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Abstract This work investigates the generalised time-fractional Cattaneo model. The homotopy perturbation transform technique
is used to get the numerical solution of this model. The stability is analysed using the Lyapunov function, also the error analysis is
discussed. Finally, the effectiveness of the proposed technique is illustrated by calculating the L? and L error and comparing it
with the existing techniques.

1 Introduction

Fractional Calculus (FC) has become an essential tool to model the phenomena occurring in many physical and engineering processes
in the last few years. It is successfully applied in vast areas of science. It is far superior to Integer Calculus for demonstrating the
mechanism and physical process in science and nature. The fractional differential equations (FDEs) possess memory because, in the
case of FDEs, the system’s current state depends not only on current conditions but also on previous conditions. That is, past events
influence the current dynamics. Also, it has various essential aspects and analyses to assist in understanding the actual evidence. In
addition, it is pretty helpful in simulating and comprehending natural phenomena due to its inheritance and recall qualities. Many
researchers studied and analysed different fractional mathematical models such as the fractional competition model of bank data
analysed with CF derivative [1], the fractional Fitzhugh—-Nagumo equation is studied in [2] by homotopy perturbation technique,
the fractional model of CFWBK equation is studied in [3] by ABC fractional derivative, the fractional multi-dimensional telegraph
equation is examined in [4] by Laplace transform, the fractional coupled burger equation is investigated in [5], the nonlinear fractional
model of Zakharov—Kuznetsov equation is studied in [6] via Sumudu transform, the fractional model of hearing loss due to Mumps
virus is studied in [ 7] via Caputo—Fabrizio operator, the fractional-order SEIR epidemic of measles is studied in [8] by using Genocchi
polynomials, the 2019-nCOV outbreaks are studied in [9] via non-singular derivative, the fractional predator—prey dynamical system
is studied in [10], the heat equations arises in diffusion process are studied in [11] using new Yang-Abdel-Aty-Cattani fractional
operator.

A class of FDE:s that can represent transport dynamics in complicated systems and are therefore widely used in many biological
and natural phenomena are used to characterise anomalous diffusion occurrences [12—17]. The anomalous diffusion exponent,
denoted as x2(r) ~ 1%, is known to be a component of anomalous diffusion together with the @ anomalous diffusion exponent, the
mean square distance of the diffusing species and time (¢). These phenomena lie under the categories of anomalous super-diffusion
and sub-diffusion for 1 < o <2 and 0 < o < 1, respectively. However, for o = 1 it is called Gaussian diffusion. Many different
methods have been applied to characterise anomalous diffusion using the fractional diffusion models [18-20].

When there is a temperature difference between two different materials or different regions of the same object, heat transfer
occurs naturally as a usual process. Therefore, the scientific community has been interested in predicting heat transport behaviour.
Fick’s law is the fundamental theory for explaining Gaussian diffusion, like heat conduction and tracer dispersion [21]. But because
this equation suggests an infinite propagation velocity, its validity has been questioned. But because this equation suggests an infinite
propagation velocity, its validity has been questioned. This trait is only sometimes evident in terms of its physical meaning. Numerous
investigations have examined the heat conduction in the porous medium while taking into account a variety of factors, including
(i) the small-scale interactions among various steps, (ii) the quick short-term conduction of heat, (iii) the porous medium’s thermal
response and (iv) the requirement of local thermal equilibrium. For most applications, the Fourier law-based heat conduction model
is adequate. However, the thermal disturbances in this model propagate at an unlimited rate, violating the laws of physics [22-24].
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Several constitutive models have been proposed to account for the finite propagation speed and explain the anomalous diffusion
process. For instance, the fractional-order Fick’s laws, which are described in fractional-order derivatives, are available. This method
produces the Cattaneo equation, which is used to describe heat and mass transfer and fractional-order diffusion models [25]. The
heat condition law was first put forth by Fourier [26] in 1822. Even though it is a hypothesis law, it enabled the characterisation
of heat transport mechanisms and served as a foundation for the subsequent two centuries of research on thermal conduction. By
incorporating a term for relaxation time, Cattaneo [27] updated Fourier’s law in 1948. By applying Oldroyd’s upper convected
derivative [28] in 2009, Christov [29] generalised Cattaneo’s rule to make it frame differently and produced a model with a single
temperature.

The Cattaneo model is frequently employed to represent natural phenomena including extended irreversible thermodynamics
[30], cosmological models [31], diffusion theory in crystalline solids [32], computational biology [33, 34], and micro-scale and
macro-scale heat conduction [35, 36]. In actuality, the equation depicts the simultaneous generalisation of Fourier’s law and Fick’s
law. The Fourier rule, which states that the flow is proportionate to the gradient of the carried quantity, is a phenomenological
description, it should be noted. This idea is encountered in several physical contexts and goes by various names. The Fourier law that
regulates the concept of conduction of heat and the Fick law that defines the concept of diffusion are equivalent. The one-dimensional

fractional-order Cattaneo model is described in terms of x, ¢, D, t, % and & (x, t). Here, x and ¢ are the space and time variable, D
is diffusivity coefficient, 7 is relaxation time 9" s the nth derivative w.r.t direction, and & (x, t) is the distribution function of heat

£ acll
or temperature. The first law of mass diffusion and the traditional Fourier law for the conduction of heat for the one-dimensional
continuous model are typically expressed as follows [21]:

0E(x,t
[ty = —p2EED (1.1)
dx
0E(x,t ol(x,t
E0nn __dIGn 12
ot 0x
where I (x, t) is the diffusive flux. From Eqgs. (1.1) and (1.2), we get second law of Fick’s as:
AE(x, t B2E(x, t
o) _ %D 13
at dx2
Cattaneo constructed a model considering the finite velocity in [27] as:
0E(x,t ol (x,t
_p¥ IO g, (1.4)

ox ot
An expanded heat conduction law is used to broaden the application of the traditional heat conduction equation. A generalised law
for heat conduction, however, enables the traditional heat conduction connection to be expanded even further. Recently, anomalous
behaviour has been explained by a constitutive equation with a one-dimensional form that generalises the conventional Cattaneo
equation fractionally

_Daé(x, 1) _ e %I (x,t)
0x arv

+1(x,1),0 <a <1, (1.5)

where % is the time-fractional derivative.
From Eq. (1.2) and (1.5), the fractional Cattaneo equation can be written as:

AE(x, 1) e Al (x, 1) _>p 92E(x, 1)

5 FAE PR O<a<l. (1.6)
The generalised time-fractional Cattaneo model (GTFCM) in the non-dimensional form is considered in [37] as:
0%E(t, t 0E(, t
SO0 D s =S@ . @0 e x 0T t= (), 1<a<2 (1.7

In this work, we take into account the following GTFCM in the Caputo sense to deal with non-dimensional thermo-elastic
problems of porous media

EDCEQ 1) + PE. 1) — AEC. 1) = SE. 1), €1 €Rx (0.T], €= (x.y), (18)
with
0£(C, 0
£(.0) = g(0), E(;t ) _ p.ce . (1.9)

where £ (x, t) is the distribution function of heat or temperature, 8 is a constant and 2 is bounded domain which is the convex
polygon in R? with the boundary €2, S(t, ¢) is the given source term and 6Dy is the Caputo derivative of order & with 1 < o < 2,
and g(¢) and () are given smooth functions ¢ = (x, y).

The study of the mathematical model of fractional order is very important for the betterment of society but sometimes, it is
very difficult to solve them. Therefore, there is a need for the development of a numerical technique that can get approximate
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analytic solutions to these models. Many techniques have been applied to study these fractional models such as the Adomian
decomposition technique [38], finite elements technique [3], Adam—Bashforth method [39], homotopy analysis transform technique
[40], Shehu transform technique [41], fractional homotopy perturbation transform method [42], collocation method [43], fractional
reduced transform method [44], fractional variation iteration method [45], Sumudu transform technique [46], g-HAM [47], Sumudu
perturbation transform technique [48] and hybrid numerical technique [49].

In this work, our main objective is to investigate the GTFCM in the Caputo sense in the non-dimensional form for dealing
with thermo-elastic problems of the porous media. There are many fractional derivatives available in the literature, but the Caputo
derivative [50] is the most reliable because it has power law kernel and it deals with the limitation of the Riemann—Liouville derivative,
which gives a nonzero value for the derivative of a constant function. The stability is analysed using the Lyapunov function and the
error analysis is discussed. Homotopy perturbation transform technique (HPTT) is used to get the numerical solution of the model
(1.8). This technique perfectly combines Laplace transform with the homotopy perturbation method. This model is used to describe
various natural phenomena such as macro and micro-scale heat transfer, non-Fickian diffusion, Gaussian diffusion, heat conduction,
anomalous super-diffusion, and sub-diffusion.

The novelty of this paper is that it gives a precise forecast about the process of heat conduction for dealing with thermo-elastic
problems of the porous media. The combination of the numerical technique, homotopy perturbation technique, with the Laplace
transform is proven to be time-saving, and also reduces the computational work to solve nonlinear fractional models, which are
applicable in vast areas of engineering and sciences. The main contribution of this work is to provide a high accuracy computational
technique to obtain the solution of the GTFCM and can study the process of heat conduction in porous media very precisely.
The results achieved in this paper may be of substantial benefit to (but not limited to) material, plasma, extended irreversible
thermodynamics, cosmological models, diffusion theory in crystalline solids, computational biology, and micro-scale and macro-
scale heat conduction. Also, we simulate three different test examples to show that with the help of proposed technique HPTT, we
can study the process of heat conduction very precisely than the other existing techniques.

2 Preliminaries

t
Definition 2.1. [52] The fractional Caputo derivative of y(¢) is given as: D¥y(¢) = I *D"y(t) = ﬁ f(t — fymme—lym
0

(fHdf,wherem — 1 <o < m.
Definition 2.2. [51] The fractional Caputo integral of y(¢) is given as:

1

Blta{y(t)} = @

/ (= Py,
0

where 0 < o < 1.

Definition 2.3. [52] The Laplace transform (LT) of a function y(#) is given as:

e ¢}

LIy()] = y(s) = / ety(1)dr,
0

Definition 2.4. [52] The LT of the fractional Caputo derivative is defined as:

m—1
L[Df‘y(t)] =5%y(s) — Z s@FK=Dy OO, m—1<a<m.
k=0

Definition 2.5. The fractional Caputo derivative of a constant a is given as:
oDfa=0.

Theorem 2.1. [52] The unique solution of FDE, §D{y(t) = e(t) is given as:
t
v = s [ = P lecar
(o) ’
0
where 0 < o < 1.
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3 Stability analysis

In this segment, we analyse the stability of GTFCM by using the Lyapunov function.
We can write (1.8) as:

oDYE@. ) =Y (5, 1,6), @, 0) =g(©). (3.1

For investigating the asymptotically stability of Eq. (3.1) we have to show that the solution of the equation given below is +ve
such that /lim — 0 as t — oo.

0Di's =08, £(0)=a,§ <0, (3.2)
we can convert (3.2) into an integral equation as:
§=§0)+313¢,50) =a. 3.3)
For finding the solution of Eq. (3.3) we use Picard’s method. The approximating formula is given by
Env1 = 0 + 8156y, 0 <, (34

where &y = £(0) = a, we have

&1 =& +8I%E =&+ %to‘,

o) mao
=8 % 8" iy
"= (3.5)
' m tma
Em = 3;_0 ZO s I(I+ma) *
m=
So, we obtained the Mittag—Leffler function as:
m gme
Ey108, 1) = M—o——, 0<t. 3.6
w1 (8, 1) ZO Faamay 0< (3.6)
The Mittag—Leffler function of one parameter is given as:
m tma
Eqo(—1%) = -)'—, 0<t. 3.7
a(=1%) m;)(  Tasmay 0 3.7)
The Mittag—Leffler function can be approximated as [53]:
t—Ot
Eq(—1%) ~ e~ ® (3.8)
So, we have
tgrgo Eqy1(8,1) =0. (3.9)

In addition, it is evident that E, 1 (8, t) is positive and produces results with identical monotonicity as E, (—t%).

Lemma 3.1. [53] Let us suppose that ¢ = 0, be an equilibrium point (EP). It is Lyapunov stable if Ve > 0, Jar = A(1, €), such
that if.

)l < A = 11¢(t0)ll{e, Yilto.
Lemma 3.2. [54] An EP, ¢ = 0, is asymptotically stable if V € > 0, JaA = L(tp) > 0, then

¢ ()|l < A = ll_i)ngog(t) =0.

Lemma 3.3. [54] For ¢(t), X()eCla, b], ¢(a) = X(a), 0 < m, such that if.
DY) < —kg(r), 0<a <1, (3.10)
and
¢ DEX(1) = —kX(1), 3.11)
then ¢(t) < X (¢) holds Vtela, b].
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Theorem 3.1. Let us suppose that ¢ = 0 is an EP. If 3 a +ve definite and declinatory scalar function V (¢, ¢(¢)),t € R, class —K
function B, B2 and B3 such that

Billc@ID) =V, &) = f201E@D, (3.12)
DYV, 5(1) < —p3u(t), (3.13)
then EP is asymptotically stable.
Proof From the given Eq. (3.12) and (3.13), we have.
GDV 1 e0) = —pa (B V050D (3.14)
where 8, !is inverse of B2. Now considering the given fractional differential equation.
a+Dih(t) < —Bs (ﬂ{ IV(t)), (3.15)
with initial condition A (a) = V(a, h(a)). Equation (3.15) has a solution like Mittag—Leffler function [1320 h(t) = 0. Also form

lemma (3.3), it is clear that V (¢, {(¢)) bounded by A (¢). Which implies that tlim ¢(t) = 0. Hence proved.
—00

Lemma 3.4. [54]If ¢, Df¥c(t) > ¢, DF X (1), 1{a < 2, Vt)a and {(a) = X(a) then

_(1+

g(r) = X(). (3.16)
Lemma 3.5. The following inequality holds.
& DIC (1) =< 2805 DS (o). (3.17)
Proof Proceeding like article [55], we have to show that.
f ) 200de(f)

€. DYC2(t) — 20 (1) DYC (1) = ds d gr <o0. (3.18)
a a r(l— - )
(I—a) J =5

Using definition (2.5) and putting the term d%z;')

! d; (f) _ 2t@de(f) |, de2w
df df

©.DYE(r) —22(1) DL (1) = ” / T df. (3.19)
Let H(f) = (¢(f) —t(1))*, so we get
t
. , 1 H’
Ce DI (1) — 20(1)5 DYe(t) = o) @ —(;i" df. (3.20)
0
Integrating Eq. (3.20), we get
t
H'(f) G(f) }’ / aH(f)
L df = — 3.21
Of(t—f)“ / t—= " t — ! a G2
Now, we need to find the hm (tH ]{))“ SO
H(f) . @(f)—¢@®)?
im ——— = lim ———~——
[t (=" for (=)
— lim 206(f) = &@)E'(f) _
G et ' t
-1 H H
£ DIE0) = 200 DY) = [ [ _(‘;))a B m“_ 5/ _(ff;lﬂ df. (3.22)
0 0

Hence, the required result is established.

Theorem 3.2. If ¢ = 0 is an EP of model (1.8) and ¢(¢)¥ (¢, ¢(¢)) < 0, then model (1.8) is asymptotically stable.
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Proof Let us suppose that the Lyapunov function is considered as:

_To
-2

1%
so, we get
CeDYV <55 Dic(t) = () (t, (1) < 0.

According to theorem (3.1), the GTFCM (1.8) is asymptotically stable.

4 Application of HPTT to the GTFCM for heat conduction in porous media

The GTFCM in Caputo sense is considered in non-dimensional form as:

BD?{E(L t) +ﬁ$l(§s t) - AS(Cs t) - S(Cv t)a
where (¢, 1) € Q2 x (0, T],¢ = (x,y), 1 <a < 2 and the initial conditions are

95(c, 0)

£(8,0) =g, o1

=9, ce Q.
Applying Laplace transform on Eq. (4.1), we get
LT[{D&(c, 1)] = LTIAE (G, 1) — B& (5, 1) + S(&, D]
From definition (2.4) and Eq. (4.2), we have
SYLTE(C. D] — s*7'6(2,0) — s = LT[AE((, 1) — B& (L, 1) + S, D],
SULT[E(L, )] = s g(0) + 5“7 2p(¢) + LT[AE (5, 1) — &L, 1) + S(Z. 1],
LT[£(2. )] = %g@) + s%w(;) + S%LT[AE(;: 1) — B& (L. 1)+ S, D).

a—295(£,0)
ot

Applying LT inverse on above equation, we have
1
E@. 1) = g(Q) +19(@) + LT {STXLT[AS(C, 1) — P&:(E, 1)+ S(, l)]}-

Now, we apply homotopy perturbation technique to Eq. (4.3) we put

£ =) p'Ea),

n=0
so, we get
D P () = g(©) +19(0)
n=0
D P E ) =g(©) +1p()
n=0
1 oo oo
+LT! [SQLT[Z PIAEC 1) = B Y P (E) (€ 1) + S, z)} ]
n=0 n=0

Now, we compare the like power’s coefficient of p of Eq. (4.4), we have

£0(C, 1) = g(©) +19(9),

)

1
§1(5.)=LT"! { —LT[A& (5. 1) — BE0); (6. 1) + S, 1]

N

1
&, 1) =LT"! { SLT[AG1@ ) = BED, 6.0 + S, r)]},

1
£0(c, 1) = LT™! : SLT[A&1 60 — B0 €. D) + S 1) }
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The final solution by HPTT is

k
£, 1) = lim Zosn@, . (4.9)

5 Error analysis

In this segment, we analyse the error of the proposed technique HPTT.

Theorem 5.1. If there exists a constant 0 < & < 1 suchthat &,.1(¢, t) < ¢ &,(¢, t) for each value of n. Furthermore, if the truncated
series Y _ &n (¢, 1) is employed as a numerical solution & (¢, ¢), then the maximum absolute truncated error is determined as.

r+l

<
T (I-e)

1§02, O -

ECD =Y &,
n=0

Proof We have

3

Y &

n=r+l1

HS@, H=Y &0

n=0

o0

< Y la@ol, = > "l nl,

n=r+1 n=r+1

< @1+ @'+ @)+ JllEo DI,

r+1

I—-¢

=

150 (C. DI

Hence proved.

6 Numerical simulation

In this segment, we simulate three different test examples of GTFCM to demonstrate the effectiveness of the HPTT by calculating
the L2 and L™ error norm and comparing it with the existing techniques.

L? and L™ error norm.

The L2 and L error norm for the proposed technique HPTT is given as:

N
L?= |nY |&ex — Enl?,
j=0

L™ = max |&x — (EN);
HPTT.

, where &g is the exact solution and &y is the numerical solution obtained by the proposed technique

Example 6.1. Let us consider the GTFCM given below.

3—a

0DFE@ 1) +& (. 1) — A&, 1) = (m

-2+ 3z2>ex+>‘, (6.1)

(t, 1) € Q x (0, T], where ¢ = (x, y) and the analytical solution of Eq. (6.1) ata =2 is £(¢, 1) = ey,

Solution

From the analytical solution, let £(g, 0) = 0 and w = 0. Here, 8 = 1 and S(¢, 1) = (% -2+ 3t2)e"+y. Now, we
apply HPTT to Eq. (6.1), so we have

go('x5 y’ t) - 07 (6.2)
1
§1(x, y,1) = LT*I{STZLT[AEO()C, ¥, 1) = B(&o) (x, y, 1) + S(, t)]}

[3 tot+3 tot+2
-2 +3 ,
r4 I'a+4) F(a+3)]

— €x+y 6

(6.3)
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Table 1 22 and L error norm for x,y € [0.01, 0.1] and different values of ¢ and «, for Ex. 6.1

t Error norms for « = 2 Error norms for o« = 1.95
L? L® L? L

0.01 5.515880¢ 00 190172400 5.868738¢ 00 2.023245¢06
0.02 6.1449472¢95 2.115769¢ =95 6.622970¢ =05 2.279847¢~95
0.03 2.741076¢ %4 9.413964¢ 03 2.964027¢ 04 1.017589¢ 94
0.04 8.347760e 04 2.856856¢ 04 9.019924¢~04 3.085486¢ 04
0.05 2.058699¢ 03 7.015689¢ 04 2217631703 7.553783¢04
0.06 4.437835¢03 1.505322¢03 4.758414¢03 1.613395¢ 03
0.07 8.707387¢ 703 2.939414¢~03 9.283566¢ 93 3.132917¢ 703
0.08 1.592611¢92 5.350787¢ =03 1.687205¢ 92 5.667438¢ 03
0.09 2.757043¢ 02 9.220735¢ 03 2.900988¢ 02 9.701331¢ 03
0.10 4564227702 1.519915¢~02 4.768897¢ 02 1.588119¢92

Table 2 22 and L error norm for x,y € [0.01, 0.1] and different values of ¢ and «, for Ex. 6.1

t Error norms for @ = 1.90 Error norms for o« = 1.85
L? L® L? L

0.01 6.289601¢ 00 2.168165¢ 00 6.793000¢ 00 2.341476¢~06
0.02 7.178198¢ 05 2.470366¢ =05 7.824874¢~05 2.692193¢~05
0.03 3.218878¢ 05 110465104 3.510902¢—04 1.204375¢04
0.04 9.778715¢~04 3.343487.704 1.063713¢=03 3.635259¢ 04
0.05 2.395132¢ 03 8.154561¢ 04 2.593753¢ 03 8.826615¢04
0.06 5.113085¢03 1.732933¢03 5.506161¢ 03 1.865384¢03
0.07 9.915779¢~03 3.345202¢ 703 1.061060¢ 92 3.578472¢ 03
0.08 1.790272¢ =02 6.012418¢703 1.902743¢ 02 6.388831¢~03
0.09 3.056956¢ 02 1.022202¢02 3.226183¢ 02 1.078694¢ 92
0.10 4.989817¢02 1.661732¢02 5.228556¢ 02 1.741275¢ 92

Table 3 Comparison of error for the proposed technique HPTT and RBF-PU method by L® error norm on domain consider in [37] and at different values
of t and «, for Ex. 6.1

t L Error norm for o = 1.45 L® Error norm for o = 1.65
HPTT RBF-PU HPTT RBF-PU

1/40 1.2520¢04 1.4587¢04 7.6894¢~05 1.9204¢ 04
1/80 1.0872¢=05 5.0793¢~05 6.3571¢=06 7.6507¢~95
1/160 1.0045¢00 1.7519¢95 5.7788¢~07 3.0822¢705
1/320 9.6980¢ 08 6.1028¢ 96 5.6512¢708 1.2305¢705
1/640 9.7131¢= %9 2.1131¢706 5.8764¢=09 4.89220~06
1/1280 1.0060¢=% 72381707 6.4297010 1.9304¢~06

1
£2(x,y.1) = LT { SLT[A81 Gy, 1) = BED, (x. y.1) + 5 t>]}

y t3 3 t(x+3 9 Z‘OH'Z t2<x+3
=e —_— + — —
4 2T(a+4) 4T@+3) T'QRa+4)
3 +2) 2! 9a +24) 22
(@+3) T'Ra+2) (@+3) TRa+3) |

6.4)
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Table 4 L2 and L error norm for x,y € [0.01, 0.1] and different values of ¢ and «, for Ex. 6.2

t Error norms for @ = 2 Error norms for o = 1.75
L? L® L? L

0.01 4.402181¢~97 2.745706¢ 07 8.505004¢ 07 5.304699¢ 07
0.02 7.044331¢700 4.393655¢~00 1.145098¢ =95 7.142152¢ 706
0.03 3.566622¢~0° 2.224556¢ 05 5.241498¢~05 3.269201¢705
0.04 1.127365¢ 04 7.031549¢ 05 1.542503¢ 04 9.620824¢ 05
0.05 2.752693¢ 04 1.716896¢ 04 3.563490¢ 04 2.222602¢ 04
0.06 5.708688¢ 04 3.560595¢ 04 7.063701¢=04 4.405737¢704
0.07 1.057736¢~93 6.597259¢ 04 1.259802¢ 93 7.857576¢ 04
0.08 1.804676¢ 93 1.125603¢03 2.079628¢ 03 1.297095¢~03
0.09 2.891106¢~03 1.803226¢~03 3.236051¢~03 2.018378¢ 703
0.10 440706003 2.748749¢~03 4.806305¢~93 2.997764¢~03

Table 5 L2 and L error norm for x,y €[0.01, 0.1] and different values of # and «, for Ex. 6.2

t Error norms for @ = 1.50 Error norms for o = 1.25
L? L® L2 Lo°

0.01 1.626826¢ 00 1.014676¢ 00 3.253675¢ 05 2.029366¢ 00
0.02 1.846997¢~05 1.152000¢ =% 3.131841¢~05 1.953376¢~05
0.03 7.655308¢ 05 4774731695 1.179084¢ 04 7.354128¢ 705
0.04 2.100148¢~04 1.309894¢ 05 3.022059¢ 04 1.884904¢ 04
0.05 459543104 2.866239¢ 04 6.273840¢ 04 3.913088¢ 04
0.06 8.715135¢~04 5.435761¢=04 1.139874¢~03 7.109569¢ 04
0.07 1.497418¢~03 9.339627¢~04 1.888912¢03 1.178143¢%
0.08 2.393453¢ 03 1.492833¢03 2.926222¢~03 1.825123¢703
0.09 3.620196¢~03 225797003 430578193 2.685583¢703
0.10 5.242352¢703 3.269733¢~03 6.083656¢ 03 3.794468¢ 03

Table 6 Comparison of error for the proposed technique HPTT and RBF-PU method by L error norm on domain consider in [37] and at different values
of t and «, for Ex. 6.2

t L Error norm for o = 1.25 L° Error norm for o« = 1.85
HPTT RBF-PU HPTT RBF-PU

1/40 1.6721e=97 1.9018¢04 8.6385¢~08 8.5648¢ 04
1/80 1.9760e 08 5.7019¢%5 6.1827¢%9 3.9328¢04
1/160 2.2424¢~99 1.7025¢~05 43288010 1.7791¢=04
1/320 2.4825¢~10 4.9817¢96 3.0108¢~ 11 8.1217¢~05
1/640 2.7049¢~ 11 1.4812¢96 2.0899¢ 12 3.6646¢~05
1/1280 2.9160¢~12 4.3706¢=97 1.4497¢~13 1.6309¢ =05

1
&(x, y, 1) LT*l{STXLT[Afz(x, yi 1) — B(&2), (x, y, 1) + S(L, l)]}

l‘3 tot+3 ta+2 t20¢+3 t3ot+3 9 18 t20¢+l
6L 4 +6 -3 - L et 18
r'4) Ca+4) T(e+3) CQu +4) FGa+4) (4a+12)TQRu+2)
Qla +15) 2o+2 . 18 +48 8o + 12 13*+2 3R+ D +2) 1@ . (60 + 12)
QRa+8) I'Ca+3) a+3 2a0+4 JTGBa+3) Ra+2)(@+3) TGa+1) (x+3)
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Table 7 L2 and L error norm for x € [0.01, 0.1] and different values of 7 and «, for Ex. 6.3

t

Error norms for o = 2

L2

LOO

Error norms for o« = 1.75

L2

LOO

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

6.112688¢ 07
490136000
1.657768¢~95
3.937430¢ 05
7.704684¢ 05
1.333674¢ =04
2.121193¢~ %
3.170921¢~04
4.520757¢%4
6.208555¢ 04

3.097687¢ 07
2.483830¢ 00
8.400966¢ 00
1.995344¢~05
3.904452¢ 705
6.758573¢ 03
1.074943¢ 04
1.606907¢ 04
2.290954¢ 04
3.146269¢ 04

1.948106¢ 00
1.317128¢~95
4.029602¢ 05
8.906143¢ 05
1.646731¢04
2.719300¢ 04
4.152872¢04
5.988915¢04
8.266029¢ 04
1.102008¢ 93

9.872292¢ 07
6.674724¢~06
2.042055¢ 05
4.513308¢~05
8.345032¢ 03
1.378042¢ 04
2.104524¢ 704
3.034963¢ 04
4.188922¢~04
5.584574¢704

Table 8 L2 and L™ error norm for x € [0.01, 0.1] and different values of 7 and «, for Ex. 6.3

t

Error norms for @ = 1.50

L2

LOO

Error norms for o« = 1.25

L2

LOO

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

6.234605¢ 00
3.495553¢ 705
9.500742¢ =05
1.918583¢04
3.291142¢~04
5.090594¢ 04
7.329373¢ 04
1.001119¢~03
1.313214¢703
1.668150¢ =03

3.159470¢ 06
1.771418¢~05
4.814629¢705
9.722682¢ =05
1.667830e 04
2.579727¢—04
3.714259¢~04
5.073305¢ 04
6.654891¢=04
8.453577¢—04

1434489005
5.386351¢ 03
1.059417¢ 04
1.563283¢ 04
1.904633¢ 04
1.936766¢ 04
1.512091¢~04
4.818591¢05
1.304257¢~04
3.998617¢ 04

7.269467¢ 06
2.729606¢ 03
5.368740¢ 05
7.922149¢~05
9.651986¢ 05
9.814825¢~05
7.662728¢ =05
2.441886¢ 05
6.609499¢ 04
2.026353¢04

Table 9 Comparison of error for the proposed technique HPTT and FDM method by L error norm on domain consider in [56] and at different values of ¢
and «, for Ex. 6.3

t L° Error norm for « = 1.60 L® Error norm for « = 1.90
HPTT FDM HPTT FDM
1/40 2.1933¢708 6.9559¢—04 7.1653¢=% 4.6883¢~03
1/80 3.6150e~% 2.6279¢~05 9.5611¢~10 2225803
1/160 5.9383¢~10 9.8441¢~05 1.2778¢~10 1.0473¢=03
1/320 9.7523¢ 11 3.6140¢~05 1.7096¢~ 11 4.9056¢ =04
1/640 1.6027¢~ 11 1.2532¢705 22888012 2293104
9 +24) 2o +2) Pl 6.5)
(@+3)Ra+3) JTBa+2) | :
The final solution is

E(,y, 1) =&0(x,y, ) +&1(x, y, ) +&a(x, y, 1) +&(x, y, 1) +- - (6.6)

Now, from Egs. (6.2-6.6), the solution of Eq. (6.1) is given as:

@ Springer
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t3 t(x+3 tot+2
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Fig. 1 Absolute error at distinct value of « and ¢, for Ex. 6.1

0.06 . . . . . . . . .
a=175
—+— a=1.60
005 —6—a=145
—&— a=1.30
——a=1.15
0.04 F —t+— a=1

Absolute Error
o
o
w

0.02 |
0.01F
04 — é~é . . .

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 009 0.1
t

x10°°
3.8 ~
‘é 3.6
i
L34
=
]
g 3.2+
<« 04
3 0.08
0
0.02 0.04
0.08
% 01 O y
Fig. 3 Absolute error at = 1 and ¢t = 0.01, for Ex. 6.1
+9 tot+2 t2a+3 . 3(0[ + 2) t2a+1 (96( +24) t2a+2
4T (ax+3) I'Qa+4) (@+3) T'QRa+2) (@+3) T'QCa+3)
3 tot+3 toc+2 t20¢+3 t30l+3

+ex+y|:6 —42 +6 - -8
T(4) T@+4) T(@+3) TQRa+d TBa+d
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Absoluter Error

Fig. 4 Absolute error at = 1.25 and r = 0.01, for Ex. 6.1

Absolute Error

Fig. 6 Absolute error at « = 1.75 and r = 0.01, for Ex. 6.1

Y +18) 2o+l QQla +15)  2+2 3QRa+ D(@+2) 1@

T Ga+12)T2a+2) T (2a+8) Ta+3) (Qa+2)a+3) FGa+l)

6a+12)  a+24)Qu+2)\ 3+ +<18a+48+8a+12> a2
(@ +3) (@+3)Qa+3) JTBa+2) a+3  20+4 ) TGBa+3) ]|
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-
©w
L

-
@
L

-
o~
Y.

Fig. 7 Absolute error at « = 1.90 and r = 0.01, for Ex. 6.1

%108

Absolute Error

Fig. 8 Absolute error at « = 2 and t = 0.01, for Ex. 6.1

%107

0.01
y 01 0.002
Fig. 9 HPTT solution &(x, y, t) at x = 0.1 and @ = 1, for Ex. 6.1
Example 6.2. Let us consider the GTFCM given below
612
ODFE@E, 1) + &, 1) — AE(G, 1) = (m +Q+ay!t 4 2n2t2+°‘> sin(rx) sin(ry), (6.8)

where (¢, 1) € Q x (0, T], ¢ = (x, y) and the analytical solution of (6.8) is £(t, t) = sin(;rx) sin(ny)t“*z.

Solution
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Fig. 12 HPTT solution & (x, y, #) at x = 0.1 and @ = 1.75, for Ex. 6.1

From the analytical solution, let £ (¢, 0) = 0 and % = 0. Here, 8 = 1 and S(g,t) = (th;_za) +Q+a)t 4 2n2t2+°‘) sin
(mx) sin(ry). Now, we apply HPTT to Eq. (6.8) so, we have

So(x,y,1) =0, (6.9)

1
E1(x, y, 1) = LT‘I{  LT[Ago(x, y.0) = BE0); (x, 3. 0) + S(C, t)]]

@ Springer



Eur. Phys. J. Plus (2023) 138:294 Page 15 of 28 294

Fig. 14 Exact solution £ (x, y, #) at x = 0.1 and « = 2, for Ex. 6.1

Féd—o sy Ol D5

2042

|: 12 ta+2 t2a+1

+272 (0 +2
7T (o )1"

m] sin(;rx) sin(y), (6.10)

1
E2(x, y, 1) = LT_I{S_D[LT[ASI(-xv y. )= ﬂ(él)t(-xv y. 1)+ S, t)]}

[ ( —24 5 ) f2o+2 (@+2)Qu+DlN(@+2) @
= + 27T (e + 3) -
r4—a) I'Qa +3) Qo +2) IGa+1)

12(0[+2) t2oz+1 ) t3u¢+2
* <(2 rolle+2) = o ra— a)) Fearz TTeIrE13
12 rot2 —272T Qo + 2)T(a + 3)
T T@—oT@+3) ( Qa+3) —2(2+a)['(a+2))
t3a+l ) ]
xm] sin(mrx) sin(mwy), (6.11)
1
&(x,y,1) = LT‘l{S—aLT[Aa?z(x, v, 1) = B2 (x, ¥, ) +S(¢, t)]}
B [(—2n2(2a+2)F(a +3) 2472 (a +2) 240 +2)
N Qu +3) (@+3)Fd4—0a) QRa+3)I'(4—a)
3a+1 _ 2042
@ 4oy +2)> ! + < 4272 (a + 3)>t—
re) Jr@e+2) \I'd—oa) Qo +3)
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-3
3 9 : ; ;
a=2
| |—+—e=199
251 | —o—q-195
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2F |[—%—a=180
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]
Q
5 15F
o
(%]
Q
<
1k
05
0 | | | | |

0 0.01 0.02 0.03 0.04 0.05 0.06 007 008 0.09 0.1
t

Fig. 15 Absolute error at distinct values of « and ¢, for Ex. 6.2

6 x10° T T T T T T T T T
a=1.75
—+—a=1.60
5F |—©—a=145 1
a=1.30
—H&—a=1.15
4 —O—a=1

Absolute Error

0 0.01 0.02 0.03 0.04 0.05 0.06 007 008 0.09 0.1
t

Fig. 16 Absolute error at distinct values of « and #, for Ex. 6.2

Absolute Error

Fig. 17 Absolute error at « = 1 and r = 0.01, for Ex. 6.2
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Absolute Error

Fig. 18 Absolute error at « = 1.25 and t = 0.01, for Ex. 6.2

Absolute Error

Fig. 19 Absolute error at « = 1.50 and r = 0.01, for Ex. 6.2

X
-
o O
/ ~
X
/
J
7
/
/
/
[

A
54 [ //
g rd
2 ~
2 A
224
< g
0.1
04 0.08
0
. 0.08 el y
Fig. 20 Absolute error at « = 1.75 and t = 0.01, for Ex. 6.2
(¢ +2)Qa+ DHI' (e +2) 12(¢ +2) 2 + 1) 13
Qa +2) (¢+3) T4 —a)Ra+2) JTBa+1)
4872 p3a+? 2122 + 1 ) (a +2
(= 4x’T(a+3) L (7 Qe+ D@+l (@+2)
r4—o I'Ga +3) Qa +2)
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%1077

Absolute Error

Fig. 21 Absolute error at « = 1.90 and t = 0.01, for Ex. 6.2

Fig. 22 Absolute error at « = 2 and r = 0.01, for Ex. 6.2

B 27T (0 +3) 2 +2) B + 1) B 2F(a+2)(a+2)(3a+1)) 4

Ga +2)2a +3) Ga +2) T(da+ 1)
+((2+ YL@ +2)+ 12(x +2) ) p2ort1 . 12 ro+2
il @+3)F4—a))TQa+2)  T@E—a)T(@+3)

a2 <—47r4(2(x +2)T(+3)  47°T Qo +3)(3ar +2)

4
et D) Qo +3) Ga+3)
) Ma+2)\ thor! , .
+Hr 2 +a) ra) >F(4a+2) sin(rrx) sin(mwy). (6.12)
The final solution is
g(xsy’t)=é;'O(xsy,t)"‘gl(xsy’t)+§2(X»y’t)+f3(x»y’t)+"' (613)
therefore
_ 12 ta+2 12(a +2) t20¢+1 t2a+1
§x.y.0) = [F(4—a) T@+3) <(2+“)F(°‘+2) N (a+3)r(4—a)>r(2a+2) et e+ D55
+< 2 an?r +3>)—2a+2‘+2 T(a+2) R o
Té—a ¢ TRa+3) T T0a+3) "Téd—a)T@+3)
Y, p) 3a+1 _ 200+2
+< 27T Qo +2)N(a + 3) _2(2+a)1"(a+2)> t +< +27T2F(Ol+3)> t
(o +3) rQ) JrGe+2) \I'd-—oa) T'Q2a +3)
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0.04

0.06
0.08
X 01 0

Fig. 23 HPTT solution £(x, y,¢) aty = 0.1 and « = 1, for Ex. 6.2

%108

2.5 5

0.04
0.06
0.08

X 01 0

Fig. 24 HPTT solution &(x, y, t) at y = 0.1 and & = 1.25, for Ex. 6.2

0.04
0.06
0.08

X 01 0 t

Fig. 25 HPTT solution & (x, y, t) at y = 0.1. and @ = 1.50, for Ex. 6.2

(—2712(2a+2)F(a+3)_ 8r’@+2) 24Qa+2)
Qo +3) (+3)[4—a) QRa+3)I'4—a)

2722+ ) INCES 2)) o+l _ Bal(@+2)(a+2)2a +1) pha-l

') I'Ga+2) Ba+1)Q2a+2) I'(4a)

2 3a+2 2
+< 487 —47[21"(a+3)) t N <27r Qa+ (@ +2)(a+2)
T4 —a) F'Ga +3) Q2a +2)
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Fig. 26 HPTT solution &£(x, y,?) at y = 0.1 and « = 1.75, for Ex. 6.2

X ’ 0.1

Fig. 27 HPTT solution & (x, y, t) at y = 0.1 and @ = 2, for Ex. 6.2

Fig. 28 Exact solution £ (x, y, #) at y = 0.1, for Ex. 6.2

22T (@ +3)Q2a +2)Ba+ 1) 2T (o +2) (o +2)Ba + 1) P
B Ba+2)( +3) B Ba+2) ) Tda + 1)
12(a +2) p2or+] 12 rt?
(@+3)['@4— oz)> ' Qa+2) * 4 —a)T(a+3)

+ ((2+a)F(a +2) +
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Fig. 29 Absolute error at distinct values of « and ¢, for Ex. 6.3
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—5—a=1.15
351 o 8

Absolute Error
n
o
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Fig. 30 Absolute error at distinct values of « and ¢, for Ex. 6.3

—4r4Qa +2)T(@+3)  47°TQRa+3)Ba +2
f(ZACerDT@+d) AR+ HGat+2) | o0y gr@+2)
QRa+3) Ba+3)
y gl (@+2)Qa+ DI (e +2) 12(a +2) R + 1) 13
'da +2) QRa+2) (@+3) 4 —a)Ra+2) )T Ba+1)
t4ot+2
+87T4F((X + 2)mi| Sin(?T.X) Sln(ﬂy) (614)
Equation (6.14) gives the by final solution by HPTT.
Example 6.3 Let us consider the GTFCM given below
GDYE(x, 1) +&(x, 1) — AE(x, 1) = (( + Dt* + T(a +2)t + 7%"*) sin(rrx), (6.15)

where (x, t) € Q x (0, T] and the analytical solution of (6.15) is £ (x, t) = sin(zrx) et
Solution

From the analytical solution, let £ (x, 0) = 0 and w =0.Here, 8 = 1and S(x,?) = ((a + 2t + (e + 2)t + 27t211+°‘) sin
(rx). Now, we apply HPTT to (6.15), so we have

£o(x, 1) =0, (6.16)
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0.015

0.01

0.005

Absolute Error

Fig. 31 Absolute error at « = 1, for Ex. 6.3

%107
2.5 <

Absolute Error

Fig. 32 Absolute error at o« = 1.25, for. Ex. 6.3

Fig. 33 Absolute error at @ = 1.50, for Ex. 6.3

1
£1(r.1) = LT { LT[ MGG, 1) = B0, (6,1 + 5, t)]}
12 o+l 2a+1
= ((Ol + DIM(a + l)m + M + Z)W + 7T2((¥ + 2)m)sin(ﬂ)€), (617)

1
£(x, 1) =LT"! ’ S LT[A& (1) = BED:(x. 1) + S(x, 1)]
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I

Absolute Error

o o

Fig. 34 Absolute error at « = 1.75, for Ex. 6.3

Fig. 35 Absolute error at @ = 1.90, for Ex. 6.3

Absolute Error

Fig. 36 Absolute error at « = 2, for Ex. 6.3

_ 1o+ 4 2o+] (@ + 1) Q) (o + 1) 13!
= [F(O‘+2)r(a+2) B e Qa+1) I'Ga)
2 3a
, Ta+2)Qa+1) t )
- <(oz + DM@+ D)a“ + Qu+2) ) G+ 1)i| sin(rx), (6.18)
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Fig. 37 HPTT solution & (x, 1) at « = 1, for Ex. 6.3

§(x.t)

Fig. 38 HPTT solution & (x, 1) at « = 1.25, for Ex. 6.3

%1072

gx.t)

Fig. 39 HPTT solution & (x, 1) at @ = 1.50, for Ex. 6.3

1
&(x, 1) = LT { SLT[Ag 0 1) = B2, (x. 1) + S, t)]}

= [((a + D + Dt + @ +2)Ba+1) 7@ +2)2a + 1))

+
Ba+2) Qo +2)
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Fig. 40 HPTT solution £ (x, t) at @ = 1.75, for Ex. 6.3

§(x.t)

Fig. 41 HPTT solution & (x, 1) at « = 2, for Ex. 6.3

§(x.t)

Fig. 42 Exact solution & (x, ) for Ex. 6.3

e <n2(a + DM +1) 72w+ DB (@+1)

“T@a+1) Qa+1) * Ga+1)
72 +2)Qu + 1)) pha—l1 . 2a+DBax — Dl +1) 2
Qa+2)Ba+1) ) Tda) 3Qa + 1) Cda — 1)
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4o+1

6
+ +2
7 (a )F

o+l )
m + F(ot + Z)W]Sm(nx). (619)

The final solution is

E(x, 1) =8o(x, ) +&E1(x, )+ E2(x, ) +&3(x, 1) + - - (6.20)

therefore

2u a+l 20+1

B ot B2 -
E(x,1) = |:(ot+1)F(o¢+1)F(2a+1) +F(“+2)r(a+2) +7 (“+2)r(2a+2)

a+l a+l 3o—1
+r(a+2)t7_n4(a+2) 13 @+ Do) (a+1) ¢
[(a+2) [(Ba +2) Qa+1) I'(3a)

- ((a+ DI (e + D2 + 72 (a +2)(a + 1)) 3 P

+lMoe+2)———
Qa +2) FGa+1) T +2)
.\ <n2(a + DR (@+1) .\ 2@+ DB (@ +1) 72(@+2)Qa+ 1)) ha=l

Qo +1) Ba+1) " Qo +2)Ba+1) /T'(4x)

+<(a+l)r((x+l)n4+n4(a+2)(3a+l) 7r4(ot+2)(201+1)> A

Ga+2) | 2a+2) T@a+1)
phetl 2@+ DBa — Dl(w+1) %2

+7r6(ot +2)
I'da +2) 3QRa +1) Fdoa —1)

] sin(mrx). (6.21)

7 Simulation result discussion

The proposed technique, HPTT, is applied to solve the GTFCM for heat conduction in porous media. The L? and L™ error norms
are calculated at different values of « and ¢ for Ex. 6.1 — Ex. 6.3, and the results are illustrated in Tables 1, 2 for Ex. 6.1, in Tables 4,
5 for Ex. 6.2, and in Tables 7, 8 for Ex. 6.3. It can be observed that the both L2 and L error norms are very less for HPTT. In
Tables 3, 6 and 9, the L error norms of the proposed technique HPTT are compared with the existing techniques RBF-PU and
FDM for Ex. 6.1, Ex. 6.2 and Ex. 6.3, respectively, and we can clearly notice that the HPTT is more accurate than the existing
techniques, the L° error for proposed technique is lesser than the existing techniques RBF-PU and FDM. Hence from Tables 1, 2,
3,4,5,6,7, 8 and 9, the supremacy of the proposed technique, HPTT, is validated.

The absolute error for Ex. 6.1, Ex.6.2 and Ex. 6.3 at x = y = 0.1 and different values of « are illustrated through two-dimensional
graphical representation in Figs. 1, 2, 15, 16, 29, 30 respectively. The three-dimensional graphical representation of absolute error
att = 0.01 and different values of o, x and y, for Ex.6.1, Ex.6.2 and Ex. 6.3 are demonstrated in Figs. 3, 4, 5, 6, 7, 8, 17, 18, 19,
20, 21, 22, 31, 32, 33, 34, 35 and 36, respectively, and it is observed that for smaller values of ¢ the absolute error is lesser than the
higher values of ¢, also the absolute error is minimum when we take @ = 2. The exact solution and the approximate solution by
HPTT at different values of y, ¢, @ and x = 0.1 are illustrated through three-dimensional graphs in Figs. 9, 10, 11, 12, 13 and 14, at
y = 0.1 and different values of x, ¢, « in Figs. 23, 24, 25, 26, 27 and 28 for Ex. 6.2. Figures 37, 38, 39, 40, 41 and 42 represent the
three-dimensional graphical representation of the approximate solution and exact solution for Ex. 6.3, at different values of x, t and
a. It can be clearly seen in Figs. 13, 14, 27, 28, 41 and 42 that the approximate solution shows exactly the same nature as the exact
solution for Ex. 6.1, Ex. 6.2 and Ex. 6.3, respectively. So, from Figs. 1, 2, 3,4, 5,6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, it is observed that the approximate solution
by HPTT is very close to the exact solution, and the absolute error is very less.

8 Conclusion

In this work, we examine the HPTT’s potential for investigating GTFCM in the Caputo sense in the non-dimensional form for dealing
with thermo-elastic problems of the porous media. The accuracy of HPTT in handling nonlinear fractional models is enhanced by
this paper. The asymptotic stability of the given model is proved using the Lyapunov function, and error analysis is discussed. We
consider three different examples of GTFCM, and from the numerical results, it has been observed that the proposed technique,
HPTT, provides a solution that is more accurate than the existing technique, the L> and L error is very less for the HPTT as
compared to techniques RBF-PU and FDM. This article will be very helpful for understanding the mechanism of heat conduction
mathematically and for giving a precise forecast about the process of heat conduction for dealing with thermo-elastic problems of
the porous media.
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Hence, we can conclude that the proposed technique HPTT, which is a combination of the numerical technique, homotopy
perturbation technique, with the Laplace transform is proven to be time-saving, and also reduces the computational work to solve
nonlinear fractional models, which are applicable in vast areas of engineering and sciences.
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