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Abstract. We investigate the potential energy surfaces (PESs) of the hydrogen-based cation H2
+ and

the neutral molecule H2 confined inside an infinite potential well in the shape of a regular icosahedron.
The numerical computations are performed using the diffusion Monte Carlo method and are based on an
analytical technique for obtaining simple equations of the surfaces of convex polyhedra proposed by S.
Onaka. Different states and different orientations of the molecules inside the confining potential well, as
well as various sizes of the latter, are studied. We provide a detailed symmetry analysis and consistent
labeling of the H2

+ states considered. The results show that the icosahedral confinement is closely isotropic
in its inner region, leading to PESs that develop pronounced minima, as in the case of simpler confinement
geometries. Shape-specific effects can be evidenced when the nuclei are in contact with the confining wall.

1 Introduction

In recent years, there has been a great amount of inter-
est in the study of quantum systems, such as atoms
and small molecules, confined within infinitely deep
potential wells in three spatial dimensions [1–14]. Very
detailed and relatively recent reviews of the state of
the art can be found in [15, 16]. In fact, the idea of con-
fining atomic and molecular systems using a potential
well derives from a long tradition in quantum mechan-
ics [17–19], and it was introduced to simulate atoms
under very high pressure conditions.

The confinement of a molecular system in a poten-
tial well produces a series of effects that have been
characterized in various works over the last 20 years
[20–22]; in particular, it has been shown that, because
of the confinement, the strength of the bond increases
and the excited repulsive states behave as bound ones
[11–13]. These studies can be compared with others,
developed in recent decades, that simulate a specific
molecular system that act as a cage and produce the
confinement effect, like crystalline cavities, fullerenes
and nanotubes [23–25]. The confinement of a molecular
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system by means of a potential well allows one to ana-
lyze and discuss the essence of the effects produced by a
molecular cage, getting rid of the specific details of the
intricate interaction between the atoms of the system
and those of the cage.

Results related to confining systems with symme-
tries different from the simplest ones (e. g., the sphere)
can represent a model of more realistic scenarios. In
this regard, we remark that the studies presented
so far mostly refer to spherical or ellipsoidal three-
dimensional potential wells [1–7, 20, 21], with very
few exceptions [8–10, 14, 26, 27] that, however, mostly
involve cylindrical, cubic and octahedral wells.

In particular, there are no significant results in the
literature about molecular systems confined within an
ideal icosahedral well. In our opinion, this is a short-
coming that has to be amended, for more than one
reason. Firstly, the icosahedron has a great intrinsic
interest as the Platonic polyhedron having (together
with its dual polyhedron, the dodecahedron) the high-
est degree of symmetry, I h , where the number of all
symmetry operations, that is the order of the group,
is equal to 120. Moreover, the icosahedral geometry
represents a model for the interaction potential inside
molecular cages exhibiting an icosahedral symmetry:
among these, we may mention fullerenes, hydrogenated
boron clusters like B12H12

2−, and many others [28].
Finally, the icosahedron has a deep connection with the
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algebraic applications of group theory and with the
mathematical methods of quantum chemistry [29, 30].

In this work, we present detailed calculations, per-
formed with the diffusion Monte Carlo (DMC) method,
related to the energies of quantum states of the ionic
molecule H2

+ and the neutral molecule H2 confined
within an icosahedral potential well. Hydrogen-based
species are essential in the context of confined systems;
H2

+ and H2, in particular, are the subject of the vast
majority of the works published concerning geometri-
cal confinements [4, 6, 11, 31–33], both because of their
simplicity as well as in view of the growing interest in
hydrogen storage and quantum computing, because of
the analogy among H2

+ and more complex systems con-
fined by a crystal field. For example, Kang et al. [34]
claim that quantum calculations of confined H2

+ may
be meaningful to the realization of a charge qubit with
double donor systems.

We underline the fundamental motivation of this
study: the icosahedron is a Platonic polyhedron never
considered as the shape of an infinite potential well. We
show that a combination of unbiased DMC and Onaka’s
analytical method allow us to study this complex sys-
tem straightforwardly. Although there are numerous
real systems in which molecules are confined within
molecular cages in the shape of an icosahedron [35],
these real objects represent an indirect motivation for
our study, and in any case their potential well is very
different from an ideal icosahedral well. We believe that
our calculations may provide new insights, e.g. the role
of the numerous symmetries, subgroups of I h , that are
obtained by the molecule rotation.

2 Method

2.1 Diffusion Monte Carlo

Confinement problems having a significant novelty
character are best addressed and solved via the diffusion
Monte Carlo (DMC) technique [11, 32, 36, 37], which
is based on the formal replacement of the Schrödinger
equation with a reaction–diffusion equation in an imag-
inary time coordinate, whose short-time propagator is
given by:

G(R ← R′, τ) ≈ (2πτ)
−3N

2 exp

[
−(R − R′)2

2τ

]

× exp
[−τ(V (R) − V (R′) − 2ET )

2

]
(1)

where N is the number of quantum particles in the
system and τ is a numerical step. The diffusion equa-
tion (the first exponential term) is solved by carrying
out the corresponding stochastic process via a cloud of
mathematical points (walkers) in a set Ri that move
randomly in the 3N -configuration space by small time
steps based on the short-time diffusion propagator. In

addition, according to the second exponential term of
Eq. (1), the walkers can disappear in regions of high
potential energy, while those who are in regions of low
potential energy can multiply. The estimated energy
ET , the so-called energy offset that controls the total
population of the walkers, is adapted by a relaxation
method until the numerical equilibrium of the popu-
lation of walkers is reached: the obtained estimate is
the one of the lowest energy state compatible with the
assigned constraints.

For simple quantum systems, some excited states
with distinct symmetries can be determined by know-
ing the relative nodal surfaces: basically, the walkers’
diffusion is limited to a single region of space where the
wavefunction remains positive. In order to constraint
the wavefunctions to vanish at the nodal surface, the
walkers that come into contact with it are removed from
the simulation. With the same method, the surface of an
infinite potential well of the desired shape is introduced,
thereby implementing a Dirichlet boundary condition.

The use of the Cartesian coordinates represents a
straightforward advantage of the DMC method, since
a change of the confinement shape can be realized with
very few modifications to the calculation program.

Several programs to perform DMC calculations are
available. The calculations presented in this work
have been performed using the open-source program
DMC_Basic [38], which is especially suited to confined
quantum systems. This is a Fortran-language stan-
dard DMC program that allows one to find the ground
state and symmetry-selected excited states of one- and
two-electron systems confined in potential wells of any
shape, with a very limited number of numerical param-
eters to be optimized (typically: the energy offset ET ,
the time step τ and the number of walkers). The source
code has been extended to treat the case of icosahedral
confinement, following the prescriptions detailed in the
next subsection.

The calculations of this work are performed within
the Born–Oppenheimer approximation: the nuclei of
the molecules are modeled as classical point-like sources
of Coulomb potentials, placed in different locations
inside the potential well. As their position varies, the
potential energy surface (PES) of the molecule is deter-
mined. An alternative way would consist in perform-
ing calculations with mobile nuclei, i.e., adding three
dimensions for each nucleus to the wavefunction. These
calculations have been actually performed in the case
of some confined systems [39, 40]; however, since in our
case studies we are interested in the PESs, we need
to specify the nuclear coordinates as independent vari-
ables. Furthermore, our method is greatly versatile with
respect to the shape and symmetry of the potential well,
as it does not employ variance reduction techniques.
Therefore, the use of mobile nuclei would require exces-
sive calculation times.

The DMC calculations are performed with an imagi-
nary time step equal to 2×10−3, totaling 105 time steps,
during which the energy is updated and time-averaged,
using 103 walkers in the three- or six-dimensional con-
figuration space. The calculation of a typical PES, with
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20 values of the internuclear distance, required a few
to several minutes on a 2.8 GHz Intel Core i5 com-
puter. The statistical variance of these runs was typ-
ically in the 10–3 a.u. range, low enough to produce
smooth plots.

In all simulations, the zero value of the energy cor-
responds to the configuration in which all the parti-
cles are infinitely distant from each other: consequently,
the dissociation limit of H2

+ without confinement is at
−0.5 a.u., while for H2 it is at −1 a.u.

2.2 Equations of the icosahedral well

The icosahedron is a regular polyhedron limited by
twenty faces (ten sets of parallel ones), that are identical
equilateral triangles, each uniquely defining one plane.
A generic point (x, y, z) is thus inside the icosahedron
if and only if it is simultaneously in the twenty cor-
responding half-spaces, each one containing the origin
of the coordinates. A detailed and explicit construction
of such inequalities can be found in S. Onaka’s work
[41]: here, the problem is generally addressed in the
case of a convex surface that, depending on the value of
a single parameter, smoothly interpolates between the
surface of a given polyhedron and that of the inscribed
sphere; the regular icosahedron is included among those
limit cases. For our specific purposes, we employed
Onaka’s construction with some minor modifications
with respect to the original work: namely, we use Carte-
sian coordinates (more convenient in the DMC method,
as mentioned in the previous section) instead of spher-
ical ones, and we work with the inverses of the func-
tions defined in Onaka’s original work, in order to avoid
numerical overflows in the inner region. With the afore-
mentioned modifications, the inner region of the poten-
tial well is characterized as follows: the point (x,y,z ) is
inside the icosahedron if all the following inequalities
are simultaneously true:

|g(X,Y,Z, γ, γ, γ)| < 1, |g(X,Y,Z,−γ, γ, γ)| < 1,

|g(X,Y,Z, γ,−γ, γ)| < 1
(2)

|g(X,Y,Z, ζ, η, 0)| < 1, |g(X,Y,Z, ζ,−η, 0)| < 1
(3)

|g(X,Y,Z, 0, ζ, η)| < 1, |g(X,Y,Z, 0, ζ,−η)| < 1
(4)

|g(X,Y,Z, η, 0, ζ)| < 1, |g(X,Y,Z, η, 0,−ζ)| < 1
(5)

where, for the sake of brevity, one defines the function

g(x, y, z, a, b, c) = ax + by + cz (6)

the rescaled (dimensionless) spatial coordinates

X =
x

lη
, Y =

y

lη
, Z =

z

lη
(7)

and the fixed parameters

γ =
1√
3
, η =

√
3 +

√
5

6
, ζ =

√
3 − √

5
6

(8)

In these equations, l is the half-length of the edge of the
cube in which the icosahedron in inscribed, as shown in
Fig. 1.

By simple geometrical considerations, the edge of the
icosahedron equals l divided by the golden ratio; this
simple equality easily allows for using the length of the
edge of the icosahedron as a parameter, instead of the
one of the inscribing cube.

These inequalities are used to compute the quan-
tum states of the ionic molecule H2

+ and the neu-
tral molecule H2. In the latter case, the DMC
method allows us to compute the ground state energy
of the singlet without any approximation: indeed,
the method computes the lowest energy associated
to the six-dimensional (two-particle) wavefunction
ψ = ψ(x, y, z, u, v, w) without factorization, thus fully
including the correlation effects; the allowed region of
the configuration space is simply obtained by impos-
ing the positions (x, y, z ) and (u, v, w) to satisfy the
prescription above.

2.3 Symmetry considerations

As regards the ionic molecule H2
+, it is possible to

identify various excited states by means of the relative
nodal surfaces, which are known a priori in the case
of this system. The main difficulty is that the nodal
planes must also be valid for the confined system; con-
sequently, these planes must be detected via symmetry
considerations.

The icosahedron has a symmetry group I h , the
largest among those that can represent molecular sym-
metries, with order equal to 120. When a diatomic
molecule is placed inside an icosahedron, with its cen-
ter of mass coinciding with the geometrical center of
the icosahedron, the resulting structure is described by
a symmetry subgroup of I h that depends on the orien-
tation of the molecular axis. The order of the subgroup
must be divided exactly into 120: the result of the divi-
sion is the number of all structures that are equivalent,
by symmetry, to the one considered [42]. For example,
the geometry shown in Fig. 1 on the left has symmetry
D2h , whose order is 8. There are 15 equivalent geome-
tries of this type, corresponding to situations where the
molecular axis is perpendicular to two opposite edges.

In Onaka’s formulation, one of these orientations fixes
the direction of the z axis, while the x axis is directed
along the two edges in question. This choice of axes is
then kept when the molecule is in a different geomet-
ric relation with the icosahedron, that is, the icosahe-
dron has fixed relation to coordinates. The nuclei of the
molecule are displaced. These excited states are corre-
lated with those of the free molecule: therefore, they
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Fig. 1 The geometry of the
system under investigation.
The molecular orientation
shown on the left has D2h

symmetry, where many
different nodal planes
remain perfectly valid for
the confined system and
allow the identification of
excited states of the H2

+

molecule ion. The geometry
corresponding to D5d

symmetry is shown on the
right; the generic
orientation investigated
here still retains C s

symmetry. In the figure, the
z axis is vertical, while the
x axis is directed from left
to right

can be named according to the corresponding correla-
tion table [42]. The nodal plane considered must be the
same in both cases.

To give a specific example, in the case of the free
molecule H2

+ the excited state Σu is the state of min-
imum energy such that the wavefunction vanishes on
the plane perpendicular to the internuclear axis [11,
38]. When the overall system is in the configuration of
Fig. 1a, this is still a symmetry plane for the whole
system: therefore, it is possible to identify the excited
state correlated with the free one, i.e., for large values
of l . Its symmetry is B1u , the irreducible representation
of the z axis in D2h , describing functions with a single
nodal plane, the xy one: Σ+

u (D∞h) → B1u(D2h).
Some degenerate excited states of the free molecule

(for example, Πu) will not be degenerate in the case of
the symmetry D2h , since the latter only admits one-
dimensional representations: the actual correlation is
Πu(D∞h) → B2u + B3u(D2h). For the most general
geometry considered in this paper (see next section),
the symmetry is C s .

3 Results

The physical parameters in our case study are the half-
edge l of the inscribing cube (see Fig. 1), the spherical
angles θ, φ identifying the direction of the internuclear
axes, and the internuclear distance d . For the sake of
simplicity, in all simulations we set φ = 0, correspond-
ing to the situation where the molecular axis lies on the
xz plane.

Figure 2 shows the potential curves of the confined
H2

+ molecule with the orientation corresponding to
D2h symmetry. We left as state labels those correspond-
ing to the symmetry group of the free molecule (D∞h),
in order to make the results more easily readable. Rig-
orously, the names of these states should be the names
of irreducible representations of the group D2h , namely

Ag , B1u , B2u and B1g (in order of increasing energy);
this should not cause any difficulty.

The results show that an increasing confinement pro-
duces a greater depth of the minimum of the potential
well; however, for the confined molecule, it is not pos-
sible to define a dissociation limit, but rather a contact
limit when the nuclei reach the surface of the well. We
also stress the effect produced by confinement on the
excited state potential curves: such states show quali-
tatively the characteristics of a bound state, producing
deeper minima as the confinement increases.

As regards the H2 system, the results of the ground
state and three confinement dimensions are shown in
Fig. 3.

From a qualitative point of view, a behavior similar to
the ionic system is obtained. Here, though, we are in the
presence of a traditional chemical bond, corresponding
to a single Lewis bond: in the case of the icosahedral
well, we can confirm the effect of confinement on a single
bond discussed for other geometries.

Interestingly, the calculations highlight the isotropy
of the icosahedron. The calculations carried out with
regard to the D5d symmetry, shown in Fig. 1b, led to
results practically indistinguishable from those of the
D2h symmetry. A determination of this small energy
differences is therefore to be addressed via deterministic
approaches or by using importance sampling methods
which, however, need to be developed ad hoc in the case
of this geometry. As a consequence of the remarkable
isotropy of the inner region of the icosahedron, the con-
clusions about the dissociation energy and vibrational
energies of the confined molecule are substantially those
of the spherical case.

In order to show some of the small effects due to ori-
entation, and highlight the peculiar geometry of icosa-
hedron, we performed a series of calculations corre-
sponding to an extreme case: the one in which the nuclei
are constantly in contact with the surface of the poten-
tial well. The internuclear distance is therefore com-
pletely determined by the geometry of the icosahedron
as a function of the angle θ. As shown in the case of
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Fig. 2 Potential energy surfaces (PESs) of the ground state 2Σ+
g and three excited states (2Σ+

u , 2Π+
u , 2Π+

g ) of the H2
+ ion

enclosed in an icosahedral well, in the D2h geometry, as a function of the internuclear distance d (atomic units), for three
different values of the parameter l (the half-edge of the cube, as shown in Fig. 1)

spherical confinement [11], this limit case allows us to
make semi-quantitative considerations related to the
atomic states correlated with the molecular states for
large dimensions of the potential well that produces the
confinement. In this case, unlike in the case of spher-
ical confinement, we expect the result to depend sig-
nificantly on the direction of the molecular axis. The
result of this calculation for the 2Σ+

g (2A
′
) state of H2

+

is shown in Fig. 4.
The maximum of the energy is found in the D5d

geometry of Fig. 1b, while the minimum is found in
the D3d geometry where the two nuclei are in contact

with the centers of two opposite triangular faces. This
shows that the main effect is due to the local shape of
the contact surface.

A qualitative interpretation of the result may be the
following. A vertex produces a greater limitation of the
available solid angle; therefore, the average electron-
nucleus distance must increase, and this leads to a
higher potential energy. For the same reason, the plane
face yields a lower energy. These results are in good
qualitative agreement with the discussion in [11] for the
spherical well and for the results found in the case of
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Fig. 3 Potential energy surfaces (PESs) of the ground state
1Σ+

g of H2 enclosed in an icosahedral well of different dimen-
sion l (the half-edge of the cube in Fig. 1) in the D2h geom-
etry, as a function of the internuclear distance d (atomic
units)

the confinement of hydrogen atoms by dihedral surfaces
(Ley-Koo et al. [15]).

4 Conclusions

In this work, the quantum states of H2
+ and H2

molecules confined within three-dimensional icosahe-
dral potential wells have been determined, and some
peculiarities produced by this potential well have been
discussed. The results show that the confinement states
present deeper minima in their potential curves, as
it was demonstrated in the case of simpler confine-
ment geometries. Moreover, some results concerning the
effects of the orientation of the molecular axis, when the
nuclei are very close to the confinement wall, have been
presented.

The first contribution of this work lies in the method-
ology itself: the use of an analytical expression of the
characteristic function of the icosahedron, in conjunc-
tion with the unbiased Diffusion Monte Carlo method,
has allowed us to study this system straightforwardly.

Our results show that the inner region of the ideal
icosahedral well behaves essentially isotropically, while
more shape-specific effects can be evidenced when the
nuclei are in contact with or very close to the boundary
surface.

Given the importance of the icosahedron as a highly
symmetrical Platonic polyhedron, the calculations car-
ried out here have primarily a conceptual interest. At
the same time, our results may serve as a starting point

Fig. 4 The energy of the ground state 2Σ+
g of H2

+ enclosed
in an icosahedral well of different dimension l (the half-edge
of the cube in Fig. 1) in the limit case where the nuclei
are constantly in contact with the icosahedral surface, as a
function of cosθ for φ = 0

for investigating the features of icosahedral cages in
inorganic chemistry and condensed matter physics: cal-
culations for molecules confined within ideal icosahedral
well represent an alternative to ab initio calculations,
which show the role of the specific atoms of the cage,
but for this very reason they are less general. Accord-
ingly, the approach presented here may have a heuristic
value to be evaluated in the future.
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included in the article’s Creative Commons licence and
your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to
obtain permission directly from the copyright holder. To
view a copy of this licence, visit http://creativecomm
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