* and the state |J, M = Ay, — Ap, Ay, Ab,
Ipl). The angular momentum eigenstates with fixed J furnish an irreducible representation under the spatial rotation R(«, 8, y),
which is a 3 by 3 matrix that rotates the spatial coordinates and is parameterized by the Euler angles «, 8 and y:

UR(@, B,y DI s ha = hps has 2o [P = Y D5, (R(@, By DI, M has b, [pI). (10)
w
Note that A, Ap, and |p| are invariant under rotations. M (on the 1.h.s.) is fixed to A, — Ap, but is changed by a rotation to M’ (on the
r.h.s.). The subscripts of the Wigner Z-matrix @’ ., (The explicit form can be found in e.g., [20, 22]) take the values —J, —J +1,

, J. (All helicity values A, and A} are allowed as long as —J < M = A, — Ap < J). The current operator J*(0) is a 4-vector
that transforms according to

UM)J*OU ™ (A) = (A™HETY(0) D

under an arbitrary Lorentz transformation A (The x dependence of J# is removed by translation in Eq. (4) so that the transformation
of the current is simpler). On the r.h.s. of Eq. (11) u and v label respectively the row and column of the matrix A ~'. This is equivalent
to the self-representation of the Lorentz group, which can be seen from the property for an arbitrary Lorentz transformation matrix
A

ghg =@, (12)
g =g ' =diag{l, -1, — 1, — 1} (13)

Therefore J#(0) furnish a 4-dimensional irreducible representation of the Lorentz group. However, upon restriction to its spatial
rotation subgroup SO(3), the current operators are no longer irreducible. Clearly, J? is invariant under rotations, while J', J2, and

5 This extra minus sign is not to be confused with the minus signin M = A5 — Ap.
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J?3 are mixed. This reduces the 4 components to an SO(3) singlet labeled by J = 0 and a triplet in the SO(3) self-representation
labeled by J = 1:

UR)JI*O)U(R) = J°0)DI5°(R), D'Z'(R)=1, (14)
UR OU™'(R)=J/OD]T'(R), DIT'(R) =R ij=Rji i.j=123 (15)

As representations of the SO(3) group with the same dimension are equivalent, the D/= and D’=! matrices above are equivalent
to the representations 2° and 2! in Eq. (10), respectively. Hence the only non-vanishing contribution in Eq. (8) is from J = 0 and
J = 1 according to Wigner-Eckart theorem.® This is not exactly right because they could still vanish due to constraint from further
symmetries (See Sect. 4 for an example), but at least all final states with J > 2 cannot be produced via a vector boson coupling to
the vertex in Fig. 2a.

One may want to also investigate the transformation of J#(0) and |J, M = A — A/, A, A/, |p|) under the full Lorentz group,
rather than its subgroup. However, it is not straightforward to see the transformation law of the angular momentum eigenstates in
this case, except that |/ = 0, M = 1 — 1 =0, A, 1/, |p|) will no longer be invariant (a boost changes the eigenvalues P* and E*).

The analysis above can be carried over immediately to the case of the charged pion decay (or more generally, charged pseudoscalar
meson decay) via production of a W boson, as in Fig. 2b. The initial state pion is a pseudoscalar with / = M = 0, and the amplitude
(Olsz ()T~ (%)) in Eqg. (3) is non-zero from the same reasoning as given above of the J = 0 contribution being non-zero in two
fermion scatterings.

3 Amplitudes with angular momentum eigenstates
Now we derive formulae for practical calculations of the amplitudes on the r.h.s. of Eq. (9). The spatial part of p, in Eq. (5) can

be rotated by R(¢, 9, 0) to a direction determined by the azimuthal angle ¢ and polar angle 6, with respect to the original axes.
Denoting the initial state under this rotation by

19,6, %4, 21, IPI) = U(R(,0,0)|pa, Xa; Pb. Ab) = |R(9,6,0)pa, ra; R($,60,0)pp, Ap), (16)
|Pasras Pbs Ab) = 1§ = 0,0 = 0,44, A, |PI), a7
we obtain the expansion of the momentum eigenstates in an arbitrary direction by applying the rotation on Eq. (5):
(6.6 0 2o D1 = D Cs D5 s, (R@.6. 00|, M. g, b, IpI). (18)
J.M

The inverse expansion can be obtained using the properties of the Z-matrices:

21 T
Mk 01) = o [ do [ dsin0;, , (R(6.0.00/6.6. 0 o). (19)
0 0

This can be used to compute perturbatively the amplitude for the production of a vector boson from a state with a particular J:

2 T
(O1J*(O)J, M, g, hp, IPI) = CJ/ d¢/ do Sin@gﬁla,,\b(R@ﬁ,0))<0|J“(0)|¢,9,Aa,kb,Ipl), (20)
0 0

or, for a full process with the final state | f),

2 b4
(17, M. g2 Ipl) = C /0 d¢ /0 dOsin6TL, , (R.0.0)(F16.0. ke, 1p. ). @

The Feynman rules for the momentum eigenstates on the r.h.s. of Egs. (20), (21) are well known. In the following we shall compute
a few simple processes to show the propagation of J values.

4 Example processes

We consider 2 to 2 tree level fermion scattering processes in s-channel mediated by a vector boson. The two processes in Fig. 3 will
be treated in sequence. In these calculations, we would like to see explicitly the contribution from the J/ = 0 and J = 1 eigenstates,
in accord with the generic result obtained in Sect. 2. Therefore the initial and final state fermions are taken to have definite helicities
such that the angular structure of the processes are easily revealed. Specifically, we require that the two fermions in the initial state
have the opposite spin components along the direction of the incoming beams. This is necessary to ensure that the J = 0 partial

6 The rule of adding two angular momenta dictates that J#(0) and |J, M = A — 1/, A, A/, |p|) must be in equivalent representations in order to be combined
by Clebsch-Gordon coefficients to form a singlet under rotations.
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Fig. 3 Example 2 to 2 processes at tree level with the production and decay of a vector boson, where the fermion polarizations are defined by their helicities
given in the main text

wave is non-zero in the expansion of the momentum eigenstates in Eq. (5). In contrast, if the fermions have the same spin along the
beam, then the total spin of the system is S = 1, which cannot be canceled by the orbital angular momentum to give J = 0 because
the orbital angular momentum is perpendicular to the beam direction. In this case, the partial wave expansion only contains terms
with J > 1.

4.1 e; (pa)Ver(pp) = W — e (pe)Ver(pa)

Here the subscript “L” for all the four fermions refers to the helicity configuration A, = —Ap = A, = —Xg = —1, rather than
definite chiralities. In other words, we use “L” and “R” to describe the relation between the direction of a particle’s physical spin
and the direction in which it moves. This choice of polarizations is not contradicting to the fact that the anti-neutrino can only be
right-handed in chirality, as long as it is a massive particle. Recall that when obtaining M = A, — A; we give an extra minus sign
to A for the anti-neutrino, so that in this case M = 0 instead of —2. In the massless limit, the helicity and chirality eigenstates
coincide, but this amplitude vanishes by helicity conservation. However, we shall keep the fermion masses so that the / = 0 mode
is allowed, as will be seen below. Recall that we are examining the propagation of each J-mode in principle rather than evaluating
the practical importance of the contribution from each J (which will be discussed in Sect. 5).

The initial momenta are
pa :(anoaoap)s Ea = \( m%+p2$ (22)

pb = (Ep,0,0, — p), Ep=./m}+p? (23)

where m, = m,, and m, = m,,. The tree level vertex for the subprocess e; (pa)vLe(pp) — W is (excluding the W propagator and
an overall factor —i+/2m e/ sin Oy at the vertex)

5

—2)/ W (pa), 24)

- - _ 1
V(e (pa)ber(pp) = W) = (O1J*(0)| pas has Pos h)uee = 0 (pp)y "

where J#(0) = Wey I_T”S\IJE, and the particle species are omitted in the states and spinors. Here we follow the method in Ref. [1]
to compute the amplitude for polarized states and employ the Weyl representation for the Dirac y-matrices:

0 _ 01 i OO’Z‘ 5 _ —10
V—(lo,y—_mo,y—Ol, (25)

in which each element is a 2 by 2 matrix and o; are the Pauli matrices. The corresponding spinors for the spin-up electron and
spin-down anti-neutrino (both with respect to the 3-direction) are

[ (pa))" = (0,VEq + p,0,\/Eq — p), (26)
[ (pp)]" = (0.v/Ep — p,0,\/Ep + p). 27)
Inserting these expressions into Eq. (24) gives
Ve, (pa)Per(pp) = W) = V/(Ep — p)(Eq + p)(1,0,0,1). (28)
The vertex for W — e} (pe)VerL(pa) is
VI = e (po)ier(pa)) = @ (po)y™ _zys VM (pg) = [ﬁ*d(pd)y“ l ;VS u*f(pa] : (29)
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The term in the square brackets is of the same form as in Eq. (24), except the momenta p, = —p,, are rotated from the 3-direction
to p. = —py- This term must be a 4-vector that transforms the same way as p, and p,, under the rotation A(R) that rotates them to
pc and pg. This simply follows from the transformation of the vertex function

(O17*(0)| pes has Pas 1)
= (O|U(AR)HU ™ (AR)TH(O)U(AR)NU ™ (AR))| pes has Pds 1b),
= AR)X(O1TY O AT (R)pe, ha: A7 (R)pa, A)
= A(R)%(017"(0)| pas Aa: Pos Mb) (30)
which gives’” immediately at tree level
VW — e (pe)Per(pa)) = [AREV™ (ef (pa)ber(ps) = W)] = (Ey — p)(Eq + p)(1,p./P). 31

where E, = E. and Ej, = E,.
Now restore the couplings (and other overall factors) at the vertices and contract with the W propagator in unitary gauge®

—i Cuv — qudv
v
g — My, M3,

(g = pa+ pb) (32)

to get the amplitude for the full process
Mep (pa)verL(pp) = W — e (pc)Ver(pa))

2 (Ep — p)(Eq + p) (Eq + Ep)?
=— > 5 - 5 —cosé |, (33)
sin” Ow (Eq + Ep)~ — My, My,

where My is the mass of the W boson. The dependence of the result on the external momenta is only through the angle 6 between
the initial and final fermion beams.
It is straightforward to compute the amplitude with an angular momentum eigenstate using Eq. (21), in the form

(¢99!)"C :)‘-a,)"d :)\h’P|J’M,)\a,)Lb9P>

=Cy /Ozn de¢’ /On df' sin 9’@1{411_“(13@’,9’,0))(¢,9,AC =g, Ag = Ay, pld, 0, hay Ay, p). (34)
The matrix element on the r.h.s. of Eq (34) is computed with the initial and final states
i) = 1Py 2as Pps 2o) = |97,60", has 2, [Py 1= P)s (35)
|f) = 1Pes ke Pas ha) = 19,0, he = hasha = dp, |Pc|= P)s (36)
(fli)tee = (Peshes Pas halPysAas Py Ab)tree = Nab|:1 - 7(12“1;2&)2 — cos 9“}, (37)
14

where on the r.h.s. of Eq. (37) (and below), we suppress the factor i(27r)* and the delta function that implements the overall
momentum conservation. Ny, represents the coefficient in Eq. (33) multiplying the square bracket, and 6, is the angle between p/,
and p,.:

cos 6, = sin@ sin 6’ cos(¢p — ¢') + cos 6 cos’. (38)

There is no contradiction between Eq. (37) and Eq. (6), because Eq. (37) is a product of “in” and “out” states that makes a transition
amplitude in the presence of interactions, while Eq. (6) is a normalization condition when both states are “in”, “out”, or free states.
We do not label these states with “in”, “out”, or “free” since they can be distinguished by context.

Inserting the explicit expressions for the Z-matrices [20, 22], the angular integration of Eq. (34) can be trivially performed to

give

4
— 70030, forJ =1,M =0,
<¢,97)\c =Aas Mg = )\b,PU, M, g, Ap, p)lree = Ngp X (E +E )2 (39)
\/4n[1—“2b}, forJ = 0,M = 0.
My,

7 The tensor structure on the r.h.s. of Eq. (3) can be deduced in a similar way.

8 We would like to show that the propagation of zero angular momentum is possible without resorting to the unphysical Goldstone boson.
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Hence, both J = 0 and J = 1 partial waves contribute to the amplitude Eq. (33).” Indeed, plugging the result of Eq. (39) into the
expansion Eq. (9) reproduces Eq. (33) immediately. Note the J > 2 contribution vanishes. This can be seen from the form of the
terms on the r.h.s. of Eq. (37). Those terms proportional to 1 and cos 6’ can be expressed by the matrix elements @OJO:O and @010:1,
which are orthogonal to the @0]0* with J > 2 in the integration in Eq. (34). The other terms are proportional to eigher cos ¢’ or sin ¢,
which vanish after the integral over ¢’. This is consistent with our general argument that states with J > 2 transform differently
from the transformation of the current under rotations. Note that the argument was made for the vertex in Fig. 2a, with all order
contributions. However, the vanishing of the vertex must be order by order since the perturbation series is zero for arbitrary values
of the coupling constants involved in the interactions.

4.2 e/ (pa)er(pp) = v = up (P (pa)

A calculation similar to the one carried out above gives

_ _ dramgm
Mep (pa)et(pp) = v = g (piy (pa)) = —% cos, (40)
a
where m, = m, and m. = m,. In place of Eq. (39) we have

2 cos0, ford =1,M =0

— ./ —cosf, orJ =1,M =0,
(0,0, = Aashg = Ap, plJ, M, dg, Ap, P)ree = Nap X 3 (41)

0, for/ =0,M =0,

where now N, stands for the factor multiplying — cos 6 in Eq. (40). This result shows that only the / = 1 mode contributes to
the angular distribution of the final state, which by itself reproduces Eq. (40). The amplitudes with J > 2 are zero by the similar
arguments given above. The new feature compared to the e -v, scattering is the vanishing of the J = 0 result, which is not a
coincidence and has a deeper origin.

To see this we note that a positronium state with definite spin S and orbital angular momentum L is an eigenstate of the charge
conjugation operator C, with the eigenvalue nc = (—1)5*5 [17, 23]. This property can be carried over to analyzing our process with
an unbounded electron-positron pair. The state |J, M, A,, Ap, p) with J = M = 0 has a definite J rather than L or S. However, the
rule of adding two angular momenta requires that J = 0 can only be obtained by combining states with definite L and S that satisfy
L = S. For all these states, (—1)X*S = 1, and |J = 0, M = 0) is therefore a state that is even under charge conjugation:

ClJ=0M=0)=|J=0,M =0), (42)
where the quantum numbers other than J and M are suppressed in the state. Since the electromagnetic current is C-odd, we have
O1J*0)|J =0,M =0) = (0|C"'cs™O)Cc~'ClJ =0,M = 0)

= —(0lJ*(O0)lJ =0,M =0)

—0, 3)
which merely reflects the fact that J# and |J = 0, M = 0) belong to different representations of the charge conjugation operation
(one C-even and the other C-odd). So the J = 0 mode does vanish.'? Apparently, this argument cannot be applied to the case of
e~ -V, scattering or charged pion decay, because the initial state of either process has a net electric charge that is reversed by C, and

is therefore not an eigenstate of C. The initial state must then have a non-zero projection onto the C-odd space of the states, such
that the amplitude with the current is not restricted to zero by charge conjugation.

5 Phenomenology

Given a non-zero J = 0 mode carried by a massive gauge boson in processes from previous sections, the immediate question about
the role of this mode arises when determining the spin of the vector boson from experiments. For instance, the spin of the W boson
was determined by measurement of the angular distribution of the electrons or positrons from the decay W — ev, in the experiment
carried out by the UA1 collaboration [24-26], in which W bosons were produced via Drell-Yan like processes in proton-antiproton
collisions. The measured unpolarized!! distribution is consistent with the shape (1 + cos6)Z, where 6 is the angle between the

9 The smallness of the neutrino mass m » makes the factor E;, — p close to zero in the expression for the amplitude (which does not affect our arguments of
course). If one chooses to compute alternatively the amplitude for the same process but with all external fermions right-handed, a factor E, — p will appear
instead of Ej, — p, and the non-zero contribution is still from / =0 and J = 1.

10 The result here and in Sect. 2 are obtained for the vertex functions. However, as we are focusing on s-channel graphs with a vector boson, these vertices
are parts of the amplitudes. Furthermore, even though the contribution from J#, with u = 1, 2, or 3 is also zero by rotational invariance of the states, this
does not ensure they are zero outside the CM frame of the electron-positron pair (where the rotational invariance of the initial state is lost. See Eq. (3) for a
similar instance, where the spatial components of the matrix element is non-zero outside the pion rest frame.), unless the contribution from J 0 s also zero.

' The filtering of various polarization combinations is only done through the nature of the V — A interactions.
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directions of the electron (positron) and the proton (antiproton) in the rest frame of the W boson. The shape of the distribution can
be traced back to the Wigner Z-matrix @11,*1(R (@, 0, 0)) = e"*?(1 + cos §)/2. It shows that the W boson is produced in a state with
J=M-=1.

The scalar mode'? of the W boson contributes an isotropic term to the distribution of the decay product (see Eq. 39). This would
in principle distort the distribution deduced from the vector mode of the W. However, the V — A form only allows left-handed
fermions and right-handed antifermions to participate in the interaction in the massless limit, in which case the propagation of the
scalar mode is forbidden. In fact, it is straightforward to show that a fermion (antifermion) with a right-handed (left-handed) spin
would introduce a factor o/E — [p| = m/+/E + |p] to the scattering amplitude, where E, p, and m are the energy, 3-momentum, and
mass of the fermion (antifermion) (See Egs. (28) and (31) for instance). If m < E, this gives a suppression factor m/(2E) (known
as helicity suppression) relative to the amplitude that is not suppressed (e.g., the one proportional to @11’ 1(R(¢, 0, 0)) above). Here
E is of the order of the parton level CM energy for the scattering.

For an estimate with the UA1 experiment we could take £ ~ 100 GeV, and consider the scalar mode that propagates via the
process dritg — W — v, g (The process with left handed spins is much smaller since the final state suppression factor is from
the mass of the neutrino rather than from that of the muon. Also we consider the muon instead of the electron in the final state
since it has a larger mass). The suppression factor at the cross section level is ~ O(( m4"£12” )2) ~ 10716, This is far too small to
be observed. The statistical uncertainty of the measured angular distribution in the UA1 experiment is as large as 50%. For total
cross section and forward-backward asymmetry observables, the accuracy improves to ~ 10%. More recent measurements at the
Fermilab Tevatron [27, 28] and the LHC [29, 30] reached a percent or even per-mille level accuracy, but are still far from being
sensitive to the mass-suppressed modes.

To further reduce the mass-suppression effect on the scalar mode, we might consider the s-channel single top production, so that
the final state suppression factor comes from the top quark mass. However, not much could be done about the initial state. Even if
we consider the “sea-sea’ contribution to the production of the W boson and take the charm quark from an incoming beam, we get
a factor ~ O((%)z) ~ 107°, where E ~ 300 GeV for the Tevatron experiment. This will further be suppressed by the sea quark
distributions. Also the identification of the top final state is much more difficult than the leptonic decay product of the W [31-34].

At this point it appears hopeless to probe the J = 0 state of a massive vector boson produced via Drell-Yan (like) processes. '
It is out of the scope of this study to perform a scan of processes, but here we leave the possibility open that this scalar state could
manifest in some other production modes of the vector bosons, in addition to the decay processes of e.g., the charged pions.

6 Summary and discussion

In this study, we analyze the propagation of angular momentum via a vector boson in several processes by expanding the initial states
into a superposition of angular momentum eigenstates of the system. Through a general discussion based on symmetry principles
and two practical calculations, we are able to show that both the singlet (/ = 0) and triplet (/ = 1) representations of the rotation
group can be transferred to the final state via an intermediate vector boson, unless constraints from further symmetries are present
to forbid it. However, we have shown that the scalar state of a massive vector boson is produced with an extremely small rate that it
has no impact on existing experiments at hadron colliders. The decays of several spin-zero particles, such as the charged pions, are
the only obvious phenomena we have found related with the scalar state of gauge bosons.

The crucial point to understand the J = 0O case is that an initial state that is invariant under spatial rotations is not a singlet
under a generic Lorentz transformation. The J = 0 state can be changed by boosts in any direction and gives a non-zero matrix
element for producing a Lorentz vector current to which a massive gauge boson couples. Hence there is no Lorentz violation in the
production of an off-shell gauge boson from such a state via interactions that are Lorentz invariant. The spin of a vector boson as a
virtual particle has to be measured via its decay product and is not necessarily equal to its spin as a free field.

On the other hand, an on-shell vector boson should only be in a state with spin 1, and this should also be reflected at the amplitude
level. We have shown that a state with / = M = 0 can propagate though the © = 0 component of a vector current, as appears in
Eq. (8). However, this fact alone does not ensure the full amplitude with a J/ = M = 0 initial state is none zero, since the initial
vertex function will be contracted with the rest part of the amplitude via the propagator of a gauge boson. For instance, we may
think of the decay amplitude for # = — [~ 1; at leading order. After accounting for Eq. (3), the amplitude takes the form

k;/,kv

—8uv t Ma/
iu(k)y”
KM vie Y T2

5
Y v(ka) (44)

M= (k) — 1™ (k)i (k2)) ~ k"

12 The scalar and vector modes in this section refer to the behaviors of the states under spatial rotations.

13 Note that not only the scalar mode, but also the one with J = 1, M = 0 (see Eq. 39) is suppressed. However, this latter mode also propagates via a final
state with no suppression factor, e.g., dgitg — W — p; v, g. (The suppression factor is only from the initial state.) A similar estimate gives a somewhat
larger result for this process compared with the scalar mode. But the improvement is still very limited compared to the uncertainties of the measurements.
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where the tensor structure of the propagator in unitary gauge is obtained on the W mass shell by summing over three physical

polarization vectors of the W boson
kyk
* nrv
D euer=—gu+ R (45)

€ k=0

These polarization vectors are purely spatial in the W rest frame and make an SO(3) triplet under rotations. Therefore the contraction
of the propagator with k* (whose spatial components are all zero) in Eq. (44) gives

—8uv t % 2 _ a2 0 2 = M2

o My ke KoMy ) v (46)
K2 —ME +ie M k2—ME +ie | kM3, K #£ M.

Of course, experimentally the pion mass 7, - is much smaller than My, . But as My is a free parameter of the SM, we allow k to get
on the W mass shell (i.e., m,- = My ) for the purpose of checking the consistency of the calculation. The infinitesimal imaginary
part of the denominator in Eq. (46) then ensures that the contraction is zero. This structure of contraction persists in loop corrections
of the decay amplitude to all orders. Therefore an on-shell W boson indeed forbids the propagation of a J = 0 state. In the off-shell
case, however, the state of the W boson cannot be described by the polarization vectors in Eq. (45) that furnish a 2! representation
of the rotation group, and hence allows for a non-zero decay rate. This discontinuous transition of the decay amplitude to zero at
the W mass shell shows clearly the consistency of SM dynamics with angular momentum conservation.'*
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