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Abstract. We investigate the high harmonic generation in bulk silicon irradiated by intense near-infrared
laser pulses with pulse duration ≤ 100 fs. For peak field strength of the applied laser is below 1V/Å, the
spectral intensity of the emitted harmonics follows the prediction of perturbative nonlinear optics—the
frequency comb consists of a series of discrete peaks at odd harmonic orders. For a pulse duration longer
than 30 fs and peak laser field strength exceeding 1 V/Å, non-perturbative effects and generation of even
order harmonics occur. The appearance of even harmonics is due to optical rectification of the transmitted
pulse, which includes weak quasi-DC component with electric field as low as 3 V/µm. In the strong coupling
regime, when the peak field strength inside vacuum exceeds 1.5 V/Å, the laser creates dense breakdown
plasma of electron–hole pairs, which in turn results in severe spectral broadening of the transmitted pulse.
The harmonic spectrum superimposes onto a continuous background, the spectral width of individual
harmonics is substantially broadened, and their central wavelength undergoes a blue shift that covers the
spacing between adjacent harmonic orders.

1 Introduction

High harmonic generation (HHG) in solids has been
demonstrated experimentally [1–3] and is associated
with sub-cycle dynamics of electron–hole pairs [1,2,4–
7]. Experiments were conducted in the recent years that
show the possibility of using solid-state HHG for all-
optical reconstruction of band structure [8] and carrier
dynamics [9,10], for light-driven electronics [7,11–14],
for generation of terahertz radiation sources [4], and
for ultrafast dielectric optical switching [15].

In inversion symmetric materials such as silicon, even
order harmonic generation does not occur in long wave-
length approximation. However, inversion symmetric
materials can generate even harmonics from higher-
order nonlinear responses [16]. Harmonic spectrum
extending from the visible to deep ultraviolet spectral
range generated in silicon crystal irradiated by a 100
fs laser pulse with mid-infrared wavelength of 3.5 µm
was observed recently [17]. The HHG spectra were
consistently interpreted within the semi-classical three-
step re-collision model [18], including nonlinear photo-
ionization, the kinetic energy gain of the freed electron
through their acceleration in the laser electric field, fol-
lowed by the radiative re-combination of the electron
with its parent ion near zero-crossings of the laser elec-
tric field, and finally resulting in emission of ionizing

a e-mail: tzveta.apostolova@nbu.bg (corresponding
author)

XUV irradiation. It was demonstrated that HHG in sil-
icon is affected by weak DC electric fields as low as
30 V/µm, which allows generation of even order har-
monics. An array of monopole nano-antennas fabricated
on a 500-nm-thick single-crystal Si film was used in Ref.
[19] to produce plasmon-assisted HHG directly from the
supporting crystalline silicon substrate. The mechanism
of even order harmonic generation was associated with
field enhancement near the edge of the nano-antenna,
causing electrons propagating towards it to experience a
stronger field compared to the one experienced by elec-
trons traveling away from it. This is also reflected in a
different phase of the rapidly oscillating dipole associ-
ated with HHG during each two successive half-cycles of
the driving field. Thus, the occurrence of even harmon-
ics was attributed to asymmetry of the laser field. The
mechanism of even-order harmonic generation in ionic
crystals was also discussed in Ref. [20,21] and shown
to be a result of the phase of the complex-valued tran-
sition dipole moment connecting valence to conduction
bands.

In this work, we present numerical results of HHG
in bulk silicon irradiated by linearly polarized intense
laser pulses of 800 nm wavelength. By varying the pulse
duration in the range 10–100 fs and the peak laser inten-
sity from 1011 to 1014 W/cm2, we have calculated the
ultrafast photo-induced electric currents in bulk silicon
associated to HHG. In Sect. 2, we present basic theory
and discuss numerical results related to the time evo-
lution of the electric field of the transmitted pulse, the
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HHG spectra and harmonic efficiency from bulk silicon.
Section 3 includes our main conclusions, unless other-
wise stated we use atomic units (e = � = me = 1).

2 Numerical results and discussion

2.1 Basic theory

Detailed description of the static band structure of sil-
icon, the theoretical approach and methodology can be
found in Refs. [22–25]. In this approach, valence elec-
trons in Si were assumed to respond as non-interacting
particles to the total electric field, which is a superpo-
sition of the time-dependent electric field of the trans-
mitted pulse and the static screened electric field of
the substrate ionic cores. The externally applied laser
electric field is parameterized by a Gaussian function
Eext(t) = e exp[− ln(4)(t − t0)2/τ2]F cos ωLt, where e
is the laser polarization vector, ωL is the laser oscil-
lation frequency, τ is the pulse length, t0 designates
the position of the pulse peak, and F is the electric
field strength related to the peak laser intensity by
I = F 2. In response to the applied field, the movement
of electrons results in transiently polarized solid with an
induced electric field Eind = −4πP that superimposes
onto the applied one to determine the electric field of
the transmitted pulse E = Eext + Eind inside the bulk.
The macroscopic polarization is related to the transient
photo-induced electric current by J(t) = dP/dt which
can be written as:

J(t) =
4∑

v=1

∫

BZ

d3k
4π3

〈vk(t)|p + k + A(t)|vk(t)〉, (1)

where p = −i∇r is the momentum operator, A(t) is
the macroscopic vector potential related to the pulsed
electric field by E(t) = −∂tA, v labels the four initially
occupied valence electron orbitals of silicon and k is the
crystal momentum, which extends over the first Bril-
louin zone. The HHG spectra and the harmonic yield
are obtained from the Fourier transform of the transient
current projected onto the laser polarization direction

Y (ω) =
∣∣∣∣
∫

dteiωtJ(t) · e
∣∣∣∣ (2)

The time-dependent lattice-periodic Bloch states |vk(t)〉
in Eq. 1 are obtained by numerically solving the
Schrödinger equation i∂t|vk(t)〉 = H(k, t)|vk(t)〉 with
the Hamiltonian of a Bloch electron

H(k, t) =
1
2
[p + k + A(t)]2 + Ve-ion(r) (3)

where Ve-ion(r) is the static screened electron–ion
pseudo-potential for valence electrons [26], which exhibits
the periodicity of the diamond lattice. Because the dia-
mond lattice has an inversion symmetry, the pseudo-

potential Ve-ion(r) = Ve-ion(−r) does not change under
spatial inversion, thus according to the perturbative
nonlinear optics, the generation of even harmonics is
forbidden, e.g. the second-order nonlinear susceptibil-
ity vanishes identically for Si, such that optical rec-
tification and second-harmonic generation are forbid-
den processes. Therefore, generation of even-order har-
monics from bulk Si subjected to strong laser fields is
also indicative of a breakdown of perturbation theory
approach.

2.2 Dependence of HHG on the laser intensity and
pulse duration

2.2.1 Results for 30 fs pulse

Figure 1a, c and e shows the time evolution of the elec-
tric field transmitted in bulk Si irradiated by 30 fs
pulsed laser with near-infrared wavelength 800 nm
(photon energy �ωL = 1.55 eV). In the low intensity
regime with I = 3 × 1013 W/cm2, shown in Fig. 1a,
dielectric response of Si is exhibited—the electric field
follows the oscillations of the applied laser with E =
Eext/ε0, where ε0 = 12 is the static dielectric con-
stant of Si. When the laser intensity is increased to
7 × 1013 W/cm2, Fig. 1c, the field strength inside the
bulk reaches 0.2 V/Å at the pulse peak, the delayed
response of the polarization manifests in time delay of
the peak of the transmitted pulse relative to the applied
laser. For high intensity with 9×1013 W/cm2 shown in
Fig. 1e, the laser has ionized large fraction of valence
electrons and created free electrons in the conduction
band. The response of the free charge carriers to the
applied laser causes rapid decrease in the refractive
index of Si, such that the transmitted pulse becomes
subject to self-phase modulation in the breakdown
plasma. The temporal profile of the pulse is strongly
distorted: the field strength exceeds 0.2 V/Å already on
the rising edge of the pulse and grows rapidly in time
until it reaches its peak value of 0.4 V/Å in the trailing
edge of the applied laser. Next, a steep edge is formed in
the back of the pulse due to screening of the laser field
by conduction electrons, the laser frequency becomes
unstable and up-shifts, i.e. a positive frequency chirp is
exhibited. This frequency up-chirp causes severe spec-
tral broadening of the transmitted pulse and affects the
mechanism for HHG in the strong-coupling regime.

The associated HHG spectra are shown in Fig. 1b, d
and f. For the lowest intensity shown in Fig. 1b, the
spectrum consists of isolated peaks at odd harmon-
ics extending up to the 15th order. Similar trend is
observed in the intermediate intensity regime, shown
in Fig. 1d, the frequency comb now extends to higher
orders, and cut-off is exhibited at the 21st order. For
the highest peak intensity shown in Fig. 1e, harmonic
peaks are broadened and superimpose onto a continu-
ous background, the harmonic peaks undergo an uni-
form blue shift Δω ≈ 0.1ωL, which makes evident that
harmonics are mainly emitted at the back of the pulse
when the driving frequency is up-chirped.
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(f)

Fig. 1 Time evolution of the pulsed total electric field (in V/Å) in bulk silicon for τ = 30 fs. The laser intensity at the
pulse peak is 3 × 1013 W/cm2 in (a), 7 × 1013 W/cm2 in (c) and is 9 × 1013 W/cm2 in (e). The laser is linearly polarized
along the [001] direction, and the laser wavelength is 800 nm. The corresponding harmonic spectra are shown in (b), (d),
(f)

2.2.2 Results for 60 and 90 fs pulses

The time evolution of the electric field of the transmit-
ted pulse, when the duration of the applied laser pulse
is increased to 60 fs, is shown in Fig. 2a, c and e. The
dielectric response of Si is exhibited in the relatively low
laser intensity regime with I = 3 × 1013 W/cm2 when
the temporal profile of the transmitted pulse is weakly
distorted by the laser–matter interaction and exhibits
nearly Gaussian profile, cf. Fig. 2a. For the increased
peak intensity 5 × 1013 W/cm2, shown in Fig. 2c, the
build-up of plasma of photo-excited carriers results in
time delay of the pulse peak relative to the peak of
the applied laser, similar to the result for the 30 fs
pulse (cf. also Fig. 1d). The temporal profile of the
transmitted pulse strongly deteriorates in the strong-

coupling regime corresponding to peak laser intensity
7 × 1013 W/cm2, cf. Fig. 2e.

The corresponding harmonic spectra are shown in
Fig. 2b, d and f. For the lowest intensity shown in
Fig. 2b, the frequency comb now consists of both odd
and even order harmonics, the high-energy cut-off is
positioned at the 15th harmonic order. The spectral
intensity of even order harmonics is lower than the
intensity of odd order ones. A plateau region of the har-
monic spectrum is exhibited in the intermediate inten-
sity regime in Fig. 2d, and the cut-off energy for HHG
increases to 21st order. The spectral intensity of even
order harmonics now becomes comparable to the inten-
sity of odd harmonics. The emergence of even order har-
monics is a result of optical rectification of the transmit-
ted pulse and generation of low-frequency (THz) com-
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Fig. 2 Time evolution of the pulsed total electric field (in V/Å) in bulk silicon for τ = 60 fs. The laser intensity at the
pulse peak is 3 × 1013 W/cm2 in (a), 5 × 1013 W/cm2 in (c) and is 7 × 1013 W/cm2 in (e). The laser is linearly polarized
along the [001] crystal direction, and the laser wavelength is 800 nm. The corresponding harmonic spectra are shown in
(b), (d), (f)

ponent of the pulsed electric field, shown in Fig. 3. A
DC-like electric field as low as 2 V/µm is generated
after the pulse peak, when the oscillating laser electric
field is still strong. When a weak quasi-DC component
is present, the phase of the rapidly oscillating dipole
associated with HHG is different during the first and
during the second half-cycle of oscillation of the driv-
ing laser, which enables the emission of even harmonics
in bulk silicon. The emission of even order harmonics is
weakly dependent on the specific band structure of sil-
icon and is a primary consequence of the symmetry of
the dynamical system under space- and time-reversal.
To display this effect schematically, we apply the semi-
classical re-collision model [20,21]. The Fourier compo-

nents of the HHG current can be written as:

J(ω) =
∫

BZ

d3k
4π3

∫
dte−iωte · pvc(k(t))

∫ t

dt′E(t′) · dcv(k(t′))e−iS(k,t,t′) (4)

where k(t) = k + A(t) is the shifted crystal momen-
tum, the matrix element of the momentum in a static
Bloch state basis is pcv = 〈ck|p|vk〉, the transition
dipole moment is dcv = pcv/iΔ, here Δ is the band
gap energy (Δ(k) = Δ(−k) as a consequence of time
reversal symmetry) and S(k, t, t′) =

∫ t

t′ dτΔ(k(τ)) is
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Fig. 3 Time evolution of the quasi-DC field (in V/µm)
generated in bulk Si, after irradiation with 60 fs laser
pulse. The peak laser intensity of the driving pulse is
4 × 1013 W/cm2 (dashed line) and 5 × 1013 W/cm2 (solid
line), the vertical dotted line indicates the position of the
pulse peak. The applied laser is linearly polarized along the
[001] crystal direction, and the laser wavelength is 800 nm

the quasiclassical action for an electron–hole pair prop-
agating in the laser field. For simplicity, we choose the
crystal momentum k = ke to point along the laser
polarization direction, introduce the scalar function
dcv(k) = e ·dcv(ke) and denote the saddle points of the
action by (ks, tr, ti), where ti and tr can be interpreted
as the (complex) times of ionization and re-combination
of an electron–hole pair, respectively. During the time
interval between ionization and photo-recombination,
electron–hole pairs gain kinetic energy in the laser field,
which is converted into harmonic photon energy at the
time of recombination. The contribution of an isolated
saddle point to the current is proportional to

pvc(kr)dcv(ki)E(ti)e−iωtre−iS(ks,tr,ti). (5)

where ki = ks + A(ti) and kr = ks + A(tr) designate
the shifted crystal momenta at the time of ionization
and recombination, respectively. During the next half-
cycle of the oscillating electric field, when E(t+π/ωL) ≈
−E(t), the saddle point with (−ks, tr+π/ωL, ti+π/ωL)
gives an equal in magnitude contribution to the current,
and the coherent sum of these two amplitudes is

pvc(kr)dcv(ki)E(ti)[e−iS(ks,tr,ti)

−e−iS(−ks,tr+π/ωL,ti+π/ωL)e−iπω/ωL ], (6)

where we have used that for the inversion-symmetric
diamond lattice dcv(k) = ±dcv(−k). In the presence of
weak DC field of strength E0, the action can be written
as:

S(k, t, t′) =
∫

dτΔ(k(τ) + E0τ) ≈ S0(k, t, t′)

+E0

∫ t

t′
dττv(k(τ)) (7)

here v(k) = ∂Δ/∂k is the group velocity of the wave-
packet. Because S0(ks, tr, ti) = S0(−ks, tr + π/ωL, ti +

π/ωL), and since v(k) = −v(−k), the contribution of
these two saddle points to the n-th harmonic (after set-
ting ω/ωL = n) becomes

pvc(kr)dcv(ki)F (ti)e−iS0(ks,ti,tr)[e−iΔS − eiΔSe−inπ]
(8)

where ΔS(k, t, t′) = E0

∫ t

t′ dττv(k(τ)) is the phase shift
induced by the DC field. The HHG yield is thus pro-
portional to the factor | sin(nπ/2 + ΔS)|. If there is
no DC field, only odd-order harmonics are emitted,
sin(nπ) = 0; otherwise, generation of even-order har-
monics is enabled because of the phase shift ΔS accu-
mulated during propagation in the quasi-DC field.

The HHG spectrum in the breakdown regime is also
shown in Fig. 2d for the 60 fs pulse. The emergence of
broad quasi-continuous spectrum is qualitatively simi-
lar to the HHG spectrum for the 30 fs pulse. The results
for 90 fs pulse duration are summarized in Fig. 4a–f.
Similar to the result for 60 fs laser pulse, Fig. 4b and d
displays the yield of both even and odd harmonics for
peak laser intensities 3 × 1013 W/cm2 and 4.5 × 1013

W/cm2.

2.2.3 Conversion efficiency

Figures 5, 6 and 7 summarize the dependence of the
harmonic yield Yn on the peak field strength F for 30,
60 and 90 fs laser pulses. The harmonic yield is related
to the spectral intensity of harmonics by In = Y 2

n , and
the conversion efficiency is In/I1, where I1 is the inten-
sity of the fundamental harmonic. The dependence on
the laser polarization vector direction is also shown: in
Figs. 5a, 6a and 7a the laser is linearly polarized along
the [001] crystal direction, and the laser polarization
vector points in the [111] direction in Figs. 5b, 6b and
7b.

As seen from the figures, the conversion efficiency
for HHG from silicon is low and does not exceed 10−4.
The following regimes of HHG could be distinguished:
I. Perturbative regime with F ≤ 1 V/Å, the scaling
law Yn ∼ Fn is exhibited, where n labels the harmonic
order. Only odd harmonics are emitted in bulk silicon.
For the [001] polarization, the intensities of the 7th and
the 9th harmonic cross, subsequently an inversion in
their efficiencies occurs, while for the [111] polariza-
tion direction crossing of the 9th with 11th harmonic is
observed. It may be worth noting that inversion of the
generation efficiencies of 2nd and 3rd harmonics from
gold surfaces irradiated by near-infrared femtosecond
pulse was experimentally observed in Ref. [27]. How-
ever, the mechanisms for HHG in bulk solids and metal
surfaces are different.

II. Non-perturbative regime (with F > 1 V/Å):
The HHG spectrum extends to higher orders as the
field strength increases. The intensities of above band
gap harmonics with n ≥ 5 are of comparable spectral
strength and run parallel to each other. In this regime,
even-order harmonics are generated for 60 and 90 fs
laser pulses. Initially, the yield of even harmonics is
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Fig. 4 Time evolution of the pulsed total electric field (in V/Å) in bulk silicon for τ = 90 fs. The laser intensity at the
pulse peak is 3 × 1013 W/cm2 in (a), 4.5 × 1013 W/cm2 in (c) and is 5 × 1013 W/cm2 in (e). The laser is linearly polarized
along the [001] crystal direction, and the laser wavelength is 800 nm. The corresponding harmonic spectra are shown in
(b), (d), (f)

(a) (b)

Fig. 5 Yield of high harmonics emitted in the silicon bulk as a function of the peak field strength for 30 fs laser pulse
with wavelength of 800 nm. The laser is linearly polarized along the [001] crystal direction in (a) and along the [111] crystal
direction in (b)
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(a) (b)

Fig. 6 Yield of high harmonics emitted in the silicon bulk as a function of the peak field strength for 60 fs laser pulse with
wavelength of 800 nm. The laser is linearly polarized along the [001] crystal direction (a), and along [111] crystal direction
(b)

(a) (b)

Fig. 7 Yield of high harmonics emitted in the silicon bulk as a function of the peak field strength for 90 fs laser pulse with
wavelength of 800 nm and linear polarization along the [001] direction (a) and along the [111] (b)

much lower than the odd-order harmonic yield, which
is in agreement with the prediction of the theory out-
lined in the previous section. When the field strength is
increased to 1.5 V/Å, the yields of even and odd har-
monics become comparable.

III. Breakdown regime with F > 2 V/Å: the laser
has ionized the target and high-density plasma of free-
charge carriers is created. The plasma irreversible mod-
ifies the optical properties of the photo-excited sili-
con, the temporal coherence of the transmitted pulse
decreases, and its temporal shape is modified by the
laser–matter interaction. The transmitted pulse does
not exhibit a quasi-DC component, and as a result,
the emission of even-order harmonics is absent. In this
regime, the spectral intensity of individual harmonics
is indistinguishable.

3 Conclusion

In summary, we have investigated the ultrafast photo-
excitation and high harmonic generation in crystalline
silicon subjected to intense ultrashort near-infrared
laser pulses in a wide range of peak laser intensities.
For the considered range of laser intensities and pulse
duration τ ≤ 100 fs, high harmonic generation has low

conversion efficiency of near-infrared to ultraviolet irra-
diation. For relatively low laser intensity, the harmonic
spectra in silicon follow the prediction of the pertur-
bative nonlinear optics: only odd-order harmonics are
generated with intensities which scale as function of
the peak laser intensity according to the law In ∼ In.
For moderate laser intensities and increased coherence
length of the laser pulse (cτ ≥ 18µm, here c is the speed
of light), we find a non-perturbative effect of even har-
monic generation. In this regime, the transmitted pulse
undergoes optical rectification associated with genera-
tion of quasi-DC electric field as low as 2 V/µm, which
affects the phase relationship between interfering alter-
natives for HHG during each two consecutive half-cycles
of driving laser. The phase shift accumulated during
propagation of electron–hole pairs in the DC field allows
production of even harmonics. For high level of elec-
tronic excitation, when dielectric breakdown of silicon
occurs, the temporal coherence of the transmitted laser
pulse deteriorates; consequently, the harmonic spectra
are blurred and a quasi-continuous spectrum emerges.
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