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Abstract. An early approach to include pointers representing measurement devices into quantum mechan-
ics was given by von Neumann. Based on this idea, we model such pointers by qubits and couple them to a
free particle, in analogy to a classical time-of-flight arrangement. The corresponding Heisenberg dynamics
leads to pointer observables whose expectation values allow us to reconstruct the particle’s momentum
distribution via the characteristic function. We investigate different initial qubit states and find that such
a reconstruction can be considerably simplified by initially entangled pointers.

1 Introduction

Despite its rigorous axiomatic framework [1–3] and var-
ious conceptual studies [4–8], many operational pro-
cesses which are well-known in classical mechanics are
not intuitive in quantum mechanics [9–17]. The formal
description of a measurement requires the abstract pro-
jector formalism to gain knowledge about possible val-
ues for so-called observables. This way, we can mathe-
matically deduce the statistics of an observable associ-
ated with a specific state of the quantum system.

However, this process is not directly linked to an
explicit experiment as a realization to measure this
observable. An early approach to remedy this problem
was discussed by von Neumann in his classic textbook
[1]. Pointer systems representing measurement devices
were included into the description of the measurement
process. Hence, it is interesting to ask whether this idea
allows us to assign basic classical concepts like time-
of-flight (ToF) measurements an operational meaning
in quantum mechanics [18–25]. In contrast to Ref. [18]
we explicitly couple pointers to our system in analogy
to a classical ToF setup. Based on this setup we will,
however, not derive a time-of-flight or time-of-arrival
operator directly for the particle. In fact we extract the
momentum operator of the particle from simple observ-
ables of the pointers.

In a previous work [26] it was shown that the momen-
tum of a free, non-relativistic quantum particle can be
extracted from an operational observable based on the
concept of a classical ToF measurement. This observ-
able has been defined with the help of two continu-
ous systems, serving as pointers in the sense of von
Neumann. In contrast to the projector formalism, it is
then not necessary in such an operational approach to
decompose the quantum state of the particle in momen-
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tum eigenstates and to employ a momentum projector
acting on the particle’s motional degrees of freedom. In
fact, the momentum information can be read off from
the pointers in analogy to the classical ToF concept.

Here, we apply a similar idea but replace the con-
tinuous pointers by two-level systems (qubits). That is,
we show that even the most basic quantum systems
can be used as measurement devices for the momen-
tum of a particle. A general concept to apply two-level
systems for a measurement of continuous variables has
been discussed in an earlier work [27]. In contrast to this
work, we study an explicit model and examine which
qubit-based observable has to be defined operationally
in order to determine the particle’s momentum distri-
bution. Therefore, our model can serve as an addition to
quantum measurement theory since it provides another
example to the fundamental question on how to gain
information from quantum systems.

Moreover, two-level systems are fundamental can-
didates to study whether their entanglement possibly
leads to an improved measurement [28]. These discus-
sions have led to various quantum metrological applica-
tions [29,30]. Similarly, we analyze which initial qubit
state results in an optimized operational measurement
scheme for the particle’s momentum. We show that this
state is in fact given by a maximally entangled Bell
state. This novel example demonstrates a further uti-
lization of entanglement in quantum measurement the-
ory.

Our work is organized as follows: In Sect. 2 we
describe our conceptional setup which will be modeled
by a three-body Hamiltonian. We solve the correspond-
ing dynamics in the Heisenberg picture. We then discuss
in Sect. 3 in which way the momentum of the parti-
cle can be extracted by measuring certain observables
related to the two-level pointers. In Sect. 4 we contrast
and compare the measurement of the particle’s momen-
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Fig. 1 Conceptional setup of a time-of-flight measure-
ment. The quantum particle is visualized in position space
for three successive times. Its wave packet ψ(X) is initially
prepared at t = 0 (green wave packet) with an arbitrary
momentum distribution. A coupling of the evolved parti-
cle (blue and red wave packets) with the two qubit-based
pointers is performed at the specific times t1 and t2, with
t2 > t1 > 0. The two-level pointers, which possess transi-
tion frequencies ω1 and ω2, will record position information
of the particle at two different times. This setup is in closest
analogy to the classical ingredients to measure the momen-
tum of a massive particle

tum distribution with the help of separable and entan-
gled pointers. In Sect. 5 we summarize our work.

2 Conceptional setup and dynamics

The concept to measure the momentum of a free quan-
tum particle based on a pair of two-level systems is
shown in Fig. 1. The quantum mechanical particle rep-
resented by its wave packet ψ(X) in position represen-
tation is initially prepared at time t = 0. It will then
be coupled to two qubit-based pointers at the specific
times t1 and t2 > t1, respectively. Each pointer will
record position information of the particle. We empha-
size that a classical ToF measurement can be done sim-
ilarly to our quantum concept. One simply takes two
snapshots of the classically moving particle at two dif-
ferent times t1 and t2. The corresponding pictures will
show the particle at different positions, and hence, we
can determine a mean classical momentum. In contrast
to the quantum case these two position measurements
will not disturb the particle. Depending on their specific
interaction, a quantum particle will become correlated
with the pointer. Moreover, since we need two pointers
for our concept, see Fig. 1, they will quantum mechan-
ically influence each other via the particle. In order to
show how we can exploit these quantum correlations
in our setup, we will discuss a suitable particle–pointer
interaction in the following paragraph.

2.1 Particle–pointer interaction

As argued before, an essential part of our concept
depicted in Fig. 1 is the coupling between particle
and two-level pointer. We will not directly measure the

momentum on the free particle. Instead we have argued
that our two-level pointers need to register position
information of the particle’s state

|ψ〉 =
∫

dX ψ(X)|X〉 (1)

written in terms of position eigenstates |X〉 with wave
function ψ(X). Once position information has been
encoded in both pointers, we can read them off using
suitable two-level observables.

Let us assume the state

|ϕ〉k = a|0〉k + b|1〉k (2)

of a single pointer k ∈ {1, 2} to be in a certain super-
position of eigenstates

|0〉k = σz
k|0〉k (3)

and

|1〉k = −σz
k|1〉k (4)

of the Pauli-spin operator σz
k. It is then immediately

clear that a unitary transformation

e−iκX̂⊗σz
k |ψ〉 ⊗ |ϕ〉k

=
∫

dX ψ(X)
[
ae−iκX |0〉k + beiκX |1〉k

] ⊗ |X〉
(5)

with some coupling constant κ transfers position infor-
mation into the superposition phase of the two-level
pointer. The corresponding interaction Hamiltonian
which generates this unitary evolution reads

Ĥint = fk(t)X̂ ⊗ σz
k (6)

with a time-dependent coupling function fk(t) which
effectively leads to the constant κ and will be specified
later for our situation.

We note that bilinear interactions of the form X̂ ⊗σz

are not just suitable from our conceptional point of view
but are actually utilized in atom optics, for example in
the context of spin coherence [31]. Indeed, similar inter-
actions have been implemented in order to build an
atom interferometric setup [32]. These specific applica-
tions rely on magnetic fields interacting with internal
states of the atom and leading to Hamiltonians analo-
gous to Eq. (6).

2.2 Hamiltonian and rescaling

After having determined the Hamiltonian governing the
interaction between particle and pointer, we can write
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down the complete Hamiltonian by adding

Ĥfree =
P̂ 2

2M
(7)

for the free motion of the particle with momentum P̂
and mass M as well as

Ĥk =
�ω

2
σz

k (8)

representing the free time evolution of the two qubit-
based pointers. Here we assume an identical energy-
level spacing �ω for simplicity. Note that the follow-
ing treatment could also be generalized to two different
transition frequencies. To further simplify calculations
we introduce dimensionless operators

X̂ ′ :=
X̂

a
, P̂ ′ :=

a

�
P̂ , Ĥ ′ :=

Ma2

�2
Ĥ (9)

leading to the transformations

t′ :=
�

Ma2
t, ω′ :=

Ma2

�
ω, f ′

k(t′) :=
Ma3

�2
fk(t)

(10)

in the scalar parameters. The scaling length a in these
transformations can in principle be chosen arbitrarily.
Nevertheless, a natural choice would be the width of
initial wave packet ψ(X), Eq. (1).

In the following calculations, only these rescaled
quantities are used and hence we drop the prime from
now on for clarity. The complete Hamiltonian of the
system therefore reads

Ĥ(t) =
ω

2
(σz

1 + σz
2) +

P̂ 2

2
+

2∑
k=1

fk(t)X̂ ⊗ σz
k

(11)

with the free evolution of the three subsystems and
the two coupling terms to describe interactions between
particle and pointers.

2.3 Dynamics of the system

With this Hamiltonian we can now analyze the dynam-
ics of the system. The calculation turns out to be most
elegant in the Heisenberg picture in which all opera-
tors Ô will be in general time dependent and obey the
equation of motion

dÔ(t)
dt

= i
[
Ĥ(t), Ô(t)

]
(12)

given no time dependency of the operator in the
Schrödinger picture. Hence, for the operators of our sys-

tem we arrive at

dσz
k(t)
dt

= 0 (13)

and

dσ±
k (t)
dt

= ±iωσ±
k (t) ± 2ifk(t)X̂(t) ⊗ σ±

k (t) (14)

concerning each pointer k ∈ {1, 2}, where we have intro-
duced the ladder operators

σ±
k :=

1
2

(σx
k ± iσy

k) . (15)

The observables of the particle evolve according to

dP̂ (t)
dt

= −f1(t)σz
1(t) − f2(t)σz

2(t) (16)

and

dX̂(t)
dt

= P̂ (t). (17)

Since the two operators σz
k commute with the Hamilto-

nian, they are constants of motion. This fact enables
us to solve Eqs. (13), (16) and (17). For a shorter
notation we emphasize the operators in the Heisenberg
picture with their respective time dependency. In con-
trast, operators without time dependency correspond
to the Schrödinger picture and coincide with the initial
Heisenberg operators at t = 0. The Heisenberg opera-
tors can then be written as

σz
k(t) = σz

k, (18)

P̂ (t) = P̂ − a1(t)σz
1 − a2(t)σz

2 (19)

and

X̂(t) = X̂ + P̂ t − b1(t)σz
1 − b2(t)σz

2 (20)

with coefficients

ak(t) :=

t∫

0

fk(τ) dτ (21)

and

bk(t) :=

t∫

0

ak(τ) dτ (22)

that depend on the coupling functions fk(t) of interac-
tion, Eq. (11).
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Linear homogeneous differential equations (14) can
be integrated to obtain the solutions

σ±
k (t) = σ±

k exp

⎛
⎝±iωt ± 2i

t∫

0

fk(τ)X̂(τ) dτ

⎞
⎠,

(23)

where the integral in the exponential also depends on
the coupling functions. We now choose delta-like cou-
pling functions

fk(t) = κδ(t − tk), (24)

which concentrate the interactions on two specific times
tk and allow us to easily solve the integrations without
losing anything fundamental of our concept. When eval-
uating the integrals, it is essential to keep track of the
time ordering

0 < t1 < t2 < T (25)

between the interaction times and the read-off time T .
Time-dependent coefficients, Eqs. (21) and (22), then
read

ak(t) = κ

t∫

0

δ(τ − tk) dτ = κθ(t − tk) (26)

and

bk(t) =

t∫

0

ak(τ) dτ = κ(t − tk)θ(t − tk) (27)

for an arbitrary time t written with the help of a
Heaviside step function θ(t−tk). These coefficients lead
to the explicit Heisenberg operators

σz
k(T ) = σz

k, (28)

P̂ (T ) = P̂ − κσz
1 − κσz

2 (29)

and

X̂(T ) = X̂ + P̂ T − κ(T − t1)σz
1 − κ(T − t2)σz

2
(30)

for the read-out time T . By solving the integrals in
Eq. (23) we arrive at

σ±
1 (T ) = σ±

1 ⊗ e±iωT e±2iκ(X̂+P̂ t1) (31)

and

σ±
2 (T ) =σ±

2 ⊗ e±iωT e±2iκ(X̂+P̂ t2) ⊗ e∓2iκ2(t2−t1)σ
z
1

(32)

in which aforementioned time ordering, Eq. (25), becomes
essential.

These Heisenberg operators already contain the ini-
tial position and momentum operator of the parti-
cle. However, we have to combine them to access the
momentum operator alone. Furthermore, this combina-
tion has to describe an actual measurement, i.e., it must
possess an operational meaning. Therefore, we will ana-
lyze suitable qubit-based correlation functions in the
following section.

3 Particle–pointer correlations

Using definition, Eq. (15), of the ladder operators
together with their Heisenberg evolution, Eqs. (31) and
(32), we clearly see that any information on the parti-
cle’s momentum P̂ must be contained in a correlation
measurement of two-qubit operators

σxx(T ) ≡ σx
1 (T )σx

2 (T )

=
(
σ+
1 (T ) + σ−

1 (T )
) (

σ+
2 (T ) + σ−

2 (T )
)

= eiμ̂|00〉〈11| + eiη̂|10〉〈01| + h.c.
(33)

and

σyy(T ) ≡ σy
1 (T )σy

2 (T )

= − (
σ+
1 (T ) − σ−

1 (T )
) (

σ+
2 (T ) − σ−

2 (T )
)

= −eiμ̂|00〉〈11| + eiη̂|10〉〈01| + h.c.
(34)

where the exponents are defined via

η̂ := 2κP̂ (t2 − t1) (35)

and

μ̂ := 2κ
(
2X̂ + P̂ (t1 + t2)

)
+ 2ωT. (36)

We find that these operators have a very similar struc-
ture. On the particle they act as unitary rotations gov-
erned by operators η̂ and μ̂, encoded in two distinct
subspaces spanned by the two pairs of two-qubit states
{|00〉,|11〉} and {|01〉,|10〉}. While the operator η̂ con-
tains the momentum P̂ in a tunable manner via the
time difference t2 − t1, the μ̂ operator depends on the
position X̂ as well and is therefore not useful for access-
ing only the momentum of the particle.

Hence, a pure momentum measurement can be
described by extracting only the η̂ part from these oper-
ators. In the following section we will show that this
extraction can either be achieved by combining several
measurements of the two different qubit-based opera-
tors or by using initially entangled pointers for a mea-
surement with only one of the two operators.
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3.1 Characteristic function from qubit correlations

After having established operationally meaningful two-
qubit operators, Eqs. (33) and (34), we will now investi-
gate the structure of the corresponding correlation func-
tions and conclude how we can use them to determine
the momentum of the particle.

We assume that particle and pointers are initially not
correlated, so that the total state

ρ = ρs ⊗ |ϕ〉〈ϕ| (37)

is a product between a mixed state ρs for the particle
and the pure two-qubit state

|ϕ〉 = ε00|00〉 + ε01|01〉 + ε10|10〉 + ε11|11〉 (38)

with arbitrary coefficients εij obeying the normalization
condition. As we want to optimize these pointer states,
we assume them to be perfectly preparable. Using this
state we arrive at the correlation functions

〈σxx(T )〉 = tr{σxx(T )ρ} = Re
(
2ε01ε

∗
10trs

{
eiη̂ρs

})
+ Re

(
2ε∗

00ε11trs
{
eiμ̂ρs

})
(39)

and

〈σyy(T )〉 = tr{σyy(T )ρ} = Re
(
2ε01ε

∗
10trs

{
eiη̂ρs

})
− Re

(
2ε∗

00ε11trs
{
eiμ̂ρs

})
(40)

of a two-qubit measurement at time T as described by
given operators, Eqs. (33) and (34).

When we now recall the definition of η̂, Eq. (35), we
see that the characteristic function

CP̂ (λ) = trs
{

eiλP̂ ρs

}
(41)

of the particle’s momentum P̂ occurs in both correla-
tion functions with a parameter λ ≡ 2κ(t2 − t1) > 0,
which can be tuned by varying the interaction times tk.
With the properties CP̂ (−λ) = C∗

P̂
(λ) and CP̂ (0) = 1

of a characteristic function we can calculate its Fourier
transform which results in the momentum distribution

trs{ρs|P 〉〈P |} = 〈P |ρs|P 〉 =
1
2π

∫
R

CP̂ (λ)e−iλP dλ

(42)

of the incoming particle. Hence we clearly see that
our two-qubit correlation functions, Eqs. (39) and (40),
deliver full momentum information of the particle. At
this point we emphasize once more that our approach
needs no definition of a time-of-flight operator. Rather
we have used a setup with the idea of a classical ToF
experiment to make the exact momentum distribution

of the particle accessible through ensemble measure-
ments on qubit pointers.

In the next section it remains to be shown how char-
acteristic function, Eq. (41), has to be extracted finally
from correlation functions based on suitably prepared
qubit pointers, i.e., by choosing suitable coefficients εij

for the two-qubit state |ϕ〉, Eq. (38).

4 Pointer states for momentum
measurement

Correlation functions, Eqs. (39) and (40), are clearly
operational quantities. However, in order to isolate
characteristic function, Eq. (41), a single correlation
function will not be sufficient. In this section we will
demonstrate two versions to operationally reconstruct
the particle’s characteristic function from qubit-based
correlations. In fact, we need four correlation measure-
ments if we choose separable pointers and just two if
we prepare them in an entangled state.

4.1 Separable pointers

We begin by investigating the case of initially sepa-
rable qubit states |ϕ〉, Eq. (38). That is, we prepare
the two measurement devices independently. The con-
tribution of the characteristic function will be opti-
mized by increasing the amplitude |ε01ε10| in both
correlation functions, Eqs. (39) and (40). In the case
of separability the condition of normalization requires
|ε01| + |ε10| ≤ 1. Hence, the maximum will be reached
for |ε01| = |ε10| = 1/2, which yields the optimized sep-
arable pointer state

|ϕ〉sep =
1
2

(|0〉 + eiφ1 |1〉) ⊗ (|0〉 + eiφ2 |1〉) (43)

with the relative phases φk of the single qubits. For this
choice we can sum up correlation functions, Eqs. (39)
and (40), and arrive at

〈σxx(T )〉sep + 〈σyy(T )〉sep = Re
(
CP̂ (λ)ei(φ2−φ1)

)
.

(44)

Eventually, by tuning the relative phase of the two
single-qubit states it is possible to measure the full char-
acteristic function in the sense of its real and imagi-
nary part. Choosing φ1 − φ2 = 0 yields the real part
Re

(
CP̂ (λ)

)
, while the phase φ1 − φ2 = π

2 results in
a measurement of the imaginary part Im

(
CP̂ (λ)

)
. We

emphasize that this measurement scheme requires four
ensemble measurements in total: two correlation func-
tions and each for two settings of the relative phases.

Moreover, the time difference t2 − t1 of interaction
times needs to be tuned in order to reconstruct the
characteristic function CP̂ (λ) in the parameter regime
λ > 0.
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This result raises the question of whether dropping
the condition of separability for the pointers will lead
to an advanced measurement procedure.

4.2 Entangled pointers

Dropping the condition of separability means that the
qubits are prepared in an initially entangled way. Just
as before, we construct the state in such a way that
it maximizes the amplitude |ε01ε10|. The normalization
condition in the case of arbitrary states |ϕ〉, Eq. (38), is
less restrictive than in the case of separability, and the
maximum is reached for |ε01| = |ε10| = 1/

√
2. Hence,

the optimal pointer state now reads

|ϕ〉ent =
|01〉 + eiφ|10〉√

2
, (45)

which is a maximally entangled state with relative
phase φ. Inserting this state in correlation function,
Eq. (39), yields

〈σxx(T )〉ent = Re
(
CP̂ (λ)e−iφ

)
(46)

as well as an analogous expression

〈σyy(T )〉ent = Re
(
CP̂ (λ)e−iφ

)
. (47)

With entangled pointers the characteristic function can
be reconstructed from just a single correlation function.

The real and imaginary parts of the characteristic
function are obtained as before by taking φ = 0 and
φ = π

2 . Hence, in total we now need just two ensemble
measurements for each parameter λ > 0.

5 Conclusion

The main result of the present work is a qubit-
based pointer model, which represents a von Neumann
approach to measure the momentum of a massive par-
ticle. The model is based on the classical version of
a time-of-flight concept. We have explicitly solved its
quantum dynamics in the Heisenberg picture. This solu-
tion has allowed us to identify suitable qubit-based
observables which contain information on the complete
momentum distribution of the measured particle via its
characteristic function. Moreover, we have shown that
this information can be extracted more efficiently if we
prepare the two-level pointers in a Bell state.

Our study provides an analytically solvable model for
an early idea of von Neumann, while at the same time
presenting a connection to entanglement. An interesting
extension would be the inclusion of external potentials
acting on the measured particle. One could then spec-
ify operational observables for freely falling or trapped
particles. Moreover, a three-dimensional generalization
would possibly allow us to sketch a concept of an oper-
ational angular momentum measurement.
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