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Abstract Considering accretion onto a charged dilaton
black hole, the fundamental equations governing accretion,
general analytic expressions for critical points, critical veloc-
ity, critical speed of sound, and ultimately the mass accretion
rate are obtained. A new constraint on the dilation parameter
coming from string theory is found and the case for poly-
tropic gas is delved into a detailed discussion. It is found that
the dialtion and the adiabatic index of accreted material have
deep effects on the accretion process.

1 Introduction

Accretion of matter onto a massive object is one of the
most common processes in astrophysics. The groundwork
for understanding accretion dates back to the early contri-
butions of Hoyle, Lyttleton, and Bondi [1–3]. Bondi, in par-
ticular, pioneered Newtonian solutions that describe spheri-
cally symmetric accretion of a perfect fluid within the Keple-
rian gravitational potential [4]. Subsequent to Bondi’s work,
Michel extended the model to General Relativity by consider-
ing spherical accretion of a perfect fluid onto a Schwarzschild
black hole [5]. The exploration of accretion processes has
since been a subject of extensive investigation, with a plethora
of scholarly works contributing to the field. Notable exam-
ples include studies in [6–27]. The primary emphasis of
these studies revolves around critical points, flow parame-
ters, and accretion rates. In the study conducted by [28], the
process of accretion onto a renormalization-group-improved
Schwarzschild black hole was employed to examine the via-
bility of the asymptotically safe scenario. This investigation
delves into the intricate interplay between accretion dynam-
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ics and the improved gravitational features. Additionally, in
the works of [29,30], the accretion conditions are explored,
shedding light on constraints imposed on the mass-to-charge
ratio. These analyses contribute valuable insights into the
delicate balance between gravitational and electromagnetic
forces governing the accretion processes in these diverse
black hole scenarios.

In general, numerical analyses are essential for handling
nonspherical accretion in both relativistic and Newtonian
flows [31–34]. Therefore, it is crucial to seek analytical
solutions for accretion processes. Exact, fully relativistic
solutions were obtained in [35], describing the accretion
of matter with an adiabatic equation of state onto a mov-
ing Schwarzschild or Kerr black hole. Building upon this
work, analytic solutions were found for accretion onto a
moving Kerr-Newman black hole [36], a moving Reissner-
Nordström black hole [37], and a moving charged dilaton
black hole [38]. In [39,40], exact solutions were derived for
shells accreted onto a Schwarzschild black hole. Recently,
exact solutions were presented for the accretion of collision-
less Vlasov gas onto a moving Schwarzschild black hole
[41,42] or a Schwarzschild-like black hole [43] or a Kerr
black hole [44], based on the Hamiltonian formalism devel-
oped in [45]. This method enables the analysis of more com-
plex flows on a fixed background. However, due to compu-
tational complexity, obtaining the exact solution for mass
accretion rate in the case of more complicated black holes
remains challenging.

Here, our objective is to analyze in detail the accretion
process for more general matter onto a charged dilaton black
hole. Accretion onto this type of black hole has been studied
in [38], where the four-velocity of accreted flow, the particle
number density, and the accretion rate were determined. The
method adopted in [38] is only suitable for gaseous medium
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with a adiabatic equation of state (p = ρ), if we consider
more general accreted matter, such as polytrope gas, we
should employ the scheme presented in [20,21]. Secondly,
if we want to investigate the temperature of accreted matter
near horizon, the method used in [38] is also invalid. So it
is necessary to reconsider analytically the critical points, the
critical fluid velocity, the critical sound speed, the mass accre-
tion rate, and subsequently the temperature near the horizon,
and investigate the influences of model parameters on the
accretion process. It is also interesting to compare the results
here with those obtained in [38].

The paper is structured as follows: in the next Section, we
provide the fundamental equations governing the accretion
of matter onto a charged dilaton black hole. We explores the
critical points and the necessary conditions that these points
must satisfy in Sect. 3. We delves into a detailed discussion
of the application involving polytropic gas in Sect. 4. Finally,
we offer a concise summary and discussion of the findings
in Sect. 5.

2 Basic equations for accretion

The charged dilaton black hole is a solution within low-
energy string theory which represents a static, spherically
symmetric charged black hole [46,47]. The spacetime geom-
etry is expressed by the following line element

ds2 = −
(

1 − 2M

r

)
dt2 +

(
1 − 2M

r

)−1

dr2

+r(r − a)d�2, (1)

where a = Q2 exp 2φ0
M with φ0 representing the asymptotic

constant value of the dilaton. The parameter M denotes the
mass of the black hole as measured by an observer at infin-
ity, and Q signifies the electric charge of the black hole.
Throughout this paper, we adopt a unit system in which the
Newton’s gravitational constant G and the speed of light c
are set to 1. The event horizon of the black hole is located
at rH = 2M . When r = a, the area of the sphere tends to
zero, indicating a singularity on the surface. Since grr > 0
and r ≥ 2M , meaning that we have a limit on the parameter
a: a ≤ 2M . Taking a = 2 M , the geometry (1) describes a
naked singularity [47].

We can introduce a model of steady-state radial inflow of
matter onto the charged dilaton black hole, neglecting back-
reaction effects. The matter is modeled as an ideal fluid char-
acterized by the following energy–momentum tensor

Tαβ = (ρ + p)uαuβ + pgαβ, (2)

where ρ is the proper energy density and p is the proper pres-
sure for fluid. The four-velocity of fluid uα = dxα

ds obeys the
normalization condition uαuα = −1. For α > 1, the compo-

nent of velocity becomes zero. Defining the radial component
of the four-dimensional velocity as υ(r) = u1 = dr

ds , we get
from the normalization condition

(u0)2 = 1 − 2M/r + υ2

(1 − 2M/r)2 . (3)

If neglecting the self-gravity of the flow, we can determine the
baryon number density n and the number flux density Jα =
nuα in the flow’s local inertial frame. Assuming no particle
generation or disappearance, thus the number of particles
conserves, which gives

∇α J
α = ∇α(nuα) = 0, (4)

were ∇α denotes the covariant derivative with respect to the
spacetime coordinates. For the metric (1), the Eq. (4) can be
rewritten as

1

r(r − a)

dr(r − a)nυ

dr
= 0, (5)

which for a perfect fluid gives the integration as

r(r − a)nυ = C1, (6)

where C1 is an integration constant. Integration the Eq. (5)
over the spatial volume and multiplying with the mass of
each particle, m, we can obtain

Ṁ = 4πr(r − a)mnυ, (7)

where Ṁ is a constant of integration which has dimension of
mass per unit time. Actually, this is the Bondi mass accretion
rate. Comparing the Eq. (7) with the equation (40) in [38], we
find that these two equations have similar forms, but there are
significant differences: at horizon the equation (7) reduces to
Ṁ = 8πM(2 M−a)mnHυH , obviously nH and υH are very
different from u0∞ and n∞ (the time component of velocity
and the number density at infinity) in the equation (40) in
[38], respectively.

Considering the accretion of adiabatic fluids does not dis-
turb the global spherical symmetry of the black hole, the
β = 0 component of the energy–momentum conservation,
∇αT α

β = 0, gives for steady-state flow

1

r(r − a)

dr(r − a)υ(ρ + p)
√

1 − 2M
r + υ2

dr
= 0, (8)

which can be integrated as

r(r − a)υ(ρ + p)

√
1 − 2M

r
+ υ2 = C2, (9)

where C2 is an integration constant. Dividing the equations
(9) and (6) and the squaring, we acquire
(

ρ + p

n

)2 (
1 − 2M

r
+ υ2

)
=

(
ρ∞ + p∞

n∞

)2

. (10)
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The β = 1 component of the energy–momentum conserva-
tion, ∇αT α

β , gives

υ
dυ

dr
= 1 − 2M

r + υ2

ρ + p

dp

dr
− 1

2

2M

r2 . (11)

The Eqs. (7) and (10) represent the fundamental conserva-
tion equations governing the material flow onto the charged
dilaton black hole, neglecting the back-reaction of matter.

3 Conditions for critical accretion

In this section, we considered the conditions for critical accre-
tion. In the local inertial rest frame of the fluid, the conser-
vation of mass-energy for an adiabatic fluid without entropy
generation is governed by

0 = T ds = d
ρ

n
+ pd

1

n
, (12)

from which we can obtain the following relationship

dρ

dn
= ρ + p

n
. (13)

According to this equation, the adiabatic sound speed of the
fluid is defined as

c2
s ≡ dp

dρ
= n

ρ + p

dp

dn
. (14)

Differentiating the Eqs. (6) and (11) with respect to r , yields

1

υ
υ ′ + 1

n
n′ = − 2r − a

r(r − a)
, (15)

υυ ′ +
(

1 − 2M

r
+ υ2

)
c2

s

n
n′ = −M

r2 . (16)

We can express these equations as the following system

υ ′ = N1

N
, (17)

n′ = −N2

N
, (18)

where

N1 = 1

n

[
(2r − a)c2

s

r(r − a)

(
1 − 2M

r
+ υ2

)
− M

r2

]
, (19)

N2 = 1

υ

[
(2r − a)υ2

r(r − a)
− M

r2

]
, (20)

N = υ2 − (1 − 2M
r + υ2)c2

s

uυ
. (21)

Considering large values of r , we can require the flow to
be subsonic, which means that υ2 < c2

s . Since the speed of
sound is always less than the speed of light, cs < 1, we have
υ2 � 1. The Eq. (21) can be approximated as

N ≈ υ2 − c2
s

nυ
, (22)

Since υ < 0, we obtained N > 0 as r → ∞. At the event
horizon, rH = 2M , we get

N = υ2[1 − c2
s ]

nυ
, (23)

In adherence to the causality constraint, c2
s < 1 implies N <

0. Hence, there must exist critical points rc where rH < rc <

∞, at which N = 0. The flow must traverse these critical
points outside the horizon to avoid discontinuity. To ensure
a smooth transition, it is necessary to impose N = N1 =
N2 = 0 at r = rc, namely

N1 = 1

nc

[
(2rc − a)c2

s

rc(rc − a)

(
1 − 2M

rc
+ c2

c

)
− M

r2
c

]
= 0,

(24)

N2 = 1

υc

[
(2rc − a)υ2

c

rc(rc − a)
− M

r2
c

]
= 0, (25)

N = υ2
c − (1 − 2M

rc
+ υ2

c )c
2
c

υcnc
= 0, (26)

where υc = υ(rc) and c2
c = c2(rc). From the Eqs. (24), (25),

and (26), we can derive the radial velocity, the speed of sound
at the critical points, and the critical points, respectively

υ2
c = M(rc − a)

rc(2rc − a)
, (27)

c2
c = υ2

c

1 − 2M
rc

+ υ2
c

. (28)

Only for υ2
c ≥ 0 and c2

c ≥ 0, the Eqs. (17) and (18) admit
acceptable solutions. Therefore we have

rc >
3M + a + √

9M2 − 2Ma + a2

4
. (29)

This equation indicates the conditions that allow the Eqs. (27)
and (28) to have physically meaningful solutions. Taking
into account the causality constraints c2

c ≤ 1, we infer
rc ≥ rH = 2M , signifying that the critical points are
situated outside the event horizon. Since a ≤ 2M , so
(3M+a+√

9M2 − 2Ma + a2)/4 ≤ 2M . Combining these
two inequalities, we determine the conditions satisfied by the
critical points: rc ≥ rH = 2M .

4 The polytropic solution

In this section, we explored the accretion rate for a poly-
tropic gas and calculated the gas compression as well as the
adiabatic temperature distribution at the outer horizon.
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4.1 Accretion for polytrope gas

For explicit calculations, we adopted the polytrope gas intro-
duced in [2,48] with the equation of state

p = Knγ , (30)

where K is a constant and γ is adiabatic index satisfying
1 < γ < 5

3 . By inserting this expression into the equation
for the conservation of mass-energy (12) and integrating, we
can readily obtain

ρ = K

γ − 1
nγ + mn, (31)

where mn is the rest energy density with m an integration
constant. With the definition of the speed of sound (14), the
Bernoulli equation (10) can be rewritten as

(
1 + c2

s

γ − 1 − c2
s

)2 (
1 − 2M

r
+ υ2

)

=
(

1 + c2∞
γ − 1 − c2∞

)2

. (32)

Taking into account the critical radial velocity (27) and the
critical speed of sound (28), the Eq. (32) must satisfy the
condition at the critical point rc.

(
1 − c2

c

γ − 1

)2
8Mc2

c + 2M

(4M − 3a)c2
c + 2M

=
(

1 − c2∞
γ − 1

)2

.

(33)

As rc < r < ∞, the baryons are still non-relativistic, and
we can anticipate that c2

s < c2
c � 1. Expanding the Eq. (33)

to the first order in c2
c and c2∞, results

c4
c ≈ 4Mc2∞

8M − 3a − 4Mγ − 3aγ
. (34)

According to this equation, we can obtain the expression of
the critical points rc in terms of the boundary condition c∞
and the black-hole mass M as

rc ≈ a + 4M

4
+ 8M + 3a − 4Mγ − 3aγ

8c2∞
, (35)

From the Eqs. (14), (30) and (31), we get

γ Knγ−1 = mc2
s

1 − c2
s

γ−1

. (36)

Since c2
s � 1, we have n ∼ c

2
γ−1
s

nc
n∞

=
(

cc
c∞

) 2
γ−1

. (37)

Since Ṁ is a constant of integration, as implied by the Eq. (7),
it must also hold at r = rc. With this condition, we can

determine the accretion rate.

Ṁ = 4πr(r − a)mnυ = 4πrc(rc − a)mncυc

= 4π Amn∞, (38)

where

A =
(
a + 4M

4
+ 8M − 3a − 4Mγ − 3aγ

8c2∞

)

×
(

4M − 3a

4
+ 8M − 3a − 4Mγ − 3aγ

8c2∞

)

×
(

4M

8M − 3a − 4Mγ − 3aγ

) 1
γ−1

×
[

4Mc2∞
(
2c2∞(4M − 3a) + 8M − 3a − 4Mγ − 3aγ

)
(8M−3a−4Mγ−3aγ )(16Mc2∞+8M−3a−4Mγ−3aγ )

] 1
2

.

(39)

Obviously, the dilaton parameter and the adiabatic index of
accreted matter play important roles in the accretion process.
For rc ≤ r < ∞, since c∞ � 1, the parameter A in the
accretion rate (38) reduces to

A =
(
a + 4M

4
+ 8M − 3a − 4Mγ − 3aγ

8c2∞

)

×
(

4M − 3a

4
+ 8M − 3a − 4Mγ − 3aγ

8c2∞

)

×
(

4M

8M − 3a − 4Mγ − 3aγ

) 1
γ−1

×
(

4Mc2∞
8M − 3a − 4Mγ − 3aγ

) 1
2

,

(40)

which gives a constraint: a < 4M(2 − γ )/[3(1 + γ )] <

2M . This is a somewhat interesting result: the parameter a
is limited not only by the mass of black hole, but also by the
adiabatic index of accreted material.

In order to investigate the impact of the parameters on
the accretion rate, we plot Ṁ

4πmn∞ − a diagrams with some
special values of the parameters in Fig. 1. We observe that
the parameters a and γ have significant influences on the
accretion rate, for example, it would approach the order 1030

for γ = 10/9 and a 
 0.561 and would become infinite if
a → 4M(2−γ )/[3(1+γ )] for M and γ respectively taking
a certain value within their allowed ranges.

4.2 Asymptotic behavior at the event horizon

Based on the findings from the preceding sections, the
obtained results remain valid for large distances from the
black hole, specifically in the vicinity of the critical radius
rc � rH . Now we analysis the flow characteristics for
rH < r � rc and at the event horizon r = rH .
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Fig. 1 Parametric Ṁ
4πmn∞ − a diagrams with M = 1, c∞ = 0.01, and

γ = 10/9, γ = 4/3, γ = 14/9, respectively

Fig. 2 Parametric nH
n∞ − a diagrams with M = 1, c∞ = 0.01, and

γ = 10/9, γ = 4/3, γ = 14/9, respectively

For rH < r � rc, we obtained the fluid velocity from
Eq. (32), which can be approximated as

υ2 ≈ 2M

r
. (41)

At rH , the flow speed approximately equals the speed of light,
υ2(rH ) ≈ 1. Using the Eqs. (7), (38), and (40), we derive the
gas compression at the horizon

nH

n∞
= A

2M(2M − a)
. (42)

This equation also give a limit: a < 2M , which is stronger
than the limit coming from the Eq. (1), but weaker than the
limit coming from the inequality (40).

In Fig. 2, we plot nH
n∞ − a diagrams with some special

values of the parameters. We observe that the parameters a
and γ also have significant impacts on the baryon number
density which will be reduced by the mass of black hole.

Employing the Eqs. (30) and (42), we derive the adia-
batic temperature profile at the event horizon for a Maxwell-

Fig. 3 Parametric TH
T∞ − a diagrams with M = 1, c∞ = 0.01, and

γ = 10/9, γ = 4/3, γ = 14/9, respectively

Boltzmann gas with p = nκBT

TH
T∞

=
(

A

4M2

)γ−1

. (43)

Since c∞ � 1, the parameter A reduces to the Eq. (40).
In Fig. 3, we plot TH

T∞ − a diagrams with some special
values of the parameters. We observe that the parameter γ

will reduce the magnitude of the temperature significantly,
comparing with the mass accretion rate.

5 Conclusions and discussions

In this study, we formulated and solved the problem of spher-
ically symmetric, steady-state, adiabatic accretion onto a
charged dilaton black hole within four-dimensional space-
time, employing general relativity. We derived fundamental
equations for accretion and analytically determined the crit-
ical points, critical fluid velocity, critical sound speed, and
subsequently the mass accretion rate. We identified the phys-
ical conditions that the critical points must satisfy. Explicit
expressions for gas compression and temperature profiles
were obtained below the critical radius and at the event hori-
zon. We found that the dilaton parameter and the adiabatic
index of accreted material have significant impacts on the
accretion rate. We also discovered that the dilaton parame-
ter is limited not only by the mass of black hole, but also
by the adiabatic index of accreted material. Like the prop-
erties of thin accretion can give physical constraints on the
parameter of Einstein-Aether-scalar theory [49], the process
of accretion can provide new physical limits on the parameter
of string theory; that is to say, in addition to theory and obser-
vation, physical processes can also give limits on the param-
eters of a model. We also compared the matter accretion rate
with that obtained in [38] and pointed out their similarities
and differences, which result is more reasonable, deserving
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further exploration. The outcomes here may offer valuable
insights into comprehending the physical mechanisms gov-
erning accretion onto black holes.
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