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Abstract. Formulae for the first-order electrostatic interaction between configurations up to four open
shells (see Part I in Eur. Phys. J. Plus 130, 14 (2015)) are presented. They form the basis for the design of
an efficient computer package allowing large-scale calculations of fine and hyperfine structure and predict
spectral line strengths of complex atoms.

1 Introduction

We have developed a method which allows to analyse complex electronic systems composed of a configuration of up
to four open shells, taking into account all electromagnetic interactions expected in an atom in accordance with the
second-order perturbation theory. Within this theory all possible combinations following the excitation of one or two
electrons from closed shells to particular open shells are considered [1]. Appropriate formulae and computer codes have
been developed for many years by our research group.

Recently, we have presented a method for determining oscillator strengths that is an alternative to the commonly
used, and purely theoretical calculations, or to the semi-empirical approach combined with theoretically calculated
transition integrals [2-4]. Accurate oscillator strengths (gf-values) are among the most important kinds of atomic
data. They are of particular importance in astronomy, for reliable determination of chemical abundances in stellar
atmospheres, in plasma physics, and for the comparison with theoretical works. It would be interesting to perform a
similar analysis for rare-earths elements spectra, for which a large number of experimental data has been provided in
recent years.

In the analysis of the spectra of complex atoms there appear electrostatic interactions between many types of con-
figurations involving up to four open electronic shells. In this case constructing the energy matrix is more complicated
than in the case previously described in [5,6]. In this work those missing interactions were added. These formulae were
used by us for the interpretation of the spectra of europium, praseodymium and tantalum atoms [7-9].

Our earlier analysis for europium and praseodymium atoms concerned only the configuration system of one parity [7,
8]. In the even configuration system of Pr I, the configurations 4f25d6s?, 4f25d%6s, 4f36s6p, 4f*5d6p and 4f25d> were
taken into account. In the odd system, besides the configuration with two and three open shells, we must take into
account also 4f5d6s6p configuration. This required the introduction of new formulae, which we present in this work.

The correctness of the presented formulae has been verified by comparing the energy eigenvalues obtained in our
computer package and the values from Cowan-code [10,11]. In order to verify the phase relationship, these comparisons
were made for systems of at least three mutually interacting configurations. Direct comparison of matrix elements was
not possible because of the different coupling schemes.
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2 Explanation of used symbols

In all the formulae given below, the symbol G! stands for a particular term of Coulomb repulsion represented by
irreducible tensors of rank ¢: 33, rt Jritt(ct- C!), where 7~ and r» indicate the distances from the nucleus to the

nearer and the further away electron, respectively. The summation over ¢ is omitted. The expressions describing Gt
element contain coupling schemes used for the derivation of the formula.

For nj-coefficients, one- and two-particle fractional parentage coefficients, the generally accepted notations were
used.

The expression [z,y| represents (22 + 1)(2y + 1). Reduced matrix elements C* and U? represent

It
o)) = ot e+ 0 () 0
(nIN oSy Lo || U*|| it o SHLY ) = 6(So, Sh) N (—1)Lo+l+t (Lo, Ljy]/?
o7 an L1t
X zs:L (i g So Lo{|nd™ ~*aSL) (nl™ afySyLo{ |tV ~'aSL) {Lo L L}. (2)

The consideration of the configuration with three open shells, where the second and third shell contain up to
three electrons, requires the coupling of the four angular momenta. It is therefore necessary to use 12j-coefficients,
introduced by Jahn and Hoppe [12] and studied by Ord-Smith [13], who found 16 symmetry relations together with a
convenient new notation. In the comprehensive work of Jucys et al. [14], the 12j-coefficients of this form were referred
to as symbols of the first kind. The more convenient in use, symbols of the second kind, with 24 symmetry properties,
were introduced. A number of useful sum rules on nj-coefficients, which we used to derive our formulae, were also
presented.

The consideration of the configuration with four open shells requires coupling of up to five angular momenta. It is
therefore necessary to use nj-coefficients up to 15j-symbols. The definition of 15j-coefficients, their symmetry relations
and the sum rules were introduced by Jucys et al. [14].

3 Explicit formulae for inter-configuration interactions

The formulae for the first-order electrostatic interaction between the configurations containing up to four open shells
are presented below.

Some of formulae were used for the fine structure analysis of the odd configurations system of the europium
atom: 4f76s2, 4f75d6s, 4f75d7s, 4f"6snd (n=6,...,9), 4f75d?, 4f76p?, 4f"6sns (n=7,...,10), 4f56s’np (n=6,7), 4f55d6s6p.
The wave functions obtained from our analysis of the fine structure (fs) were used in an analysis of the hyperfine
structure splittings. For most of the levels with known hyperfine structure (hfs), a satisfactory interpretation of hfs
are obtained [7].

3.1 Configurations with two open shells
— Interaction (V] «— ZN_2l3:
(ni™ aOSOLO,nlll,SL |G*| niN 20 SHLY, ml3a SLY; SL) =

3N(N . .
Y R ) Z nlNaoSOL0{|nlN 2 S(,Lg,nﬁozSL) (nlzlals’L’l{\nlz%@SL) 1So, Lo, S, L]/

aSL
’ / ’ T 1/2 S S l L L l l
281 +8)+Ly+S+L+L+1+3/2 0 1 0 1 ¢ "
% (fl) 1+So+Lo+S+LAL+1+3/ {S(’) S'Si} {L6 [A/L/l} {ll I L} (lHC Hl ) R (nlnl,nlllnlll). (3)
3.2 Configurations with three open shells
— Interaction VI3 < IVI31;:
(nIN oSy Lo, n1liazSaLa; SL|G*| ni™ afS)LY), (nol3a S{ LY, nly)ShLy; SL) =
\/g 6(0&050[10,0/0561/0) 5(52L2, Sé[/g) (Tlll a252L2{|nllla1S1L,1) (—1)l1+l2+L,1

X {2 ;? IZ} (ll HCtH 12)2 Rt (nlllnlll,nzlz’Ilglg) . (4)
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— Interaction V1112 « INI3:

{(n™ apSo Lo, n1l1)S1 L1, nol3asSaLa; SL|GX| ni™N afy S LGy, myl3ah, Sy LYy; SLY =

\/g 6(04050-[/07@65(/)[/6) (nll:fo/QSé ’2{|nllfa252L2) (—1)Sé+L6+S+L+3Sé+L/2+L2+l1+l2+1[Sl,Ll,Sé,L/z]l/Q

SQ S Sl Lg LLl l2 ll t 2
. {S{) 1/2 Sg} {Lg L Lg} {11 Iy LQ} (1 [|C[} 1) R (malmala, malanals) . (5)

— Interaction V1113 < [V1513:

((nt™ g So Lo, nal1)S1 Ly, nslasSaLa; SL |G| (nl™ oSG LGy, nala) ST Ly nsl5ab S5 Ly; SL) =
26(a0So Lo, alhSLLY) (L, LY, Ly, L) /?

(LY Ly t Ly Lot lo 13t
x [5(51,51) 6(Sz, 83) (~1)ftitbotbitia {zf s 13} {Lf I L} {L21 I, Lo}
X (l1 HCtH l2) (l3 HCtH lg) Rt (n1l1n3l3, nglgnglg)

, , SO 1/2 Sl LO ll L1 L2
+ (—1)F2tba 3t lothitlatl (g G Gy SHV2 L 1/21/2 85 5 1o t 13 L
Sy Sy S |\Lhis Lo

X (ll ||CtH l3) (13 ||CtH 12) Rt (nlllnglg, nglgnglg) . (6)
— Interaction IV1113 « INI31;:
{(nIN g SoLo, n1l1)S1 L1, nal5aaS82 Lo; SL |G| ni™N afy Sy Ly, (nalie S{LY, nyly)SyLy; SLy =
(5(0(050[10,0&656[/0) (5((1282[/2,0/151[/1) (—1)S+L+SO+L0+L2+3S;+L;+l2+l3+l [Sl,Ll,Sé,LIQ]l/Q
Sy S 5 Lo L L lols t 2
X {SO 1/2 Sé} {LO lh Lé} {lg I L2} (12 [|C*||15)” R (nalanala, nglsnsls) . (7)
— Interaction IV 12ly « INI3:
(I oSy Lo, (n1l3 o S1L1,m2la)S2 Lo; SL |GX| N oy Sy Ly, nal30y Sy Ly; SL) =
2v/3 6(a0SoLo, ah S L) (SaLa, S5L4) S (millapSsLiflmiBasL) (—1)2So+2stbttitlats
aSL
- 1/21/28) (b lh L) (Lly t
1/2
x [S1, Ly, S, LY {1/2 S S} {b I, E}{lg L L} (L ||CY| 1) (1 [|C|| I2) R (nalinaly, milinals)
+3 (nllj}aéSéLéﬂnll%alSlLl) (1) [Ly, Lh)*/?
, a /
% |8(S0,50)8(S2, 85) (—1)Er+E+EL (0N 0 Sy Lo [[UL|| iV sy L) 4 22 L2
lo Iy Ly
Ly Ly t
x {LO I E} (LC|D) (12 |[CY| 1) B! (sl ninyly)
+[So, Lo, 8§, Ly, S2, 5] N>~ (niN agSo Lo{|ntN "' aSL) (ni" ) SyLy{|niN ~'aSL)
aSL
o S 1/2 S, L 1| LyLy
x (—1)Sethet8St ottt 81 /9 6 S, 5% 1t Iy Ly o (L]|CH| 1) (12 ||CH| 1) R (nlnglg,nlllnl)]. (8)
Sy Sy S) Lyl L Ly



Page 4 of 15 Eur. Phys. J. Plus (2015) 130: 15
— Interaction IV =1213 « [Niyly:

<nlN_104050L0, (nll%OéQSQLQ, n3l3)53L3; SL |Gk‘ nlNOéll;S’iLll, (’I’Lglgnlll)SéL/Q; SL> =
(nlNa/lsiLllﬂnlNilaOSOLO) (71)S0+L0+S+L+SS+L2+I [537 L37 Sia Llla L27 L/2]1/2

V2N
" {SO 1/2 sg}{Lo l L’l}
S, S Ss(\L, L Ls
L4+ La+ls rm1y2 J1/21/2 55 bl Ly ¢ ¢ ¢
X [(—1) 2 3 [SQ,SQ] {83 1/2 Sé} {é 7; l } (ll HC H l) (lg HC H l2) R (’I’Llllnglg,nlnglg)

+6(S2,85) (—1)% {ltl 21,2 g} {Lth L?} (I ||C|| 12) (I3 ||C*|| 1) R" (nalinsls, nalonl) |. (9)

— Interaction IVi2ly < IV1412:

(nIN o SoLo, (113 a1 S1L1, mala) Sa La; SL |G| (nI™N oSG LGy, nal1) S Ly, nsl5ab,ShLY; SL) =

2 5(0&050[/070(0801/) ( )S+L+SO+LO+S2+L2+L/2+IQ+IS [SlaL1751aL/15527L2a527 }1/2
1/21/28) [l b Li\ [So 1/2 8\ (Lol L}
1/2 Sy S4( oLy L[S, S Sof \Ly L Ly
I3l t
X {lz l;l), LIQ} (l3 HCtH ll) (l3 HCtH l2) Rt (nlllnglg, n3l3n3l3) . (10)

— Interaction IVi2ly < IVI21,:

<nlNOé(]S()L(], (’nll%allel, 712[2)52[/2; SL |Gk’ ’leNO[ SOLB? (n513a151L'1, HQIQ)Séle, SL> =

d(aoSoLo, apSyLy) 8(arS1L1, a1 S1LY) 8(SzLa, SyLy) (—1)250 25 H2sthitlatin {ﬁ; ﬁf Ltl}

2
X (11 ||CtH lg) Rt (nlllnlll,nglgnglg) . (11)
— Interaction INVI31% « INI21,:

((n™ g SoLo, n3ls)S1 L1, n1liasSa La; SL|GX| ni™N afy Sy LY, (n1l5 e SLY nola) S5 LY; SL) =

/ SotLo+S+L+Sy+ L)+ Lo+l 172 S0 1/2 81\ [Lo I3 Ly
2 6(aoSoLo, agSoLg) (—1)7 "0 T[Sy, L, L Lo, S, L) {52 S S,( Lz L L,

Ll Lo Lyt
X |f5(52,51) { lll tl ng} { 122 lgl L/2} <l3 HCfH lg) (ll HCfH ll) Rt (n3l3n111,n212n1l1)

, Lyly L
+ (*1)L2+11[Si752]1/2 {15/52 i;g g?} { 13 t ll } (lg HCtH ll) (ll HCtH lg) Rt (n313n1117n111n212)]
Loy Iy

2y 1)1+385+ Ly +S0+S+L+ iy2 JST S Si| Ly L Ly
+6(0é2S2L27O[15 L ) ( ) 0 3 [S L1,527L ] {S(/) 1/2 Sé L6 l2 L/2

lh t 1
x [5(50,53)(—1%1 (nl™ o So Lo | U*|| nd™ aySH LG ) {L20 I LZ} (L|[C||7) (13 ||C"]| I2) R* (nlnsls, ninsls)

+ S0, Lo, Sg, Lo (1)1 2500 NN~ (n1N agSo Lo{|niN @ SL) (ni™ oSy Lo{|ni™ —aSL)
aSL

. L1L
1/2 S S| 0
x {1?2 S 58} {Llo l’; 221} (tllc]i2) (s [lct|[7) B ”1”3537”2527”)1 (12)
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3.3 Configurations with four open shells

— Interaction IVl « IN 7211515

(nl™agSoLo, n1l1; SL |G| (nI™ 2 afyS{Liy, nal1)S{LY, (nalansls)SyLy; SLY =

N(N —1) (niN agSoLo{|ni™ 20y Sy Ly, nl* oy Sy L) (=1)SotLotSi+LitLytlthi+la+1/2

S Sh S\ (L4 L Lo\ (1 1s ¢
% [So, Lo, S, Ly]/? {1/22 S S?}{lf L L?} {13 zzL/Q} (Ll|C || 12) (1]|C||15) BT (nind, nalonsls) . (13)

— Interaction Ny < IN721115l5:
<nlNa()SgL0, TLQZQ; SL |Gk| (nlN_2a656L6, nlll)SiLll, (n2l2n513)SéL/2, SL> =

_ ar\ [S, Sy, S [1/21/2 8
NN-1)> (nlNaoSoLo{\nlN 2a656L6,nl2aSL> {1/12 S 1/2} { 5{0 b{(,) Si}

aSL
A A ! & ! ! ! ’ ’ ll t
x[S1, L}, 85, L, 8, L, So, Lo]*/ (_1)so+s+51+sz+3s+3so+Lo+Lo+L1+L2+L+z+za+1{l3 1i}
Loy L\ JLYLY L
x { Y }{ i Lo 13} (1][C!| 1) (1] 1) B! (nint, rslymsls) (14)

— Interaction VT2 « [N 15l5:

<nZN+104151L1, nll%OéQSQLQ; SL ’Gk| (nlNOéf)S(l)Lf), Tllll)SiL/l, (nglgnglg)SéL/Q; SL> =
2(N + 1) (N oy S1Li{|ni™ ap SeLY ) [Sh, Ly, Sz, Lo, Si, LY, Sy, Ly]'/?
Sy 1/2 .8 {Lg, I L,

x (=1)n et 1/21/2 8,58 1 Iy Lo
CHCANCE I B s

x [(—1)% {;3 : Lt,z} (L[| ) (11 || || 15) B (nlnaly, nalansls)

+(~1)% {li gf IZ} (1]|C*1s) (I ||CH|| 12) R (nlnlll,n313nglg)] : (15)

— Interaction [N T2 « INlylsl3 or N2 s IN1y1515:

(nIN*ay 81 Ly, noljasSaLy; SL|GX| (nlN Sy Ly, naly) S LY, (nolonsls)ShLh; SL) =
V2(N + 1) (¥ oy S1Li{|ntN oy S) L) [La, Lo, Ly, Lh])MY? (—1)"

vy LyLy t\ [Ly Lyt [ln 1 ¢
x [6(51,59 8(Ss, 8) (~1)frHiat bt bothh { s 1y 12} {Li I L} {Lﬁ r Lg}
x (1]|CH|11) (2 ||C*]| 1) R (ninala, nilinsls)

/ / Sy 1/280) (Ly 1 Ly Lo
+ (_1)5’2+3S2+L2+L2+l+1[31752’ Si,Sé]l/2 1/2 1/2 Sy I t Iy Ll2
stosy S|\ Lo

X (l HCtH lg) (lg HCtH ll) Rt (TLZTZQZQ,nglgnlll)] s (16)

(niN*lay 81 Ly, noljasSaLa; SL|GX| (nl™ Sy Ly, n1ly)S{LY, (nalsnala) S Lh; SL) =

(_1)l2+lg—Sé—L’2

x (niN oy Sy Ly, nal30nSaLy; SL|GX| (ni™ o SHLG, naly) S LY, (nalansls) Sy Lh; SL). (17)
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— Interaction lNlif — N 15l5:

<nlNaoSoLo,nlli)’a252L2;SL‘Gk’ N /S(l) / nlll)SlLll,(nglgnglg)Sé /SL> =
V6 8(agSoLo, alySyLY) (113 SaLo{|nil3abSyLh) (—1)S+E+Sotbot3SatLatLothitlatl (g 1) Gy [,]1/2

Sy S 5] Ly L L lily t
{Si 1/2 Sg} {Lﬁ I L;} {l; L L’2} ([ C i) (W [|C"|[13) B (nalamaly, malanals) (18)
— Interaction llel” — INlylls:

<TLZN05050L0,711Z:130¢252L2; SL |Gk‘ N /56[/6, nglg)SiLll, (’I’Lllln3l3)SéL/2; SL> =
\/6 5(O‘OSOL03046S(/)L6)(_ )S+L+SO+LO+3S2+L2+11+l3+1 [SlaLlla SQaLZaS27 }1/2
L AT & 7 1/2 1/25 ll 13 LI ll lgt
X Z(*l)L (nll?a?SQLQ{‘l%aSL) [S’L}lm {1/2 Sa S?} {12 Ly Ez I3l L
aSL

/
x {*;Z 1? g;} {éo lL2 s } I ||C*|| 12) (11 ||C*|| Is) R' (nalinaly, nalansls) . (19)

— Interaction ZN+11112 — lNlllng or lN+1lllQ Ad lNlllglgi

(N1 81 Ly, (nalinala) SaLa; SL |G| (ni™ a Sy Lo, mala) S L, (nslsnals) Sy L; SL) =
VN + 1 (Vg Sy Li{ N ap Sy Ly) (L1, Lo, LY, Lh)*/?

Ly Ly t Lo Lyt I3 Iy t
/ L +L1+L +L2+L +L+l1o 1 41 2 Lo 3 1
X [6(Slasl> 6(52752) ( ) { l ll L6} {Lll Ll L} {L2 Ll2 12}
X (l HCtH ll) (ll HCtH lg) Rt (nlnlll,n1l1n3l3)

1/21/2 Sg} { L LyLy 1

+ [51752751,55]1/2 (_1)l+l3+256+25 1/2 S(/J Si L/Q lg Z3 l1 (l HCtng) (ll HCtHll) Rt (nlnlll,n3l3n1l1)1
Sy Sy S| \Lh o Lht

FNVNFT Y (P aaSi Ll aST, a8 1) (¥ afSyLy{|niN 1aSL) {l : §}

L I3l L
aSL,&6S8L

1/25, S
[Sl,Ll,SQ,LQ,S L So,Lé,Sl,L/17SQ7L/]1/2 ( )l+l3+252+51+L1+S+L+L 1/2 Sl SO 1/2 52 1/2
S128f 8 s &

(15 Ly L
g {ZLB Ll1 610} { 0T llo} (I ) @][C"] 1) B (ninl, ninsls)
Ly L I,

Sh1/28) (L 1 Ly
+ VN +1 (0" oy S1Li{|ntN o SoLG) (—1)2 3 [Sy, Ly, Sa, Lo, St, Ly, S5, LA1Y2 4 1/21/2 82 3 11 Iy Lo
S8y S|\ Ly L
c 1t
X |}—1)LQ {lg l;) L/Q} (l ||Ct|| lg) (lz ||Ct|| lg) Rt (nlnglg,n313n2l2)

+(-1)% {llg : Ltg} (]S ) (2 ||C]| 15) B! (nlnglg,n2l2n3lg)] (20)

<7’LZN+1()£151L1, (n1lln212)52L2; SL |Gk| (nlNO(()S(I)LB, nlll)SiLll, (n212n3l3)SéL/2; SL> =
(_1)12+13—S§—L/2

X <TLZN+1(J¢151L1, (nlllnglg)Sng; SL ’Gk‘ (nlNaf)S{)Lf), n111)51L/1, (’I’Lglgnglg)SéL/z; SL> (21)
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— TInteraction (N t1ylg — INlylyls:
(niNTayS1 Ly, (nolansls)Sa Loy SL|GX| (ni™N af Sy Ly, nala) S{LY, (nalynsls)S4Ly; SL) =
VN + 1 (i ag Sy Ly {|niN afy Sy Ly) (—1)' 4418y, Ly, So, Lo, S, LY, Sb, Ly]Y/?

So 1/281) (Lo i Ly (1Lt
x{1/21/285 59 1y Is Ly p [(—1)"2 {z i L,} (L]|C[1a) (15 ||C|| I5) R* (ninsls, nalunsls)
St Sy S) ALy L o

+(—1)% {li 52 Lt’2} (L]|C||15) (I3 ]|C|| 1a) R (ninsls, n5z5n4z4)] . (22)

— Interaction [Nl «— INlilsl5:

<nlN+1a151L1, (n2Z2n4l4)SgL2; SL |Gk’ (nlNa656L6, nlll)SQLll, (Tlglgﬂglg)SéLé; SL> =
VN + 1 (N oy Sy Li{|niN o SGLY) L1, Lo, LY, Ly]'/?
rope LY Ly t LL Lyt L Ut
x la(sl,sm(sms;) (- {142 I 12} {Li I L} {Lﬁ % Lg}
X (l ||Ct|| ll) (l4 ||Ct|| 13) Rt (nln4l4,nllln3l3)

o Sh1/2 S 01 Ly Ly
4 (—1) il La 52t L4355 (G Gy S 85512 81/21/2 S5 38 1yt 1y L
St Sy S| |\Lhis Loiy

X (l ||Ct|| lg) (l4 ||Ct|| ll) Rt (nln4l4,n313nlll)]
+ 03, L)VN + 1 (0N g Sy Li{|ntN aS{LY) [L1, Lo, LY, Lh)'/?

’ ropr (Lo Lh t Ly LYt i 1t
! / _1\la+le+I3+L+Li+Li+ Lo+ Ly+L 2 Lig 2 Lo 1
X {881, 51)8(S, S) (—1)lHatlsT B It Lt L 0{12 5 13}{L1 I3 L}{Ll I L{)}

X (l ||Ct|| ll) (lQ ||Ct|| lg) Rt (nlnglg,nlllnglg)
Sy 1/281) (L 1 Ly Lo
(=) (8,85, 81, 55128 1/21/2 83 p < It 1y Ly (1]|CY| 12) (I]|CY|| 1) R (nzngzz,nglgnlzl)].

stosy S| Ly Loty
(23)

— Interaction (N11yly — INislyls:

<TLZN+101151L1, (nlllnglg)Sng; SL |Gk} (nlNOéBS(I)L/O, n3l3)SiL/1, (nlllnglg)SéL/Q; SL> =
8(S1Ly, S1LY)(S2La, S5LY) VN + 1Y (niN+ay 81 Li{|niN aSL) 6(Sp, §)(—1) it Eo
aSL

x {1L3 Ltl ng} (nINaSL||U" || nlN aSgLi) (1]|CH[ 1) (1] C||1s) B (nini,ninsls)

VT T (00 0 S L { | apSyL5) (L, Loy L, L] V2

, , / !
55001589 (appoooesion (B8 O (1t ) (4 11

x ly Iy b \Li Ly L{\ Ly L L},

X (l HCtH lg) (lg HCtH lg) Rt (nlnglg, n3l3n2l2)

o Sh1/28) (L 1 Ly Lo
+ (_1)52+L2+S2+L2+l+l2+1 [51752751755}1/2 1/2 1/2 52 ZS t 12 L/2
S5y S|\t Lo

X (l HCtH lg) (ZQ HCtH lg) Rt (nlnglg, nglgnglg)‘|
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+ VN +1 (0" an S1Li{|ntN o Sy L) (L1, Lo, Ly, Lb]M?

Lo Ly t\ Lo Ly t) f1s 1 t
) 11+l2+l3+L+L1+L +L2+L +Lg 2 Lo 2 Lig 3
(51, 51)8(52, 52) (1) Lob b \Li L L\ L L, L

X (l HCtH l3) (ll HCtH ll) Rt (nlnlll,nglgnlll)

St 1/251) (Lh 1 Ly Lo
+ (=) S, 85,87, 95)1 % 0 1/21/2 5, Iy 11 Ly o (1||Ct| 1) (11 ]|CF|| 1) RY (nlnlll,nlllnglg)l.
S Sy S ) (il Loy
(24)

— Interaction IV112 < V11513 (valid also for nyly = nsl3):

<(TLZN04()S()LQ,n2l2)SlL1,TL4ZEOCQSQL2; SL |Gk| nlNo/ S(I)Lé, nlll)S{Lll, (n212n3l3)SéL/2, SL> =
V2 §(a0So Lo, Sy L) (=1) T2 H[S) Ly, Sa, Lo, S, LY, S5, L] '/?
So 1/28) (Lo L L, {14 -

/ /
X 1/2 1/2 52 lg l3 L 13 l4 L2

} (14 ||C{| 12) (L4 ||C*|| I3) R* (nalanals, nalingls)
S1 Sy S Ly Ly L

S() 1/2 Sl L() l2 Ll
+V2 (—1)B+ Sy, Ly, So, Lo, S1, Ly, S5, L)% 0172172 85 3 { 13 13 Lo
S; Sy, S| \LyLh L

’ ’ l t l
x l&(so,sg)(n%ﬂl (n™agSo Lo | U*|| i o ’SOL{)>{L10 L’1 LZ} (t]|CH]|1) (15 ||C| 1) R (ninsls, ningly)

+ [0, Lo, So, LoV (1) 50450 NS (N agSoLo{ [N "'aSL) (ni™ afSyLy{|niN "' aSL)
aSL

G L 1 L
1/2 8§ S}

— Interaction lNlll;% — INll5l5:

<(nlNOé0SOL07nlll)SlL17TLQZ§OL2S2L2; SL |Gk| (’I’LZNO/OS{)L{),Hlll)SiLll, (nglgnglg)SéLIQ, SL> ==
V2 (=) [Ly, Lo, L, L)2

L)Ly ¢t Ly Ly t I3 It
x [5(50,56) 3(S1,57) 8(82, S3) (1)t bibatss {L; I ll} {L; I L} {L?; I l2}

x (niNagSo Lo || U || nl™ afSoLG ) (L]|CH| 1) (12 ]|C*|| 13) R (ninalz, ninsls)
[SO7L07S(I),L67517527 ',Sé]l/z (71)Lg+L1+L’1+L’2+SO+SS{)+351+Si+35§+l+1

o (1/21/2.8 S
x N> (niNagSoLo{|[ntV "'aSL) (ni afSeLy{|[ntV ~'aSL) 4 1/2 S S S

aSL Sy Sy S 1/2
Ils Ly Ly Ly 1

x< ly L It L tp(l]|Cls) (12||ct|\l)Rt(nznzzz,ngzgnZ)l
lo Ly Ly Lo

+ V2 6(a0So Lo, o SHIL)O(S1 L, SLLL)8(Sa Lo, SHLL) (—1)2 {ﬁi 2 L’;}

x (12 |C|| 12) (12 ||C!|| 1) R" (n2lonals, nalansls)
—+ \/5 5(&050[/0, OléSéLé) [L17 L27 L/la L/2]1/2
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r [Ly L t Lo Lt lh 1t
/ li+Lo+L+L1+L7 2 Lig 2 Lig 1
5(51»‘91)5(52,52)( ) {l3 l2 l2} {LII Ll L} {Ll Lll LO}

X (ll HCtH ll) (lg HCtH ZQ) Rt (’nlllnzlg,nlllnglg)

, , So 1/2 8}
+ (13 Satlotlotirlstl (g Gy G SIM201/21/2 8)
S1 S S
Loly L, L
ll t 13 L2 (ll ||Ct” 12) (l3 HCtH ll) Rt (nlllnglg, nglgnlll)‘| . (26)
Lily L 1y

— Interaction IVI312 « INV1yl5l5:

<(TZZN04050L0, n3l3)SlL1, nQZgOéQSQLQ; SL ‘Gk‘ (’I’LlNOéIOS(/)L6, ’I’Llll)SiLll, (n2l2n3l3)SéL/2; SL> =
V2N (N agSoLof [niV T aSL) (ni™ af Sy Ly {|niN Tt aSL) (—1)t L

aSL
So 1/2 Sl LO 13 Ll
X [LO,L(],Sl7L17SQ,L2, i,L/17Sé,L/2]1/2 1/2 1/2 SQ l2 12 L2
Al N O A )

lé(So,So) (—1)LotL+Lo+Li {LZO b ng} {ZQ P Ltg} ([IC?]1) (1 ||CY]| ) B (rimaly, ninals)

(s 12s) | Ll Lo
+ [So, Sp]M/? (—1)30F3% { ' 0} Loty o (1|C|12) (11 ||C|| 1) R (nlnyly, nalond)
St 12S0f \ 11y, 1

+ \/5 6(QOSOLOa aé)S(/)LE)) [L17 Lo, Lll> L/2]1/2

r (Lo Ly t) [Lo Lh t Ia I t
) lé(sl’sﬂ (82, 85) (—1)la+botltlatly {132 ls 12} {Lf s L} {Lg1 L Lé}

X (l1 HCtH l3> (l3 HCtH lg) Rt (n1l1n3l3,ngl3nglg)

/ / Sp 1/2 5]
+ (—1)t eSSt la by (555, 81, 95]1% S 1/21/2 )

S1 Sy S
L/ I L/ /
l3 t l3 L2 (Zl HCtH l2) (l3 HCtH l3) Rt (nlllnglg,nglznglg)] . (27)
Lils L Iy

— Interaction lNl4l% — N1l

<(nlNOéosoL0, n4l4)SlL1, TLll%OlQSQLQ; SL |Gk} (nlNa656L6, nlll)SiLll, (nglgnglg)Séng, SL> =

So 1/2 Sl Lo l4 L1

V2 8(aSoLo, ahSHLY) (—1)at=+ (S Ly, S) LY, So, Lo, S5, Lh)Y21/21/2 S5 3 1y 1y Lo
0~0 2

stosy s\, L

x l(1)L'2 {52 ﬁf Ltg} (I ||C|| 12) (11 [|C"|| 1) R (nalsnaly, nolansls)

+ (*1)5’é {5;1 éi’ 5/2} (l4 ||Ct|| l3) (ll ||Ct|| lg) Rt (n4l4nlll,n313nglg)] . (28)
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— Interaction lNllli — N1l

(™ apSo Lo, n1l1)S1 L1, naljasSaLa; SL|GX| (ni™N o SH LY, maly)STLY, (nalangls)SyLh; SL) =
V2 6(aSo Lo, ahSHLY) 6(S1L1, S5 LY) 6(SaLa, SyLY) (—1)2Flatls

lyly t
X {l;l 1421 L2} (l4 HCtH lg) (l4 HCtH l3) Rt (n4l4n4l47n212n313) . (29)

— Interaction lnglg — N lsl5:

(ni™ agSo Lo, (nal30282 Lo, nls)SaLa; SL |GX| (™ oSy Loy, il ) S{ Ly, (nalanals) Sy Ly; SL) =

ﬁ (7l)So+L0+Sé+L'2+S4+L4+S+L+l3 [SQ,LQ, Sé,L/Q,S4,L4, i,Lll]l/z {1/2 1/2 52} {Sé S Si}

1/2 Sy [ S0 1/2 S
cory Ly DL flo by Lo\ [ b ¢ 1
Lo+, Lo 1l Jlela Lo 1 2
x [5(50750)( 2 {Lo Iy L4} {13 Ly L;} {LO L Lg}

x (nl™N agSo Lo || U*|| nl™ o SoLG ) (1]|C*|[ 1) (12 [|C*]| 1) R (ninals, ningly)
5 L 1L

+N Y (Y agSoLo{|niN ' aSL) (i ap Sy Lo{|ntN ' aSL) {}ﬁ 5, 25} It 110

asL 1200 | Lo Iy LY

LyLI) [lolo L /
AL n P e 2 0 oS5, 22 1RSSO ) (2|0 ) R it

Ly LIV flily Lo\ flaly t

+ 800S0 Lo, bS5 Lp)(~1)" 52 {L§ L L;} {z; L L} {zi b Lz}

X (l2 HCtH ll) (l2 HCtH lg) Rt (nglgnglg,’nlllnglg)

Sy S 9] Ly L I
+VE B(aaSalo. GhSoLh) [S1, L S Ly La, L2 (-1)sresnssiiese {3 3 S LR 1A

, / /
X (5(52,5&) (—1)l3+L2+L2 {[lj IZ;Q li} {[[12 Il/; 54} (ZQ HCtH ld) (ld HCtH ll) Rt (nzlznglg,nglgnlll)

Iy I3 Lt
+ (_1)l1+l2+SQ+S§+L4 [52’5’5]1/2 {1/2 1/2 52} { I, t lf} (l2 HCtH ll) (l3 HCtH l3) Rt (nglgnglg,n1l1n3l3)].

/
(30)
— Interaction lNl%lg — N3l

(nl™ a9 So Lo, (n1l3a1S1L1, nola)SaLa; SL |GX| (nl™ af S Ly, ngls) S1LY, (nalingls) ShLy; SL) =
\/5 (5(@ S L O/ S/L/) [L S L S/ L/ L/]l/Z (_1)So+L0+S+L+3Sg+l1+l3+l Si Sé S Lll L/2 L

0040, Gt 150902, L2y 091, Ligy Lig 52501/2 L2L0l3

11/2 381438, +L, J 1/21/2.5; h l?? f ¢ ¢ ¢
X [51,52] (—1) 2 SQ 1/2 Sé ll L2 l4 (ll HC H l3) (lg HC H l4) R (n111n2l27n3l3n4l4)
L1 L2 l2

, /
+ 6(51,5&) (71)Z4+L1+L2 {lt1 1111,2 11141} {?31 [2 %22} (ll ||CtH l4) (lg ||CtH lg) Rt (nlllnglg,n4l4n313)‘| . (31)
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— Interaction lNl%lg — N5
<nlNa050L0, (nll%alleh nglg)Sng; SL |Gk| (nlNaf)SéLg, HQZQ)SiL/l, (’I’Llllnglg)SéLIQ7 SL> =
V2 6(aSo Lo, ahSyLy) [Sa, La, Sy, Lj]Y? (—1)1 S0+ Lot SHL+35,

Li+Lo S1 S S’ L4 L L 101t
. [5(51“’55”2) (=)= {So 1/2 S;} {Lo Iy L;} {13 L Ll}
x (L [|CH| ) (1 ]|C]|Is) R* (nalinaly, nalinsls)

! ri1/2 [ q\h+la+La+3si43s, J1/21/281 [S] Sy S Ly Ly L
+ (81, Ly, S5, L7 (=1) {32 1/2 85 \S2 S0 1/2f \ L2 Lo Iy

lh 11 Ly
X lg t l2 (ll ||Ct|| 12) (lg ||CtH 13) Rt (nlllnglg,nglgﬂglg)
Ly Ly

4 111/2 ¢ 1\lo+L1+L} Si Sé S L/1 Ll2 L
+6(Sy, S4)[La, L4M2 (1) {52 AR

t 11 Ly t L
i e L E el Gloe & <mzmzzz,nszgnzzz>]. (32

— Interaction lNl%lg — IN15l5 or llelg — Ny 15l5:
(ni™ agSo Lo, (1131 Sy Ly, nala)SaLa; SL |GX| (i 0 Sy Ly, nly ) S{ Ly, (nalanals) Sy Ly; SL) =
V2 N Z (ni™ agSoLo{|nl™ ~*aSL) (nl™ o) SHLy{|niV ~'aSL)
aSL

So+Lo+3S1+S2+S+2S+1+13+1 Il 111/2
X (_1) 0 0 ! 2 3 [SlaL13527L2aS17L1aS27L27L0aLO] /

viasisi L, [1/21/2 8\ [S] 8 S
IN (1\l2+2854+25+S,+ L+ L1+ L), 192
x [5(50’50) (=1) {52 1/2 Sg} {52 So 1/2}

/
e L AN L i 1o () i i)
LI, 5 Iy Ly Ly 1 3 11, nimszls

t Lo L L
G S, S S
’ ’ ’ S/ S S 1 1
+ (71)l1+L2+250+L0+L1+L [SO; S6]1/2 {1/12 1/2 S(/l)} 5 SO 5’2
11/21/2

E l L6 Lo A l3 l2
X Z [)\] [t l3 ll L/O LIQ I L2 (l ||CtH l3) (ll ||CtH l) Rt (nlnlll,nglgnl)

All—le ool le Loly A Ly L L
+ V2 8(aSoLo, ahySHLY) [S1, Ly, Sa, Lo, S, LYy, Sy, Lh|Y/? (—1)SotlotSz+LatS+L

121728 [SiSy S\ [Lh Ly L
]./2 SQ Sé SQ S() 1/2 L2 L(] ll
l1 Is L 1l t
. [(—Uh Lo L Lt 2L o) 0 ) R Gt mtunsts)
/ i1 4 L l1lo t
syt 0 PR b€ 1) (2 € ) R (ot matarte)
s 1 11 L 113 t
# eyt [ B L (00 ) (a0 ) R Goatinat st | )
where [ is the smaller value of [; and I3,

<nlNOéOSOLO, (Tlll%allel, ’I’LQZQ)SQLQ; SL |Gk| (nlNo/OSéL(), nlll)SiLll, (nglgnglg)SQL/Q; SL> =
(_1)l2+13—Sé—L/2

X <’I’LlNOé()S()L0, (nll%OélSlLl, TLQlQ)SQLQ; SL ’Gk‘ (nlNaE)SéLg, nlll)SiLll, (’I’Lglgnglg)SéL/Q; SL> (34)
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— Interaction lNl%l4 — N1l

<TLZI\7040;5VOL07 (nll%OLlSth ’I’L4l4)S2L2; SL |Gk| (TLZNOZZ)SE)LE), n1l1)SiL/1, (nglgnglg)SéLIQ, SL> =
\[2 5(QOSOL07 Oté)S(l)Lé) (71)ll+l2+S+L+SO+LO+S2+L2 [Slv Ly, Siv Llla So, La, Sé, L/2]1/2

CJ121/280 [l b L[Sy S S [Ly LI
1/2 Sy S5 \la Ly Ly [ S0 1/2 Sy [ \ Lo l1 Ly
X |‘(—1)Sé {5; éi 5/2} (ll HCfH l2) (l4 HCfH l3) Rt (’I’LlllTL4l4,TL212n3l3)

+ (—1)L/2 {g gj If/g} (ll ||CtH lg) (l4 HCtH lg) Rt (n111n4l4,n3l3n212)] . (35)

— Interaction IV I2ly « IV 1yl5l5:

<TLZNO(()S()L0, (TL4ZZO¢151L1, ’I”LQZQ)SQLQ; SL |Gk| (nlNoz{)S(')L{), n1l1)S{L’1, (nglgnglg)SéL/Q; SL> =
\/5 §(QOSOLO7 O[()S(/)L()) (71)11+l4+S+L+SO+LO+L1+SZ+L2 [Sla L17 Si? Lll? SQa LQ} Sé? L/2]1/2

121280 [his I Sy S S Ly LI
1/2 Sg Sé ZQ Lo L/2 SO 1/2 Sg LO l1 Lo

lyly t
X {Z;L ljl Ll} (l4 ||Ct|| ll) (l4 ||Ct|| lg) Rt (n4l4n4l4,n111n313) . (36)

— Interaction lNlllglg d lNlllQZ4:

<(nlNOZ()SoL0, 77411)51[/1, (n212n3l3)82L2; SL |Gk’ (nlN0656L6, ’I’Llll)SiLll, (n212n4l4)SéL’2; SL> =
§(aoSoLo, aySHLy) 6(S1L1, S1LY) 6(SaLa, SHLY) (—1)2 T

X [(—1)112 {;i Z 52} (ZQ ||Ct|| lg) (lg ||Ct|| l4) Rt (n212n3l37n2l2n4l4)

e {Bh LIS G e Attt

+ 0(aSoLo, oy SyLL) [La, Lo, Ly, LH]Y? (1)

/ L, Lyt L, Lyt i it
/ / _1\Lo+L+Li+Li+la+ly 2 &2 2 2 1
X [6(31751) 5(52752) ( 1) {ZS 14 lz} {Ll Lll L} {Ll Lll LO}

X (ll HCtH ll) (lg HCtH l4) Rt (nlllnglg,nllln4l4)

o So 1/2 84
+ [S1, S5, 7, G4]/2 (—1) S LetSatlotlatl 11 /9 1/2 S,
Sy Sy S

LQ ll L1 L2
X ll t 13 L/2 (ll ||CtH l4) (13 ||CtH ll> Rt (nlllﬂglg,ﬂ4l4nlll)]
Lyl L1y

+ [Lla L27 L/17 LI2}1/2 (71)52+SQ+L0

LyLy ¢\ Ly Ly t) [y I3 t
x [5(50,8(3) 551,50 (s, 5p) (-1 A PLIEE T P fle e 0
x (niN agSo Lo || U || nl™ o SeLG ) (1]|CH| 1) (I ||C?|| 1) R (ninsls, nlngly)
+ [So, Lo, Sé, Lé, S1, S, Sia S§]1/2 (71)330+S(’)+351+Si+L6+L1+L’1+L2+L’2+1
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o o (1/21/2 8, S
x N (niNagSoLo{[ntV "'aSL) (ni™apSLo{IniN ~'aSL) (-1)* ¢ 1/2 S Sy
aSL Sy Sy S 1/2

ls Ly Ly Ly 1
x< by L Iy L tp(l||C L) (13||Ct|\l)Rt(nzngzg,mzwz)]. (37)
Is Ly L Lo

— Interaction lNlllglg ad lNl21314 or lNl1l2l3 > lngl4132

<(nZNOéosoL0, nlll)lel, (n2l2n3l3)52[12; SL ’Gk’ (nlNa{)S(')Lé, NQZQ)SiL/l, (n313n4l4)S§L’2; SL> =

So 1/281) (Lo I Iy
§(coSoLo, ahySHLY) [S1, L1, Sa, Lo, S5, Ly, Sh, Ly]M? {1/2 1/2 SQ} {zz I3 Lg}
sy sy s) Ly L

o (lls
X [(—1)%“ {ll lz o } (1 ||CH| 1) (13 ]|CY|| 1a) R (nalansls, nalznals)
2

' 104 t
R A TS DT I [SEATAAN AR

+6(awSoLo, apSHLG) L1, Lo, Ly, Ly]'/?

/ Ly Lyt Ly Ly t I Iy t
5(51,51) 8(S2, S5) (1)32“2““““1*““4{ - }{ 2 }{ L }

8 lo Lo lsf \ Ly Ly LS \ Ly L} Lo

X (ll HCtH lg) (lg HCtH l4) Rt (n1l1n2l2,n212n4l4)

So 1/2 S
1 [S1, Sa, Sy, 8]/ (1) T ettt {1/ 21/2 52}
s, S, S

Lo ly Ly Lo
X { Z2 t 12 LIQ} (ll HCtH 14) (12 HCtH 52) Rt (n151NQl2,n4l4n2l2)]
Lily L s

S 1/2.87Y (Liy 12 L,
+ (—1)Setlothtlstlatt (g 1S L, St L, Sy, Lh]Y? {1/2 1/2 Sg} {z4 I3 Lg}
S1 Sy S) \LiLsy L

ly 11t

. Lo L, L

5(S0, S4) (~1)Fi+ 1% { } (n™ a0So Lo |[U" || ni™ S5 L)

X (l HCtH l) (ll HCtH l4) Rt (nlnlll,nln4l4)
+ [0, Lo, S, LoJV2 (—1)% 50+ N Y™ (N g So Lo{|niN ~'aSL) (ni™ afSyLy{|nI~ ' GSL)

aSL
(L
X {1/2 ; S?} Loty o (H[C[ 1) (W [|C[[ 1) BT (ninaly, naland) |, (38)
1/2 Sl SO LO ll L1

<(71ZNO¢050L0, nlll)SlLl, (n2l2n3l3)52[/2; SL ’Gk| (nlNO/OS(/)L/O, nQZQ)SiL/l, (n4l4n3l3)S§L'2; SL> =

(71)134,[475’&7[/’2

X <(’I’LlNOéQSQL0, nlll)SlLl, (TLQlQ’I’Lglg)SgLQ; SL ‘Gk’ (nlNa656L6, nglg)SiLll, (n3l3n4l4)S§L'2; SL> (39)
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Table 1. Comparison of the experimental and calculated energy values [cm™'] and hfs A and B constants [MHz] for Ta even
configuration system.

Eexp  Feale % Main comp. % Sec. comp.  Giue Gexp  Aexp Acale  Bexp Bealc
J=9/2
5621.12 5651 69.97 5d°(*F)6s? *F  14.79 5d%(*G)6s? 2G 1.288 1.272 256.617 (0.002) 198 —650.388 (0.044) —654
10690.41 10653 37.93 5d®(*H)6s® *H  34.57 5d*(*G)6s® 2G 1.062 1.063 327.0 (1.0) 293 2138 (20) 2276
13351.55 13365 90.08 5d*(°D)6s °D  3.06 5d*(*F)6s *F  1.535 1.533 1083.628 (0.0031) 1105 —2701.537 (0.008) —2702
15391.02 15324 46.20 5d%(*H)6s* 2H 34.21 5d%(*G)6s* 2°G 1.012 1.014 298.4 (1.0) 265 1993 (30) 1996
21153.40 21169 53.26 5d*(*H)6s 4H 22.89 5d*(*G)6s *G 1.071 1.089 731.5 (1.0) 752 1275 (10) 2013
23912.93 23918 33.44 5d*(®H)6s * 29.51 5d*(®F)6s *F  1.181 1.185 811.4 (0.5) 807 —610 (12) —602
25376.47 25416 50.39 5d*(*G)6s G 14.33 5d*(°F)6s ‘F  1.184 983.0 (0.1) 974 —960 (22)  —1026
29116.26 29044 39.88 5d*(*H)6s 2 15.17 5d*(®F)6s *F  1.052 690.0 (2.0 733 546 (40) 387
32192.70 32149 28.50 5d*(*G)6s 2 27.77 5d*(*H)6s 2H  1.056 1015.3  (0.8) 1031 323 (30) 422
33978.88 33989 52.75 5d*(3G)6s ? 10.81 5d*(®F)6s *F  1.127 45 (10) 96 100  (100)  —257
36004 62.22 5d*(°F)6s 4F 11.89 5d*(*G)6s 2°G  1.279 1067 1729
41076 54.11 5d*(*G)6s 23.09 5d*(*G)6s 2G 1.118 1347 1072
43850 83.34 5d° ‘G 3.56 5d° ‘F 1.171 136 782
45636.87 45612 90.27 5d°*(*F)6s7s °F  2.98 5d°(*F)6s7s *F  1.421 1.411 1411 (3.0) 1276 —939 (50) —751
48269.58 48276 26.03 5d°(“F)6s7s “F 24.76 5d°(*F)6s7s *F  1.301 982.5 (2.0) 1130 —1065 (20) —432
49200.69 49190 27.09 5d*(*F)6s6d °G 26.14 5d%(°F)6s6p? °G 1.209 74 (11) 740 —413 (17)  —1161
49907.10 49910 28.11 5d° *F 15.28 5d° *H 1.195 380  (6) 436 —450 (120)  —631
50322.75 50340 28.83 5d°(“F)6s6d °H 24.01 5d*(*F)6s6p? °G 1.146 673.8 (3.0 630 —1025 (50)  —1086
— TInteraction (Viilyls « [Nlylyls:
{(n™ apSo Lo, n1l1)S1 L1, (nalonsls)SaLa; SL |GX| (nl™ af SH Ly, nalz) S1LY, (nalansls)ShLy; SL) =
So 1/281) (Lo 1 Ly
§(apSoLo, g SHLY) (—1)etlatl £1/21/2.8y 3 { Iy I3 Lo
Sy S, S Ly Ly L
x [(—1%’2 {ll by t,} (1 ]|C! | 1) (15 ]| €| 1) B! (malimals, malamsls)
I5 I3 L ’
sy Jlils t ¢ ¢ t
) 2{14 C } (1 ]|C* [ 15) (13 |[CY ]| 14) B (mabymals, mslsmals) |. (10)

4 Results

The examples of the results of the semi-empirical fine and hyperfine structure analysis for tantalum atom are shown in
table 1. Details of the calculations and a more extensive comparison to the experiment are contained in a previously
published paper [9].

5 Conclusions

The fine structure analysis should be carried out in for the broadest possible configuration basis. The derived and
programmed formulae allowed us to analyse the spectra of elements with complex configurations systems. As a result
of those analyses, it should be possible to predict the positions of new energy levels and determine the intermediate
coupling wave functions, which is necessary to understand the strength of the transitions or the observed hyperfine
structure splittings.

The results of the fs, hfs and oscillator strengths analyses in the multi-configurations systems show that a close
connection between experimental work and semi-empirical calculations can be very fruitful in investigations of the
complicated structure and spectra of complex atoms.
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