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Abstract. The accuracy of the non-relativistic approximation, which is calculated using the same parameter
and the same initial ensemble of trajectories, to relativistic momentum diffusion at low speed is studied
numerically for a prototypical nonlinear Hamiltonian system –the periodically delta-kicked particle. We find
that if the initial ensemble is a non-localized semi-uniform ensemble, the non-relativistic approximation to
the relativistic mean square momentum displacement is always accurate. However, if the initial ensemble is
a localized Gaussian, the non-relativistic approximation may not always be accurate and the approximation
can break down rapidly.

Introduction

Low-speed momentum diffusion in nonlinear Hamiltonian systems has been studied [1–12] extensively using non-
relativistic, Newtonian mechanics. The statistical quantity that is typically used to study momentum diffusion is the
mean square momentum displacement (MSMD) [1–3,7,10,11]. In previous studies [1–3] of momentum diffusion in the
Newtonian standard map for the periodically delta-kicked particle, an initially non-localized semi-uniform ensemble of
trajectories (where semi-uniform means that the initial positions are uniformly distributed but the initial momenta are
all the same value) was typically used in the numerical calculation of the MSMD. These studies [2,3] of the Newtonian
standard map have shown that, for parameter K where accelerator mode islands (these are stable regions in the
chaotic sea [13] in which the particle accelerates continuously [13,14]) exist, the MSMD has a power-law dependence
on the kick n: nα, where 1 < α < 2, i.e., the diffusion is anomalous. In contrast, for parameter K where there is no
accelerator mode island, the MSMD grows linearly [1–3], i.e., the diffusion is normal. Considerable effort has been
made recently to understand anomalous diffusion in nonlinear Hamiltonian systems —see, for example, the article by
Altmann and Kantz [15] and the review by Zaslavsky [16].

Recently, Matrasulov et al. [17] studied both low-speed (weak-relativistic) and high-speed (ultra-relativistic) mo-
mentum diffusion in the special-relativistic standard map for the periodically delta-kicked particle. However, a com-
parison of the Newtonian and special-relativistic predictions for low-speed momentum diffusion has not yet been done
to ascertain if the special-relativistic prediction is always well approximated by the Newtonian prediction as would be
expected [18,19]. Such a comparison is important since Newtonian mechanics is the standard theory used in practice,
instead of special-relativistic mechanics, to study low-speed momentum diffusion. In this paper, we compare the low-
speed momentum diffusion predicted by the two theories, based on the same parameter and the same ensemble of initial
conditions, for the periodically delta-kicked particle. In addition to the initially non-localized semi-uniform ensemble
typically used in the Newtonian [1–3] and special-relativistic [17] calculations of momentum diffusion for the kicked
particle, we also use an initially localized ensemble in our calculations for comparison. Details of the kicked particle
and numerical calculations are given next, followed by the presentation and discussion of the results and conclusion.

Methods

The periodically delta-kicked particle is a one-dimensional Hamiltonian system where the delta kicks are due to
a sinusoidal potential which is periodically turned on for an instant. The Newtonian equations of motion for the
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periodically delta-kicked particle are easily integrated [1,20] to yield an exact mapping, which is known as the standard
map, of the dimensionless scaled position X and dimensionless scaled momentum P from just before the (n − 1)-th
kick to just before the n-th kick:

Pn = Pn−1 −
K

2π
sin (2πXn−1) (1)

Xn = (Xn−1 + Pn) mod 1, (2)

where n = 1, 2, . . ., and K is a dimensionless positive parameter. The transition from local to global chaos in phase
space for the Newtonian standard map above occurs [21] at K = 0.971635 . . .. The special-relativistic equations of
motion for the periodically delta-kicked particle are also easily integrated [22,23] to yield an exact mapping for the
dimensionless scaled position X and dimensionless scaled momentum P from just before the (n − 1)-th kick to just
before the n-th kick:

Pn = Pn−1 −
K

2π
sin (2πXn−1) (3)

Xn =

(
Xn−1 +

Pn√
1 + β2P 2

n

)
mod 1, (4)

where n = 1, 2, . . .. In addition to the parameter K, the relativistic standard map (eqs. (3) and (4)) has another
dimensionless positive parameter, β. Since

v

c
=

βP√
1 + (βP )2

, (5)

βP � 1 implies v � c (i.e., low speed), where v is the particle speed and c is the speed of light. At low speed, the
relativistic standard map (eqs. (3) and (4)) is [24] approximately

Pn = Pn−1 −
K

2π
sin (2πXn−1) (6)

Xn =
[
Xn−1 +

(
1 − 1

2
β2P 2

n

)
Pn

]
mod 1, (7)

which is close to the Newtonian standard map (eqs. (1) and (2)) since βP � 1 in eq. (7).
The mean square momentum displacement (MSMD) is defined [1–3,7,10,11] as

〈
(ΔPn)2

〉
≡

〈
(Pn − P0)

2
〉

, (8)

where 〈. . .〉 is an average over an ensemble of trajectories. In our calculations, in addition to using an initially non-
localized semi-uniform ensemble, we also use an initially localized ensemble where the initial positions and momentums
are both Gaussian distributed

ρ (X,P, t = 0) =
1

2πσX0σP0

exp

[
−1

2

[(
X − 〈X0〉

σX0

)2

+
(

P − 〈P0〉
σP0

)2
]]

, (9)

with means 〈X0〉 and 〈P0〉, and standard deviations σX0 and σP0 . In each theory, the MSMD is first calculated using 106

trajectories (each trajectory in the ensemble is time-evolved using the corresponding standard map (either Newtonian
(eqs. (1) and (2)) or special relativistic (eqs. (3) and (4)))), where the degree of numerical accuracy is determined
by comparing the 30-significant-figure calculation with the 35-significant-figure (quadruple precision) calculation. For
example, if the former calculation yields 1.234 . . ., and the latter yields 1.235 . . ., the 106 calculation is accurate to
1.23 (3 significant figures). The MSMD is then recalculated using 107 trajectories with the same degree-of-accuracy
determination. Finally, the degree of accuracy of the MSMD is determined by comparing the 106 calculation with the
107 calculation. For example, if the 106 calculation is accurate to 1.23 and the 107 calculation is accurate to 1.24,
the MSMD is accurate to 1.2 (2 significant figures). The Newtonian and special-relativistic MSMD are only compared
after the degree of numerical accuracy of each MSMD has been determined by varying the numerical precision and the
size of the ensemble in the manner described above. This method, which is a generalization of the standard numerical
method [25] of establishing the degree of accuracy of a single trajectory, ensures that any conclusion resulting from
the comparison of the Newtonian and special-relativistic MSMD is not due to numerical artifacts.
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Fig. 1. Newtonian (squares) and special-relativistic (diamonds) MSMD in the first example where the initial ensemble is
semi-uniformly distributed. MSMD which cannot be resolved in accuracy is not plotted.

Fig. 2. Newtonian (squares) and special-relativistic (diamonds) MSMD in the second example for the first 13 kicks (top plot)
and from kick 13 to kick 53 (bottom plot). MSMD which cannot be resolved in accuracy is not plotted.

Results

In this section, we will present three examples to illustrate the general results of comparing the low-speed MSMD
predicted by Newtonian and special-relativistic mechanics for the kicked particle. In all the examples presented here,
the parameter β in the relativistic standard map (eqs. (3) and (4)) is small, 10−7, and so the mean particle speed is
low [18], at most about 0.001% of the speed of light.

If the initial ensemble is semi-uniformly distributed, where the initial positions X0 are uniformly distributed between
0 and 1 and all initial momenta are P0, then there is generally no breakdown of agreement between the Newtonian
and special-relativistic MSMD, which grow either linearly or as a power law from the outset. An example (this is our
first example) is given in fig. 1 for P0 = 99.9 and K = 10.053 (accelerator mode island does not [2] exist for this
parameter), where the two MSMD grow linearly at close rates from the outset.
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Fig. 3. Newtonian (squares) and special-relativistic (diamonds) MSMD in the third example for the first 8 kicks (top plot) and
from kick 8 to kick 53 (bottom plot).

In the second example, the parameter K is also 10.053, but the ensemble is initially Gaussian localized in phase
space with means 〈X0〉 = 0.5 and 〈P0〉 = 99.9, and standard deviations σX0 = σP0 = 10−12. Figure 2 shows that the
Newtonian and special-relativistic predictions for the MSMD are very close and fluctuating for the first 10 kicks, but,
from kick 11 onwards, the MSMD predicted by the two theories disagree with each other completely. For example,
at kick 11, the Newtonian and special-relativistic MSMD are, respectively, 0.173781 (accurate to 6 significant figures)
and 1.443340 (accurate to 7 significant figures), where the degree of numerical accuracies were determined using the
method described in the previous section.

In the third example, the parameter K and the means of the initial Gaussian ensemble are the same as those in the
second example but the initial Gaussian ensemble is broader in both position and momentum with σX0 = σP0 = 10−7.
In contrast to the result in the second example, fig. 3 shows that there is no breakdown of agreement between the
Newtonian and special-relativistic MSMD in this case.

The difference between the results for the second and third examples can be understood as follows. The Newtonian
and special-relativistic position probability densities of the initially localized Gaussian ensemble are, as shown in [26],
generally delocalized in the entire position interval from 0 to 1 when the position standard deviation reaches a saturation
value of about 1/

√
12 = 0.289, which is the standard deviation of a uniform position density in the interval 0 to 1.

In the second example, the Newtonian and special-relativistic position probability densities are delocalized at kick 13
and kick 15, respectively. In the third example, the position probability densities are both delocalized earlier, at kick
8. In each theory, before the delocalization of the position probability density, the MSMD,〈

(Pn − P0)
2
〉
≡ σ2

Pn
+ 〈Pn〉2 − 2 〈PnP0〉 + σ2

P0
+ 〈P0〉2 , (10)

is dominated by
〈Pn〉2 − 2 〈PnP0〉 + 〈P0〉2 ,

which is approximately
〈Pn〉2 − 2 〈Pn〉 〈P0〉 + 〈P0〉2 ,

since 〈PnP0〉 ≈ 〈Pn〉〈P0〉. Moreover, the mean trajectory (〈Xn〉, 〈Pn〉) of the ensemble is well approximated by the
central trajectory (Xn, Pn), that is, the single trajectory with the same initial conditions as the mean trajectory:
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Fig. 4. Newtonian (top plot) and special-relativistic (bottom plot) MSMD (squares) and central-trajectory square momentum
displacements (triangles) in the second example from zero kick until each ensemble is delocalized.

X0 = 〈X0〉 and P0 = 〈P0〉. Hence, the MSMD in each theory is approximately given by the square momentum
displacement,

(Pn − P0)
2 = P 2

n − 2PnP0 + P 2
0 , (11)

of the central trajectory —see figs. 4 and 5 for, respectively, the second and third examples— before the position
probability density is delocalized. In the second example, the breakdown of agreement between the Newtonian and
special-relativistic MSMD at kick 11 (see fig. 2), before the delocalization of the position probability densities, is
thus due to the breakdown of agreement between the Newtonian and special-relativistic central-trajectory square
momentum displacements at kick 11, which is triggered by the breakdown of agreement between the Newtonian and
special-relativistic central trajectories at kick 10. The breakdown of agreement between the central trajectories is
not due to sensitivity to system parameter or initial conditions of the central trajectories since they are exactly the
same in both theories; instead, it is due to the small difference involving v/c between the Newtonian map (eqs. (1)
and (2)) and the special-relativistic map at low speed (see eqs. (6) and (7)). In contrast, in the third example, there is
no breakdown of agreement between the Newtonian and special-relativistic MSMD because there is no breakdown of
agreement between the Newtonian and special-relativistic central trajectories (the two central trajectories are the same
as those in the second example where the breakdown occurs at kick 10) to trigger it before the position probability
densities are delocalized at kick 8.

The second and third examples illustrate that the agreement between the Newtonian and special-relativistic MSMD
breaks down after some time if the initial Gaussian ensemble is sufficiently localized in phase space such that the
Newtonian and special-relativistic position probability densities are delocalized after the breakdown of agreement
between the Newtonian and special-relativistic central trajectories. The breakdown of agreement between the two
MSMD is triggered by the breakdown of agreement between the two central trajectories and occurs one kick after the
agreement between the two central trajectories breaks down. The MSMD breakdown of agreement therefore occurs
rapidly if the two central trajectories are chaotic, as the second example shows, but it would take a long time to
occur if the two central trajectories are non-chaotic because the difference between the two trajectories only grows, on
average, linearly, instead of exponentially [24].
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Fig. 5. Newtonian (top plot) and special-relativistic (bottom plot) MSMD (squares) and central-trajectory square momentum
displacements (triangles) in the third example from zero kick until each ensemble is delocalized.

In each theory, after the position probability density is delocalized, the behavior of the MSMD calculated using an
initially Gaussian ensemble is generally similar to the behavior of the MSMD calculated using an initially semi-uniform
ensemble for the same parameter K, which is either linear growth or power-law growth. The linear growth rates or
power-law exponents of the former MSMD (based on the initially localized ensemble) and latter MSMD (based on the
initially non-localized ensemble) are close. In the second and third examples where K = 10.053, the growth is linear
(see the bottom plots in figs. 2 and 3). In the second example, although the Newtonian and special-relativistic MSMD
both grow linearly at close rates after the delocalization of the position probability densities, they start at different
values and therefore the two MSMD remain different from one another (see the bottom plot in fig. 2). On the other
hand, in the third example, the two MSMD remain close after the delocalization of the position probability densities
because they grow linearly at close rates from close values (see the bottom plot in fig. 3).

Conclusion

In summary, there is no breakdown of agreement between the Newtonian and special-relativistic MSMD at low speed if
the two MSMD are calculated using an initially non-localized semi-uniform ensemble. However, if an initially sufficiently
localized Gaussian ensemble is used instead for calculations, the agreement between the two MSMD breaks down after
some time due to, essentially, the small difference between the Newtonian and special-relativistic maps at low speed.
Since the small difference between the Newtonian and special-relativistic equations of motion at low speed is generic,
we expect similar breakdown of agreement between the Newtonian and special-relativistic predictions for low-speed
momentum diffusion to occur in other nonlinear Hamiltonian systems. Therefore it should not be assumed that the
Newtonian calculations will always yield approximately the same results as special-relativistic mechanics.

This work was funded by a Fundamental Research Grant FRGS/1/2013/ST02/MUSM/02/1. Part of this work was done by
BLL at the University of the Republic, Uruguay, as a TWAS-Unesco Associate.
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