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Abstract In this work, we adapt the foundations of relativistic kinetic theory and the Boltzmann equation to particles with Lorentz-
violating dispersion relations. The latter are taken to be those associated to two commonly considered sets of coefficients in the
minimal Standard-Model Extension. We treat both the cases of classical (Maxwell-Boltzmann) and quantum (Fermi—Dirac and
Bose—Einstein) statistics. It is shown that with the appropriate definition of the entropy current, Boltzmann’s H-theorem continues to
hold. We derive the equilibrium solutions and then identify the Lorentz-violating effects for various thermodynamic variables, as well
as for Bose—FEinstein condensation. Finally, a scenario with nonelastic collisions between multiple species of particles corresponding
to chemical or nuclear reactions is considered.

1 Introduction

It is a generally accepted notion that the minimal standard model provides a low-energy limit to a more fundamental theory that
includes a quantum description of gravity. Numerous studies have proposed that one of the physical effects of the latter may be the
spontaneous breaking of Lorentz invariance. A field-theoretic framework that has been used extensively for studying these is the
Standard-Model Extension (SME) [1, 2]. It contains all possible operators utilizing standard-model fields that satisfy coordinate
reparametrization invariance. These are generally chosen to preserve energy-momentum conservation, observer Lorentz invariance,
hermiticity, micro-causality and gauge invariance. Moreover, in its minimal version it is power-counting renormalizable. These
operators are parametrized by coefficients that are now standardized in the literature. Based on these coefficients, there have been
exhaustive experimental searches for Lorentz and/or CPT violation. To date, these have not encountered any confirmed evidence for
Lorentz violation, and so therefore is reasonable to assume that any violation must be extremely small in conventional laboratory
frames. For an overview of current bounds, see [3].

Statistical mechanics has been applied in the context of the SME to provide a mechanism for baryogenesis in thermal equilibrium
[4]. A general study of statistical mechanics in the context of the minimal SME to first order on Lorentz-violating coefficients was
performed by Colladay and MacDonald [5]. Other studies of thermodynamics in the presence of SME-type Lorentz violation include
Refs. [6-9]. We also mention recent studies on the effects of Lorentz violation in the context of black-hole thermodynamics [10-14]
and of Bose—Einstein condensation [6, 15, 16].

A related topic that, to our knowledge, has been unexplored in the literature is that of kinetic theory and the Boltzmann equation
in the context of Lorentz violation. In this work, we intend to provide a contribution to fill this gap. To do so, we introduce the
basic concepts of kinetic theory and the Boltzmann equation in its relativistic formulations, but with crucial modifications of the
particle dispersion relations due to Lorentz violation. The latter are taken to be those associated to two commonly considered
sets of coefficients in the minimal SME, namely the a** and the ¢*V (the former violates CPT, the latter doesn’t). We adopt an
observer-Lorentz-invariant setup throughout, to assure that all constructions are observer independent and valid to all orders in the
Lorentz-violating coefficients. Both the cases of classical (Maxwell-Boltzmann) and quantum (Fermi-Dirac and Bose—Einstein)
statistics are treated. We generalize the definition of the entropy current and show that Boltzmann’s H-theorem continues to be
valid. We then derive the equilibrium solutions and from it obtain expressions for the particle density, the energy density, the
isotropic pressure and the entropy per particle, for fluids with a single species of particles, and derive the Lorentz-violating effects
in Bose-Einstein condensation. Finally, a scenario is considered with nonelastic collisions between multiple species of particles
corresponding to chemical or nuclear reactions.

While only the cases corresponding to the a* and the c*¥ coefficients are treated explicitly, our transparent approach makes a
generalization to other SME-type Lorentz violation straightforward.
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This paper is organized as follows. In Sect. 2, we introduce Lorentz-violating dynamics and derive the relativistic Boltzmann
equation, both for classical (Maxwell-Boltzmann) as well as quantum (Bose—Einstein and Fermi-Dirac) statistics. In Sect. 3, we
define the entropy current and show that Boltzmann’s H-theorem applies in the presence of Lorentz violation. Next, in Sect. 4, the
particle number current and the energy-momentum tensor are introduced and their equilibrium properties are evaluated. In Sects. 5
and 6, we treat the special cases of Maxwell-Boltzmann statistics and massless particles, respectively. Multiple species of particles
are considered in Sect. 7. Finally, we look at Lorentz-violating effects in Bose—Einstein condensation in Sect. 8 and then present
our conclusions in Sect. 9.

2 The Boltzmann equation and Lorentz violation

We consider the relativistic Boltzmann equation for a particle satisfying a Lorentz-violating dispersion relation
D(p") = 5((@"* + ™) pi. — @) (e + )P — a) — m* = 0. M

It corresponds to the dispersion relation of a Dirac fermion in the SME with nonzero values of the coefficients ¢*” and a*. In this
work, we will assume that c*V = ¢"#. The dispersion relation (1) can be derived from the covariant particle action

S = /dr LMy = /dr(%e‘l((n +0)7), 11 + Lem® + 7 ((n+ )71, AY) )

where A, is an external field, and we defined X* = dx*/dt. The presence of the einbein e(r) renders the action invariant under
reparametrizations

, , drt
T—>1, e—>e¢ = —e. 3)
dt’
The equation of motion of the einbein yields the constraint
((77 + c)_2)/w)'c“5c” —e*fm? =0 “)
which can be expressed in terms of the canonical momentum
8L -1 -2 . —1
pu= o =¢ (4 07) 3+ (4 0)7), 6" ®)
as Eq. (1), upon identifying A, with the vector coefficient a,,. It is useful to note that the covariant Hamiltonian
H(p") = ppi* — L") (6)
is equal to e D(p*) and therefore vanishes by the einbein equation of motion.
For the velocity, we find
p_dxt i@+ (et —a) P
V=907 30 00 40 By =0 O
dx® X0 @+ +co)pt —ay) P
where we defined the observer four-vector
P =T = @+ M) (i + )P — aw). ®)
We will now fix the gauge of reparametrization invariance by setting the einbein equal to the conventional choice
1
e=— )
m

In the absence of Lorentz violation, this corresponds to taking t equal to the proper time on the particle (see Eq. (4)). Note that the
gauge (9) is only possible for nonzero mass. In Sect. 6, we will analyze the massless case.

It then follows from Eq. (5) that

mdx®
p

which is evidently a Lorentz scalar.

We want to consider the Boltzmann equation in the presence of the Lorentz-violating coefficients ¢*” and a*, describing a
relativistic gas of particles satisfying the dispersion relation (1). We will need the relativistic version of the Boltzmann equation; for
an introduction, see, €.g., [17]. Basic ingredient is the one-particle phase-space distribution function f(x, p, t), defined such that

dN() = 5 fG. podxdp (11
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denotes the number of particles in the volume element d3x about X with momenta in a range d>p around p at time ¢. Here A is
Boltzmann’s constant, while g is the degeneracy factor of the quantum states; for massive particles with spin s, we have g = 25 + 1.
It is important that we set up a consistent description invariant under observer Lorentz-transformations. First of all, note that
3

d
d*ps(D(pty = =
p

(12)

is the correct Lorentz-covariant generalization of the usual expression d> p/ p°. Noting, furthermore, that d*x as well as, from Eq.
(10),

dxY (13)
ﬁO
is Lorentz covariant, it follows that this is also true for
d3x p°. (14)

Combining Egs. (12) and (14), it follows that the phase-space element dPxd? p = d®¢ is invariant under observer Lorentz-
transformations.
From Eq. (11) it follows

dx dp
AN(t +dt) = ;l%f(x rdi prdi=s t+dt>d6§(t +dt) (15)
If we assume a force field F (X, p, t) such that
dp -
=F 16
ar (16)

we have, with Eq. (7) and

dO(t +dt) = dég(t)det<W>

(X, p)
(1 oo g 7))
=d¢|1+dt| = v+ —=-F|+0r) a7
dx ap
that
dN(t+dz)—dN(t):idﬁédt(%+— (vf)+ (Ff)) (18)
h3 ar 03X

From Eq. (7) it follows that v depends only on p, not on X, and therefore the first two terms on the right-hand side can be written as

of o 9f _of | P af _ Phouf

= 19
ot TV R T o T 00 50 (19)
Writing Newton’s law (16) in covariant form
dp*
L~ (20)
dr
it follows, using Eq. (10), that
0 - a(KH
dt— - (Ff)=drt ( f). 2n
op apt
Altogether Eq. (18) is then written as
) 8 K*
dN(t +dt) —dN(t) = —dés dt ( = S, f)> (22)
m ax“ apht
from which we find, using again Eq. (10), that
d d a(KH
dt 0 h3 m? ot pH

In the absence of collisions, d N(t + dt) = d N(t) by construction, and thus the right-hand side of Eq. (23) will then vanish. In the
presence of collisions, however, there will be particles that are scattered out of the volume element, and others that are scattered into
it, and thus

dN =dN*t —dN~. (24)

In order to determine its form, we follow Boltzmann’s Stofizahlansatz, according to which
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e the gas is sufficiently dilute so that only elastic collisions between pairs of particles are relevant;

e the momenta of two colliding particles before the collision are uncorrelated (molecular chaos assumption);

e the one-particle distribution function varies slowly over a time interval which is much larger than the duration of the collision but
much smaller than the time between collisions, and neither does f change much over a distance of the order of the interaction
range.

The number of collisions d Now(p1, p2 — p}, pb) of particles with momenta around p and p; scattering to particles with momenta
around p} and p, should be proportional to fi(X, p1, t)d>p1 fo(¥, p2, t)d*p and also to d*x dt and d°p| d° p}. Imposing as well
that it should be a Lorentz-covariant expression, we can express it in terms of the invariant transition rate per unit volume:

d3p1 d3p2 d3p/ d3p/
dN.(p1, p2 = ph, ph) =dx—————1-—2
po1r P02 Por Py
2
g . . . .o
X ﬁh(x, 1.0 (X, pa, OW(p1, p2 = pl. P5) (25)

Because of momentum conservation the invariant W(p1, p» — p{, pj) is proportional to 8%( P} + Py — p1 — p2). In the absence of
Lorentz violation, it can be related to the differential scattering cross section through
_ dp{ d®ph W(p1, p2 = Pl ph)

do ; ;
Po1r Po2 Vet P1* D2

(26)

where the invariant v,, is equal to the relative velocity between particles 1 and 2 in the “laboratory frame” where p; = 0 [17].
Identifying p* = p’f , it follows that d N is equal to expression (25) integrated over all values of p, p| and p5. An analogous
expression follows for d N, after switching primed and unprimed momenta. It then follows that
dNy _dN{ dN{
dt — dt dt
L [d&prd’p) d’py

= dGSl < = = =
po1 P02 Po1 Po
2
8
X ﬁ(fl’fZ’W(p/p Py = p1. p2) — [iaW(pt. p2 = pl. p)). 27

An important assumption we will now make is that of detailed balance:
W(py, Py = p1, p2) = W(p1, p2 = p, ph)- (28)
From Egs. (23), (24) and (27), we then find the Boltzmann equation in covariant form
~“i+mw—g @%fpé

== | ————=—=(firfr — AfIW(p1, p2 = p1. PH)- (29)
b oxk opy 13 he py b e

Equation (29) is valid for a “classical gas”, that is, one in which the quantum states have low occupation numbers.

2.1 The cases of Fermi—Dirac and Bose—Einstein statistics

Equation (29) can be generalized to a single degenerate fermion gas satisfying the Pauli exclusion principle by noting that a
phase-space element d°¢ is completely occupied if the number of particles in it equals the number of available states, i.e.,

Consequently, 1 — f gives the proportion of vacant states in a phase-space element. Therefore, Eq. (29) can be generalized to the
case of a gas of fermions by making the substitution

S for = frfor( = fOd = f2) (€)))

in the “gain” term, and the substitution

fifa = fAifed = find — fa) (32)

in the “leave” term. For bosons, it can be shown that the factor (1 — f) must be replaced by (1 + f) [18]. This way we obtain the
relativistic Uehling—Uhlenbeck equation

L, Of KM f) g [dPpadip|dp)

P oxr apl T3 P Py Pu
x (fvfo frfa = fifafv f2)W(p1, p2 — Pl Ph) (33)
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where € = +1 or —1, for Bose—Einstein or Fermi—Dirac statistics, respectively, and
f=1+ef. (34)

The case of Eq. (29) representing Maxwell-Boltzmann statistics corresponds to the case € = 0.
From Eq. (33), we obtain the so-called equation of transfer by multiplying with an arbitrary function v (X*, ﬁ’f ) and integrating
with respect to d3 p1/po1. It follows that

[on

with on the right-hand side the collisional functional
Coll[y] = é/ En & dpidp:
B> J  pot Pox Py Ppo
x (fvfofifa— fifafv f)
~ &3 p1 d3py d¥p) 43P
“n3 ) Bo b2 Py Py
g [dpidPpyd’p)dp)
“203 ) poi poo Po1 Poa
x W(p1. p2 = pi. p)fLfafr fr (36)

where in the second equality we used detailed balance (28). By rewriting the partial derivative on the left-hand side of Eq. (35) with
respect to x* in the first term, and doing a partial integration with respect to p’f in the second term, we obtain the transfer equation

3 3

dxH Pol1 ! Bxﬂ ! ap “

K" )
3

1’1

|: 3f1 +m i| Coll[y] (35)

29 (x, pOW(p1, p2 = Py Ph)

2(Yry — Y)W (p1, p2 = Py P fLfafi fo

2@+ Yy — Y1 —¥2)

3 The H-theorem

In this section, we will derive the so-called H-theorem [19] in the presence of the Lorentz-violating effects.

First we consider the case € = 0. Take ¥ (§) = —In(f(&)) + 1 in the transfer equation; it follows that
d d? a? 3 3
/ pl _ 1)171 / ~P1 ﬁlll, 1 m K{li
axi P10 daxtt opy

& [pdPpdp le (fl fr
213 ] por po2 ﬁ{n Po2 fif

From Eq. (35), we see that the second term on the left-hand side equals Coll[1], which vanishes identically. Defining the entropy-
density four-current

)W(pl, p2 = P, P)fif (38)

sH(x) = kg d” i

Jfx, p)In f(x, p) — 1) (39

where k is Boltzmann’s constant, we find from Eq. (38), after adding 1Coll[l] = 0 to the right-hand side:
ast kg [ d3prdPpydip| dip,

dxt  2h3 pot P2 Py Pl

S fo S fr ;o
Xflfz[ —1In = 1|\W(p1, p2 = pi, p2)- (40)
fif fif b
Next consider the cases € = %1. Under transformation f — —e — f, or, equivalently
f— —ef and f— —ef. (4D

with f given by Eq. (34), the collisional functional Coll[v] given by Eq. (36) switches sign. Therefore we have from the transfer

Eq. (37)
3 d3p d*p O oY
a</ o v )‘/ (ot g et )
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0 &pi - pi o Y oy
268)(“(/ ~0 flw ) /ﬁ?fl I;'a M+ K{la H (42)
for arbitrary function ¥ (x, p1). Now take /; = —1In fi, | = —In f1, and consider the expression
o ([ p S d’pi P V) n W — )
W(/ ~0 fl(‘(/fl ‘(/fl)pl _f "0 f] Ak +mK1 T . (43)

From the transfer Eq. (37), it follows that this is equal to Coll[yy — ¥]. On the other hand, by applying identity (42) to the terms
involving ¥r; we see that expression (43) is equal to

ad d3p d’p 0P oy
W(/ T e fdp )—/ ~01f1( o i*mea,,gi)
d3p B 9
ve [ R A (ot 5o et 3 )

The second and third terms are both proportional to Coll[1] = 0. Generalizing the definition (39) of the entropy-density four-current
to

dpm

S/L( )_7

[e7'fInf— finf] 45)
the first term is proportional to ds*/dx*. Applying the transfer equation it follows, upon adding %Coll[l] = 0 to the right-hand
side, that

dst kg d3py d3p/2 _ o
o 2 ) B fifafr fr

fl’fz’f1f2 (fl’fszlfz
frflfs fifafu fr

(note that € = ¢! for e = +1). Equations (45) and (46) reduce to Egs. (39) and (40) in the limit ¢ — 0, and thus they actually
cover all three cases € = 0, £1.

Now the (real) function f(z) = z — 1 — Inz is positive for z > 0, z # 1, taking its absolute minimum zero at z = 1. Therefore,
as long as all the phase-space factors p;o and p}, are positive, the right-hand side of Eq. (46) is nonnegative. Integrating over

three-space, we can write
d -
/d3x st = /d3 (a,s +V. s) P (/ d’x SO> +/ d’c (i - 5). 47
Sr—o0

For a localized distribution, the last term tends to zero, and thus we conclude that the total entropy

S = / Bxs® =5 [ d®[(€" + f(x, p)In(1 +€f(x, p)) — f(x, p)In f(x, p)] (48)

) - l}wm P2 Pl D) (46)

will never decrease. o o _
Moreover, it follows that § will be stationary iff z = f1/ f> f1 f2/(f1 f2 fir f>r) = 1, 01, defining ¢(x, p) = — In(f(x, p)/ f(x, p)),

b1 +dy — 1 — g2 =0. 49)

Now note that the momenta p1 , p2 1#* and p}* satisfy the constraint

py+py —pi = pyt =0. (50)

It can be shown [17] that the most general solution of the equilibrium condition (49) with momenta constrained by condition (50)
(amounting to a so-called summational invariant) is given by

1

e~ X)+B()pt _ ” D

P(x, p) = —a(x)+ Bu()p” = [, p)=

for arbitrary scalar function a(x) and four-vector function B, (x).

The equilibrium solution has to satisfy the Uehling—Uhlenbeck Eq. (33). As the collision term is guaranteed to vanish, the left-
hand side of the Uehling—Uhlenbeck equation has to vanish as well. Let us consider the case K* = 0 in which there is no external
force. It then follows that c(x) and B,,(x) have to satisfy

]5'“8“0[ - I;ﬂpvap.ﬁv =0, (52)
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where p* is given by Eq. (8). Equation (52) can be written as
P (e — 9uBe (B + )™ 5a") = pH B 9B (8 + )™, = 0. (53)

As this identity has to be satisfied for arbitrary momentum, it follows that both terms of Eq. (53) have to vanish independently. The
second term yields the Killing equation

OuPy+0ufu =0 (54)
with BM = B (6 + c) 2 - It can be shown that the most general solution of this condition is [20]
Bu() = wuvx” + Buo (55)
where /§;40 is an arbitrary constant four-vector, and the constant two-tensor w,,, satisfies
Oy = —vg- (56)

Next, by substituting the result (55) into the first term of Eq. (53) and imposing it to vanish, it follows that the most general solution
for a(x) is

ax) =a —x w6+ o)va’ (57)

where « is a constant. For a time-independent distribution, we must have wg, = 0. Then the w-dependent terms represent a fluid
which is rigidly rotating. In the following, we will assume w,,, = 0, and we obtain for the equilibrium distribution

Ju(x, p) = ot pt _ ¢ (58)
with 0, = ,3,\0((8 + c)_z))‘u, which is now independent of x.
4 The particle number current and the energy-momentum tensor
We obtain the particle number density by integrating g. f (x, p)/h> over all three-momenta:
I = 5 / &p f(x, p), (59)
while the particle number current density is given by
J’(x):ﬁ/d3pv’f(x,p). (60)
Combining expressions (59) and (60), we obtain the observer Lorentz-covariant expression
3
g [dp .
JH(x) = ﬁ/FP”f(x,p) (61)

where we used Eq. (7) defining the particle number four-current density. It can be checked that it is conserved, 9,,J*(x) = 0, by
taking ¥ (x, p) = 1 in the transfer Eq. (37). Note that its space-like part involves the Lorentz-violating coefficients ¢*" and a*.
Similarly, we define the components of the canonical energy-momentum tensor as

8 .
Too(x) =3 / d3p pof(x, p)  (energy density) (62)
TOi(x) = }‘% / d3p pif(x, p)  (momentum density) (63)
0.\ _ & 300 .
T (x) = W3 d’pv'p” f(x, p) (energy density flow) (64)
Tij(x) = ;‘% / d3p vipj f(x, p)  (momentum density flow) (65)

which can be combined in the manifestly Lorentz-covariant expression

d3
T =& [ S ) (66)

upon using expression (7). Note that it is nonsymmetric, 7#" # TV#, because the velocity four-vector p*/m is not proportional
to the four-momentum p#, due to the presence of the Lorentz-violating coefficients ¢*” and a*. By taking ¥ (x, p) = p" in the
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transfer Eq. (37), one obtains 9, 7*” = 0. That is, T*" is conserved (in the absence of external forces!). However, note that, in
general, 3, T’ #£ 0!

The appearance of the nonsymmetric energy-momentum tensor (66) is not a surprise. It is well known that the presence of
Lorentz-violating coefficients in quantum field theory gives rise to nonsymmetric canonical energy-momentum tensors [1, 21].

Let us try to evaluate the current density and the energy-momentum tensor for the equilibrium distribution (58). To this effect,
we define the generating function

3
I = f al—f ; (67)

p e—oc+6,lp/‘ —€

It then follows that

9" 9 9
= = _%(nw)“k((mcwagv +a1£>1 (68)
aTH gk
= ) (69)
9 26,

We can evaluate the integral in Eq. (67) by introducing

pr=0+ofpt —dt & plt= G+ a(pra). (70)
The dispersion relation (1) then becomes
p-p—m?=0 (71)
and we can write

0((8 + )% p* —a”

e+t _ ¢

1= 2fd4p 8((B + o), p* —a") (8 + )" pv — ap) —m?))

S BB p—mD)—
[8+c| PP P e~ Hurt ¢
2 4=nr=O\g = = 2 1
= . — —_—mmm 2
el /d poOp)S(p-p—m )e—"‘+9'(ﬁ+“)—e (72)

where 6% = 6" ((8 + )™ 1,4, |8 + c| denotes the determinant of the matrix (8 + ¢)*, and 6( %) the Heaviside function of j°. Going
to a frame in which 6# is purely timelike, i.e.,

g" = (4;0)

gt, 0=V0-0=./0,(8+c)2) 6", (73)

it follows, upon parametrizing I;B |= m sinh x, that

Axm? [ sinh? x dx A m? - .
= —— = Joo(mb, a0 — 6 -a) (74)
[6+c|Jyg e—atbatfcoshy _ |8+c|
where
a = (6 +0) ¥ ah, (75)
and
*° sinh” x cosh™ x
Inm (&, ) = A de. (76)

Note that we have assumed here that the mass m is nonzero. The massless case will be treated separately in Sect. 6. The functions
Jum (£, @) satisfy the identities

aJ, n—1 m
anm = Jn—2,m+1 + —JInm—1 (n=>2) (77)
o ¢ ¢
aJ, n—1 m+1 0Jn . m+1
P o (78)
By using Eqgs. (77) and (78), one readily finds
al drm? 9 [m _
— = —| = (mb, @ —0-a)6,((8 +¢)"%)"
YT |8+c|8(x|:9 21(mb, o a)By((6+0)) "y
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— Jo(mB, 00 — 0 -a)&ﬂ] (79)
From identity (68), it then follows after integrating over the parameter o that
47'(gm3 - -
e 2 (mb, a0 — 0 -a)o". 80
13016+ c] 21( ) (80)

Note that there is no additional term independent of « (i.e., integration constant) as both of the expressions (67) and (61) vanish in
the « — —oo0 limit.
Similarly, it follows from Eqgs. (69), (77) and (78) that

A gm* 1 1 01O (8 +¢)™2)," oray
W= =2 —— o + [ T+ = I - +J — |, 81
h3|8+c||: 3 401 <22 3 40) 5 2= 81D)
where we abbreviated Jy,,, (m0, o — 0 - @) = Jop.
Defining the observer scalar quantity
47'rgm3 - -
_ -2 _
n_\/]“((8+c) W= s e il e =0 -d) (82)
it follows from Eq. (80) that
Jr="gn (83)
0
and from Eq. (81) that
6J. Jn+ 1
THY — _Z moJao v uﬂ_gugl(w +C)72))\U —okgv . (84)
0| 3J2 Ja1 0
It is useful to define the four-vector
Jr o oH
uht = — = —. 85
5 (85)
It satisfies the normalization condition
uh (8 +¢)), uy = 1. (86)

Comparison with Eq. (4) (in the gauge ¢ = 1/m) shows that u** can be interpreted as the four-velocity of the fluid. Observer frames
in which the space-like components of u** are identically zero define the rest frame of the fluid. For such a frame, the time component
of u* is equal to

—1/2
)

u’ = (B +0)72)° (87)

(rather than one, in the Lorentz-symmetric case). In the rest frame of the fluid, we can identify 09, the time component of #, with
(kT)~L. It then follows from Egs. (85) and (87) that

~ 1 V(8 +¢)2)0
6 — _ (¢ )" )o . (88)
u%kT kT

The latter expression is valid in any frame.
In order to extract the physically relevant quantities from the energy-momentum tensor, such as the pressure and the energy

density, one defines projective tensors A{” and A" = n** — A" such that

AP ALY = ALY (89)
AN g = AN (90)
APAL g = AP A =0 1)
Aﬁwuv = ut (92)

A"u, =0. (93)

One then defines the energy density in the rest frame of the fluid as

E=A7"Tw, (94)
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the pressure as
YN
=380 twvs
and the energy-momentum tensor can be written, in any frame, as

ny ny o nv
T = A" — PAY.

95)

(96)

In the Lorentz-symmetric case, one simply has A|" = u*u". For the Lorentz-violating case the bi-vector u*u” no longer satisfies
the identities (89)—(93). It turns out that the appropriate generalization satisfying identities (89)—(93) and also yielding the correct

decomposition (96) is given by
ul [m(Jns + § Ja0)(8 + )72 u? + Jn1@”

m(Jo + % Ja0) + (@.u)Joy

( Jn a- u>
E=nm|—+
Jo1 m
nm Jy
3 Ay
Next consider the entropy density current (45) for the equilibrium distribution (58). A little algebra shows that

kg [ d° 1 0-p—
sh=2% / pﬁ“[—fln(l —ee® Py 4 #:I
€

E Do e r—o ¢

Y N T
=5, +5; +55.

Aﬁ“’ =

It follows from Eqgs. (94) and (95) that

where
k d?
s) = =8 ~pﬁ“ In(1 — ee®%P)
eh3 Do
3
st = kg [ 4 pﬁM79-p =kT" 9,
2 h3 Do el r—o ¢
k d3 1
Sg:—if iﬁuﬁ:—kajﬂ
€h Do eV r—a —¢
In order to evaluate s}, we note that
9 12
Ll I Y
da
From Eq. (77), we have
0Js0(C, ) 3
— =—Ju, @)
oo ¢

which allows to express Eq. (80) as
w_ 471gm4 dJao(mb, a0 — 0 ~Zz)0u'
3R3 5 +c) do

It then follows from Eq. (104) after integrating over « that

Arkgm®* ~ -

w

_ TREm . mB.a— 0 - a)Or.
S 333 4o tomd @ =0 -a)

Note that there is no term independent of « (integration constant) as both sf‘ and Jyo vanish in the « — oo limit.

We can compute sf by evaluating 746, from Eqgs. (84) and (85). It follows that

J
TG, = n(mﬁ +a- u)@“
o1

From Egs. (100)—-(103), (83), one finds

Jn+ 1
sh = kn(mzzj340 +a- u)@“ — kanut
21
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99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)



Eur. Phys. J. Plus (2023) 138:342 Page 11 of 19 342

= kO(E + P)u* — kanu™, (109)
where we used Egs. (94) and (95). Considering Eq. (109) in the rest frame, we can write the time component as
E+P—Ts°
akT = =25 (110)
nu

On the right-hand side of Eq. (110), we recognize the Gibbs function (free energy) per particle (note that nu® = J is equal to the
particle density in the rest frame). Relation (110) corresponds to the Gibbs-Duhem equation for one type of particle, and we can
identify
WE
=—. 111
T (ath

where g is the chemical potential.

5 The Maxwell-Boltzmann case

For either of the cases € = %1 the above results simplify, in the limit e™* = e™H£ /*T) 3 1, to the Maxwell-Boltzmann case ¢ = 0.
The equilibrium distribution function (58) then simplifies to the Maxwell-Jiittner distribution

fulx, p) = e nP" (112)
while the functions J,,;, (¢, o) defined in Eq. (76) reduce to
Jum(C, o) = €* /0 ” sinh” x cosh™ xe ¢ <h~gx, (113)
These functions can be related the modified Bessel functions of the second kind which have the representation
Kn(¢) = fo - cosh(nx)e ¢ COP X gy, (114)
They satisfy the recurrence relation
Kni1($) — Kn—1() = z?nKn(C)- (115)

By using relation (115), together with the identities

sinh? x cosh x = %(cosh(3x) — cosh x) (116)
sinh? x cosh® x = %(cosh(4x) -1 (117)
sinh* x = §(cosh(4x) — 4 cosh(2x) + 3) (118)
it is then straightforward to show that, in the Maxwell-Boltzmann limit,
eDé
(¢, @) —> ?Kz(é“) (119)
eOt
(g, ) > E(3K3(§) +K1(¢)) (120)
3e”
Jao(, a) > ?Kz(g“) (121)
The expressions (82) for n, (98) for £ and (99) for P reduce to
47'rgm2 a6 K>(m0)
= — 122
SR ETF I 6 (122)
_ 1
S:n(mG(mG)— 5+Ez-u> (123)
n
P=-. 124
3 (124)

Here we followed [17] in defining G(#) = K3(u)/K2(u). It can be checked that relation (122) is consistent with Egs. (31) and (27)
of Ref. [5], if we identify (N©))/V with our J? and take g = 2 (as Ref. [5] considers a spin 1/2 system) and take into account that
the chemical potential considered in Ref. [5] does not include the rest energy of the particle.
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In the rest frame, we can write Eq. (124) as P = J%/0°. As in that frame J° can be identified with the particle density and 6°
with the inverse temperature, Eq. (124) thus amounts to the ideal gas law.

Equation (123) can be used to determine the specific heat per particle in the rest frame. As the energy per particle equals
e=E&/J% = &/(nu), it is straightforward to compute the specific heat per particle at constant volume (i.e., at constant n):

() - Lo
V=Nor), T wnor\ 54 ),
B} o1
= —k92<m2G (mf) + 9_—2>
= k[(m0)*(1 — G(m0)*) +5mb G(m0) — 1] (125)

where we used the identity G'(u) = Gu)? —5Gu)/u — 1. Note that ¢y does not depend on the LV parameter a*. Its only difference
from the Lorentz-symmetric result (see [17]) is through the replacement 7 — (k6)~' = u°T. One can also compute the specific
heat per particle at constant pressure by introducing the enthalpy per particle 7 = e + P/J°. One obtains cp = cy + k as usual,
essentially as a consequence of the ideal gas law (124). The low-temperature limit § — oo yields the familiar results cy — 3k/2
and cp — 5k/2, while in the ultrarelativistic limit & — 0, cy — 3k and cp — 4k.

Expression (84) for the energy-momentum tensor becomes

TH — g(%G(mQ_)GM(((S +0) 2,00 — gt +9“&”), (126)
, while with the use of Eq. (124) the entropy current density (109) simplifies to
st =k[0E + (1 — a)n]u™. (127)
We can use expression (122) to express the equilibrium value of the parameter « in terms of the particle density. It follows that
|8 +c|noh3 .
a=In| ——— |+0-a (128)
4 gm? Ko (mO)

which means that the Maxwell-Boltzmann equilibrium distribution (112) can be written as

n1,3
|§+c|nbh )

x,p)=—— 129
fealx, p) dr g Ka(m) (129)
Using Egs. (123) and (128), we then find for the entropy current density (127)
. §+c|nbhd
st = kn[mec(me) - ln<|C7|n_>i|u“. (130)
4 gm2K>(mb)

Note that the right-hand side of Eq. (130) is independent of a*; this is not the case for the corresponding expression in Eq. (109)
which still depends on a* through the arguments of the functions J,,, in the definitions (98) and (99) of £ and P.

5.1 Nonrelativistic limit

Let us now consider the nonrelativistic limit, in which the thermal kinetic energy of the particles is much less than their rest mass.
In this case, we have that { = m6 > 1, and we can use the large-¢ expansion [22]:

I P O Gl O G ) ]
Ky () = /zge [1 M T STEIR +... (131)
It follows that
_Kke 515
G(i) = Ka0) 1+ 2 + 822 +... (132)

and we get for the energy per particle in the rest frame

£ 1 N
e:—uonzu—0 mG(mQ)—5+a~u
m 3 KT\
=—O+fkT+(9 — ) +a’. (133)
u 2 m

The first term corresponds to the rest energy of the particle m™*, which should be identified with its mass (note that we are taking

natural units with ¢ = 1). Thus we have
m* == my (5 + 2% (134)
u
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From Eq. (130), we find

sH i |8 +c|nbh3
= k|G —In[ ) |um
n i 4 gm?K»(m0)
r 2mrmkTu®)3/2 1
|2 g 8GrmkTuT) TN 1S
|2 m[s+c|n 4¢
5 2mem*kT)3?u0)?3 15kT
_ |2 (BRI TTWOTY | o (135)
2 h|s+c|n 4m*

The first two terms inside the square brackets correspond to the Sackur-Tetrode formula with Lorentz-violating correction; the third
term is the lowest-order relativistic correction.

6 Massless particles

Let us now consider the case m = 0 in which the particles are massless. This will affect, first of all, the construction of the covariant
Boltzmann equation. In this case, it is no longer possible to fix the reparametrization gauge by setting e = 1/m as in Eq. (9).
Instead, one can simply fix ¢ = 1, turning 7 to be equal to an affine parameter of mass dimension —2 instead of —1. Similarly, the
four-force K* = dp" /dt now becomes of mass dimension 3, while the only change in the Boltzmann equation (29) (as well as the
Uehling—Uhlenbeck equation (33)) is the elimination of the factor m in front of the force term. The demonstration of the H-theorem
as well as the derivation of the equilibrium distributions in Sect. 3 then go through practically unchanged.
Let us now analyze the evaluation of the particle number current and the energy-momentum tensor for the equilibrium distribution

(58). We can no longer perform the parametrization | p|= m sinh x leading to Eq. (74). Instead, we write, analogously to Eq. (72),

d’p 1

1= ] 50 cavir—¢
2

_ 4 “Oveo s -
= |5+c|fd pO(p)s(p - p)

1 d3p 1
T s+c| /Feaféméﬁ e (136)

The final integral can be carried out in the rest frame of G-, yielding the result

e—a+0-(p+a) _ ¢

4re! 5
I = ———Liy(ee® 09, 137
e 2( ) (137)
where Lig(z) represents the polylogarithm function of order s, defined, for |z| < 1, by the power series
Liix) =) —. (138)
kA
k=1
With the help of relation (68), it follows, after integrating over «, that
oH
JP =n— = nu* (139)
0
with
8mrge™! =
n=-————Lij(ee® " 140
Ps+c o ) (140
where we used the identity
* Lig(¢
Line1(2) = / 204, (141)
0 t
Using relation (69), one then finds, after once more integrating over « and using identity (141), that
8mge™! . —0.d O1((8+¢)7) 26 . 0 e
TW = ————= | Lig(e &* 9”(’”—4 = — Liz(e e 715" |. 142
h3|8+c|94[ ( (7 = 5 ) (142)
Next we construct the projectors Aﬂ‘ " and A’j_u satisfying the identities (89)—(96). We find
ul 4K (e 200 (S + ) 2)u* + 6 aY
N (S +0)™H)"s ]’ (143)

e 4K (€ e*=00) + (G - u)d
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where we defined

Lig(z)

K@) =——. 144
() L) (144)

We then find for the energy density

3 .
&= AH“TM =n|:5 K(e ea—ﬁ'“)m.u] (145)
and the pressure

pP= % K (e 200y, (146)

Using the decomposition (100)—(103), we can compute the entropy density for the massless case, with the use of expressions (139),
(140) and (142). It follows that

" kn[4K(e =00y 1 g6 — a]u“. (147)

Note that the Gibbs-Duhem relation (110) continues to hold.

Let us apply these results to a photon gas. While the Boltzmann equation would seem to be inapplicable to this case, as photons
are essentially noninteracting, they are nevertheless usually in thermal equilibrium, due to the fact that they are in thermal contact
with matter. For this case, we take « = 0, ¢ = 1 and g = 2 (corresponding to the two photon helicities). Moreover, we will only
assume a nonzero value for the Lorentz-violating coefficient ¢/*”. To leading order, this coefficient equals c*¥ = —%(kp)“"‘”a,

where k%w’ * is the four-index Lorentz-violating coefficient in the photon sector of the minimal SME [2]. It then follows from the
identity Lig(1) = 7*/90 that

8 7.[5 k4(u0)4 4
=——]7". 148
( 15h3|8 +c| (148)
This corresponds to the usual result accompanied by the Lorentz violation correction (1°)*/| § + ¢ |. The photon gas pressure, the

entropy density and the energy density, are related by P = £/3 and s = 4£/(3T), just as in the Lorentz-symmetric case.

7 Multiple species of particles

In the previous sections, we considered the case in which there is only one type of particle subject to the dispersion relation (1). In
this case, one may wonder whether the Lorentz-violating effects are really physically measurable. It is well known that in the SME
the effects associated with the a* coefficient on a single fermion field can be absorbed by a field redefinition ¥ — exp(—ia,x*)y¥
[2]. Moreover, the symmetric c*V coefficient of the SME can be eliminated by applying the linear transformation [23]

= (Y= B8+ H)xY (149)

on the spacetime coordinates.!

In this work, we don’t have a quantum field theory, but nevertheless, the Lorentz-violating effects associated with the ¢*¥
coefficient can be eliminated by applying the same spacetime transformation (149) in the defining particle Lagrangian (2). Similarly,
we can absorb the effect of the a* coefficient by performing an appropriate momentum shift redefining the zero point of energy
momentum. Clearly such an operation is compatible with momentum conservation in the scattering process (p1, p2 = p}, p5).

In order to assure that the Lorentz-violating effects are physically observable one needs to introduce other species of particles
subject to different Lorentz-violating sets of coefficients. The spacetime transformation (149) can at most absorb the Lorentz-
violating effects of the c"*¥ coefficients for one of the species of particles. Similarly, we can only consistently apply a momentum
shift to eliminate the effects of the a* coefficients for one particle species. Any differences between the coefficients of different
species are unaffected by either of the transformations.

Therefore, let us assume that there are n > 1 species of particles present, labeled a = 1, ..., n. Each species a is defined by its
mass m,, and by its own set of Lorentz-violating coefficients 5" and a’ .

First we will assume that only elastic collisions take place, in which each particle maintains its identity. Considering the Maxwell-
Boltzmann case € = 0, the Boltzmann equation (29) for species a becomes

KL d3p, d3p d°
540, fu b m ( fa Z d / pyd’p, p,,
h Dob Poa Ob

' fir = fafo)W(Pa, Pb = Pl D)) (150)

! The transformation (149) also affects the photon sector, if present. For details, see Refs. [23, 24].
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and the corresponding transfer equation

9 ([ dpa Epa (- Va a
— —_— pl ) — | ——|(p* +mKH = Coll[y], 151
axﬂ(/ o “”“) / Poa (”“ axn apéf> i (b
where now, applying detailed balance,

n 3 3 3.7 43,/

g d’pad’pyd’p, d’p
Collly] = 5.5 j/ PSP E P I0 ( + Yy — Yo — W) X W(Pa. Pb = Pl D) fa S (152)

P P0a  POb Py, Pop

Now define the species-dependent currents and energy-momentum tensors

T = / d;i“ﬁz‘fa(x, Pa)
gt T =5 / d;i © B Pl falx, Pa). (153)
Let us assume, as before, that the external force vanishes. It then follows, by taking ¥ = 1 in Eq. (151), that
At =0 (154)
and by taking ¥ = pl that
9 TH =0. (155)

In other words, for any species the particle number current and the energy-momentum tensor are separately conserved. It is easy to
verify that the ansatz (58) for the equilibrium distribution

fa(x, p) = e®a=0P (156)

with arbitrary species-dependent chemical potentials «, satisfies Eq. (150), as the collision term (152) vanishes. Note that the
four-vector # is common to all species.

The equilibrium expressions (80) and (81) for J* and T*" continue to apply, with the species-dependent values of the Lorentz-
violating coefficients. This is also the case for the expressions (73) for 6, (82) for n and (85) for u*. The four-vectors u* are
proportional to 6% for any species, with species-dependent normalization 6 ~'. The temperature, which is defined in the rest frame
as 1/(k6°), is common to all particle species.

The total energy density and the pressure are given by

n
5:25a

a=1
n
gt, P=) P, (157)
a=1

where &£, and P, correspond to the partial energy density and the partial pressure of the species a given by formulas (123) and (124).
Next consider the case where there are also inelastic collisions, corresponding to chemical or nuclear reactions. Following [17],
we will consider the case of four species a = A, B, C, D subject to the reaction
A+B
gt=
gtC+D
gt. (158)

The right-hand side of Eq. (150) then includes the additional term R, defined as

d3 d3p/ d3p/
S N ELEEPCE D (r e — fafe)W(pa. ps — Pies Ply) (159)

Ry = — =
h3 PoB P(/)C Pop

g [ dpadpp d®p)
= —L2(fafs — fo fo)W(pg, Py = Pa, PB) (160)

Rc = = =
k3 ) Poa Po Pyp

and analogous expressions for Rp and Rp. Similarly, the collisional functional (152) gets an additional term

d3
/%Ra Pa. (161)
P0a
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It then follows that the J/* are no longer separately conserved, but satisfy

Ay Il = vl (162)
where
d3pA d3p/
lszA(m)~ =—/Rd%)wc
PoA Poc
g [ d3padippdppdp
== | = —=——=S="Lc for = faf)W(pa, ps = Pe: Pp) (163)
h poa PoB Poc Pop
and

VA =Vp = —Vc = —Vp = 1. (164)

We see that the total current J#* = ZaDz A J¥ is conserved. This is also the case for the total energy-momentum tensor TH" =
ZaD: A T/*", as can be shown by summing the transfer equation over all species and substituting v, = pk.

However, if we substitute the ansatz (156) into the (modified) transfer equation, the extra term in the collisional functional no
longer vanishes, due to the fact that

ferfor = fafp = (46140 — exaren)e=0 (et (165)
Evidently, for this to vanish one needs the equilibrium condition
D
O{A+OlB—Otc—0{D:ZUaO{a:0 (166)
as

relating the chemical potentials of the 4 particle species.

8 Bose—Einstein condensation

As an application, we investigate the effects of the Lorentz-violating coefficients on Bose—Einstein condensation for a monospecies
gas. Relativistic Bose—Einstein condensation without Lorentz violation has been worked out by Landsberg and Dunning-Davies
[25] (see also [17]). For simplicity, we will consider a* = 0, with nonzero c¢*".

As a starting point, we take the expression for the particle density for the case ¢ = 1, which equals the zero-component of the
current density given by Eq. (80):

_ 471gm3u0

JO= 20—
"8 +c|

J1(mb, ). (167)
where we used _deﬁnition (85).
Denoting m6 = ¢, we have

% ginh? x cosh x
D¢, @) = A de

1 /mm(u+§)d
= — —————"du
23 Jo

e—ati+u |

Y2y (v + D)
= —————dy (168)
0 e—a+tc(y+l) _ 1
where we introduced the variables u and y defined by
y:g:coshx—l. (169)

Note first of all that J>1(£, «) is only well defined for { > «. Now let us fix the particle density J 0 to some value. Working in the
rest frame of the fluid, Eq. (167) represents an implicit relation between the variables ¢ = m6 = m/ @Ok T) and o = we/(kT).
From the third identity of Eq. (168), it follows that:

e For fixed o, J>1(¢, o) is monotonically decreasing as a function of ¢;

e for fixed ¢, J21(¢, o) is monotonically increasing as a function of «;

e for ¢ > 0, J21(¢, ¢) is finite and monotonically decreasing as a function of ¢, tending to zero if { — oo and tending to oo if
— 0.
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Fig. 1 Curves in the (¢, a) plane 3.0F 1
on which J51(¢, @) equals, from 1
left to right, 5, 3, 2, 1.25 and 0.8,

each one ending on the line @ = ¢ .

20 B

8 15 1

1.0+ ]

0.5 ]

0.0 S T R T S T S S S S SO S S S S N S S \;

0.0 0.5 1.0 1.5 2.0 2.5 3.0

This means that in the (¢, &) plane the tangents to the curves defined by fixed values of J© always have a slope that is strictly larger
than unity. Therefore these curves will intersect the 45° line « = ¢ at some point and cease there, defining a critical, maximum
value ¢, for ¢, corresponding to a minimum, critical value 7, for the temperature. Below this temperature relation (167) between
the particle density and the temperature cannot be maintained. In Fig. 1 we have plotted, for illustration, a number of curves in the
(¢, o) plane on which J,1(¢, o) is constant, each one ending on the line o = ¢.

The physical interpretation of this effect is of course well known: below T a finite number of particles condenses in the lowest-
energy state. Denoting the total number of particles at the temperature 7 as N = V J© (with V equal to the volume) and Ny as the
number of particles in the lowest-energy state, we have for T < T, from Eq. (167)

4w Vgm3u® ArVgm3u®

N=Ny+ ————D1(,0) = ———7——
0 Tarsre D= s

JZI(CC, fc) (170)

which yields the temperature dependence
N Ju@ D)

— . (171)
N J21(8es &e)
We can obtain explicit expressions for 7, and Nog/N in two limits:
1. In the nonrelativistic regime ¢ > 1 it follows from the second identity of Eq. (168) that
PO Lo A R G VS a7
2108, 8) = Sy w1 2{34“1?
where {r(s) is the Riemann ¢ function. The critical temperature can now be obtained by inverting relation (167). One finds
- 2 75 +cN\?
© 2emk®)3\ ¢r(3/2)
G IO N 154\ 173)
T 2mm*k \ ¢r(3/2) ud

where in the second line we substituted the effective rest mass (134). The last factor in the second equation of (173) represents
the correction due to the coefficients ¢*”; when evaluated to first order, it yields?

s+c|\*? .
(' MOC|> ~ 1 — 2Tr[c]. (174)
For the temperature dependence (171), we obtain from Eq. (172) in the nonrelativistic limit the well-known result
N, T\3/2
Do (=) . (175)
N T.

2 The correction (174) is consistent with the corresponding one found in Ref. [5].
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2. In the ultrarelativistic limit { < 1, we obtain from the second identity of Eq. (168)

1 (% u’du 2
21(¢, 0) 43/0 R §3§R() (176)
Inverting relation (167) now yields
A JO 1/3
T, = 7(7) 18 +c |33 (177)
2k \g¢r(3)
while the temperature dependence (171) reduces to the usual result
3
N T
(). (178)
N T,

It is interesting to identify the nature of the condensed state. In the Lorentz-invariant case, it corresponds, in the rest frame of the
fluid, to the state with zero three-momentum and zero velocity. In the Lorentz-violating case, the situation requires more careful
consideration. From Eq. (168), or equivalently Eq. (72), we see that the condensed state will be the one in which 6, p* takes its
minimum value. Moreover, we have to take into account that p* is constrained to satisfy the dispersion relation Eq. (1). We can
solve this in the standard way by introducing a Lagrange multiplier A, define the function

He(p", %) = 6, p" +AD(p") (179)
and solve the system
o0H. 0H,
= =0. (180)
apH oA

Noting that 0 D(p*)/dp,, = 2p* (with p, defined by Eq. (8)), it follows that p* oc 6*. Using definitions (85) and (86) for u*,
together with the constraint (4), we readily conclude that the four-velocity x* of the condensed state is exactly equal to u*. Therefore,
the condensate has zero three-velocity in the rest frame of the fluid. Note that its spatial momentum is not zero in that frame, but is
defined by Eq. (5).

9 Summary and discussion

In this work, we presented a treatment of relativistic kinetic theory in the presence of Lorentz-violating dispersion relations associated
to two commonly considered sets of coefficients in the SME. Adopting a manifestly observer-covariant approach, we carefully defined
the phase-space distribution function and the Boltzmann equation, for the cases of classical and quantum (fermionic or bosonic)
statistics. Using the associated transfer equation, we generalized Boltzmann’s H-theorem to the Lorentz-violating case, using an
appropriate definition of the entropy current.

Next we analyzed the equilibrium solutions of the Boltzmann equation. Concentrating on those in which the phase-space dis-
tribution function is independent of the spacetime coordinates, we first constructed the appropriate forms of the particle-density
current and the energy-momentum tensor. Using these, we then extracted the standard thermodynamic variables such as the energy
density, the isotropic pressure, the temperature, the chemical potential and the entropy. We found that these quantities are defined in
a fashion that is parallel to the Lorentz-symmetric case, but with crucial factors accounting for Lorentz-violating effects associated
with the SME parameters. As an application, we analyzed Bose—Einstein condensation in the presence of Lorentz violation. We also
generalized the Boltzmann equation to the case of various species of particles with different sets of Lorentz-violating coefficients,
allowing for the possibility of a chemical reaction in nonelastic collisions. We compared our results to those obtained previously in
the literature in studies using a conventional approach to thermodynamics in the presence of Lorentz violation, based on a partition
function.

While we applied our approach explicitly on to the sets of SME coefficients a* and ¢*", our general setup can be straightforwardly
adapted to accommodate dispersion relations associated to any of the other coefficients in the minimal or nonminimal SME, as well
as other models with SME-like Lorentz-violating dispersion relations. Given any dispersion relation D(p) = 0 involving Lorentz-
violating coefficients, as an alternative to Eq. (1), one defines

oD

= —. 181
T (181)

Pu
The modified Boltzmann equation and the Uehling—Uhlenbeck equation are then defined by Egs. (29) and (33), with the new definition
(181) of p*. This also holds for the subsequent analysis. What needs to be adapted on a case-by-case basis is the calculation of the
thermodynamical quantities in Sect. 4. It may not be feasible to compute the relevant integral (67) for all cases. If not, it may be
necessary instead to resort to a simplified analysis to first order in the Lorentz-violating coefficients.
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In this work, we have presented the basic framework for kinetic theory in the presence of Lorentz-violating dynamics, and an
analysis of equilibrium solutions of the Boltzmann equation. There are various relevant issues that are beyond the scope of the current
work. The most obvious one is the application of the Boltzmann equation to analyze out-of-equilibrium processes in the presence
of Lorentz violation. In particular, it should be interesting to develop the Chapman-Enskog method to derive the Lorentz-violating
effects on the equations of hydrodynamics, such as the laws of Navier-Stokes and Fourier. Another interesting open topic is the
derivation and analysis of the Boltzmann equation with Lorentz violation in the presence of gravitational fields [21].
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