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Abstract We investigate a metallic glass-forming (GF) material (Al90Sm10) exhibiting a fragile-strong (FS)
glass-formation by molecular dynamics simulation to better understand this highly distinctive pattern of
glass-formation in which many of the usual phenomenological relations describing relaxation times and
diffusion of ordinary GF liquids no longer apply, and where instead genuine thermodynamic features are
observed in response functions and little thermodynamic signature is exhibited at the glass transition
temperature, T g . Given the many unexpected similarities between the thermodynamics and dynamics
of this metallic GF material with water, we first focus on the anomalous static scattering in this liquid,
following recent studies on water, silicon and other FS GF liquids. We quantify the “hyperuniformity
index” H of our liquid, which provides a quantitative measure of molecular “jamming”. To gain insight
into the T -dependence and magnitude of H , we also estimate another more familiar measure of particle
localization, the Debye–Waller parameter 〈u2 〉 describing the mean-square particle displacement on a
timescale on the order of the fast relaxation time, and we also calculate H and 〈u2 〉 for heated crystalline
Cu. This comparative analysis between H and 〈u2 〉 for crystalline and metallic glass materials allows us to
understand the critical value of H on the order of 10–3 as being analogous to the Lindemann criterion for
both the melting of crystals and the “softening” of glasses. We further interpret the emergence of FS GF
and liquid–liquid phase separation in this class of liquids to arise from a cooperative self-assembly process
in the GF liquid.

1 Introduction

In recent papers [1, 2] investigating the nature of the
Johari- Goldstein (JG) β-relaxation process and other
aspects of the “fast dynamics” of a model Al-Sm metal-
lic glass-forming (GF) liquid, we found that this mate-
rial exhibited an unexpected fragile-to-strong (FS) glass
transition having many similarities to glass-formation
in water, silica and other network forming liquids. Even
though this complicated our analysis of the temper-
ature (T ) dependence of diffusion, structural relax-
ation, the nature of dynamic heterogeneity, and col-
lective motion in these materials, we found that many
aspects of these materials could be understood based
on the same framework utilized in quantifying these
properties in “ordinary” glass-forming (OGF) liquids.
In particular, we found that the dynamic heterogene-
ity in this metallic GF liquid is identical to that found
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previously in Cu-Zr metallic glass materials [3], which
exhibit “ordinary” glass-formation. We also found that
the string model of relaxation in GF liquids [19, 20]
quantitatively describes mass diffusion in this FS GF
system over a large range of temperatures so that this
FS GF liquid fits into a pattern of dynamics observed
previously, although the T dependence of the dynamic
heterogeneity is somewhat different, explaining the dif-
ference in relaxation time and diffusion in these differ-
ent classes of glass-formers. (In our discussion below,
we will summarize some of the defining features of FS
glass-formation and some of our most important find-
ings for the Al-Sm material.)

The present paper is aimed at better understand-
ing the origin of the FS glass-formation. Another goal
is also to develop a unified conceptual framework for
understanding the dynamics of GF liquids that encom-
passes both fragile-strong and ordinary glass-formation.
One characteristic feature of water, silica and other GF
liquids undergoing FS glass-formation is that these liq-
uids seem to have exceptionally low isothermal com-
pressibility values at low T , and this prompted us to
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study the “hyperuniformity index” H , [4] a dimension-
less measure of molecular “jamming” defined in terms
of the isothermal compressibility. To better compre-
hend general trends and critical values of this dimen-
sionless jamming measure, we also calculated the mean
square atomic displacement 〈u2〉 on the time scale of
the fast β-relaxation, which is typically on the order of
a ps in molecular fluids. Of course, the Debye–Waller
parameter 〈u2〉 can be measured by a variety of meth-
ods and can readily be estimated by simulation and
this quantity is certainly a more familiar quantity than
H . Through a comparative analysis of 〈u2〉 and H we
can ascribe a definite physical meaning to the “criti-
cal hyperuniformity index”, H c ∼ O (10–3), defining
the emergence of materials in an “effectively hyperuni-
form” state. We find this relation can be understood
as a kind of generalized Lindeman criterion. We also
show through an explicit computation that H is non-
zero in a model crystalline material (crystalline Cu) at
finite temperatures, as in the case of 〈u2〉, and that H
increases in our model crystalline material, as H also
does in GF materials at low T . Together, these calcu-
lations clarify the meaning of H and characteristic val-
ues of this “jamming” index in both fluids and solids in
their equilibrium state. While our analysis of H shows
that this quantity leads to relatively low H values seen
in previous simulations of water, silicon and silica (See
discussion below), this observation still does not explain
why the values of H are apparently exceptionally low
in fluids exhibiting FS GF. To address this question, we
explore a tentative hypothesis that dynamic polymer-
ization is universal to all GF liquids, but that the highly
cooperative nature of branched equilibrium polymer-
ization occurring in liquids exhibiting FS GF in com-
parison with linear chain polymerization occurring in
“ordinary” GF liquids accounts for many of the distinct
properties of these classes of GF liquids, including the
propensity towards liquid–liquid phase separation even
in single component FS GF liquids.

At the outset, we should acknowledge that our idea
of studying the emergence of hyperuniformity in our
metallic glass material was greatly influenced by recent
computational studies of water, [5, 6] silicon, [7, 8] and
silica. [9] Evidently, the propensity to approach effective
hyperuniformity at low T is a common if not universal
attribute of solidification of FS GF materials. We then
wondered whether our Al-Sm metallic glass had this
property.

Our work was also motivated by recent work indicat-
ing that an approach to hyperuniformity was also char-
acteristic of polymer grafted nanoparticles having mod-
erate cross-linking density where there are large fluctu-
ations of the polymer segment density in the grafted
polymer layer [10, 11]. In particular, we hypothesized
that the large “configurational polarizability” of poly-
mer grafted nanoparticles [12] might be physically anal-
ogous to the relatively large polarizability of the many-
electron Lanthanide Sm atoms in our metallic glass
material (We are not aware of any precise estimate of
the polarizability of Sm, but the polarizability of ele-
ments normally increases roughly linearly with atomic

volume [13] so on this basis we expect the polarizabil-
ity of Sm to be relatively large in comparison with
more common metallic elements.). Finally, we men-
tion the interesting work of Sciortino and coworkers
[14] devoted to coarse-grained models of water, sili-
con and silica in which the intermolecular potentials
are modelled in terms of patchy colloid models that
show an inherent tendency to form tetrahedral net-
works and to approach hyperuniform state at low T .
Other simulation studies on this type of patchy colloid
model (the patches being both particle-like or described
by grafted polymer chains) have also shown an ten-
dency of the coarse-grained fluids having sticky “spots”
exhibit multiple critical points and the phenomenon of
liquid–liquid phase separation [15–18], common proper-
ties of liquids undergoing FS GF, as we discuss below.
These simulation studies collectively suggest the for-
mation of a dynamic network structure might be an
essential feature of glass-forming liquids undergoing FS
GF, and below argue that it is just this feature of liq-
uids undergoing FS GF that gives rise to an approach
to their effective hyperuniformity.

2 Model and simulation methods

Our molecular dynamics (MD) simulations of the
Al90Sm10 metallic GF alloy are based on a many-body
potential developed by Mendelev et al. [19] This poten-
tial is of the Finnis–Sinclair type [20] and is semi-
empirical in nature because the parameters in this
model were determined to optimize the consistency of
the model calculations for the cohesive energy den-
sity, elastic modulus, vacancy formation energy, melting
point of pure aluminum. In addition to the capacity of
reproducing many of the properties of pure Al mate-
rials, it has the added advantages of providing excel-
lent formation energies for a series of Al-rich crystal
phases and provides excellent reproduction of the mea-
sured structure factor of the material investigated in
the present paper at high T and good agreement with
ab initio MD simulations revealing dominating short-
range-order corresponding to an Sm-centered motif lead
us to expect this model to be suitable for simulating
this alloy [19, 21]. Another important attribute of this
metallic glass model is that it is highly resistant to crys-
tallization, which is necessary for simulations extending
to very low T where relaxation times become very long.

The simulated material was composed of 28,785 Al
atoms and 3215 Sm atoms and the T was initially held
at 2000 K for 2.5 ns in order to reach an apparent
equilibrium. The liquid then was cooled continuously
to 200 K with a cooling rate of 0.1 K/ns. Despite using
a relatively slow cooling rate in this study, the system
will not be able to reach full equilibrium at low tempera-
tures because the cooling time is shorter than the relax-
ation time. Periodic boundary conditions were applied
in all directions and an isobaric-isothermal ensemble
(NPT) was employed where P = 0. The simulation
box size was controlled using the Parrinello–Rahman
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method [22] and T was maintained by a Nose–Hoover
thermostat [23, 24]. The MD simulations utilize Large-
scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) [25], developed at the Sandia National
Laboratories. We also isothermally heated the material
for an extended period of time to enhance the equili-
bration of the material and to probe kinetic processes
that cannot be observed under continuous heating con-
ditions. Isothermal heating simulations were performed
for a range of temperatures: T = 900 K, 850 K, 800 K,
750 K, 700 K, 650 K, 600 K, 550 K, 500 K and 450 K.
The simulations were performed for at least 10 ns and
up to 0.7 μs, where the simulation time is chosen to
be longer than the structural relaxation time at a T
above T c (defined below) to ensure the system reaches
equilibrium.

As a comparison to our metallic GF liquid simula-
tions, we also consider a model crystalline Cu mate-
rial in which the atomic interaction between Cu atoms
is described by a widely used embedded atom model
(EAM) potential developed by Mishin et al. [26] A
perfect face-centred cubic (FCC) Cu crystal of 13,500
atoms with periodic boundary conditions in all direc-
tions was heated from 200 to 1800 K with a heat rate of
1011 K/s, until the crystal was totally melted. Isother-
mal heating simulations were also performed at T =
1500 K, 1350 K, 1200 K, 900 K, 600 K, and 300 K with
a canonical ensemble. At each T , the simulation was
conducted for 1 ns.

3 Results and discussion

In our previous studies [1, 2], which were mainly
focussed on the physical nature of the Johari-Goldstein
β-relaxation and fast relaxation processes in a model
Al-Sm metallic GF fluid, we observed a direct corre-
spondence between the JG β-relaxation time τJG and
the lifetime of the mobile particle clusters τM . We also
established a direct relation between τJG and the rate
of molecular diffusion D in this material in previous
work [1, 2], which is practically important because the
JG β-relaxation process becomes the prevalent mode
of relaxation in materials in their glass state. These
findings complement earlier observations of a direct
relationship between the immobile particle cluster life-
time τ I and the average structural relaxation time τα,
obtained from the decay of the intermediate scatter-
ing function. [3, 27] The general picture indicated by
these previous works [3, 27, 28] is that dynamic clus-
ters of mobile particles dominate the rate of diffusion,
while clusters of immobile particles dominate the rate
of structural relaxation. The disparity between the life-
times of the mobile and immobile particle clusters then
accounts for the “decoupling” phenomenon between the
rate of mass diffusion and structural relaxation in GF
materials, a phenomenon that tends to be amplified at
lower T . [1] This aspect of GF liquids appears to be
general for all GF liquids.

3.1 Equilibrium and structural properties

The equilibrium thermodynamic, structural, and rheo-
logical characteristics of our model metallic GF liquid
have been rather thoroughly investigated previously to
“validate” the interatomic potential, based on experi-
mental consistency criteria. For example, previous work
has shown that the “structure” of this metallic GF
liquid, based on the pair correlation function, is well
reproduced at T = 1273 K. We expected this poten-
tial to provide a realistic description of the material
in its glass state since this potential reproduces the
short-range order of this material predicted by ab initio
molecular dynamics simulations (AIMD) [29]. Another
aspect of this model that has been rather exhaustively
investigated is the tendency of the atomic species to
form locally icosahedral-packed structures in the liq-
uid and for these domains to form extended polymeric
structures upon approaching the glass transition [21].
This tendency mesoscale local structure formation in
the form of “strings” (i.e., structures having a polymeric
geometrical form) of icosahedral atomic clusters is also
highly prevalent in Cu-Zr and other metallic glass form-
ing materials exhibiting OGF [30, 31] so there is noth-
ing particularly unique about this form of local ordering
in our Al90Sm10 metallic GF alloy. We conclude from
this extensive prior analysis that there does not appear
to be anything “special” about the Al90Sm10 metallic
GF liquid from a structural standpoint that might obvi-
ously explain the non-standard pattern of the dynamics
in this class of GF materials. We then apparently need
to look elsewhere for the origin of FS glass-formation
in this material.

One of the characteristics of crystalline materials that
differentiate them from most GF materials is that they
tend to have a relatively small isothermal compressibil-
ity. Indeed, the isothermal compressibility approaches
0 in crystalline materials as T approaches 0 where
the treatment of crystalline materials in terms of lat-
tices of particles interacting with harmonic interac-
tions becomes a good approximation. At finite T , how-
ever, crystals and other real materials, undergo ther-
mal expansion due to emergent anharmonic interactions
between the molecules and the isothermal compress-
ibility can become appreciable (We quantify this phe-
nomenon below for a model crystalline Cu material to
get a “feel” for the relative magnitudes involved.). The
larger amplitude thermal motions of the particles in the
expanded lattice also give rise to a T -dependent shear
and bulk moduli, but the isothermal compressibility,
the reciprocal of the bulk modulus, is characteristically
rather small in most crystalline materials.

Recent works by Torquato and Stillinger [4, 32, 33]
have indicated that some strongly interacting fluids,
especially those with soft intermolecular interactions,
as found in dusty plasmas [34, 35] and nanoparticles
with grafted polymer layers [10, 36] having a similar
hard core and soft shell repulsive interparticle interac-
tion, exhibit exceptionally low isothermal compressibil-
ity values in comparison with “normal” liquids. This is
apparently the case also for water and silica, which are
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notably liquids that exhibit FS glass-formation. (We
discuss these fluids and aspects of this type of glass-
formation below.) In physical terms, the existence of
relatively low isothermal compressibility means that
the molecules or other particle species in the fluid are
strongly “hemmed in”, or “jammed” in the colloquial
sense of this term, based on this long wavelength ther-
modynamic criterion (To avoid potential confusion, we
note that we are not referring here to the narrower tech-
nical definition of “jamming” discussed by Torquato
[33] and others.). We may also define a measure of
local jamming from the height of the first peak of
the static structure factor S (q) of the liquid (Fourier
transform of the pair correlation function) where a
higher peak height indicates stronger interparticle cor-
relations at the length scale of the interparticle distance
that derive either from the action of stronger repul-
sive interatomic excluded volume interactions or attrac-
tive cohesive intermolecular interactions. Notably, the
condition at which the height Sp of the primary peak
in the structure factor S (q) reaches a “critical” value
has often been taken as a phenomenological criterion
for the onset of fluid “freezing”. In particular, the
Hansen-Verlet freezing criterion [37–40] corresponds to
Sp being in a range between 2.85 to 3 (This onset con-
dition also appears to roughly locate the onset of non-
Arrhenius relaxation dynamics in model GF polymer
liquids [41]). These jamming measures at macroscopic
and molecular scales can be brought together by defin-
ing a dimensionless ratio, the “hyperuniformity index”
[4], H ≡ limq→0+S(q)/Sp , which provides a well-
defined, and often an experimentally accessible measure
of the extent of “jamming” in condensed materials in
the sense described above.

Material systems having a value of H less than a
value on the order of magnitude 10–3 have been pre-
viously defined to be “effectively hyperuniform” [5],
and such materials have been of great recent interest
because of a wide range of predicted material properties
of this class of materials [4]. Comparably low extrapo-
lated values of H have been observed in simulations of
coarse-grained simulations of polymer melts [41] at T
appreciably below the estimated T g of these materials
where it was suggested that H approaching on the order
of 10–3 near the extrapolated Vogel–Fulcher–Tammann
temperature, the T at which the structural relaxation
time correspondingly extrapolates to infinity in the
VFT equation. However, further work is required to
better understand the physical significance of the sug-
gested critical value of H ≈ 10 −3 defining the emer-
gence of “effective hyperuniformity”. We discuss this
fundamental question below as part of our investiga-
tion of the origin of FS glass-formation in our Al-Sm
GF liquid.

At this point, it is notable that both water [42–44]
and silica [45] have been observed to exhibit an FS
transition in their dynamics, as well as emergent hype-
runiformity in their amorphous solid (“glass”) states.
Since we also observe an FS transition in our Al90Sm10

GF liquid, and because of the prevalence of this type
of glass-formation in other metallic and non-metallic

Fig. 1 Static structure factor S(q) of Al90Sm10 metallic
glass forming liquid for different T . Inset shows the hyper-
uniformity parameter, the ratio of S(q) extrapolated to its
long wavelength (q → 0+) limit to the height Sp of the prin-
cipal maximum in S(q) over the entire T range investigated.
The bold solid lines are a second-order polynomial fitting of
S(q) in the low q range, following Huang et al. [50]

materials [46, 47], it is then of evident interest to con-
sider H in our metallic GF liquid simulations. We
anticipated this phenomenon might arise in this metal-
lic GF material because of the relatively “soft” inter-
atomic interactions of the relatively heavy and polariz-
able Sm atoms. “Soft” interactions are a common fea-
ture of many approximately hyperuniform real materi-
als because such interactions allow greater particle pen-
etration into the domains of surrounding particles, and
thus should lead to stronger jamming under high par-
ticle density conditions [10].

In Fig. 1, we show the T variation of our Sm-Al
metallic glass material. The structure factors are cal-
culated by the Fourier transform of the pair correlation
function,

S(q) = 1 + 4πρ

∫
sinqr

qr
g(r)r2dr (1)

where r is number density, g(r) is the radial distribu-
tion function [48, 49] (The structure factor of a binary
mixture involves a more complicated expression. But
we adopt Eq. (1) as a reasonable approximation.). The
primary peak of the structure factor S (q) grows pro-
gressively upon cooling, reflecting the local jamming of
molecules and we see that limq→0+S(q) becomes pro-
gressively smaller as the T is lowered. These trends
together imply that H is decreasing upon cooling, and
we show our estimates of H and Sp as a function
of T in the inset of Fig. 1. H indeed progressively
decreases upon lowering T , approaching a nearly hype-
runiform condition upon cooling (This trend is quan-
tified below.). We discuss the T dependence of H in
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greater detail below in relation to findings made in ear-
lier work for the characteristic temperatures of glass-
formation and other properties closely related to H to
better understand the trend indicated in Fig. 1.

We also observe a low-q upturn in S (q) of our metal-
lic glass, as in the case of water, [50] which suggests
the development of some type of large-scale structure
formation in this class of GF liquids. A similar low q
upturn in S (q) is also apparent in measurements on
dusty plasmas, as recently analyzed by Zhuravlyov et al.
[51], and, indeed, an upturn of this kind is observed in
many GF liquids [52–54]. In addition to this common,
but not universally observed, upturn effect in S (q), we
also see a small “pre-peak” in a lower q than the main
peak of the structure factor at which Sp is defined. This
regime is often termed a mesoscale regime because it
is intermediate between the size of the molecules and
the macroscopic scales of the bulk material. A pre-peak
also arises in Cu-Zr(Al) metallic glasses [55]. The inter-
pretation of these “anomalous” scattering features is a
complex and controversial problem, and we discuss the
possible origin of these unexpected scattering features
in the Supplementary Information section of the paper
since this topic is peripheral to the main topic of our
paper. The primary problem of the present paper is
understanding the T -dependence of H and its possible
relevance for understanding FS glass formation gener-
ally.

At this point, some explanation is required for how
we estimate the hyperuniformity index H , given the
low-q upturn in Fig. 1, which evidently complicates the
estimation of S (0 ). We approached this problem in the
same way as in previous X-ray scattering measurements
on S (q) in water at low temperatures where a similar
upturn conspicuously arises [50]. Huang et al. [50] fit-
ted their S (q) in the q range well below the minimum
in water to second-order in a polynomial in q and then
extrapolated their data to the thermodynamic limit, q
= 0. Based on this procedure, Huang et al. found that
the result of this procedure was quantitatively consis-
tent with isothermal compressibility estimates indepen-
dently obtained from earlier sound velocity measure-
ments, thus validating their extrapolation procedure.
We estimate S (0 ) for our Al-Sm metallic glass following
this same procedure, and these results, in conjunction
with those for the principal peak height of S (q), allow
us to estimate the values of H shown in Fig. 1. While
estimates of H are somewhat uncertain because of the
limited computational size of our simulations and the
necessity of this extrapolation procedure, the general
trend seems to be clear. We point out that we found
numerous commonalities between the thermodynamics
and dynamics of cooled water and our Al-Sm metallic
glass in our previous studies, [1, 2] so we find the simi-
larity between the static scattering between these fluids
at low temperatures to be quite natural. We next try
to better understand the T -dependence through a con-
sideration of other more familiar properties related to
the fluid isothermal compressibility. We are concerned
with the persistent question of why a critical value of
H should exist upon approaching an amorphous solid

state. Since crystalline materials provide a well-known
class of solid materials, we also consider the magnitude
of H in crystalline Cu over a wide range of T to compare
with the H estimates in a metallic glass approaching
“solidification”. We find that H is indeed finite in our
model crystalline material and this quantity increase
monotonically with T in a way similar to our model
GF liquid, although the magnitude of H tends to be
significantly smaller than in the metallic GF liquid.

3.2 H and alternative jamming measures

As discussed above, the hyperuniformity index H is
a quantitative measure of particle jamming at large
length scales relative to atomic scales so it is natural to
look for other properties of liquids which encode similar
information, and which are more familiar and experi-
mentally accessible, that might help us better under-
stand the T variation of H in Fig. 1. Recently, it has
become appreciated that the mean square particle dis-
placement on a timescale comparable to the fast relax-
ation time (typically a timescale on the order of a ps
in liquids), the Debye Waller parameter 〈u2〉, bears a
strong correlative relationship to the fluid bulk modu-
lus B , the reciprocal of the isothermal compressibility,
B ∼ 〈u2〉3/2 [56–59]. Specifically, 〈u2〉 is defined as,

〈u2〉 =

〈
1

N

N∑
n=1

{
(x1 − x0)

2 + (y1 − y0)
2 + (z1 − z0)

2}〉
,

(2)

where (x0, y0, z0) and (x1, y1, z1) are particle’s initial
and final positions after time t = 1 ps, respectively, [3,
60, 61], which is notably an equilibrium fluid property.

This commonly measured “fast dynamics” property
has also been found to be a good measure of material
stiffness at the scale of the size of the particles [56–59].
〈u2〉3/2 defines the average volume explored by the cen-
ter of the particles in their cage created by the pres-
ence of surrounding particles, and thus reflects a com-
bination of structural constraints arising from repul-
sive excluded volume interactions between the parti-
cles, as embodied by static free volume ideas of flu-
ids, and a contribution arising from the kinetic energy
of the particles that act to opposes these constraints.
The kinetic energy contribution ultimately gives rise
to the “fluidity” of liquids under thermodynamic con-
ditions and should not be neglected when consider-
ing the volume accessible to a particle in a fluid. We
then see that Debye–Waller parameter 〈u2〉 defines a
dynamical variety of “dynamical free volume”. The
compressibility likewise reflects a competition between
this excluded volume and inertial effects arising from
the kinetic energy of the particles in materials at equi-
librium. Given this qualitative interpretation of 〈u2〉, it
is natural to estimate this quantity as a function of T
to see if it provides any insight into the temperature
variation of H .
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Fig. 2 Comparison of the “hyperuniformity index” H and
the Debye–Waller parameter 〈u2 〉 over a wide range of tem-
peratures for our Al-Sm metallic glass where the charac-
teristic temperatures of glass-formation are indicated. The
uncertainty estimate is based on a 95% confidence interval.
The T dependence of 〈u2〉 (see figure inset) is rather typ-
ical of GF materials generally where a low T near linear
T dependence is observed where 〈u2〉 extrapolates to zero
near a characteristic temperature T o ≈ 190 K at which
transport properties like the shear viscosity of structural
relaxation time extrapolate to infinity, while at higher T
becomes strongly non-linear in its T dependence, a change
of behavior often attributed to the “anharmonicity” of the
interparticle interactions. At low temperatures, we see that
H exhibits a non-linear T dependence, H ≈ H o + (3.5 ×
10–4) [(T–T o)/ T o ]

2.13 where H o = 1.0 × 10–3 (shown as
solid line in comparison with our H estimates). H o just hap-
pens to correspond to the effective hyperuniformity condi-
tion discussed above. The fitted exponent near 2.13 is larger
than the value of 1.5 expected from the expected scaling
between the isothermal compressibility, κT ∼ 〈u2〉3/2 under
conditions when Sp is nearly independent of T , i.e., low T
where 〈u2〉 varies linearly with T . Characteristic tempera-
tures for glass-formation are indicated for reference where
their definition is described in the text and further discussed
in our previous studies [1].

At the outset, we note that melting in crystalline
materials and the “softening” in glass materials have
often been correlated with critical values of 〈u2〉, i.e.,
the empirical Lindemann criterion, [56, 62, 63] so we
might hope that critical values of H might have a
similar interpretation. The phenomenological Hansen-
Verlet condition for freezing in terms of a critical value
of Sp also points in this direction. We next summarize
our findings for 〈u2〉 in the Al-Sm system, and then
move on to consider the T -dependence of H .

In the inset of Fig. 2, we plot 〈u2〉 over the full T
range that we have investigated. We notice that as
usual, there is a low T regime and that 〈u2〉 extrap-
olates to zero at a finite T , defining a characteristic
temperature, T o = 190 K, indicating the “termination”
of the glass-formation process. It should be appreciated

that this T involves a long extrapolation and should
not be literally interpreted as the T at which 〈u2〉 van-
ishes, given that our data is limited to a high T regime.
Within the Localization Model of glass-formation in
which the structural relaxation time is related to 〈u2〉,
[61] the characteristic temperature T o,u = 190 K cor-
responds to the same T at which the structural relax-
ation time τα extrapolates to ∞. A formal divergence of
this kind also arises in the well-known VFT Eq. [64–66],
which normally describes the structural relaxation time
and diffusion data for OGF liquids over a large T range
above T g , but below the crossover temperature T c ,
defined below [67, 68]. Again, the divergence of the
relaxation time cannot be taken literally because of the
long extrapolation involved in estimating T o .

It should be appreciated that the VFT equation does
not describe relaxation time and diffusion data in the
Al-Sm metallic GF system (see Sect. of the SI of Ref. 1)
over a large T range, which is the normal situation for
fluids exhibiting FS glass-formation. Moreover, no sim-
ple functional form for the T dependence of relaxation
and diffusion in FS GF systems is currently known and
these fluids provide a good test of any theory of GF
liquids purporting to be general. We next describe the
estimation of the other characteristic temperatures of
glass-formation using the same methodology as for Zr-
Cu metallic GF liquids [61].

3.3 Estimation of characteristic temperatures
of glass-formation from 〈u2〉 data

A basic problem that arises in defining the glass tran-
sition temperature T g in materials exhibiting a fragile-
to-strong (FS) glass-formation is that one cannot rely
on the standard phenomenology of GF liquids such as
the VFT relation [64–66], the position of the peak posi-
tion in the specific heat as the temperature is varied or
the condition at which the α-relaxation time τα equals
100 s at this temperature. As an example, we consider
the situation of water, the most extensively studied
fluid exhibiting an FS transition [42, 43]. Estimates of
T g for water based on the “100 s rule” or its shear
viscosity equivalent, in conjunction with the VFT rela-
tion, have indicated a T g estimate for water near (162
± 1) K [69, 70], while other estimates, based on specific
heat C p measurements of amorphous ice, have indi-
cated a much lower value of T g near 136 K [71]. While
the lower T g estimate seems to have a greater “accep-
tance” in the scientific literature, there is currently no
general consensus on the value of T g for water, and
one routinely finds both of these T g estimates reported
as the glass transition temperature of the water. The
study of glass-formation in water is complicated by the
propensity of bulk water to crystallize at very low tem-
peratures so this transition is often studied in confined
water and by molecular dynamics simulation.

We address the problem of estimating the charac-
teristic temperatures of glass-formation in our Al-Sm
GF liquid based on a highly simplified and apparently
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robust method that allows estimation of the character-
istic temperatures of glass-formation from the estima-
tion of a series of critical conditions defined in terms of
critical values of 〈u2〉. In effect, we define the charac-
teristic temperatures of glass-formation in terms of gen-
eralized Lindemann-type criteria. Beforehand, we note
that the resulting characteristic temperature estimates
of GF coincide to a remarkable degree of approximation
to estimates made based on much more elaborate cal-
culations of the T dependence of the intermediate scat-
tering function and diffusivities of the atomic species in
our simulated Al-Sm fluid. This discussion also provides
us with an opportunity for reviewing some of the singu-
lar characteristics of FS type glass formation that dis-
tinguish this type of glass formation from OGF liquids.
Another purpose of this discussion is to provide a useful
metrology for the stages of glass formation appropriate
for this different type of glass-formation. Notably, stan-
dard phenomenological equations of OGF liquids, such
as the VFT equation, are no longer generally applica-
ble. The success of this methodology of estimating the
characteristic temperatures of glass-formation based on
〈u2〉 should be described in terms of a common theoret-
ical framework, despite the many superficial differences
between these general classes of GF liquids.

First, we estimate T g by a Lindemann estimate
appropriate for a fragile glass-former, 〈u2〉1/2/σ ≈ 0.15
following the arguments of Dudowicz et al. [67] For the
present system this criterion leads to the estimate, T g,u

= 500 K. This T g estimate is in “reasonable” agree-
ment with the estimate of the T = 520 K at which
structural relaxation and diffusion in our metallic glass
model return to being nearly Arrhenius fashion at low
T . Notably, quasi-thermodynamic measurements, such
as specific heat measurements, show little or no evi-
dence of any thermodynamic “feature” near T g in fluids
exhibiting FS glass-formation so we have a thermody-
namic signature to point to in relation to identifying
the glass transition. [72] A tendency of the structural
relaxation time to become Arrhenius in the T -regime
below T g in which the material remains in a liquid state
is predicted by the string model of the dynamics of GF
liquids, an extension [27, 73] of the Adam and Gibbs
model [74] that directly considers cooperative motion
in cooled liquids and a statistical mechanical theory of
the string-like dynamic clusters seen in MD simulations
of model GF liquids.

The generalized entropy theory of glass-formation
[41, 67] also indicates that there are two distinct regimes
of glass-formation, a high and low T regime where a
characteristic T separating these regimes is termed the
“crossover temperature”, T c . As in our previous work
on the Cu-Zr metallic glasses having a different material
composition, we identify this “crossover temperature”
by the occurrence of sharp deviation of 〈u2〉 from a
linear variation, indicating the onset of strongly anhar-
monic interparticle interactions. In ordinary GF liquids,
τα scales as a power-law, τα ∼ [(T—T c) / T c ] − γ c ,
over a limited T range above T c, and we check below
if this phenomenology applies to a material exhibiting

FS glass-formation. The common observation of this
type of power-law scaling in water would suggest that
this scaling “feature” is general in GF liquids [75, 76],
but as in the VFT equation, the T -range where this
scaling relation holds is limited. Nonetheless, the deter-
mination of the characteristic temperatures T o and T c

are important temperatures even if no actual structural
relaxation time divergence occurs at either of these T .

Finally, we consider the estimate of the “onset
temperature” TA of glass-formation at which non-
Arrhenius dynamics and other deviations from simple
fluid dynamics emerge in the liquid dynamics. In our
previous work on Cu-Zr metallic glasses, we found that
we could obtain a good rough estimate of TA based on a
Lindemann-type of criterion introduced by La Violette
and Stillinger [67, 77] for the instability of the liquid
state to local ordering. Following their work, we esti-
mate TA from the condition that 〈u2〉1/2/ σ is about 9
times its value at T g . Dudowicz et al. [67] found that
this simple criterion was remarkably consistent with T g

estimates calculated through direct computation in the
generalized entropy theory of glass-formation even in
the case of polymer materials having different molec-
ular architectures. Based on this simple criterion, we
estimate TA,u where the “u” in the subscript that our
estimate is based on 〈u2〉. In our previous simulations
studies of the Al-Sm GF liquid [1, 2], we estimated TA

and T c by the traditional method of finding the T at
which τα departs from being Arrhenius (See Section
B of the Supplementary Material of Ref. 1) and the
power-law scaling near the crossover temperature T c

noted above. Notably, the characteristic temperature
T c is precisely defined as the inflection point temper-
ature of the product of the configurational entropy S c

(i.e., non-vibrational entropy of the fluid), [67] times
T , a quantity that can be calculated with precision
from this molecular model of the thermodynamics of
liquids. Based on the data summarized in Fig. S5 of
Ref. 1, we estimated TA = 927 K from a considera-
tion of the T dependence of the apparent activation
energy as a function of T , which is reasonably consis-
tent with the rough estimate of TA,u = 906 K based
on the rough 〈u2〉-based criterion indicated above. Our
previous study of Cu-Zr metallic GF liquids having a
wide range of composition also exhibited remarkably
close correspondence between estimates of the charac-
teristic temperatures of glass-formation from 〈u2〉 data
with independently estimated values determined from
structural relaxation time and mass diffusion data.

The FS transition in GF liquids signals some addi-
tional features that are not observed or conspicuous
in OGF liquids. In particular, the local slope on the
Arrhenius plot of the structural relaxation time or diffu-
sion coefficient is often identified as being the activation
energy and we denote this generally T-dependent quan-
tity as Ediff (It should be appreciated that Ediff can
be greatly different from the actual activation energy
and this matter is discussed in Ref. 1). In particular,
the sharp increase in Ediff first increases upon lower-
ing T below TA, but this slope peaks, and then falls
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Fig. 3 Differential activation energy Ediff obtained from
the diffusion coefficient of an Al90Sm10 metallic GF material
with all characteristic temperatures labelled (See Ref. 1 for
the estimation of this data). The inset shows specific heat,
peak value of 4-point density function χ4 and the colored
exponent α describing the power-law scaling of potential
energy fluctuations with frequency as a function of T . We
define the T at which this specific maximum occurs to be the
“lambda temperature”, Tλ. Compare the T dependence of
the response functions of our Al-Sm metallic glass-forming
systems and corresponding computational estimates of these
response functions for simulated water (e.g., see Fig. 3c of
Ref. [83])

as the system is cooled further towards the glass state
where Arrhenius relaxation and diffusion re-emerge.
(See Fig. 3 for an illustration of the observed behav-
ior of Ediff in our AL-Sm GF liquid.) The FS transi-
tion is evidently a transition between a high and low
T Arrhenius regimes, each having its own distinct acti-
vation energies and it is natural to define the interme-
diate T at which the Ediff peaks, the “FS transition
temperature”, TFS. The maximum in Ediff in Fig. 3
indicates that characteristic temperature equals, TFS

= 700 K, which is evidently intermediate between T c

and Tλ. We also clearly observe that the initial increase
of Ediff(T ) upon cooling nearly coincides with TA and
that Ediff(T ) saturates to a nearly constant value near
500 K, a T close to our estimate of T g above. Thus,
TA, Tλ, and T g demark the beginning, middle and end
of the glass transition. As noted in the previous section,
we may also identify a temperature T o at which 〈u2〉
extrapolates to 0. In OGF liquids, this characteristic
temperature coincides normally with the VFT temper-
ature, but no such identification in our FS GF liquid
since the VFT equation no longer describes τα over
large T range as in OGF liquids. Despite the extrap-
olation of 〈u2〉 involved in estimating this character-
istic temperature, we may anticipate that T o might
correspond to the onset of solidification of our metallic
glass into a “glass” state, regardless of the value of the
fluid configurational entropy at T o . We observe in the
next section, as in previous simulations of polymeric

GF liquids [41, 78], that the extrapolated value of H as
T approaches T o nearly equals value on the order of
10–3, the critical value of H defining the onset of “effec-
tive hyperuniformity”. This finding is apparently con-
sistent with Torquato’s concept of a “perfect glass” [79],
defined as being an equilibrium solid state rather than
just a non-equilibrium “frozen” liquid. This definition
is generally different from the notion of an ideal non-
equilibrium glass state hypothesized to exist by Adam
and Gibbs when the fluid configurational entropy fluid
approaches 0.

It is commonly observed in GF liquids that an extrap-
olation of the Arrhenius curve describing the Johari-
Goldstein relaxation time τJG intersects the curve
describing the α-relaxation time τα at a T near the
“crossover temperature” T c [80, 81]. We estimated this
α-β “bifurcation temperature” Tαβ from independent
estimates of τJG and τα, and found that Tαβ in the
Al-Sm material [1, 2]. is indeed close to T c so that this
common, but not a universal feature of GF liquids, is
apparently preserved in our Al-Sm GF liquid exhibit-
ing FS glass-formation. This temperature is designated
Tαβ for comparison to the other characteristic temper-
atures in Fig. 3.

We also emphasize that FS GF liquids normally
exhibit some rather distinctive features from OGF liq-
uids that serve to define other characteristic temper-
atures of fluids undergoing FS glass formation. These
fluids exhibit true thermodynamic “anomalies” that are
not conspicuous in OGF liquids. For example, simu-
lations of water have also indicated that the specific
heat C p and isothermal compressibility, [82, 83], exhibit
a maximum at a common characteristic temperature,
which can be taken as a definition of Tλ and the inset of
Fig. 3 shows that this same pattern of behavior arises in
our Sm-Al metallic glass, as expected, where we see that
C p and the thermal expansion coefficient both exhibit
an extremum near T = 750 K. We also examined the 4-
point density correlation function χ4 as a function and
the noise exponent governing potential energy fluctua-
tions, which likewise have a peak near this characteristic
temperature, as seen before in simulations of water [82,
83]. Our simulation estimates of these “linear response”
properties exhibit remarkably similar trends to the cor-
responding properties of water, except for the impor-
tant matter that the position of the peak in C p arises
near T c in water, while Tλ occurs well above T c in our
Sm-Al metallic GF material. These characteristic tem-
peratures are also included for comparison in Fig. 3.
Now that we have determined the characteristic tem-
peratures of glass-formation and briefly explained the
basic phenomenology of FS glass-formation, we return
to our discussion of the T dependence of H .

The universal use of these critical “jamming” con-
ditions to estimate the characteristic temperatures of
glass-formation remains to be established for other flu-
ids, but we hope that this type of condition proves to be
practically useful, as in the case of the phenomenologi-
cal Lindemann criterion [56, 62, 63] and Hansen-Verlet
criterion for freezing [37–40].
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3.4 Characterization of the T dependence of H

We next utilize the information that we have estab-
lished for the characteristic temperatures of glass-
formation to interpret and quantify the T variation
of H shown in Figs. 1 and 2. It is apparent from the
enlargement of the H data in Fig. 2 that H varies more
strongly than linearly with T and that this quantity
does not extrapolate to 0 near T o , as found in the case
of 〈u2〉. Visual inspection of the data suggested to us
that H might exhibit a power-law variation with T , and
based on this heuristic argument, we fit our H data to
the functional form,

H(T ) ≈ Ho + H1[(T−To)/To]
δ (3)

where H o = 1.0 × 10–3, H 1 = 3.5 × 10–4 and δ = 2.13.
The solid line in Fig. 2 shows a comparison of Eq. (3)
to our admittedly somewhat scattered H (T ) data. We
anticipated this non-linear scaling from the expected
scaling between the isothermal compressibility, κT ∼
〈u2〉3/2 under conditions when Sp is nearly independent
of T , i.e., low T where 〈u2〉 varies linearly with T . The
fitted exponent 2.13 is larger than the expected value
of 1.5 from the scaling relation between κT and 〈u2〉,
but the observed trend in H as T is varied qualitatively
accords expectations.

Perhaps the most interesting outcome of this fitting
procedure is the finding that H approaches H o = 1 ×
10–3 near T o , the “critical value” of H defining “effec-
tive hyperuniformity”. We thus find an indication that
the critical H condition corresponds to an onset condi-
tion for amorphous solidification, provided that crystal-
lization does not pre-empt this transition. Notably, the
glass transition temperature T g appears to correspond
to a significantly larger value of H around 0.002 and
the onset condition for non-Arrhenius dynamics seems
to correspond to a much higher H value near 0.007.
Materials in the T range between T o and T g are evi-
dently still in a “viscous” fluid state in which physical
aging effects are prevalent because of the large values of
τα in this T range. The rheological state for T below
T o is contingent on whether can exist in an equilib-
rium thermodynamic state or not, which we conjecture
is material-specific (see Conclusions).

These observations and the potential commonality of
information contained in 〈u2〉 and H then made us won-
der about the magnitude ofH in crystalline materials at
finite temperatures. It is well-known that 〈u2〉 increases
with T in crystalline materials where this quantity
reaches a critical Lindemann value (somewhat depen-
dent on the crystal symmetry and interaction type, but
generally on the order 〈u2〉1/2/σ ≈ 0.1). Correspond-
ingly, we might expect H in crystals to likewise progres-
sively increases with increasing T until it reaches some
“critical value” H c at which the crystal melts, where
this critical H value might even be equal to the corre-
sponding value for “effective hyperuniformity” in cooled
liquids signalizing when they transform into solids. Of
course, this somewhat näıve line of thinking contradicts

Fig. 4 Static structure factor S(q) of crystalline Cu over
a range of temperatures below the melting temperature.
The upper inset shows H , and the first peak height Sp of
S(q) over a range of T and H as a function of 〈u2〉/〈σ2〉
is shown as an inset to this lower figure inset where these
quantities are found to be nearly linearly related in the low-
temperature region. Although H is significantly smaller in
the crystalline material than in the glass-forming liquid,
mainly due to the large value of Sp , the hyperuniformity
index H is certainly not zero in this model crystalline mate-
rial as often stated. [6, 79]

blanket statements often made in the scientific litera-
ture to the effect that crystals are examples of perfectly
hyperuniform materials for which H = 0 [6, 79]. In a
recent paper, Kim and Torquato examined the effect of
imperfections, such as vacancies, interstitials, stochastic
lattice displacement, and thermal excitations, on hyper-
uniformity in crystal systems, where it is indicated that
such imperfections could degrade or destroy strict hype-
runiformity for which H = 0 [84]. This work did not
make quantitative estimates of H for heated and defec-
tive crystals, however, so that the magnitude of H in
real materials has been uncertain before the present
work.

Based on our current observations of H in our Al-
Sm metallic glass, we began to strongly suspect perfect
hyperuniformity should not exist in any real matter,
either crystalline or non-crystalline, at finite tempera-
tures. Accordingly, we simulated a model crystalline Cu
material that we have studied previously [85, 86] over a
range of T to determine H for this model material. As
anticipated, we found that H is indeed positive at finite
T and that this quantity increases progressively as the
material is heated, just as one would expect from the
qualitative relationship between H and 〈u2〉 discussed
above for our metallic GF liquid (Fig. 4).

Hyperuniformity is evidently a conceptual Platonic
form [87] that can only be approached, but never physi-
cally reached in equilibrium materials at finite T . More-
over, the existence of a “critical” value of H on the order
0.001 simply demarks a change of material condition in
which long-wavelength density fluctuations are strongly
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suppressed due to the emergence of a “solid” material
state. The physical significance of this state is that den-
sity fluctuations become energetically extremely costly
so that these fluctuations become strongly suppressed
in a T or density range in which H ≤ 0.001. In col-
loquial terminology, H then characterizes the degree
to which the material has become “jammed”. We next
turn to a consideration of the physical origin of the
exceptionally low values of H in liquids exhibiting frag-
ile to strong glass-formation.

3.5 Topological correlations in cooled liquids
and emergent hyperuniformity

The observation of exceptionally low values of H in
materials undergoing FS glass-formation prompts the
question of what physical attribute of cooled, typically
network-forming liquids, should give rise to a general
prevalence of this phenomenon in this class of glass-
forming liquids. Douglas and coworkers [88] have pre-
viously argued that a thermodynamic polymerization
transition (not strictly a phase transition because of
variable transition rounding [89]) generally underlies
glass-formation and we adopt this viewpoint as the
basis of our following discussion.

While the formation of polymeric structures in cooled
liquids seems to be a generic property of GF liquids,
the topological form of the polymeric structures is evi-
dently variable. The highly cooperative nature of FS
GF suggests that the high cooperativity is linked to
the randomly branched polymer structures that char-
acteristic form in this type of GF liquid (Explain-
ing the term “network glass-formers”). FS GF mate-
rials exhibit striking “anomalies” in their thermody-
namic response functions [89–93], such as the specific
heat, thermal expansion coefficient of the fluid, and
isothermal compressibility that also accompany sharp
changes in the viscosity and viscoelasticity of solu-
tions exhibiting supramolecular self-assembly. Thermo-
dynamic “anomalies” of this kind are particularly well-
known in the case of water [44, 83], where this phe-
nomenon is often attributed to an initially unantic-
ipated liquid–liquid phase separation of water from
itself [94]. Liquid–liquid phase separation is thought
to arise from water’s capacity to exhibit a multiplic-
ity of distinct packing states having distinct thermo-
dynamic and dynamic signatures—mobile high-density
water and low-density immobile water [44]. Recent work
by Sciortino and coworkers have suggested that the
coexisting phases of water can be precisely charac-
terized in terms of branched polymer phases having
distinct topological structures [95]. This model of liq-
uid–liquid phase separation in water would naturally
explain the Holten and Anisimov model [96] of cooled
water in terms of coexisting liquid phases having dif-
ferent entropies as polymer topology greatly influences
polymer entropy. In previous work, we have seen the
same anomalies in the thermodynamic response func-
tions in our Al-Sm metallic glass material, and we
strongly suspect that these anomalies arise from the

topological correlations that arise in these materials at
low temperatures [1, 2]. It is then of interest to con-
sider what physical factors influence the cooperativity
and topological nature of thermodynamic polymeriza-
tion transitions.

Sharply defined features in thermodynamic response
functions, such as the specific heat, density and osmotic
compressibility are characteristic of equilibrium poly-
merization transitions that are highly cooperative [91].
The equilibrium polymerization of sulfur provides a
particular example of equilibrium polymerization of an
atomic fluid in which the transition is so cooperative
that it greatly resembles a second-order phase transi-
tion, as evidenced by a sharp lambda transition in the
specific heat C p [90]. The cooperativity of activated
and chemically initiated polymerization transitions [89,
92] can be tuned over a wide range by varying the initia-
tor concentration, rate of activation or other physical
processes that initiates or inhibits the polymerization
process [93]. The degree of cooperativity of this class
of transitions is directly related to the extent that the
assembly process resembles a phase transition. 140 Evi-
dently, “cooperativity” has a similar meaning in the
fields of glass-formation and self-assembly processes,
providing a novel perspective on the origin of fragility
changes in glass-forming liquids. We next consider how
this perspective might relate to understanding the fun-
damental origin of both “ordinary” and fragile-strong
glass-formation. “Ordinary” glass-formation appears to
be consistent with a highly “rounded” thermodynamic
transition in which there is no observable or only a weak
[97, 98] thermodynamic signature of a “liquid–liquid”
transition, while C p shows a large drop after the ini-
tial rising in cooled liquids as the material goes out of
equilibrium, a purely kinetic phenomenon that is often
taken as the definition of T g .

There has long been discussion and controversy relat-
ing to a putative “liquid–liquid transition temperature”
TLL in polymer melts and other ordinary GF liquids,
[98–108] where TLL has typically been reported to be
in the range, TLL ≈ (1.2 to 1.3) T g [99–106, 109].
Flory and coworkers [97, 110] claimed to have observed
a third-order phase transition at a T well above T g

in polystyrene. However, the lack of any theoretical
rationale and the subtle nature of the observed ther-
modynamic signatures defining this transition has made
even the existence of such a transition temperature con-
troversial in the academic material science community,
until recently [98–108]. However, the practical impor-
tance of TLL is broadly recognized in the field of process
engineering because this T often signals gross changes
in fluid flow and diffusion processes that are highly rel-
evant for material processing [99–106]. In contrast, GF
fluids exhibiting FS GF exhibit a C p peak that follows
a similar phenomenology as TLL in relation to its posi-
tion relative to T g , but the intensity of the thermody-
namic feature, and the occurrence of anomalies in other
thermodynamic response functions, suggest that this
characteristic temperature corresponds to some genuine
type of thermodynamic transition in the material [1, 43,
44].
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We interpret these observations as implying that
there are possible unifying features in GF fluids exhibit-
ing both ordinary and FS glass-formation. The chal-
lenge is then to develop a description of GF liquids that
encompasses both classes of GF materials. Within the
equilibrium polymerization model of glass-formation
described above based on the formation of linear poly-
mer chains, materials exhibiting FS glass-formation
should correspond to a highly cooperative variety of
polymerization transition if both ordinary and FS types
of glass-formation can be described within a unified
model of this kind.

So what aspect of fragile-strong glass-forming liq-
uids explain the high cooperativity of this type of
glass-formation? We suggest that the multi-functional
nature of the associations that give rise to load-bearing
branched polymer structures in these polymer materials
is responsible for the cooperativity of glass-formation
process in this class of materials which is often classified
as corresponding to “network-forming” glass materials.
Clear evidence for high cooperativity in branched equi-
librium polymerization can be seen in the emergence
of multiple critical points in single component fluids
exhibiting branched equilibrium polymerization [111].
High cooperativity in linear chain equilibrium polymer-
ization, on the other hand, requires the constraint of a
low rate of activation or a small amount of initiator
[91]. The propensity of fluids exhibiting FS GF to form
network structures upon cooling in the glass material
might then be sufficient to explain the occurrence of
both fragile-strong glass-formation, while the formation
dynamic linear polymer structures might account cor-
respondingly for “ordinary” GF liquids. Douglas and
Hubbard [112] previously suggested that the occur-
rence of topologically distinct equilibrium polymeriza-
tion processes in different classes of GF liquids should
lead to distinct signatures in the stress relaxation of
network forming and ordinary GF liquids.

Our hypothesis that the fragile-strong glass-
formation is a consequence of the branched nature of
the dynamic polymerization process underlying glass-
formation also has significant consequences for emer-
gent hyperuniformity at low temperatures in this
class of GF liquids. The packing correlations derived
from branching when the polymers chains within the
branched polymer are not very long tend to lead to
materials that are denser than their linear chain coun-
terparts [113, 114]. Moreover, simulations of branching
of polymer branching in the form of model star and bot-
tlebrush polymer have indicated a significant reduction
of H values for these polymer structures relative to lin-
ear polymers in the melt state, which in turn have lower
H values than the non-polymeric monomers from which
they are composed. Polymer branching by itself can evi-
dently lead to an approach to effective hyperuniformity.
The specific form of topology and the form of loops and
other topological constraints can be expected to mod-
ulate these topological correlations, as investigated in
some detail in the case of knotting in the case of the
average dimensions of isolated knotted ring polymers
in solution [115, 116] and the density of knotted ring

polymers in the melt [117], and in the effect of branch-
ing density on the dimensions of isolated randomly
branched or “network” polymers [118, 119]. It has also
been observed that when the topological complexity of
branched polymer structures, defined appropriately for
the particular type of branched polymer under discus-
sion, e.g., average crossing number in knotted ring poly-
mers, star arms in star polymers, etc., becomes large,
then the branched polymers become more rigid, and
this topological rigidification [115, 116] can lead to a
diminished packing efficiency as defined by the density.
There are thus competing effects arising from the topo-
logical structures of the self-assembled molecules that
can influence the ultimate thermodynamic and dynamic
properties of the material in general. Nonetheless, we
may expect the formation of structures of modest topo-
logical complexity in cooled liquids to lead to a reduced
relative value of H, and we suggest that this effect is
ultimately responsible for the relatively small values
of H that we observe in our simulated model Al-Sm
metallic GF liquid, and for the widely observed rela-
tively small values of H observed in earlier simulations
of network-forming GF liquids discussed above. This
interpretation of the low H values in these liquids is also
consistent with the propensity for liquid–liquid phase
separation and a highly cooperative form of dynamic
properties of glass-formation that are characteristic of
fragile-strong GF, as well as by well-defined signatures
in thermodynamic response functions of these materi-
als that are not as “noticeable” in ordinary GF liq-
uids. Importantly, this interpretation of fragile-strong
GF provides a unified view with that of OGF, which
explains why the tendency for the formation of dynamic
polymeric structures as a common physical manifesta-
tion of dynamic heterogeneity in GF liquids [1] is quite
understandable. We should then look to subtle differ-
ences in the topological form of these dynamic polymer
structures that induce correlations in the material ther-
modynamic and dynamic properties.

Polymerization transitions are characterized by a
drop of configurational entropy, and variable degrees
of thermodynamic sharpness [89] as the temperature is
varied through the transition temperature so it becomes
necessary to delineate this type of broad (“rounded”)
thermodynamic transition by characterizing the points
where the transition “begins”, peaks in the middle,
and “ends” rather than just a single phase transition
temperature [88, 112, 120, 121]. Even though there is
normally no long-range translational order in this type
of self-assembly transition, the reduction of the con-
figurational entropy upon passing through this type of
transition is indicative of a type of “ordering” process
that derives from the correlated relation of the par-
ticles within the polymeric structures and the associ-
ated topological correlations on the dynamics and ther-
modynamics of these materials. In a broad sense, we
may view both crystallization and quasi-crystal for-
mation, and even protein folding, as being particular
types of polymerization transitions that exhibit differ-
ent types of “structural” correlations in their respec-
tive “ordered” states. We may thus arrive at a general
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theoretical framework that subsumes “solidification” by
crystallization and glass-formation in which differences
in these materials can be described by long-range corre-
lations arising from positional, orientational and topo-
logical correlations deriving from the structure of the
material.

The formation of dynamic clusters of atoms in cooled
liquids can be expected to have significant ramifications
for the scattering properties of GF liquids when the
subunits of these dynamic polymeric structures (“equi-
librium polymers”) have a different density or other
sources of scattering contrast with the surrounding fluid
exhibiting a distinct local structure. The polymeric
nature of these clusters should then enable the model-
ing of scattering observations [27] on GF liquids to gain
quantitative information about this type of supramolec-
ular organization process involved, and this observation
leads us to return to our discussion of the low-q upturn
and the pre-peak scattering features apparent in Fig. 1,
features that are rather common in GF liquids [52].
This is evidently a problem of wide scope and deserv-
ing of a separate publication devoted to this topic, but
in the Supplementary Material section, we point out
some available models and simulation observations that
should be helpful in analyzing this type of scattering
data that are often ignored because of the lack of any
accepted theoretical framework for their interpretation.

4 Conclusions

Many recent studies of network-forming glass-forming
liquids have indicated that these materials exhibit
Fragile-Strong (FS) glass-formation corresponding to a
qualitatively different phenomenology in their dynam-
ics than “ordinary” glass-forming liquids, along with
striking anomalies in the thermodynamic response func-
tions of these liquids that are normally not apparent in
other liquids. Moreover, liquid–liquid phase separation
has commonly been reported for this class of materials,
as well as a propensity to form hyperuniform materi-
als with low hyperuniformity index H values at low
temperatures that are rarely observed in other glass-
forming liquids under equilibrium or near equilibrium
conditions. In recent work, we unexpectedly observed
that the dynamical and thermodynamic properties of
an Al-Sm metallic glass-forming material exhibited all
the phenomenological hallmarks of FS glass-formation,
which prompted us to attempt to better understand
the physical origin of this type of glass-formation. Moti-
vated by previous studies indicating an apparently gen-
eral tendency of FS glass-formers to exhibit low H val-
ues, a quantitative measure of molecular “jamming”,
and network formation of the substituent molecules
upon approaching the glass-transition, we estimated H
for our simulated Al-Sm metallic glass [1] and found
that this “packing parameter” was indeed exception-
ally small in comparison with other simulated cooled
liquids that we have studied previously under equilib-
rium conditions. Since the origin of an often stated crit-
ical value of H on the order of 10–3 for the emergence

of an “effectively hyperuniform” state seemed obscure
to us, we determined the temperature dependence of H
along with another more familiar “jamming parameter,
the Debye–Waller parameter 〈u2〉, which is measurable
by a variety of experimental techniques and which is
often used to estimate the melting temperature of crys-
talline materials and the glass-transition in temperature
based on well-known phenomenological Lindemann cri-
teria. Further, since the Lindemann criterion is more
commonly considered in crystalline materials, we also
considered a parallel analysis of the T dependence of
H and 〈u2〉 for a model crystalline Cu material. This
comparative analysis proved that the information con-
tent of H is closely related to that of 〈u2〉 and that
the often-stated critical H index value, H c = 10 −3,
can be understood as an order of magnitude condition
for amorphous solidification that can be defined in the
same spirit as the empirical Lindemann criterion. In
qualitative terms, this condition describes the physi-
cal condition in which the compressibility of the mate-
rial is reduced to such a critical degree that the mate-
rial exhibits solid-like rather than liquid-like character-
istics, even if the liquid has no long-range positional
or orientational order. Of course, both crystalline and
quasi-crystalline materials generally meet this “effec-
tive hyperuniformity” condition and can be naturally
classified as being “solids” by this criterion. One new
outcome of these calculations was the finding that H
can be appreciable in equilibrium crystalline materials
at finite temperature, tending towards the value of liq-
uids as the melting temperature Tm from below, par-
alleling the increase of 〈u2〉 upon heating towards Tm ,
which is a contrast to common statements in the sci-
entific literature that H = 0 in both crystalline and
quasi-crystalline materials. Exact hyperuniformity (H
= 0) under equilibrium conditions only arises at the
limit of T = 0.

Although the clarification of the physical meaning
of H in materials in equilibrium is one of the impor-
tant contributions of the present work, our analysis
of H in our model metallic glass also provides insight
into the relatively low H values seen in glass-forming
liquids exhibiting FS glass-formation. We discuss evi-
dence indicating that low values of H derive from the
topological correlations in the fluid that in turn derive
from the tendency of the molecules to form supramolec-
ular polymer structures in cooled liquids, structures
that form the structural basis of “dynamic hetero-
geneity” in cooled liquids. Based on this perspective,
glass-formers that exhibit FS glass-formation are iden-
tified as “network-forming” glass-formers in which the
higher topological complexity of the self-assembly pro-
cess induces topological correlations that can greatly
influence both the thermodynamic and dynamic prop-
erties of the glass-forming material. This point of view
of FS glass-formation also explains the high cooperativ-
ity of this type of glass-formation and the propensity for
liquid–liquid phase separation in these materials, even
when the material is comprised of a single molecular
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species. We thus arrive at a potentially unified frame-
work for understanding both FS and “ordinary” GF liq-
uids. However, further work will be required to quantify
the topological structures of glass-forming liquids and
the nature of the correlations they induce.

There are also practical implications of the approach
to non-uniformity for simulation studies of glass-
formation. The approach of liquids to a state of effec-
tive hyperuniformity at low temperatures has been pre-
dicted to imply that the direct correlation function,
which can be approximated by the potential of the
mean interaction between the particles, develops long-
range correlations of a similar mathematical form to the
pair correlation function approaching a liquid–vapor
critical point so that hyperuniformity is in a sense the
antithesis of ordinary critical fluid behavior [4, 41].
These long-range correlations can be expected [40] to
give rise to appreciable finite-size effects, which should
be a general matter of concern for simulations of GF
liquids since H has been observed to approach hyper-
uniformity conditions even in simulations of ordinary
polymeric GF liquids [4, 41]. Torquato and cowork-
ers found that the well-known sum rule relating S (0)
to the density and isothermal compressibility starts to
become violated in model GF liquids even at relatively
high T [48, 122]. One interpretation of these disturb-
ing observations is that simulations in the T range of
greatest interest for applications are inherently out of
equilibrium! While this effect is quite real, we alter-
natively tentatively interpret this apparent deviation
from this fundamental thermodynamic relation to arise
from finite-size effects upon approaching an effectively
hyperuniform glass state. Indeed, a simulation study by
Sastry and coworkers [123] has provided clear evidence
of appreciable finite size effects in a model GF liquid
where the characteristic scale derived from the standard
finite-size scaling analysis coincides within numerical
uncertainty with the characteristic scale ξ4 associated
with the 4-point density correlation function, χ4 . This
correlation function [27] heavily weights the immobile
particle clusters so that this growing characteristic scale
of GF liquids is almost certainly related to the size of
the immobile particles in cooled liquids. It seems possi-
ble that ξ4 might be related to a corresponding growing
scale derived from the fluid direct correlation function
that underlies Torquato’s theory of amorphous solidifi-
cation [33]. Torquato’s theory of glass solidification is
built around the concept of emergent hyperuniformity
in liquids that have been cooled to a sufficiently T to
transform into an equilibrium solid, while maintaining
thermodynamic equilibrium. Establishing this type of
linkage would help create a theoretical foundation for
describing glass formation. Apart from matters of fun-
damental interest, the development of these long-range
correlations and associated finite-size effects, even at
much higher T than those in which the fluid is effec-

tively [41] hyperuniform, adds to the difficulty of the
growing relaxation times and slowing of diffusion in
simulating the properties of GF liquids. These finite-
size effects evidently require further investigation.

The higher cooperativity of the FS glass-formation
also has practical implications for the observability of
a thermodynamically defined transition in the mate-
rial. Upon approaching the glass transition in ordi-
nary GF liquids by progressively cooling, the structural
relaxation time grows so large that the system cannot
“complete” the thermodynamic transition before the
material seizes up through a non-equilibrium structural
arrest, leading to “features” in quasi-thermodynamic
measurements such as the specific heat, density, etc.
that purely reflect the fact that the material has gone
out of equilibrium. The relatively rapid rate at which
systems exhibiting a FS type glass-formation “com-
plete” the thermodynamic transition allows it to exhibit
well-defined thermodynamic features characteristic of
materials exhibiting a self-assembly transition as well
as an observable low-temperature Arrhenius dynamics
regime in some cases. Corresponding changes in the
variation of the rate of change of the configurational
entropy of these classes of glass-forming fluids when T
is varied would seem to account for whether the glass-
transition is signalled by a non-equilibrium or equilib-
rium peak in the specific heat and other thermodynamic
properties for “ordinary” and FS glass-forming liquids,
respectively.

Phase-change memory materials provide an impor-
tant class of applications in which FS glass-formation is
apparently important for practical device performance.
These materials are often compounded from Te, and
other chalcogenides and group-IV and group-V ele-
ments [124] known to exhibit equilibrium polymeriza-
tion in the liquid state upon cooling (See Supplemen-
tary Information) along with the FS nature of glass-
formation in these materials allows for rapid switching
between crystalline and amorphous states, the states in
which information is stored. The rapidity of this switch-
ing of material states enhances the speed of data record-
ing, and the ultra-stable nature of this class of mate-
rials in their glass state [125, 126] aids in the stabil-
ity or “non-volatility” of the stored information based
on these materials [127, 128]. Large changes in conduc-
tivity and other properties also accompany this transi-
tion which can be beneficial in the applications of these
materials. In a metallic glass context, FS GF is some-
times accompanied by a significant increase (≈ 20%)
in the material hardness [126, 129], which we suggest
is a natural consequence of emergent hyperuniformity.
We may expect many further applications of FS glass-
formation in the future because of the relatively rapid
rate at which the glass formation can be actuated and
the occurrence of properties in the glass state that are
reminiscent of crystalline materials, which are likewise
materials having small values of H .
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4.1 Supplementary information

See this section for specialized topics related to the
main body of the paper: These sections have the follow-
ing titles that define the topics considered: (1) Fragile-
Strong Transition, Liquid–liquid Transition, and Equi-
librium Polymerization, (2) Specific Examples of Flu-
ids Exhibiting Equilibrium Polymerization, (3) Equilib-
rium Polymerization on Glass-Formation in Multiple
Component Materials, (4) Suggested Physical Origin
of the Widom Line, (5) Relation Between FS Glass-
Formers and Superionic Crystalline Materials?

Supplementary Information The online version con-
tains supplementary material available at https://doi.org/
10.1140/epje/s10189-023-00308-4.
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