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Abstract The FCC-ee physics programwill deliver two complementary top-notch precision
determinations of the W boson mass, and width. The first and main measurement relies
on the rapid rise of the W-pair production cross section near its kinematic threshold. This
method is extremely simple and clean, involving only the selection and counting of events,
in all different decay channels. An optimal threshold-scan strategy with a total integrated
luminosity of 12 ab−1 shared on energy points between 157 and 163GeV will provide a
statistical uncertainty on the W mass of 0.5MeV and on the W width of 1.2MeV. For these
measurements, the goal of keeping the impact of systematic uncertainties below the statistical
precision will be demanding, but feasible. The second method exploits the W-pair final state
reconstruction and kinematic fit, making use of events with either four jets or two jets, one
lepton and missing energy. The projected statistical precision of the second method is similar
to the first method’s, with uncertainties of∼ 0.5 (1) MeV for theWmass (width), employing
W-pair data collected at the production threshold and at 240–365GeV. For the kinematic
reconstruction method, the final impact of systematic uncertainties is currently less clear, in
particular uncertainties connected to the modeling of the W hadronic decays. The use and
interplay of Zγ and ZZ events, reconstructed and fitted with the same techniques as the WW
events, will be important for the extraction of W mass measurements with data at the higher
240 and 365GeV energies.

1 Introduction

The W mass is a fundamental parameter of the standard model (SM) of particle physics,
currently measured with a precision of 12 MeV [1], from a combination of LEP, Tevatron
and LHC measurements shown in Fig. 1. In the context of precision electroweak tests the
precision of the measurement of the W mass is currently limiting the sensitivity to possible
effects of new physics [2].

A precise direct determination of the W mass can be achieved by observing the rapid rise
of the W-pair production cross section near its kinematic threshold. This method essentially
only involves counting events, in all decay channels, and is therefore extremely clean and
straightforward. In 1996, the LEP collider delivered e+e− collisions at a single energy point
near 161GeV,with a total integrated luminosity of about 10pb−1 at eachof the four interaction

a e-mail: Paolo.Azzurri@cern.ch (corresponding author)

0123456789().: V,-vol 123

Eur. Phys. J. Plus (2021) 136:1203

Published online: 2 December 2021

http://crossmark.crossref.org/dialog/?doi=10.1140/epjp/s13360-021-02211-3&domain=pdf
http://orcid.org/0000-0002-1717-5654
mailto:Paolo.Azzurri@cern.ch


points. The data were used tomeasure theW-pair cross section (σWW) at 161GeV, and extract
the W mass with a precision of 200 MeV [3–6]. The W mass and width have further been
measured, with better precision, making use of the full kinematic reconstruction of all decay
channels at LEP [7], and the partial reconstruction of leptonic decays at the Tevatron [8] and
LHC [9,10] hadron colliders.

Estimates of theWmass andwidth precision achievable with the FCC-ee physics program
are outlined in Ref. [11]. Further details and insight are given in the following.

2 The W-pair cross section lineshape

The determination of theWmass andwidth from theW-pair threshold cross section lineshape
is presented here. For a basic understanding of the statistical and systematic uncertainties,
the W mass extraction from a single cross section energy point is illustrated first.

Performing a W-pair cross section measurement at a single energy point the statistical
sensitivity to the W mass is given by

ΔmW(stat) =
(
dσWW

dmW

)−1 √
σWW√
L

1√
εp

=
(
dσWW

dmW

)−1 √
σWW√
εL

√
1 + σB

εσWW
(1)

where L is the data integrated luminosity, ε the signal event selection efficiency and p the
selection purity, alternatively expressed in terms of σB , the total selected background cross
section.

A systematic uncertainty on the background cross section will propagate to the W mass
uncertainty as

ΔmW(B) =
(
dσWW

dmW

)−1
ΔσB

ε
. (2)

Other systematic uncertainties as on the acceptance (Δε) and luminosity (ΔL) will prop-
agate as

ΔmW(A) = σWW

(
dσWW

dmW

)−1 (
Δε

ε
⊕ ΔL

L

)
, (3)

while theoretical uncertainties on the cross section (ΔdσWW) propagate directly as

ΔmW(T) =
(
dσWW

dmW

)−1

ΔσWW(T). (4)

Finally the uncertainty on the center of mass energy ECM will propagate to the W mass
uncertainty as

ΔmW(E) =
(
dσWW

dmW

)−1 (
dσWW

dECM

)
ΔECM, (5)

that can be shown to be limited as ΔmW(E) ≤ ΔECM/2, and in fact for ECM near the
threshold it is ΔmW(E) � ΔECM/2, so it is the beam energy uncertainty that propagates
directly to the W mass uncertainty.

In the case ofL = 12 ab−1 accumulated by the FCC-ee data taking in theW-pair threshold
energy region, and assuming an event selection with σB = 300 fb and ε = 0.75, similar to
what was achieved at LEP [3], a statistical precision of ΔmW � 0.3 MeV is achievable as
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fromEq. 1. The impact of systematic uncertainties can be kept below the statistical uncertainty
by satisfying the following conditions:

ΔσB < 0.6 fb (6)(
Δε

ε
⊕ ΔL

L

)
< 2 × 10−4 (7)

ΔσWW(T) < 0.8 fb (8)

ΔECM < 0.35 MeV (9)

corresponding to precision levels of 2 × 10−3 on the background, 2 × 10−4 on acceptance
and luminosity, 2× 10−4 on the theoretical cross section, and 4× 10−6 on the beam energy.
All of these conditions appear to be challenging yet should be attainable on the side of
experimental systematics, as also discussed later in this essay. The challenge to reach the
required theoretical precision is discussed in Ref. [13], where it is clear that substantial
improvements over the current state of the art [14–17] will be necessary to reach the 2×10−4

precision level.

W mass and width measurements at two or more energy points

In the SM the W width is linked to the W mass, and the Fermi constant, with a ∼ αS/π

QCD correction due to the hadronic decay contributions. TheWwidth is currently measured
to a precision of 42 MeV [1]. The first calculations of the W boson width effects in e+e− →
W+W− reactions have been performed in Ref. [18], and revealed the substantial effects of the
width on the cross section lineshape, in particular at energies below the nominal threshold.

From the determination of σWW at a minimum of two energy points near the kinematic
threshold both the W mass and width can be extracted [19].

In the following, the YFSWW3 version 1.18 [12] program has been used to calculate
σWW as a function of the energy (ECM), W mass (mW) and width (ΓW). Figure 1 shows
the W-pair cross section as a function of the e+e− collision energy with W mass and width
values set at the central values mW = 80.385 GeV and ΓW = 2.085 GeV, and with large
1 GeV variation bands around the mass and width central values. It is to be noted that these
do not represent a full state of the art precision on the cross section values, but deliver a
precision that is fully comfortable for all results and conclusions presented in this paper.
In fact the same conclusions in terms of methodology, optimal data taking planning, and
projected precision of the measurements are also reached when making use of the leading
order analytical formulae in Ref. [18] for the cross section dependencies.

It can be noted that while a variation of the W mass roughly corresponds to a shift of the
cross section lineshape along the energy axis, a variation of the W width has the effect of
changing the slope of the cross section lineshape rise. It can also be noted that the W width
dependence shows a crossing point at ECM � 2mW+1.5GeV � 162.3 GeV, where the cross
section is insensitive to the W width.

Figure 2 shows the differential functions introduced in Eqs. 1, 2, 3 and 4, and relevant
to the statistical and systematical uncertainties for a measurement of the W mass and width
from the W-pair cross section near the kinematic threshold, similarly as discussed for the
single energy point W mass extraction. For the statistical terms the efficiency and purities
are evaluated assuming an event selection quality with σB � 300 fb and ε � 0.75.

Theminima of the mass differential curves plotted in Fig. 2 left indicate the optimal points
to take data for a W mass measurement and, in particular, minimum statistical uncertainty is
achieved with ECM � 2mW + 0.6 GeV� 161.4 GeV.
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Fig. 1 (Left) Measurements of the W-boson mass by the LEP, Tevatron and LHC experiments [1]. (right) W-
pair production cross section as a function of the e+e− collision energy ECM as evaluatedwith YFSWW3 1.18
[12]. The central curve corresponds to the predictions obtainedwithmW = 80.385GeV andΓW = 2.085GeV.
Purple and green bands show the cross section curves obtained varying the W mass and width by ±1 GeV
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Fig. 2 W-pair cross section differential functions with respect to theWmass(left) and width(right), evaluated
with YFSWW3 1.18 [12]. Central mass and width values are set tomW = 80.385 GeV and ΓW = 2.085 GeV

The maximum sensitivity to the W width can be determined from the minima of the
curves displayed in Fig. 2 right. Note that these curves all diverge at ECM � 162.3 GeV,
where dσWW/dΓW = 0. The minima of the width differential curves are spread over a
larger ECM area, with the σWW (dΓW/dσWW) term decreasing at lower energies due to the
vanishing σWW. This is relevant in the context of an optimal data-taking strategy, if systematic
uncertainties become limiting factors, as discussed later.

If two cross section measurements σ1,2 are performed at two energy points E1,2, both the
W mass and width can be extracted with a fit to the cross section lineshape. The uncertainty
propagation is given by
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Δσ1 = dσ1
dm

Δm + dσ1
dΓ

ΔΓ = a1Δm + b1ΔΓ (10)

Δσ2 = dσ2
dm

Δm + dσ2
dΓ

ΔΓ = a2Δm + b2ΔΓ. (11)

The resulting uncertainty on the W mass and width is

Δm = −b2Δσ1 − b1Δσ2

a2b1 − a1b2
, (12)

ΔΓ = a2Δσ1 − a1Δσ2

a2b1 − a1b2
. (13)

If the Δσ1,2 uncertainties on the cross section measurements are uncorrelated, e.g., only
statistical, the linear correlation between the derived mass and width uncertainties is

r(Δm,ΔΓ ) = 1

ΔmΔΓ

a2b2Δσ 2
1 + a1b1Δσ 2

2

(a2b1 − a1b2)2
(14)

Optimal data taking configurations

When planning data taking at two different energy points near the W-pair threshold in order
to extract both mW and ΓW, it is useful to figure out which energy points values E1 and E2,
would be optimally suited to obtain the best measurements, also as a function of the data
luminosity fraction f delivered at the higher energy point. For this a full 3-dimensional scan
of possible E1, E2 and f values, has been performed, and the configurations that minimize
a given combination of the expected statistical uncertainties on the mass and the width
F(ΔmW,ΔΓW) are found.

For example, in order to minimize the simple sum of the statistical uncertainties
F(ΔmW,ΔΓW) = ΔmW + ΔΓW, the optimal data taking configuration would be with

E1 = 157.1 GeV, E2 = 162.3 GeV, f = 0.40. (15)

With this configuration, and assuming a total luminosity of L = 12 ab−1, the projected
statistical uncertainties would be

ΔmW = 0.5 MeV and ΔΓW = 1.2 MeV. (16)

Varying the definition of F(ΔmW,ΔΓW) used in the optimization does not signif-
icantly affect the results. The optimal upper energy is always at the ΓW-independent
E2 = 162.34 GeV point, while the optimal lower energy is at (1 − 2)ΓW units below
the nominal 2mW threshold, with the precise value depending on the degree to which the
definition of F is focused on the W-width measurement. In a similar way the optimal data
fraction to be taken at the lower off-shell E1 energy point varies according to the chosen
precision targets, with larger fractions more to the benefit of theWwidth precision. If a small
fraction of data (e.g., f =0.05) is taken off-shell a statistical precision ΔmW = 0.3 MeV is
obtainable both with a single- (mW) and the two-parameter (mW, ΓW) fit of the lineshape.

Considering that the beam energies Eb that can surely be calibrated with resonant depo-
larization are such that the spin tune is a half integer, that is

Eb = 0.4406486(ν + 0.5) GeV (17)

where ν is an integer, the scan of energy points can be limited to a grid with ECM =
0.8812972(ν + 0.5) GeV. Taking this grid constraint into account the optimal higher energy
point for data taking becomes the E2 = 162.62 GeV for ν = 184. The corresponding
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minimum statistical precisions attainable are increased by 5–10% with respect to the values
reported above. For the case of minimizing ΔmW + ΔΓW, would be with taking data with
E1 = 157.33 GeV,E2 = 162.62 GeV, f = 0.40 and yielding statistical uncertainties
ΔmW = 0.55 MeV and ΔΓW = 1.3 MeV assuming a total integrated luminosity L =
12 ab−1.

The effects of the beam energy spread effects have also been considered, and impact
mostly the W width extraction. A 10%-level control on the energy spread will be sufficient
to make the corresponding systematic uncertainties negligible [20].

Data taking at additional energy points

In the case of limiting correlated systematics uncertainties, it can be useful to take data and
measure both signal and background cross section at more than two ECM points, in order to
reduce background and acceptance uncertainties.

In particular, for the simultaneous measurement ofmW and ΓW just described, taking data
at energy points where the differential factors (dσ/dmW)−1, (dσ/dΓW)−1, σ(dσ/dmW)−1

and σ(dσ/dΓW)−1, are equal, can help canceling the effect of correlated systematic uncer-
tainties of background and acceptance. Initial investigations in this direction have been carried
out [21], supporting the presumption that taking data atmore than two energy points improves
the robustness of the measurement against correlated systematic uncertainties.

Measuring theW-pair cross section at additional points can also serve to disentangle possi-
ble newphysics effects, as for example anomalous triple gauge coupling (TGC) contributions.
The SM-expected steepW-pair cross section rise with energy is proportional to the produced
W boson velocity (βW ) and is driven by the t-channel neutrino exchange process. The contri-
bution of processes with TGCs follow a different β3

W dependence, with expected cancellation
effects. Anomalous TGC contributions would therefore lead to distinctive differences in the
W-pair cross section lineshape also in the threshold region.

3 W mass and width from the W pair decay kinematics

In addition to the W mass and width measurements achievable through the W-pair cross
sections near the production energy threshold, the Wmass and width can also be determined
from the kinematic reconstruction of theW-pair decay products. Thiswas the primarymethod
to measure the W mass and width with LEP2 data [7].

In the kinematic reconstruction of the W mass from W-pair decays the fully hadronic
(qqqq) and semi-leptonic (qq�ν) final states are exploited, making use of events with either
four jets or two jets, one lepton and missing energy. In both cases the reconstructed W
mass values are obtained by imposing the constraint that the total four momentum in the
event should be equal to the known initial center-of-mass energy and zero momentum. The
four momentum constraints (4C) are implemented by means of a kinematic fit where the
measured parameters of the jets and leptons are adjusted, taking account of theirmeasurement
uncertainties in such away as to satisfy the constraints of energy andmomentumconservation.
The 4C implementation allows to overcome the limitations of jet energy resolution on the W
mass reconstruction, and improve the mass resolution from ∼10 to ∼2 GeV. The kinematic
fit of final states with four-momentum conservation constraints can also be applied to other
di-boson productions at ECM = 160 − 365 GeV, like Z-pairs and Zγ events. In the case of
Zγ final states, also known as radiative returns to the Z-peak, the fit can be shown to lead to
a reconstructed Z boson mass as [22],
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m2
Z = s

β1 sin θ1 + β2 sin θ2 − β1β2| sin(θ1 + θ2)|
β1 sin θ1 + β2 sin θ2 + β1β2| sin(θ1 + θ2)| , (18)

where θ1,2 is the angle of the two leptons or jets from the Z decay, with respect to the
photon direction, and β1,2 are the leptons or jets velocities. The formula in Eq. 18 is based on
fixing the jet directions and velocities to their measured values but rescaling their energies
to conserve four-momentum, that follows closely what is done in a kinematic fit.

Equation 18 also shows the direct interplay between the reconstructed Z mass and the
center-of-mass energy (E2

CM = s). In practice, the Z mass is reconstructed primarily through
the decay products direction, and their velocities in the case of hadronic jets, while the
energy scale is set by the known collision energy. The same happens with the 4C kinematic
reconstruction of W-pairs, where again the energy scale of jets is given by the event ECM

and the angular openings of jets and leptons carry the primary information to determine the
W mass, with the jets velocities as the further important ingredient.

On the other hand, by making use of the value of mZ precisely measured at the Z pole,
the collision energy ECM can be treated as the parameter to be measured in Eq. 18, so that
the kinematic fit of radiative decays can be used to determine ECM. This interpretation was
used with LEP2 data to cross-check the ECM values determined by the accelerator [7].

In general, a kinematic fit of either Zγ , ZZ, or WW decays can be equivalently employed
either to determine the boson (W or Z) mass assuming a given center-of-mass energy or,
alternatively, the average center-of-mass energy assuming a fixed boson mass.

W-pair reconstruction at FCC-ee data taking energies

The prospects of the kinematic reconstruction of W-pairs with FCC-ee data can be estimated
taking as a reference existing LEP measurements [22]. In a kinematic reconstruction data
analysis W-pair decay products are typically forced into four jets using the DURHAM [23]
algorithm in the hadronic channel, and into two jets and a lepton in the semi-leptonic channel.

The reconstructed W mass peak resolution can be remarkably improved with a four-
momentum conservation fit (4C) described above, and eventually with the additional con-
straint of equal mass for both W in each event (5C). Maximum likelihood template fits of
the reconstructed W mass distributions are then used to extract the value of mW. With this
methodology, used with LEP2 data, it can be estimated that the combined statistical precision
of all FCC-ee data would deliver a final precision of around 1 MeV for the W width, and
below 0.5 MeV for the W mass, matching the precision delivered by the threshold cross
section lineshape.

Systematic uncertainties

The limitations of systematic uncertainties to the precision of the W mass kinematic recon-
struction with FCC-ee data are not easy to establish with certainty. As for the threshold
cross section method, the beam energy uncertainty is reflected directly to the W mass recon-
struction, in this case through the kinematic fit. Beam energy calibration through resonant
depolarization will ensure that this uncertainty will not be a limiting factor for the W mass
reconstruction with the data taken at 162.6 GeV. For the data taken at 240 GeV and 350-
365 GeV the analysis and kinematic fit of Zγ and ZZ events can allow to determine the
data ECM with high precision, as can be inferred from Eq. 18 and done with LEP2 data [7].
Extrapolating the LEP2 measurements to the projected FCC-ee data, a statistical precision of
around 1 MeV for ECM would be achievable. This would propagate to a 0.5 MeV systematic

123

Eur. Phys. J. Plus (2021) 136:1203 Page 7 of 9 1203



uncertainty on the Wmass, that matches the projected final statistical uncertainty, and would
therefore not be negligible.

A number of other systematic uncertainties that were relevant for the LEP2measurements
appear to make this measurement overall more challenging with respect to the more simple
threshold determinations. The most challenging uncertainties are likely to be related to non-
perturbative QCD modeling of the W-pair decays fragmentation, that relates directly to the
hadronic jets boost, i.e., the β factors in Eq. 18. Precise measurements of fragmentation
properties of Z boson hadronic decays, collected at the Z peak, will be instrumental to build
control on the fragmentation properties of weak bosons.

Finally, a simultaneous analysis and kinematic fit of WW, ZZ and Zγ events, can lead to
a determination of the mW/mZ ratio where many systematic uncertainties common to the
three channels can cancel, and the W mass can be derived given the independent precision
on the Z mass (ΔmZ � 100 KeV) from the Z peak data.

4 Conclusions

Among the primary parameters of the standard model, theWmass and width are those where
an improvement of the experimental determination is most desirable. These measurements
are extremely difficult at high energy hadron colliders, and the foreseen precision achievable
with LHC data is around 10 MeV for the W mass.

The FCC-ee program will offer the opportunity for a full exploration of the W-pair pro-
duction at the kinematic threshold that will deliver a clean and straightforward determination
of the W mass and width, with respective accuracies of 0.5 MeV and 1.2 MeV.

Complementary andmore challenging determinations of theWmass andwidthwith FCC-
ee data can be obtained through the reconstruction ofW-pair decay products, from data in the
full ECM range from the production threshold to ECM = 365 GeV. The projected statistical
precision from these other measurements is similar to those of the threshold determinations,
but the impact of systematic uncertainties ismore difficult to predict, in particular those arising
from the beam energy knowledge and the modeling of non-perturbative QCD effects in the
W boson hadronic decays. The ultimate way forward to exploit the kinematic reconstruction
method could be in the simultaneous analysis of WW, ZZ and Zγ events, making use of the
much higher precision of the Z mass from the peak scan, and allowing to reduce the impact
of correlated systematic effects.
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