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Abstract In each community, there is a lot of information about the disadvantages and risks
of drug use and its negative effects on health, work, honor, and other living funds of people.
A group of individuals, who can be called responsive individuals, will be safe from the risk
of drug abuse, by receiving and understanding such information. In this paper, by proposing
mathematical models, we investigate the effect of the distribution of this kind of information
on the transformation of susceptible individuals into responsive individuals as well as their
effect in preventing the occurrence of substance abuse epidemics. In these models, we take
into account the fact that the spirit of responsiveness of these individuals can be decayed with
time, and these people can become susceptible people, and eventually to addicts. We analyze
the dynamical properties of the models, such as local and global stability of equilibrium
points and the occurrence of backward bifurcation. The results of this study show that the
higher the rate of conversion of susceptible individuals to those responsive, the prevention
of drug epidemy is easier.

1 Introduction

As far as usage of drugs damages the physical, mental, and social well being of individuals,
their families and societies, and drug usage turn into a worldwide social and health problem.
Police records, rehabilitation centers, and prisons records show the increase in harmful drug
uses, and on the other hand, the literature shows expanded studies undertaken to explore
various aspects of drugs such as its relation to media and information, campaigns, criminals,
etc., see [23,24].

Among various drug users, heroin users are at high risk of addiction and criminal actions.
As indicated in [24], “the number of heroin users increased from 166,000 in 2002 to 335,000
in 2012, and the death rate of drug poisoning involving heroin increased from 0.7 to 2.7 per
100,000 persons during 2002-2013 in the USA. The heroin addiction was first defined as
an epidemic in 1981-1983 in Ireland”. White and Comiskey, in [25], have introduced the
following epidemic model for the dynamics of heroin users:
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in which S(#) is the number of susceptible individuals in the population, U () is the number
of drug users not in treatment; initial and relapsed drug users, and U;(¢) is the number of
drug users in treatment. Their model was revisited by Mulone and Straughan [18].

After White and Comiskey’s work, the epidemiology of drugs has been studied by several
authors. For example, Nyabadza and Hove-Muskava in [21] modified (1.1) to a model of the
dynamics of methamphetamine use in a South African province. Njagarah and Nyabadza in
[19], have studied the impact of rehabilitation, amelioration, and relapse on drug epidemics.
Nyabadza, Njagarah, and Smith in [20] have studied the epidemiology of crystal in South
Africa. The reader can see also [8,10,22].

In many compartmental epidemic models, individuals assumed to be passive persons,
that will not respond, i.e., change their behavior during an infectious disease outbreak or
in an endemic infection. Now, it is clear that a realistic model must include the feedback
that the information about the disease prevalence has on its spreading [6]. In some infectious
disease such as sexually transmitted diseases, i.e., STDs, Pandemic Influenza, and SARS, the
diffusion of information through targeted campaigns, various media resources and individual
to an individual contact, can alert the population to the spreading disease. Most studies of
behavior change in epidemic disease models have been carried out in the context of STDs,
particularly HIV, see [5,7,11,16,17,26].

In the case of drugs, there is a lot of information available about the harm and dangers of
drug use in the community. A group of individuals, who can be called responsive individuals,
will be safe from the risk of drug abuse, by receiving and understanding such information. In
this paper, we will propose modified forms of White—Comiskey’s model, by considering the
effect of information transmission, on drug prevalence. Our modification includes the split
of the susceptible populations into two compartments, the susceptible individuals Sy, and the
responsive individuals Sy, i.e., the individuals who do not use drugs because of information
about the harms and dangers of it. Furthermore, we assume that because of transmission
of information, susceptibles will be transmitted from S; to Sz. As in [11], we consider two
routes for information dissemination, information transmission via direct contact between
individuals, and population-wide dissemination of drug-related information.

Our aim is to study the quantitative effect of the coefficients of the model, specially
the rate of conversion of susceptible and responsive individuals and the rate of decay of
information, on the threshold required for the occurrence of backward bifurcation and stability
of equilibrium points. With this study, the mechanism of the effect of changes in these factors
on the occurrence or prevention of an epidemic becomes more apparent.

The paper is organized as follows. In Sect. 2, we consider a model without treat-
ment/rehabilitation compartment, compute the basic reproduction number, Ry, of the model,
and, by using Lyapunov functions, Poincare —~Bendixson theorem, and Dulac functions, prove
that the drug-free equilibrium Py is locally and globally stable if Ry < 1, and the unique
endemic equilibrium point exists and is locally and globally stable if Ry > 1.

In Sect. 3, we consider a model with a compartment for the individuals under treat-
ment/rehabilitation programs with the effect of relapse of drug users under treatment to drug
use. We compute Ry, the basic reproduction number of the model and study the local stability
of equilibrium points. This model shows more complexity, in fact, although the equation on
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endemic value ™ is a polynomial of third order, we have provided a complete analysis which
shows that endemic equilibrium may exist (at most 3 points), in cases, Rgp < 1, Rp = 1
and Ry > 1. Occurrence of backward bifurcation is also proved for the model which shows,
under some conditions, it is not enough to reduce Ry to the region Ry < 1, to control the drug
epidemy. In fact, when Ry < 1, the drug problem may be persistent. Furthermore, we drive
sufficient conditions for the global stability of endemic equilibrium points in some cases,
using geometric approach.

2 The first model
2.1 Model formulation and basic properties

As we have mentioned, our goal is to investigate the effect of information on the prevention
of drug epidemics. In the White and Comiskey’s model, this effect is not considered. To this
end, we add a compartment for the responsive people, to their model. First, in this section,
we analyze the model regardless of the effect of treatment/rehabilitation. Then, in the next
section, we will consider a more complete model containing a compartment for these people.
By doing this, we can see that adding a compartment to the model causes what changes in
the analysis process and also the dynamics of the model.

We suppose that the population is divided into three compartments; the susceptible indi-
viduals i, the infected individuals U, i.e., drug users, and the responsive individuals S, i.e.,
the individuals who do not use drugs because of information about its harms and dangers.
We assume that because of the diffusion of information about the harms and dangers of drug
use, susceptibles will be transmitted from S; to S,. In this model, we consider two routes for
information dissemination:

(1) Information dissemination via direct contact between individuals given by f1, and,

(i) population-wide dissemination of drug-related information given by f>. Contact between
individuals is best characterized by frequency dependent contact, and hence, the natural
choice for fj is given by:

asS1U
fi= N

where o is the rate of (i.e., the likelihood of) exposure to addicts and taking lessons from
the effects of the painful consequences of addiction.

The rate of population-wide transmission of information is assumed to depend on the
disease prevalence. This is based on the assumption that more drug users will generate an
increased volume and more efficient diffusion of information about its harms and dangers.
However, the effect of this will be limited and will saturate for high prevalence with little
further impact on individuals’ behavior. Thus, we consider a function of the following form:

fa= @iy ,

K+U
where ¢ is, the rate of encouraging people to come to a healthy life together with cautionary
behaviors, and K is a positive constant. As a result of either of these two types of information
dissemination, susceptible individuals move to the responsive individual’s compartment.
However, information that covers the same topic repeatedly will lose its value over time.
For example, responsive individuals that avoid using drugs for a certain amount of time
are likely to become less cautious. We consider d as the rate of decay of information and

’

@ Springer



54 Page 4 of 20 Eur. Phys. J. Plus (2020) 135:54

Fig. 1 The flowchart of the S1U
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cautiousness. In this model, g is the contact rate of susceptibles with infectious individuals,
i.e., drug users. The constants v, i, and A, represent the recovery rate, the natural death rate,
and the rate of immigration of susceptibles, respectively. The flowchart of the model is given
in the above diagram, Fig. 1, and the model describes by the following system of nonlinear
ordinary differential equations:

ds

& A—agsi§ - s (ghe) +dS: — uSi +vU - 51§
Z=asif—ds+as (ghx) - ns @.1)
U v

E:ﬂSIN—UU_MU

The total population N (¢) = S1(¢) + S2(t) 4+ U (¢) satisfies the following equation, % =

A — uN(t), and hence lim;—. o N(t) = 4 - No. Following [14,15], we assume that the
population is at equilibrium and study the behavior of the system on the plane S1+ S, +U =
No = 2. Let
n
S N U K
sl=71’52=72,u=7,k=7. (2'2)
No Ny Ny

which satisfies s; + s +u = 1. Using this relations, finally, we consider the following
two-dimensional system:

dsg

éTt = —ogsiu —oysy g A —sp —u) — psi +vu — Bsiu = f(s1,u)
u

dr = Bsiu —vu — pu = g(sy, u).

We study (2.3) in the following feasible region:
Q = {(s1,u) ERi:Sl >0,u>0,s1+u<1}

which is positively invariant with respect to (2.2).

2.2 Stability of the drug-free equilibrium

System (2.3) has the drug-free equilibrium Py = (1, 0). The Jacobian of the system is given
by:

J(s1.u) = —ol — O (ﬁ) —d —pu— Bu —agsy — aysy (m) —d+v— Bs
Bu Bsi—v—pu
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Fig. 2 The phase portrait of the system fora: oy =as = =v=pu=d =0.5,k=12,and Ry =0.5.b
ap=a3=d=05v=pu=0258=075k=12,and Ryg = 1.5

and

0 B—v—u
The eigenvalues of this matrix are A; = —d — p and A =  — v — p, the first eigenvalue
is negative, and the second eigenvalue is negative if 8 < v + . We introduce Ry = Vi,

as the basic reproduction number and obtain the following result on the local stability of the
drug-free equilibrium.

J(LO):(—d—u—as—%—d—i-v—ﬂ).

Theorem 2.1 The drug-free equilibrium Po is asymptotically stable when Ry < 1 and
unstable when Ry > 1.

Furthermore, we can prove the global stability of the drug-free equilibrium point.
Lemma 2.1 The drug-free equilibrium point, Py, is globally asymptotically stable in Q if
Ry < 1.
Proof Define V : {(s1,u) € Q:s51 > 0} - Rby:
V(st,u) = u.
The time derivative of V along the solution curves of (2.3) is:
dv  du

= < Ry — Du.
PR < (u+v)(Ro— Du

dv dv
Therefore, when Ry < 1, o < 0, and, o = 0 if and only if u = 0. Hence, P, is global
asymptotic stable. O

Figure 2 shows the phase portrait of the system, around the equilibrium points, in some cases.

2.3 Endemic equilibrium

Let P* = (s, u™) be the endemic equilibrium point of (2.3); u* # 0 in the second equation
imply that:

2.4)
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Since in the endemic equilibrium s} < 1, this relation implies that the endemic equilibrium
point exists only when Ry > 1. Now, substituting this value in the first equation of (2.3), and
setting equal to zero, we obtain:

o (e () ) o (- (57) =)

)b

which reduces to:

Au*® + Bu* + C = 0. 2.5)
With the following coefficients:

A=+ w(—as—p)+ v —d) =+ pu(—as— Ro(u+d)),
B=k(b+mw(-as=p+pv—-d)+n+d)B—-v—w —a+up
=k(—as(v+ 1) = B(u+d) +(n+d) @+ w(Ro— 1) — (v +p),
C=k(u+v)(B—v— ) =k(u+v)*(Ro — D).
Since at an endemic equilibrium s§ < 1, the endemic equilibrium exists only when,

Ro > 1, and hence C is a positive real number. On the other hand, since A is a negative real
number, we have A > 0. Solving Eq. (2.5) yields:

. —Biﬂ

I e 2.6
2T 54 T oA (2.6)

and u} = % — 2—‘@ is the positive root of (2.5). Therefore, in this case:
—B — VA
Pt = (st = (2R
B 2A

is the endemic equilibrium point. Now, we investigate the local stability of the endemic
equilibrium.

Theorem 2.2 The endemic equilibrium point P* is locally asymptotically stable if Ry > 1.

Proof The characteristic equation of the Jacobian matrix of the endemic equilibrium P* has
the following form:

A —Ap+q=0,

where p = TraceJ (P*) = —azu™* — oq(%) —d—pu—Bu* <0and g = DetJ(P*) =

Bu* as(v + ,u) + oy ( vt M)( k* 5)+d+ ) > 0. Hence, the linearization theorem
B B (k4u*)

shows the local stability of the endemic equilibrium point. Furthermore, if A = p2—4q > 0,

the endemic equilibrium is a stable node, and if A < 0, the endemic equilibrium is a stable

focus. O

For the study of global stability of the endemic equilibrium point, we use the Poincaré—
Bendixson theorem.

Theorem 2.3 If Ry > 1, the unique endemic equilibrium point P* is globally asymptotically
stable in Q.
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Proof We use the Dulac function B(sy, u) = %, for which div(Bf, Bg) = —o; — Oll(,,lﬂ) —

d
— — & — B <0, in the region u > 0. Furthermore, integrating the second equation of (2.3)
u

yields u(r) = u(O)ef(; (Bs1(®)=v=1)d7 which shows that the line # = 0 is positively invariant,
and hence, there are no periodic solutions in this system. Hence, the local stability and the
Poincare —Bendixson theorem imply the global stability of P*. O

3 The second model

In the previous section, we studied the model (2.1). Now, we developed (2.1) taking into
account the effect of treatment and rehabilitation. We add a new compartment 7', consist of
drug users who become under treatment/rehabilitation to the previous model. We assume
that 61 represents the treatment/rehabilitation rate and §; is the rate of relapse to drug use.
Therefore, we have the following system of nonlinear ordinary differential equations (Fig. 3):

d—=A—ass1%—a,sl(ﬁ)ersz—ulervU—ﬁsl%
d§2 =5 Y dS2+OllS1< v ) JIAY)
92 _ s Y — U\ _

N u+K (31)
— =B Y —vU —puU -5U+6TY

= =8U —8TY —ur
dr 1 2L N 122

The total population N (¢) = S1(¢) + S2(¢) + U (¢) + T (¢) satisfies the following equation:
%—It\' = A — uN(t), and hence, lim;—~ N(t) = % = Np. Following [14,15], we assume
that the population is at equilibrium and study the behavior of the system on the hyperplane

S1+S2+U+T=N0=3.Let

N S U T K
Sl=—, =", U=—,T=—, k=—.
No

3.2
No No (3.2)

which satisfies s1 + s2 + u + v = 1. Using this relations, finally, we consider the following
system:

Fig. 3 The flowchart of the 51U
model with S AN S
treatment/rehabilitation TrS1 mTu 2
U+K
s U dSs
1
vU B N
00U

U T
W0 T
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dsl

?=/,L—ass1u—a1s1(u’_f_k>+d(1—sl—u—r)—,usl—i—uu—ﬁslu

du

i Bsiu — vu — pu — S1u + 8rtu 3.3)
dr 5 5

— = §1u — Srtu — urt.

a 1 2 128

We study (3.3) in the following feasible region:
Q ={G,u,1)eR 151 >0,u>0,71>0,51+u+7t <1},
Which is positively invariant with respect to (3.3).

3.1 Stability of the drug-free equilibrium

Itis easy to see that system (3.3), has a unique drug-free equilibrium P; (1, 0, 0). The Jacobian
matrix of this system has the following form:

J(s1,u,7)
—agU — o (M"q)—d—u—ﬁu —agS] — oys] (M%)z)—d-i—v—ﬂsl —d
= Bu Bsi —v—pu—358 + 8t Sou ’
0 31 — 52f —52u 1
and

—d—p—ay =% —d+v—p —d
J(1,0,0) = 0 B—v—u—34 0o 1. (3.4)
0 | —[

The eigenvalues of this matrixare A} = —d —u, Ao = —p,and A3 = f—v —u —381. We
introduce Ry = ﬁ and obtain the following result on the local stability of the drug-free
equilibrium.

Theorem 3.1 The drug-free equilibrium Py is asymptotically stable when Ry < 1 and
unstable when Ry > 1.

3.2 Endemic equilibrium

*

The endemic equilibrium point (s, u*, T*) of (3.3) is determined by the following equations:

w—assiu* — oys (ﬁ) +d( =5t —u* — %) — pusi +vu* — Bsfu* =0
Bsf—v—pu—38+860t"=0 (3.5
Siu* — &t*u* — ut* =0

Sju*

. * . . . . s

Since u* # 0, the second and third equations yield, t* = Y and s7 =
s *

v+ =0 (5 k)

. Now, by substituting this relations in the first equation of system and
setting it equal to zero, we get the following third-order polynomial in terms of u*:

5 *
ogu® s 8 Siu* v+ p+8 =8 <52u]*u+u) u*
_ v _ A L
a B g e Su* + “ B u*+k
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8 *
vt -5 (2 51u*
+d | 1- P el
B Sou* +

5 () o (vrw o - () ) =0
—= v - —_— vt —u* (v - —— ] ) =0,
B o= s + RN

which reduces to

Au*® + Bu*? + Cu*+ D =0, (3.6)
where

A = =& (ulas + B) + vas + Bd),
B = (u+v)(—oskdy — asp — ydy — ddy — udz) + up(—p — kéy)
+o1(—aspn — pup — Bd) + 628(n +d — kd)
= (U +v)(—askdy —aspu —oydy — ddy — 82) + 81 (—aspu — uB — Bd)
—W2B+ (i + d)Bsa(1 — k),
C=pp+v+d)(—ask —ay —kB —d — p) + (d + p)(—k(v + pn)d2 + kB2 + B)
+kBvp — kdBv — kdB$:,
D =kpu(p+d)(v+p+38)(Ro— 1.
Now, we consider f(u) = Au’ + Bu®> + Cu + D, with f'(u) = 3Au®> +2Bu + C
and f”(u) = 6Au + 2B. Furthermore since A < 0, limy_ 1 f(u) = —o0 and

limy— —oo f(u) = +00. For the study of the existence of endemic values u*, we consider
three cases:

CaseI: Ry > 1,i.e., f(0) =D > 0.
And we consider the following subcases:

10: A =4B> — 12AC < 0.
In this case, f(u) is strictly decreasing, and hence, it has a unique positive root:

I1:A>0,B>0, and C > 0.

In this case, according to the second derivative test, u; = % < 01is a local minimum
and uy = %K > 0 is a local maximum for f(u). Therefore, f(u) = Au® + Bu? +

Cu + D, has only one positive real root, u*:

12:A>0,B<0andC <0.

In this case, u; = % < 0 is a local minimum, and up = _236;@ < 01s a local

maximum, with u; < uy, and therefore, there is only one positive real root for f(u):

I3:A>0,B>0andC <0.
—2B—/A

In this case, u; = > 0 is a local minimum, and up = oA > 0 is a local
maximum for f(u) and u; < uy. Hence, f(u) = Au® 4+ Bu? + Cu + D, which has three
positive real roots:

—2B+VA
64

I14:A>0,B<0and, C > 0.
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In this case, u; = _2%7% < 0 is a local minimum, and up = _2367# > 0 is a local
maximum for f(u). Thus, f(u) = Au® + Bu® + Cu + D, which has only one positive real
root.

It should be noted that if A > 0, then B and C are not both zero:

I5:A>0and B=0.
In this case, C > 0, u; = 6—‘/5 < 01is a local minimum, and u, = % > 0 is a local

maximum, and there is only one positive real root for f(u):
16: A>0and C =0.

IfA >0and C =0, then B # 0.If B > 0, the point u; = 0 is a local minimum and

Uy = —Tz % > (), is a local maximum. Therefore, there is only one positive real root for f (u).
If B < 0, then u; = _ng < 0 is a local minimum and u, = _72% > 0 is a local

maximum. Therefore, there is only one positive real root for f(u):
I7:A=0,B#0and C #0.

If A =0, then, C = %i < 0. Therefore we have A < 0,C < 0. If B > 0, then f(u)
inu = 32 > Ohasa horizontal tangent, and if B < O Then, f(u) has a horizontal
tangent in u = g—f < 0. In both cases, if € > 0 is sufficiently small, then f’(% +e€) =
%ff +3Ae2 4+ C =34€% < 0and f’(;—f —€) = }—ﬁz +3A€2 + C = 3A€? < 0. Hence,
in this case, there is just one positive real root for f (u):

I8 : A=B=0.

In this case, C = Oand f («) have a horizontal tangentin # = 0 and it is a decreasing function

that has u* = /=2 > 0 as the only root:
19: A=C=0.

If A = C = 0,then B = 0. Withasimilar argument asin (8), f («) hasarootu™® = ,3/ % > 0.
Figure 4 shows the phase portrait of the system in some cases of 1.

CaseII: Ry < 1,1i.e., f(0) =D <O.
We consider the following subcases:

110: A <0.
In this case, f(u) is strictly decreasing, and hence, it does not has any positive root:

111 : A>0,B>0andC > 0.

In this case, according to the second derivative test, u; = % < 01is a local minimum

and ur, = ’23672@ > 0 is a local maximum for f(u). If f(up) > 0, then f(u) has two
positive real roots, and if f(uz) = 0, then f(u) has only one positive real root, and if

f(uz) < 0, then f(u) has no real positive root:

I112: A>0,B>0andC <0.

In this case, with an argument similar to the previous case, u| = > 0 1is a local

—2B—J/A
6A

—2B+JA
6A

minimum and uy = > ( is a local maximum for f(u) and u; < uy. If f(uz) > 0,

@ Springer
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) 04 / 247
v 0.6 < ,01’ X
0.8 > /<(‘]’ 9030'7

1710

Fig. 4 The phase portrait of the system fora oy = oy =d = 0.5,v = 0.125, 0 = 0.25, 8 = 0.75,8] =
0.25,8p =0.5,andk = 1.2. Case 2. by = oy =d = 0.01, v = = 0.01, 8 = 0.031, and k = 1.2. Case
14

then f(u) has two positive real roots; if f(u2) = 0, then f(u) has only one positive real
root; and if f(u2) < 0, then f(u) has no real positive root:

I1I3:A>0,B<0andC > 0.

In this case, u; = _2867:‘@ < 0 is a local minimum and u, = _2367;‘@ > 0 is a local
maximum for f(u). If f(uz) > 0, then f(u) has two positive real roots and if f(u2) = 0,
then f(u) has only one positive real root; furthermore, if f(u;) < 0, then f(u) has no real

positive root:

114: A>0,B<0andC <0.

Clearly, in this case, u; = % < 0is alocal minimum, u, = < 01s alocal
maximum and u{ < uj, and hence, there is no endemic value for u.

It should be noted that if A > 0, then B and C are not both zero:
I1I15: A >0and B =0.

—2B—J/A
6A

If A > 0and B = 0, then C > 0. In this case, u; = TJE < 0 1is a local minimum and
VA

uy = =¢5= > 0is a local maximum and a similar argument concludes that if f(u2) > 0,
then f(u) has two positive real roots; if f(u#z2) = 0, then f(«) only one positive real root;
and if f(uz) < 0, then f(u) has no real positive root:

116: A>0,C =0.

IfA >0andC = 0,then B # 0. If B > 0, then 1 = 0 is a local minimum and
U = _725 > 0 is a local maximum. Therefore, if f(u2) > 0, then f(u) has two positive
real roots; and if f(u2) = 0, then f(u) has only one positive real root; and if f(u2) < 0,
then f(u) has no real positive root.

If B <O0,thenu; = _Tz% < 0 i1s a local minimum and u#, = 0 is a local maximum.

Therefore, there is only one positive real root for f (u):

II7T:A=0,B+#0,C #0.
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(a)

Fig. 5 The phase portrait of the system for a ¢y = 0.9,y = 0.1,v = 0.0, = 0.01,d = 09, 8 =
0.3333,8; =0.5,8p =0.9,and k = 0.01. Case I12. b oy = 0.01, ¢y = 0.1, v = 0.01, » = 0.001, d = 0.99,
B =0.02,5; =0.01,8, =0.14, and k = 1.2. Case 1I3

If A =0, then C = % < 0. Therefore, we have A < 0,C < 0, D < 0. Now, if B > 0,
then f(u) inu = % > ( has a horizontal tangent, and if B < 0, then f'(«) has a horizontal
tangent in u = g—f < 0. In both cases, if € is a sufficiently small positive number, then
FGE 46 =38 4342+ C =342 <0and f/(52 —¢) = 5B 4342 4+ C =
3A€? < 0. Therefore, if B > 0, there is no positive real root for f(u), and if B < 0 for both
cases f(%) > 0 and f(g—f) < 0, there is no positive real root for f(u).

I118: A=0,B=0.

If A =0and B =0, then C = 0. In this case, f(«) has a horizontal tangent in # = 0 and it

is a decreasing function with the unique root u* = ,J/ _TD < 0. Therefore, there is no positive
real endemic value for u.

I119: A=0,C=0.

If A =0and C = 0,then B = 0, and similar to (//8), f («) has only one root u™ = ﬁ <
0. Therefore, there is no endemic value for u.

Figure 5 shows the phase portrait of the system in some cases of II.

Case IIl: Ry = 1, i.e, f(0) = D = 0, and u™ is the solution of the second-order
polynomial:

g(u*) = Au*> + Bu* +C =0, (3.7)

which is a concave parabola in term of u*. Now, if A’ = B2 — 4AC < 0, it does not
have any real root. If A’ > 0, and C > 0, it has one positive real root. When A’ > 0,
and C < 0, if B > 0, the parabola g(x*) has a positive maximum point u}, . = E—If, and
gl = _%/A > 0. Hence, if A’ > 0, it has two positive solutions, and if A" = 0, it has
one positive solution.

Figure 6 shows the phase portrait of the system in some cases of III.
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(b)

Fig. 6 The phase portrait of the system for a oy = 0.01,04 = 0.1, v = 0.005, x = 0.01,d = 0.99,
B =0.02,81 =0.005,8p = 0.14,and k = 1.2. Case IIl. b oy = oy = d = 0.00001, . = 0.01, B = 0.02,
v =481 = 0.005, 8 = 0.064, and k = 0.01. Case III

3.3 Backward bifurcation
Now, we use the Castillo-Chavez and Song theorem, see [4], to determine the conditions for

the occurrence of backward bifurcation in (3.3). Let s = x1, 4 = x», and 7 = x3. System
(3.3) transforms to the following system:

dx1 X

o TP T asxix <x2+k) +d(1 —x; —x2 —x3) — puxp + vx2 — Bxpx2

dx

CT: = Bx1x2 — vX2 — pxp — 81x2 + 82x3X2 (3.8)
dss _ g 8

—_ = X2 — X2X3 — UX3.

” 1X2 — 82X2X3 — X3

We consider 8* = v + u + §; as the parameter ¢. The Jacobian matrix of the drug-free
equilibrium evaluated at 8* has the following form:

—d—p—ay—F—d+v—p*—d
A= 0 B*—v—u—24 0 1,
0 3 —[

which has the eigenvalues, A\ = —pu, Ap = —d —pand Az = 8* —v —u —8; = 0. We
compute a right eigenvector w, i.e., Aw = 0. By solving this linear system, we found:

p(—as — 3 —d —p—81) — 81d

w= wu(d + )
81(d + 1)
Furthermore, we need to compute a left eigenvector, i.e., a vector v, with vA = 0. Compu-
0
tation shows that v = | 1 |. Hence:
0
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92 32
a =2vws | w 2 Nk 2 = 20wy (B w; + Srw3)
0x20X1 0x30x7
2 f.
2
VW2 0x20p. u(d+ p) >

As indicated in [4], Th. 3.2., for the occurrence of backward bifurcation, we need to have
a > 0and b > 0. The relation a > 0, is equivalent to:

o]
(ul—as = = —d — = 81) = S1d)B" +81(d + sy > 0.
The last inequality holds if and only if:

a5+ G +38
ﬁ(¥+1>+

82 >
81 (d+p)

d+u@+u+&y (3.9)

3.4 Global stability
Now, we obtain sufficient conditions for the global stability of endemic equilibrium points, in

cases of unique endemic equilibrium points, using geometric approach introduced in [12, 13],
see [2,3,9], for applications of this method.

d
Let P = 513, where I3 is the identity matrix. Then, Py Pl = —%d—b;h, and:
1 S qu1 q12 413
Q=PP '+ PIPPT = @21 g2 @3
aqst 43 433
in which g11 = —agu — (i) —d — = Bu, qi2 = S, q13 = d g1 = &1 — &1,
g = —asu — Su —o(FGp) —d — p— Pu — Bsi — &HT + 8 + v, g3 = —ags —
asy ( hu 2) —d+v—Bs1,931 =0,q3 = puand g33 = —pu — Sru.
(k+u)

For z = (z1, z2, 23)7, let ||z|| be the norm given by:

lzll = {maxuzn + 122l [22] + Jzal} i O < 2223 510

max{|zi| + |z3, |z2]} if zpz3 < 0.

Lemma 3.1 There exists x > 0, suchthat D4 ||z|| < — x|zl forallz € R3andall sy, u,t >

d.
0, where D ||z|| is the right-hand derivative of || z|| and z is the solution ofd—j = Qgz, provided
that:

oAy +v+28 <d+pu,281 +2v+ay <2d+p, 00 <d+u,d<pu (3.11)
for some positive constant x.
Proof We demonstrate the existence of some y > 0, such that:
Dylizll = —xllzll

for all z € R3. The proof is divided into eight cases based on the octant and the definition of
the norm in (3.10).

Case 1: 0 < z1, 22, z3 and |z1| + |z3] > |z2] + |z3]. In this case, ||z]| = |z1| + |23/, and
dz;  dz3
Dzl = D+ (|z1] + |z3]) = rry + o
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= <—(15u - <L) —d—p— /3M> Z1 + (B2u)z2 +dz3
u+k

+Buzr + (—p — Sru)z3

= <—asu —q (ﬁ) —d—p— ﬂu> z1 + (Bu + dou)zo + (d — 0 — Sru)z3,

since 71 > zp > 0, we have:

u
Dzl < (52u — o5 — (7) —d —M) Z1 +(d — = du)z3
u-+k

Smax{ﬁgu—asu—oq< )—d—u,d—u—(SzM}HZ”-

u

u-+k

Case 2: 0 < z1, 22, z3 and |z | + |z3| < |z2| + |z3]. In this case, ||z|| = |z2| + |z3], and
dzp dz

3 u
Di(lz2l +1z3) = — + — = (61 — &27)z1 + (—Otsu —du —qq <7)
u+k

z
Dy |zl w o

ku
—d—pu—Pu—PBs; —Hr+86 +v)oo+ | —ags) —oys; | ————
w—Bu—pBs;—& 1+v)22 < 551 [1<(k+u)2>

—d+v—Bs1) 3+ Bu)za + (—pn — u)z3

u
(81 —61)z1 + (—asu — Su — <7> —d—pu—Bst —8Ht+86 + v) 22

u+k

ku
+ | —ogs) —ais1 | ———— ) —d +v— Bs; — —8u)z,
( 551 ll((k+u)2) Bsi—u—3du)z3

from z; < z», the above relation becomes:

u—+k

ku
+lv—agsi —asi| ——— )| —d—Bs1—u—5bulz
( 551 11<(k+u)2> Bsi— 2)3

u
Di|z| < <v+281 —aglit — Su — o <7> —d—pu— Bs —82r> 22

§max{v+281 —agu — SHu — o (L>—d—u—,8s1 — 8T,V
u+k

ku
—ags1 —os| | ——— | —d—Bsi —pu— 52“}}||Z||-
’ ((k+u)2>
Case 3:z1 <0 < z2,z3 and |z1| + |z3]| > |z2| + |z3|. In this case, ||z|| = |z1| + |z3], and
dz;  dzs
D =D [ T
+llzll +(lz1l + 1z3D) m + o

<asu + (uuﬂ) +d+pn+ ﬁu) 71 — Suzy —dzz + Buzs + (—pu — du)z3

- (—asu - (uuﬂ) —d—p— ﬂu) 721+ (Bu — Sou)zz + (=d — . — S2u)z3

u
(—asu - <m> —d—p— ﬂu) 21| + (Bu — Sau)|za| + (—=d — o — au) 23],

from |z1| > |z2|, we have:
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u
Dylz|l < <—asu —q (7> —d —M) lz1] + (—=d — pn — dau)|z3]
u-+k

u
< —o U — —d—pu,—d—pn—>=§ .
< max{ oguU — o <u+k) M M 2M} llzll

Case 4: z1 <0 < z2,z3 and |z1| + |z3| < |z2| + |z3]. In this case, ||z|| = |z2] + |z3], and
dzo dz3
Dyllzll = Dy (|z2| + |z3]) = ar + o (61 — 81)z1

u
+<—asu—52u—(x1<7>—d—u—ﬂu—ﬂsl—ﬁzr—i—(sl—i—v)zZ
u+k

+ (—OISS] — Qs ((k j—uu)2> —d+v— ,3S1) 23+ (Bu)za

u
+(—u — Sru)z3(82T — 81)|z1] + <v + 681 —agu — SHu — o ( )

u-+k

ku
—d —pu—Bs; —61) |2+ | v —ags) —ags 7>
w— Bs1 —81) 22| ( 581 11((/{4_”)2
—d — Bs1 — ju — Su) |z3]

u
< (82T)|z1|+<\)+5] —asu—ézu—al( )—d—/L—,BS] —521’) |z2]
u—+k

k
+v—as)—asi | ——— )| —d — Bs; — u—Sullz3l,
( 551 ”((k+u)2> Bs1—u 2)|3|

from |z1| < |z2|, we have:

u
D4|z|l < (V+81 —asu—Szu—az< )—d—ﬂ—ﬁﬂ) |z2]
u—+k

ku
+v—awsi—asi | ——— ) —d—Bs1 —u—56ullz
( 551 ll((k+u)2> Bs1— 2>|3|

§max{v+81—asu—82u—(x1< )—d—,u—ﬂsl,v—(xssl
u+k

ku
—oys1 | ——— ) —d — Bsi —pu—du gzl

(k+ u)
Case 5: 72 < 0 < z1, z3 and |z1| + |z3| > |z2]. In this case, ||z|| = |z1| + |z3], and
dz;  dz3
Di|z|| = D Z Z = — -
+ Izl +(z1l + 1z30) o + &

= (—asu — < " ) —d—u— ﬁu> z1 + (au)za + (d)z3
u—+k
+(Bu)zz2 + (—p — S2u)z23
= (—asu - <L> —d—pu— ﬂu> z1 + (Sou + Bu)zo + (d — 0 — S2u)z3
u+k
since z; > 0,22 < O:

Dyllzll < (d — p = bau)zz < (d — o — Sau) |23 l-
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Case 6: 20 < 0 < z1, z3 and |z1] + |z3| < |z2]. In this case, ||z|| = |z2], and
dzz
Dzl = D4+ (|z2]) = @ —(81 —é27)z1

u
—(—asu—Szu—al <7)—d—u—ﬂu—ﬂsl—Szr—l—(Sl—l—v)zz
u—+k

( () +a= )
— —ags1 —ays) | —— —v—Bs1 )z
1 151 k) 1)z23

u
—(81 — 620 |z1] + (—axu — dou —m( ) —d—p—Bu—PBsi
u—+k

ku
=87 + 681 +v) |z2| + <+osz1 + sy (72) —d+v+ ﬂm) |z3]
(k +u)

IA

(521)|z1] + (v + 68 —osu — SHu — oy ( > —d—pu— Bu— Bs; —62I> |z2]

u+k

+ <+0tssl + sy ( ) +v—d+ ﬂsl> |z3]

ku
(k+u)’
ku
< |dt+aysi +osi | ——— ) +v—d+Bs1 ) (z1]l + |z3])
(k 4+ u)

+(v+81—a5u—82u—a1< >—d—u—ﬁu—ﬂsl—82r>|zzl,

u—+k

from |z1| + |z3] < |z2], we have:

ku
Dzl < (assl + a8 (72> +2v 481 — agu — S
(k + u)

u
—o(—— ) —p—2d— :
al(u+k> u ,3u> |z2]

ku
=\ogs1+asi| — ) +2v+ 81 — ayu — Sru
(sl ll((k—t—u)z) 1 s 2

—oy (u j—k) —p—2d— ﬁu> lzll.

Case 7:z3 < 0 < z1,z2 and |z1| + |z3| > |z2]|. In this case, ||z|| = |z1| + |z3], and

dzy dz3
D =D + = _ =
+lIzll = Dy (z1| + |z3)) = di dar

u
=<—asu—al<u+k> d—pu— Bu

+(d)zy — (Bu)za — (—p — S2u)z3

=<—asu—0t1(L> d—p-— ﬂu)|Z1|+(52M)IZ2|—d|13|—(ﬂu)|Z2|

z1 + (Sau) 22

u—+k
+(—p — bau)|z3]
< (—asu —q (%) d—p— Bu)lz1] + (S2u)|z2|
—d|z3| + (—p — dou)|z3]

5(—a.vu—az(%> d—u— Bu
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+(@@u)(Jz1| + |z3]) + (=d — p — S2u)|z3]

u
Sou —asut — o [ —— ) —d — - —d -
( U — sl a1<u+k> u ﬂu> lz1] + ( )z

IA

u
max {8214 —agu — <m> —d—p—Pu,—d— //«} llzIl-

Case 8:z3 < 0 < z1,z2 and |z1| + |z3| < |z2]. In this case, ||z]| = |z2], and

dzo
D =D = =
+ Izl +(lz21) ”

u
= (81 —b21)z1 + (—oesu — Su — o <7> —d—pu—Bu—PBsy
u+k
ku
=&t +8 +v)o+ (—05551 — sy (72> +d—v— ,351) z3
(k + u)

u
=6 -5 —otgu — Sout — oy | ——
(1 2T)|21|+< asi — dout al(u—i—k
ku
=01+ 8 +v) 22| — | —ags1 —asi | ——— | +d —v — Bsy ) |z3]
(k + u)
u
551|zll+<—asu—52u—a1(—>—d—u—ﬂu—ﬂsl—52r+81+v>\z2|
u—+k

ku
+lagsi +oysi | ——— ) +v—d+Bs1 )]z
( 1 11((k+u)2> /31>|3|

ku
< <51 + ags1 + g8y <m> +v—d+ 551) (Iz1] + 1z3D)

)—d—u—ﬁu—ﬂn

+(—a5u—82u—a1 (L>—d—u—ﬂu—ﬂs1—821+81+v) |z2],
u+k

since |z1| 4+ |z3] < |z2], we have:

ku
Dyllz|l < (Zv + 281 + ags1 + agsy (W) — oz — Sou

u
—o(— ) —pu—2d—pu—s .
a1<u+k> M Bu 2!) Izl

Now, using the supposed inequalities, in all of the above cases, the coefficient of ||z|| is a
negative number, and hence, there exists x > 0, with Dy ||z]| < —x||z|| forall z € R3. o

Lemma 3.1 and a proof similar to corollary 5.4 in [1], implies the following theorem.

Theorem 3.2 [f the inequalities (3.11) hold, positive semi-trajectories of system converge
to an equilibrium point, i.e., any w-limit point of system in Q°, is an equilibrium point.

Finally, the above theorem implies the following result.
Theorem 3.3 Suppose the inequalities (3.11) hold, then:

1. when the only equilibrium point is the drug-free equilibrium Py, then all solutions tend
to P(),'

2. when there is unique endemic equilibrium point, then all solutions of system tends to
endemic equilibrium point.
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4 Conclusion

The White and Comiskey’s model of heroin epidemics was developed in this paper. The
development includes the split of the susceptible populations into two compartments, the
susceptible individuals Sy, and the responsive individuals Sy, i.e., the individuals who do not
use drugs because of information about the harms and dangers of it. Furthermore, we assume
that because of transmission of information, susceptibles will be transmitted from S; to S>.
‘We considered two routes for information dissemination, information transmission via direct
contact between individuals, and population-wide dissemination of drug-related information.
At first, we considered a model without treatment/rehabilitation compartment. A complete
qualitative study of this model including the existence and local and global stability of the
equilibrium points are carried out. The drug-free equilibrium Py was shown to be locally
and globally stable if Ry < 1, and the endemic equilibrium point exists and is locally and
globally stable if Ry > 1.

Then, we considered a model with a compartment for the individuals under treat-
ment/rehabilitation programs. This model shows more complexity, in fact, endemic equi-
librium may exist (up to 3 point), in cases, Ry < 1, Ry = 1 and Ry > 1. Occurrence of
backward bifurcation is also proved for the model. The backward bifurcation analysis showed
that, if the relapse rate exceeds a certain value, then the backward bifurcation will occur. The
occurrence of backward bifurcation makes it harder to control the infection, in fact, to prevent
the epidemic from occurring, the reducing of Ry to the region Ry < 1, is not enough.

Formula of Ry showed that the basic reproduction number is not dependent on informa-
tion transmission parameters oy, o, k, d, so the role of the other parameters, such as the
infection rate and the treatment rate, in the occurrence or elimination of epidemy is of greater
impact. However, at the same time, (3.9) showed that increasing the parameters o and «;, or
decreasing the parameters k and d, increases the amount of the threshold necessary for the
occurrence of backward bifurcation, which makes the occurrence of backward bifurcation
harder, and hence, it makes the infection control easier.
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