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Abstract. From the work by Perrie et al. [Phys. Rev. Lett. 54, 1790 (1985)], photon pairs from the
2s1/2 → 1s1/2 (two-photon) decay of atomic hydrogen are known to be quantum mechanically correlated.
In these experiments, the polarization states of the photons emitted in back-to-back geometry were shown to
violate the Bell inequality as a qualitative sign of nonlocality and entanglement. In the present contribution,
we analyze how these nonlocal quantum correlations, as given by the violation of the Bell inequality, differ
from the concurrence as a true entanglement measure. Results are shown for both quantifiers in dependence
of the decay geometry and the initial polarization of the atoms for the 2s1/2 → 1s1/2 and 3d5/2 →
1s1/2 two-photon decay of atomic hydrogen. These results display the difference between nonlocality and
entanglement and, hence, may stimulate further experiments on nonlocal quantum correlations in atomic
systems.

PACS. 32.10.-f Properties of atoms – 31.10.+z Theory of electronic structure, electronic transitions, and
chemical binding – 03.67.Bg Entanglement production and manipulation – 03.65.Ud Entanglement and
quantum nonlocality

1 Introduction

Since the foundation of quantum mechanics, the
two-photon transitions in the hydrogen atom have been
the subject of intense studies both in theory and ex-
periment [1–10]. While, initially, the main emphasis was
placed on the total decay rates and energy distribution of
the emitted photon pairs, recently the correlations in the
polarization state of the 2s1/2 → 1s1/2 photons have been
analyzed in detail [11–13], following the pioneering exper-
iments by Aspect et al. [14]. In these experiments, it was
demonstrated that the polarization correlation cannot be
explained by any local realistic theory that uses hidden
variables. This experimental test was based on the semi-
nal work of Bell [15] who derived an inequality that limits
the correlation of two measurement outcomes if one as-
sumes that the measured observables correspond to local
statistical variables.

Indeed, the measured photon polarization correlations
in [14] clearly violated the Bell inequality, i.e., they were
stronger than any local hidden variable theory admitted.
Therefore, the experiment ruled out any chance of de-
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scribing quantum mechanics using such a hidden variable
theory. The experimental evidence that nonlocality is in-
deed an intrinsic feature of quantum mechanics is well in
contrast to Einstein’s beliefs in his historical debate with
Bohr and Schrödinger who introduced the notion of en-
tanglement for nonproduct (pure) states [16–18]. The ap-
plication of these intriguing nonclassical features of quan-
tum mechanics has been investigated extensively during
the past decade in the context of quantum information
theory where it was shown that entanglement is the cru-
cial resource in quantum information protocols such as
teleportation, quantum cryptography or efficient quantum
computing algorithms that can outperform their classical
counterparts [19]. Since then the quantification of entan-
glement has remained as a central problem. These investi-
gations (see Ref. [20] for a recent review on entanglement
measures) also showed that, in general, one needs to dis-
tinguish between nonlocality (as indicated by the viola-
tion of Bell’s inequality) and entanglement as the formal
nonseparability of a composite (possibly mixed) quantum
state as defined in the famous work of Werner [21].

In this work, we reconsider the two-photon decay of
hydrogen in view of the polarization correlation between
the emitted photons. To this end, the violation of the
CHSH inequality due to Clauser et al. [22], i.e. a particular
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variant of Bell’s inequality, is compared with the (so-
called) concurrence measure of entanglement [23], based
on the reduced density matrix of the photon pair. In the
next section, we briefly summarize the calculation of the
final two-photon density matrix by means of the rela-
tivistic Green’s function approach and also introduce (in
Sect. 2.3) the measures for the Bell violation and entan-
glement. In Section 3, we later present the results for the
2s1/2 → 1s1/2 and 3d5/2 → 1s1/2 decay of atomic hydro-
gen for different decay geometries and polarization (sub-
level population) of the initial state. Finally, a brief sum-
mary is given in Section 4.

2 Theoretical background

Not much need to be said about the basic formalism
for studying the two-photon emission from one-electron
atoms. In the past, this formalism has been applied widely
in order to explore not only the total decay rates [5] but
also the energy as well as angular distributions [7,24,25]
and even the correlation in the polarization state of the
photons [26]. Below, we therefore restrict ourselves to a
rather short account of the basic expressions, just enough
for introducing the quantum measures for the nonlocality
and nonseparability of the state of the photon pair.

2.1 Choice of coordinates

To analyze the (correlated) spin state of two photons
quantitatively, we need to introduce proper coordinates.
Let us suppose that the excited atom is either aligned or
polarized before its decay along the z-axis, which is used
for quantization. Together with the direction of the first
photon k1, this quantization axis then defines the reaction
plane (x-z plane) and only one polar angle θ1 is required
to characterize the first decay photon, while the two an-
gles θ2 and φ2 are utilized to specify the emission of the
second photon (see Fig. 1).

This ‘geometry’ for the emission of the photon pair be-
comes even simpler if the excited atomic state is initially
unaligned (unpolarized). In this case, there is no distin-
guished direction for the system and, hence, it is conve-
nient to adopt the z-axis along the momentum of the first
photon k1. The opening angle θ ≡ θ2 between the two
photons is then sufficient to characterize the decay geom-
etry completely.

2.2 Two-photon density matrix

Most naturally, the spin states of the emitted photons
are described within the density matrix approach [27–29].
Having defined the ‘geometry’ in the last subsection, the
two-photon density matrix for an atomic transition from
the initial state |niκi〉 to the final state |nfκf 〉 is given

Fig. 1. (Color online) Geometry for the two-photon decay
of hydrogen. The quantization axis (z-axis) is defined by the
polarization axis P of the atom and gives rise, together with
the emission of the first photon under the polar angle θ1, to
the reaction plane (x-z plane). The two angles θ2 and ϕ2 are
needed then to specify the emission of the second photon.

within the helicity representation by [26,30]:

〈k1λ1,k2λ2 |ρ̂γ |k1λ
′
1,k2λ

′
2〉 =

∑

μi,μ′
i,μf

Mfi(μf , μi, λ1, λ2)

×〈niκiμi |ρ̂i|niκiμ
′
i〉M∗

fi(μf , μ
′
i, λ

′
1, λ

′
2), (1)

where k1,2 denotes the wave vector and λ1,2 = ±1 the
helicity of the photons, that is the spin projection onto
their direction of propagation. In the helicity representa-
tion, the two spin projections λ = ±1 correspond to the
right and left circular polarization states |σ±〉 of a photon.

Equation (1) shows explicitly that the spin state of
the emitted photons depends on the population of the
excited atomic state, as seen from the density matrix ρ̂i, as
well as on the transition amplitude Mfi(μf , μi, λ1, λ2).
This amplitude ‘connects’ the two bound states |niκi〉 and
|nfκf 〉 of an atom due to the coupling of the electron to
the light field and, within the second-order perturbation
theory, is given by:

Mfi(μf , μi, λ1, λ2) =
∫∑

ν

〈
ψnf jf μf

|A∗
1|ψν

〉 〈ψν |A∗
2|ψnijiμi〉

Eν − Ei + Eγ2

+
∫∑

ν

〈
ψnf jf μf

|A∗
2|ψν

〉 〈ψν |A∗
1|ψnijiμi〉

Eν − Ei + Eγ1

. (2)

In this formula, the operator Ai = α · uλieki·r describes
the (relativistic) electron-photon interaction and the unit
vectors uλ1,2 the polarization of the individual photons.
Since the relativistic second-order transition amplitude
has been applied very frequently in studying the two-
photon processes, here we shall not discuss the further
evaluation of equation (2) and refer the reader for all de-
tails to references [5,7,24,25].
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2.3 Quantum measures to characterize the nonlocality
and entanglement of photon pairs

The density matrix (1) can be utilized for a quantitative
analysis of the polarization correlations between the two
photons. For this purpose, let us introduce here two mea-
sures to quantify the (amount of) entanglement and non-
locality for a given photon pair. Formally, of course, we
may identify the polarization of a photon as a qubit (two-
level system) and make use of some well-known results
from quantum information theory.

Although the quantification of entanglement is still an
open problem for generalN -qubit systems, Wootter’s con-
currence measure [23] provides a analytical formula that
can be applied to any two-qubit system, such as the po-
larization state of a photon pair, and that has been widely
used. For any two-qubit state ρ̂, either pure or mixed, the
concurrence is defined as

C(ρ̂) = max (0,
√
e1 −√

e2 −√
e3 −√

e4), (3)

where
√
ei are the descendingly ordered square roots of the

eigenvalues of the matrix ρ̂
(
σ̂

(1)
2 ⊗ σ̂

(2)
2

)
ρ̂∗

(
σ̂

(1)
2 ⊗ σ̂

(2)
2

)
,

ρ̂∗ is the complex conjugate of ρ̂, and where σ̂(1,2)
2 are the

Pauli σy matrices acting on the first and the second qubit,
respectively. With this measure, we are able to quantify
the purely quantum mechanical correlations between two
qubits. Note that this implies that the concurrence mea-
sure vanishes only if the two-qubit state is separable, i.e. if
the density matrix can be written as a convex combination
of product states [21]:

ρ̂ =
∑

i

pi |ψi〉 〈ψi| ⊗ |φi〉 〈φi| with pi > 0 ,
∑

i

pi = 1.

(4)
In previous experiments [11–13], the correlation between
the emitted photon pairs has been discussed in terms of
their ‘incompatibility’ with local theories of hidden vari-
ables, which can be tested by means of Bell’s inequal-
ity [15]. It is well-known that quantum states that violate
the Bell inequality have to be entangled (i.e. are nonsep-
arable) and actually all pure entangled (two-qubit) states
do violate the Bell inequalities [31]. However, it was found
that the situation is different for mixed quantum states
where some entangled states, for instance the so-called
Werner states, do not violate any Bell-type inequality [21].
Therefore, in order to study the difference between nonlo-
cality and entanglement, we adopt below a measure from
references [32,33] that quantifies the violation of a widely
used variant of the Bell inequality that is due to Clauser
et al. [22]. For the case of two qubits in an arbitrary mixed
state ρ̂, the Bell-CHSH inequality can be written as

|Tr (ρ̂BCHSH)| ≤ 2 , (5)

where BCHSH is the Bell operator given as

BCHSH = a·σ(1)⊗(b+b′)·σ(2)+a′·σ(1)⊗(b−b′)·σ(2) (6)

with given unit vectors a,a′, b, b′ ∈ R
3, and σ(1,2) =

(σ̂(1,2)
1 , σ̂

(1,2)
2 , σ̂

(1,2)
3 ) is the vector of the Pauli spin ma-

trices acting on the first or second qubit, respectively. If,

for a given density matrix ρ̂, there exist vectors a,a′, b, b′
so that the criterion (5) is not fulfilled, then the state is
said to violate the Bell-CHSH inequality. In order to quan-
tify the (maximal) violation, we first rewrite the two-qubit
density matrix in terms of the Pauli basis

Rij = Tr (ρ̂ σ̂(1)
i ⊗ σ̂

(2)
j ). (7)

With this notation, the ‘Bell violation’ measure is de-
fined as

B(ρ̂) =
√

max(0, s21 + s22 − 1) , (8)

where s1,2 are the two largest singular values of the matrix
Rij [33,34]. The definition (8) has the useful property that
it is always equal to the concurrence measure (3) for pure
states.

We shall point out, however, that the Bell violation
is not a good entanglement measure for general mixed
(two-qubit) states where it provides merely a ‘hint’ on the
strength of entanglement. In general, one has to be cau-
tious in relating the Bell violation and the concurrence
measure to each other, since the concurrence measures the
degree of quantum mechanical correlations while the Bell
violation quantifies the degree of nonlocality that is found
in the outcome of a measurement. In this sense, the differ-
ence between the two measures can be interpreted also as
‘hidden nonlocality’. In particular, the Bell violation may
vanish for some mixed states that are actually entangled
as we shall demonstrate in the next section for the case of
photon pairs emitted during the 3d5/2 → 1s1/2 decay of
hydrogen.

3 Results and discussion

Most easily, a comparison between the nonlocality and en-
tanglement of the polarization state of the photons emit-
ted in the (two-photon) decay of atomic hydrogen can be
made for the 2s1/2 → 1s1/2 and 3d5/2 → 1s1/2 transitions.
Below, all computations of the transition amplitudes and
the quantum measures were carried out by means of the
Ratip [35] and Feynman programs [36] that have been
developed in our group during the past years.

3.1 The 2s1/2 → 1s1/2 decay

For the 2s1/2 → 1s1/2 two-photon decay of hydrogen, it is
well-known that the two emitted photons violate the Bell-
CHSH inequalities and, hence, are entangled with each
other. This has been studied in particular for the case
that the two photons were emitted in back-to-back ge-
ometry [11], and for which the experimental results were
found to agree well with quantum mechanical predictions.
In Figure 2, we display the concurrence and the Bell vio-
lation measures as a function of the polar angle θ2, while
the two other angles in specifying the geometry of the
photon pair are kept fixed, θ1 = 0◦ and ϕ2 = 0◦. As
seen from this figure, the two measures coincide exactly
in this case since the final polarization state of the photons
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Fig. 2. (Color online) Two-photon polarization entanglement
and Bell violation for the 2s1/2 → 1s1/2 decay of hydrogen
with a fixed energy ratio x = 0.5 between the photons. Results
are shown for the initially polarized μi = ±1/2 states of the
atom and as a function of θ2 (θ1 = 0◦ and ϕ2 = 0◦). Since
the final polarization state of the photon pair is always pure
in this case, the Bell violation and concurrence measure are
equivalent.

is always pure. In more detail, we obtain the maximally
entangled (Bell) state |Ψ+〉 = (|σ+σ−〉 + |σ−σ+〉)/√2 if
both photons are emitted in parallel (θ2 = 0◦), and the
Bell state |Φ+〉 = (|σ+σ+〉 + |σ−σ−〉)/√2 for a back-to-
back emission (θ2 = 180◦). For all other geometries of the
photon emission both, the concurrence and Bell violation,
decrease and vanish completely if the photons are emitted
perpendicular to each other (θ2 = 90◦). As pointed out in
reference [26] for the 2s1/2 → 1s1/2 decay of hydrogen-like
ions, this typical behaviour of the concurrence (and the
Bell violation for a pure final state of the photon pair) can
be understood as a geometrical effect due to the conserva-
tion of angular momentum. Note that Figure 2 is obtained
for the special geometry of a two-photon measurement in
which the emission of the ‘first’ photon is fixed along the
direction of the quantization axis: θ1 = 0◦. In fact, this
choice of the geometry coincides with those of an initially
unpolarized atom where the results may depend only on
the opening angle θ ≡ θ2.

3.2 The 3d5/2 → 1s1/2 decay

For the 3d5/2 → 1s1/2 decay of hydrogen, the entangle-
ment and Bell violation will not coincide in general since
the polarization state of the photon pair is no longer a
pure state. As shown in reference [26], moreover, the two
photons are not entangled if the atoms are initially un-
polarized or if only (one of) the μi = ±5/2 substates is
populated. In the discussion below, let us therefore re-
strict ourselves to the population of either the μi = 1/2
or μi = 3/2 sublevels of hydrogen excited to the 3d5/2

level. In Figure 3, we first display an ‘overview’ about the

Fig. 3. (Color online) Visualization of the angular distribution
of the two-photon entanglement (upper panel) and the Bell
violation (lower panel) for the 3d5/2 → 1s1/2 two-photon decay
of hydrogen in the initial substate μi = ±1/2. The black arrows
define the z-axes, while the red arrows in the reaction plane
indicate the direction of the first photon, i.e. θ1 = 30◦ and
θ1 = 60◦ (left and right column, respectively).

angular distribution of both, the concurrence and the Bell
violation, as function of the direction (i.e. the two angles
θ2 and ϕ2) under which the second photon is emitted with
regard to the quantization axis. In this figure, the first pho-
ton is assumed to leave the atom under the fixed direction
of either θ1 = 30◦ (left column) or θ1 = 60◦ (right column)
in the x-z reaction plane. For virtually all directions of
the second photon, the concurrence of the two-photon po-
larization state (upper panel) is significantly larger than
the Bell violation (lower panel). Moreover, the distribu-
tion of the entanglement and Bell violation changes from
an initially dipole-like shape towards a more complicated
behaviour if the emission angle θ1 is increased, and this
change comes together with a decrease of both measures.

The clear decrease of both measures is seen also in
Figure 4 where we present the concurrence and the Bell
violation as functions of θ2, if the first photon is emitted
under θ1 = 30◦ (upper panel) or θ1 = 60◦ (lower panel)
as well as for different azimuth angles ϕ2 = 0◦, 45◦, 85◦
of the second photon (columns 1–3). Especially for θ1 =
30◦ (upper panel), the concurrence behaves qualitatively
rather similar to the case of the 2s1/2 → 1s1/2 decay: the
entanglement reaches here the maximum (Cmax ≈ 0.77)
for θ2 = 0◦ and θ2 = 180◦, while a minimum concurrence
is found for θ2 in the range of 60...90◦. Except for ϕ2 = 0◦,
however, the concurrence is always greater than zero for
all angles.

On the other hand, the degree of Bell violation is sig-
nificantly lower than the concurrence for all angles, and
it vanishes completely for a large range of θ2 values. The
maximal values of the Bell violation vary between 0.61 and
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Fig. 4. Concurrence and Bell violation in the 3d5/2 → 1s1/2 decay for an initial atomic substate μi = ±1/2. Results are shown
as function of θ2 and for fixed angles θ1 = 30◦ (upper panel), θ1 = 60◦ (lower panel) and ϕ2 = 0◦, 45◦, 85◦. These curves
correspond to different cuts in Figure 3.

Fig. 5. Same as Figure 4 but for for the initial atomic substate μi = ±3/2 and θ1 = 60◦.

0.63, and they are located close to the concurrence max-
ima. As seen already from Figure 3 (right column), the
difference between the concurrence and the Bell violation
becomes even more apparent for θ1 = 60◦ (Fig. 4, lower
panel). Although the maximum value of the concurrence
decreases to Cmax ≈ 0.42, the Bell violation vanishes for
all geometries except for ϕ2 = 0◦, i.e. a violation of the
Bell-CHSH inequalities occurs only for a photon emission
within the reaction plane and even then only in the regions
θ2 ≈ 42◦...73◦ and θ2 ≈ 113◦...163◦.

In Figure 5, finally, similar curves are shown for the
population of the initial substate μi = 3/2, if the first
photon is emitted under θ1 = 60◦. In this case, both the
concurrence and Bell violation take their maximum values
in the plane that is orthogonal to the quantization axis.
This means that, independent of the azimuth angle ϕ2,
the concurrence vanishes for θ2 = 0◦ and θ2 = 180◦, while
it reaches its maximum value (≈0.8 for θ1 = 60◦) close
to θ2 = 90◦, with the exact position varying for different
values of ϕ2. Again the Bell violation generally takes lower
values (≈0.55 at maximum) and even vanishes for θ2 ≤

50◦ and θ2 ≥ 132◦. In contrast to the initial μi = 1/2
substate, the principal shape of both curves remain similar
with increasing (decreasing) values of θ1. For θ1 < 30◦,
however, there is no Bell violation, independent of the
other angles of the photon emission, while a significant
concurrence can still be found.

4 Summary

We have studied the difference between the (polarization)
entanglement and the violation of the Bell-CHSH inequal-
ity for the two-photon decay of atomic hydrogen. In the
2s1/2 → 1s1/2 decay, especially, the emitted photons end
always up in a pure (composite) state and, hence, the two
measures must coincide as expected from the literature.

For the 3d5/2 → 1s1/2 case, in contrast, the final state
of the emitted photon pair is generally mixed and leads to
significant differences between the entanglement and the
Bell violation. Apart from the decay geometry, here the
results also depend on the initial polarization (substate)
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of the atom. While the two measures differ qualitatively
especially for μi = 1/2, their overall shape behaves rather
similar for the two-photon decay of the μi = 3/2 sublevel.
These results show that the violation of the Bell-CHSH
inequality is not well suited in most cases to detect en-
tanglement, i.e. the nonlocality of the state may remain
hidden. For future experiments, it seems therefore advis-
able to implement direct measurement schemes for the
entanglement [38,39]. In addition, it is meanwhile known
that several copies of an entangled two-qubit state can
always be used in order to extract (‘distill’) pure-state en-
tanglement [40–42]. In this context, it would therefore be
interesting to explore the entanglement distillation prop-
erties of mixed entangled (two-photon) states that occur
in the 3d5/2 → 1s1/2 decay. Investigations in this direction
are currently underway and will be reported elsewhere.

The work of A.S. was supported by the Helmholtz Gemein-
schaft (Nachwuchsgruppe VH–NG–421). S.F. acknowledges
support by BMBF and GSI (project No. KS–FRT).
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