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Abstract Following arXiv:2210.12963 [hep-th], we inves-
tigate aspects of the time evolution operator regarded as
a density operator and associated entanglement-like struc-
tures in various quantum systems. These involve timelike
separations and generically lead to complex-valued entropy,
although there are interesting real subfamilies. There are
many parallels and close relations with reduced transition
matrices and pseudo-entropy, which we discuss and clarify.
For instance, a related quantity involves the time evolution
operator along with a projection onto some initial state, which
amounts to analysing pseudo-entropy for the initial state and
its time-evolved final state.
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1 Introduction

Generalizations of the Ryu—Takayanagi formulation of holo-
graphic entanglement [1-3] in AdS/C FT [4-6] to de Sitter
space reveal new fascinating structures. These are based on
taking the future boundary /" of de Sitter space as the anchor-
ing surface for extremal surfaces, along the lines of dS/CFT
[7-10]. Most recently these appear in [11,12], refining pre-
vious investigations of extremal surfaces and holographic
entanglement in de Sitter space [13-20] (see also [21,22]).

In the present work, we explore aspects of “time-
entanglement”, or timelike entanglement, in various quantum
mechanical systems, towards understanding entanglement-
like structures involving timelike-separations, following
[12]. There are close parallels with pseudo-entropy [23] (and
[11]), as we will describe. Related investigations appear in
e.g. [24-34] (also [35]).

To summarize the de Sitter studies (from [12]), extremal
surfaces anchored at I turn out to not return to I+ (unlike
those in AdS where the surfaces possess turning points).
Since such surfaces do not return, they require extra data
or boundary conditions in the past (interior). In entirely
Lorentzian de Sitter spacetime, this leads to future-past time-
like surfaces stretching between I+, Apart from an overall —i
factor (relative to spacelike surfaces in AdS) their areas are
real and positive. With a no-boundary type boundary con-
dition, the top half of these timelike surfaces joins with a
spacelike part on the hemisphere giving a complex-valued
area. Since these surfaces necessarily have a timelike com-
ponent (or run along a complex time contour), they have
complex areas. Two aspects of “time-entanglement” in sim-
ple toy models in quantum mechanics were described in [12].
One is based on a future-past thermofield double type state
entangling timelike separated states, which leads to entirely
positive structures. Another is based on the time evolution
operator and reduced transition amplitudes, which leads to
complex-valued entropy.
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In the present paper we discuss various aspects of the
time evolution operator regarded as a density operator and its
entanglement structures which involve timelike separations.
There are many parallels and close relations with pseudo-
entropy [23]: we summarize some central points on time
evolution and pseudo-entropy in Sect. 2, including a general
map in Sect. 2.1. We then study various classes of finite quan-
tum mechanical examples in Sect. 3, including qubit systems
and harmonic oscillators (some detailed in Appendices A, B
and C). In Sect. 4 we study entanglement structures for the
time evolution operator along with a projection operator onto
some state towards isolating components of the time evo-
lution operator. This ends up amounting to pseudo-entropy
for this state and its time-evolution: in Sect. 4.1 we study
thermofield-double type states and find that some general
features emerge. In Sect. 5 we study the time evolution oper-
ator normalized at ¢ = 0 (rather than at general time 7): this
gives rise to various detailed differences in the entanglement
structures that emerge. In Sect. 6 we describe some aspects
of entanglement entropy in 2-dim CFT for timelike inter-
vals, elaborating on that in [12]. Some of the discussions here
have partial overlap with [11,32]. In these time-independent
situations so far, the structure of time-entanglement shows
parallels with ordinary finite temperature entanglement, but
with analytic continuation to imaginary temperature 8 = ift.
In Sect. 7, we study time-dependent interactions focussing
on simple 2-qubit systems with §-function potentials, and the
resulting time entanglement.

Overall, pseudo-entropy [23] is a generalization of entan-
glement entropy involving two arbitrary states (without nec-
essarily specifying dynamical information): this does not
need to pertain to timelike separations per se. The notions of
time entanglement are designed to deal with timelike sepa-
rations, involving entanglement structures based on the time
evolution operator, as well as projection onto specific ini-
tial states: so in particular we require specifying a Hamil-
tonian that dictates time evolution. However the calcula-
tions involved in studying time entanglement entropy are
closely related to those in evaluating pseudo-entropy [23].
Our goal in these notes is more an exploration of time entan-
glement and how it dovetails with pseudo-entropy, rather than
a detailed classification (which already appears for pseudo-
entropy of various quantum systems in [23] and subsequent
work).

2 Summary: time evolution and pseudo-entropy

Our investigations, following [12], are based on regarding
the time evolution operator as a density operator, perform-
ing partial traces over subsystems and evaluating the corre-
sponding von Neumann entropy. The time evolution opera-
tor U(t) = e 'H! for a system with Hamiltonian H can be

@ Springer

written in terms of (time-independent) Hamiltonian eigen-
states |i) (which are defined on some past time slice P).
Then the time evolution operator normalized at an arbitrary
time ¢ gives

u(t) — e—th — Ze—iEit|l~><l-|
=Y lidlilp, i) = i) =e i),
U

pe(t) = TrUQ)

e—iEit

Z] e—iEjt

ilp,pi=

pi(0) = pili)y!
i
— ot =Tryp

—Zp, i),

As is clear, there are sharp parallels with ordinary finite
temperature entanglement structures, except with imaginary
temperature 8 = it : this will be seen explicitly as a recurring
theme throughout much of what follows.

A related quantity involves the time evolution operator
with projection onto some state |i},

(i'l, > Sa=—>_pjlogpj. (1)

i

ol prli){i]

L Tr(pli) (i)
@) ]
T OTe(|fLE0O) G

oA =Tr, plf). (2.2)

e~ Mi;

LfL10) =

The state | f[i]) is the final state obtained by time-evolving
the initial state |i). We obtain

)= el
ol = —Ze
1 Z e lE/‘t|Ck|2

iExt

cxc k) (m 2.3)

for a general (non-eigen)state |i). At# = 0, the time evolution
operator is just the identity operator, a sum over all the eigen-
state projection operators, while the time evolution operator
with projection becomes simply the density matrix for the
initial state |i). For any nonzero time ¢, there is timelike sep-
aration between the initial states |v) , and the eventual states
|¥r);. These entanglement structures involving timelike sep-
arations and time evolution have close parallels with pseudo-
entropy [23] obtained from the reduced transition matrix for
two arbitrary states i), | f):

S <|MI>
fi Tr(| (i)

To summarise in generality, consider a bipartite system,
the Hilbert space being characterized by Hamiltonian eigen-
states |i, i’) with energies E; ;7. The normalized time evolu-

(2.4)
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tion operator (2.1) and its partial trace over B = {i’} are

1 .
—iE; st
Pt = —iE; ot Ze "
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ii

1 PE, a1\ (1 s
e sy (M L

i’

li, i) (i, 0]
2.5)

The time evolution operator with projection onto state |/) is

=Y awlk k),

k. k'
ol = 1
t - —iE..
> leii|2e it
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The reduced transition matrix for pseudo-entropy is obtained
as

2.6)
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1

Tr = =———
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i

Q2.7)

It is clear that the time evolution operator with projection
(2.6) is obtained from the pseudo-entropy reduced transition
matrix (2.7) by restricting to the final state being that obtained
by time-evolving the initial state, i.e. |F) = U()|I).

2.1 The time evolution operator and the transition matrix

With a single Hilbert space, the structure of the reduced
transition matrix appears different in detail from that of the
reduced time evolution operator: this is clear in bipartite sys-
tems from (2.5), (2.6), (2.7). However it would seem that
there should be close connections between the time evolu-
tion operator and the transition matrix since both pertain to
time evolution if we focus on final states as time-evolved
initial states.

Towards studying this, let us first recall that a special class
of states comprises thermofield-double type states |I)7rp =
>k Ck.(ky |k, {k}), with only diagonal components (a further

special subclass comprises maximally entangled TFD states,
with all ¢k (x) equal).

Towards mapping time evolution and the transition matrix,
consider doubling the Hilbert space at both initial and final
times: i.e. extend the Hilbert state 77 = JA to 74 Q 6,
where the Hilbert space 773 is an identical copy of 7. Now
consider thermofield-double type initial and final states:

¥1) =Zc,-’|'>1|i>
Wr) = Zc i)1li)2

where {|i)} is a basis of states. The (un-normalized) tran-
sition matrix is

2.8)

Tri = |1/fF>(1ﬂ1|

= Zc i)1li)2 (il (2.9)
Performing a partial trace over copy-2 gives
Try T = ZCF D 9iyid. (2.10)

For this to equal the time evolution operator, we require

Tro Trip = U@)

_Z “E i) = cf el x =BT (2.11)
A “symmetric” solution is
cof =By =Y E i i)
¢ =e 2y =lZe"Ef’/2 i, (212)
i

These can be regarded as obtained from a continuation
B — it of the usual finite temperature thermofield-double
type states e #Ei/2|i)|i). There are of course less symmet-
ric solutions cl.l , cF, describing the initial and final states.
However the symmetric solution reduces to ordinary entan-
glement when the initial and final states are the same, i.e.
Y1) = |Y¥F) (ie. att = 0), the transition matrix becomes
the usual density matrix 7r; = |[1) (7| = p; for the state
[¥r1). Thus the time evolution operator can be regarded as a
particular reorganization of the transition matrix appearing
in pseudo-entropy.

It is worth noting that for systems with infinite towers
of states, the trace of the time evolution operator contains
highly oscillatory terms and thus requires a regulator to be
well-defined: we will see this explicitly for the harmonic
oscillator later; see (3.18).

Single qubit: This simple case serves to illustrate the
above. In this case (described by (3.1)), we have H|1) =
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E1|1), H|2) = E3|2), with H the Hamiltonian. Let us take
i Ent
lWr) =Y e 2 n) ® |n).
n=1,2

W= Y e im) ® Im)a.

m=1,2

(2.13)

Here the subscript 2 stands for the second auxiliary system
with the identical Hilbert space .743. Then the unnormalised
transition matrix 7 = | p) (Y] is

Tri = Wil = Y. e 2 n)iln)a(ml (mla.

n,m=1,2

(2.14)
Taking a partial trace over the second component gives
T}“ = Tr2(TF1)
= > ' Fhmin =

n=1,,2

(2.15)

thus obtaining the time evolution operator. This illustrates
the general discussion earlier in this simple case.

3 Time evolution operator and entanglement: examples

In this section we will study various examples of finite quan-
tum systems to explore the entanglement structure of the time
evolution operator.

3.1 2-qubit systems

For a 2-state system,

Hlk) = Exlk), k =1,2

k) = k() = e EX |kyp. [(1]2) = 0] 3.1)

we obtain p; () using (2.1). Now, imagining a 2-spin analogy
1y =14+ +4), |2) =| — —), performing a partial trace over
the second spins gives

A _ 0
P = 1+ei9(|+)P(+|P+€' |=)p(=Ip), 0
1 1
— A Ay
Sa = —tr(p/ log p/") = — o log 7 7
LN 3.2)
[+ e BT qei0 '

so the von Neumann entropy, recast as « + «*, is real-valued
in this special case. We see that S/ grows large as 6 —
(2n 4+ 1)mr. Further ,o,A and S,A are periodic in 6 and so in
time ¢ (simplifying SlA shows terms containing log(e'?/?)
which we retain as it is, rather than % , 80 as to avoid picking
specific branches of the logarithm, thereby losing manifest
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periodicity; within one 6-cell the simplified expression for
StA coincides with the corresponding one in [23]).

Now consider two qubits, each being |1), |2), with a more
general Hamiltonian

H = En[11)(11] + E22[22)(22]
+E12(112)(12] + |21)(21])

that is diagonal in this basis. It is reasonable to take
E1> = E»1. So the normalized time evolution operator (2.1)
becomes

(3.3)

E,‘jl‘

e’ N
pr = Zﬁh])(lﬂ
et

(M1 4+ €%1122)(22] + € (|12)(12] + [21)(21]))
1 4 eif 4 2¢i02 ’
6 = —(Ein — Ennt.

01 = —(Exn — Ent, (3.4)

(At = 0, the 6; vanish and this is the normalized identity
operator.) A partial trace over the 2nd component gives the
reduced time evolution operator,

a_ 1
PET T e 4 2%

x((l + €)1 (1] + (£ + ei92)|2><2|) (3.5)

which generically has complex-valued von Neumann entropy.
It is clear that this matches ordinary finite temperature entan-
glement, except with imaginary temperature 8 = it.

Now let us impose an exchange symmetry |1) <> |2) : this
occurs for instance if we consider two spins |£) with nearest
neighbour interaction H = —J szl szz. This restriction now
implies E2> = Ej| thereby reducing (3.5) to (3.2) earlier,
with just one nontrivial phase, giving real entropy.

Qubit chains: In Appendix B, we study finite and infi-
nite chains of qubits with nearest neighbour interactions,
towards understanding the reduced time evolution operator
for a single qubit, after partial trace over all other qubits. This
also reveals interesting complex-valued entropy in general,
obtainable as a finite temperature system but with imaginary
temperature. We also find a real-valued slice when the system
enjoys |1) < |2) exchange symmetry.

To illustrate obtaining the time evolution operator (3.4)
from the doubled transition matrix as in (2.11), (2.12), we
write

i Enmt
WE)= ) e 2 lnm) ® [nm)a,

n,m=1,2

i Enmt
Wiy= Y. e " |nm)i ® [nm),.

n,m=1,2

(3.6)

Then the unnormalized transition matrix T = | r) (Y[ | after
partial trace over the second component gives

1 _iEymt _iqut
TF|I = Trz( E e 2 e 2
n,m,p,q=1,2
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i)y lam)a (pali (pal2)
= > e Emumy (umly,

n,m=1,2

3.7)

so this reduced transition matrix is the same as the unnor-
malized time evolution operator.

3.1.1 Mutual information

Mutual information defined as I[A, B] = S[A] + S[B] —
S[A U B] can be studied for the time evolution operator as
well. In the general 2-qubit case (3.3), (3.4), above, we can
calculate ,ot1 = Trop; and p,2 = Try p;, which then leads to
the von Neumann entropies S, and S? respectively. The time
evolution operator p; itself leads to S; = —tr(,ot log p;). Itis
straightforward to see that ,o,l’2 are of the same form as pIA
in (3.5), which along with p; in (3.4) gives

H = ZEiﬂij)(ijL Eij = {Ew, E1, E22, Eo1, En2, E12}

Likewise the 2-state subcase (3.1) is obtained by setting
¢'%2 = 0 which gives S,l’z, S; of the same real-valued form
asin (3.2),s0 I[A, B] = S;.

These expressions above can also be viewed as arising
from the finite temperature results for inverse temperature
continued to 8 = it. From that point of view, the high tem-
perature limit 8 — 0 gives vanishing mutual information:
this limit has BE; — 0 which is mathematically equivalent
to the 612 = 0 subcase earlier, with /[A, B] — 0. In the
present context, this is # — 0, and we again obtain vanishing
mutual information, I[A, B] — 0.

3.2 2-qutrit systems

Consider now two qutrits, |i), i = 0, 1, 2: the Hamiltonian
(in eigenstate basis) and the normalized time evolution oper-
ator are

e—iE,'jl e_iEijl
Pr = Z” e—iE,'_,'t |l‘])(l‘]| = e*iE()()t + e*iE”t + e*iEzzt + 2efiE0|t + ZefiEozt + 2efiE|2t |l]><l‘]|’
(3.11)
g2 _ 1 + ¢ . 1 + ¢l again with E;; = E ;. The reduced time evolution opera-
LT T o0 1 268 8 1 oif1 1 2eif tor tracing over the second qutrit is
i01 i0r i0; i0r
. te — log ¢ te . (,OtA)ij = (Pt)ijk15kl;
1+ e‘911+ 2eit2 1+ e’911—|— 2ei02 K 1
— pt = —iE;t
St - _1 + ei@] + 2ei92 log 1+ ei@] + 2€i92 ZU ¢ !
i1 i1 x Y (D e Eun il (3.12)
1T o0 205 02 T 1 a0t i=0,12 j
B 2% o e'% 38) In general this leads to complex-valued entropy as before,
1 F el 1 26102 1 1 ot 4 2¢i02 ' with multiple distinct phases. Imposing exchange symmetry
so the mutual information is between the qutrits, i.e. |0) <> |1) < |2), this reduces to a
| 5 single independent phase controlled by —(Eo; — Eqgo)t which
ITA, Bl =8, + 8§ — 5. (3.9)  then gives real entropy.

In general this is nonzero and complex since the entropies
are complex in general. However there are special cases: for
instance if all energy eigenvalues are identical, then
012=0:5"2=1log2, S =2log2=I[A,B]=0
(3.10)

although the time evolution is nontrivial since each phase
e~*E! is nonzero.

3.3 Two uncoupled oscillators

We consider two uncoupled harmonic oscillators: the Hamil-
tonian is

H =" Enn, 1, n2)(n1, na,

Epn, = oy +n2+1). (3.13)
The normalized time evolution operator then becomes

7iEnlnzl

e
Pt =ZW|”1,HZ)<”1,”2| (3.14)
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The normalization evaluates to

E :e—lE,,l,,zl — e—lwt § e—twnlt e—zwnzt

1.2 1,2
e—iwl
= (1—6—7”"’)2. (3.15)
Now, tracing over the second oscillator, we obtain
oo
Pt =>"p
ny=0
Z e—iwnlt
=) o In0) (il (3.16)
p» 1/(1 — e—iet)
with the von Neumann entropy
e—ia)nt e—ia)nt
SA = — | :
; Xn: /(1= ety 8T/(1 = eion)
_ it et
= —IOg(l —e lwt) + m (317)

which is the usual entropy for a single oscillator at finite
temperature with § = it. In general this is complex-valued.
The zero temperature limit gives S ~ BE e #F which here
gives S ~ itwe 1"

In evaluating the normalization (3.15), it is important to
note that this sum over the infinite tower of states (and similar
quantities involving any infinite tower of states) is not strictly
convergent as an infinite series since this complex expression
is highly oscillatory for high energy states, although the sum
and its closed form expression are formally true. This is also
true for the single oscillator expression (3.16) obtained as
the reduced time evolution operator, whose normalization is
Yo ¢ M =1/(1 — e~'“"). Towards rendering this well-
defined as a series, one can introduce a small regulator either
in w or in ¢ (giving time a tiny regulating Euclidean compo-
nent) which then makes it converge: e.g. a small Euclidean
time component gives

2 :e—lwnl(t—te) — 2 :e—zwnlte—nlwe
ni ni

1
which defines the sum. An alternative way to view it is to
start with the (convergent) finite temperature partition func-
tion ), e PEr and then perform analytic continuation to
imaginary temperature g = it.
It is interesting to also study two coupled harmonic oscil-
lators with Hamiltonian

1 k1 ko
H= E(pi +p%})+3<xi +x2) + 5 —xp)>.
(3.19)
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We describe this in detail in Appendix C. The resulting
entropy from the time evolution operator can be realized as
following from imaginary temperature.

4 The time evolution operator with projections

As we have seen, the entanglement structures arising from
the time evolution operator involve the entire space of states
since the time evolution operator is like a full density matrix.
Itis desirable to isolate a “part” of the time evolution operator,
to understand various components of the latter. This suggests
appending projections onto individual states.

With this in mind, we now consider the time evolution
operator along with a projection operator onto some state
|i), as in (2.2):

0 el
©T Te(piiD
_IfING]
T Te(f @)D

(The projection here is from the right: at the calculational
level, projecting from the left is similar but leads to complex
conjugate expressions in general.) The state | f[i]) is the final
state obtained by time-evolving the initial state |7). If |7) is
a Hamiltonian eigenstate, then ,o,‘l> reduces to just a single
component |i)(i | (the phase coefficient cancels upon normal-
izing), i.e. the usual density matrix for |i). This is also true at
t = 0 for a generic state |i): here ptll) li=0 = Trl(i|)i§i(li\) which
gives ordinary entanglement structures at t = 0.

For a generic state |i), we obtain (2.6). As a simple con-
crete example, consider the 2-state system (3.1) earlier with

a generic initial state:

| FLi1) = e " H1i). 4.1)

iy = c1ll) +c212) (le1l? +leal? = 1) —
|fli1) = cre " EV|1) + cpe B2 |2);
Al = N (ler e B 1) 1
+lealPe T EA2) (2] + erche T E1) 2

+excie B 21)), (42)

where N/ = Tr(|f)(i]) is the normalization. Now taking
1) =|++4) and |2) = | — —) and performing a partial trace
over the second component gives

j 1
o = W(MPH)(H
Hleal2e =) (=1), 6 = —(Ez = En)t,
gha___lalf jer?
lc1l? + le2l?e® 7 Jer]? + |ea|e’®
|Cz|26i9 |C2|26i0

4.3)

le1]? + leal?e® "7 Jer]? + Jeaf e’
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Att = 0, the von Neumann entropy above is ordinary entan-
glement entropy for the generic state |i) (obtained from
pa = Trpli)(i]). For general timelike separation ¢, the
entropy S4 is real-valued only if lc11? = |ca)?, i.e. maxi-
mal entanglement at = 0 (or 8 = 0).

Consider now two qubits, each |1), |2), with a general
Hamiltonian (3.3) as before. For a generic state

1) =" cijlij)
ij

with the basis |ij) = {|11),]22), [12), |21)}, and the time
evolution operator with projection can be evaluated as (2.6).
Performing a partial trace over the second component here
gives

“4.4)

oA 1
t - i FE:
Zij |Cij|23 iEjjt

2
x> (chczje*"&f’)li><k|
ik=1 N j

1 2 —iEt 2 —iEpt
=S Jeg e ((lenPe B0t 4 eppPe= By 1) (1]
ij 1€ij

+(enes e N 4 cppcsye T R 1) (2
+(eareie PR 4 enchre PR 12)(1]

(lean Pe Y 4 e e ) 2)/(2)) 4.5)

At t = 0, this is ordinary entanglement for the generic state
|I). There are special subcases with interesting structure,
some of which we will discuss soon.

For 3-qubits with Hamiltonian (B.2) with energies E; ;i
for eigenstates |ijk) (along with the symmetry-based simpli-
fications there), we obtain

2 1
_ T AN
1) = Z cljk|l]k) P = Z |cii |2e—iE,'jkt
i jk=1 ijk 1¢ijk
2
X Z CijkChyne " Eiikl|i jk) (Imn|,
i,j,k,l,mn=1
I1).A 1

10[ = —iE:;
Y iji lcijelPe ™ Ei

2
<2 (ZZcukc?mke"fffk’)|j><m|, (4.6)
jm=1 " i k

where the last line is the reduced transition matrix for the
middle qubit, arising after a partial trace over the 1st and 3rd
components (o) jm = (01)ijk,imn8" 85"

4.1 Thermofield-double type states

It is interesting to focus on thermofield-double type initial
states with only “diagonal” components: then for 2-qubits,

using (4.5) we obtain

1) =) cilii):

i=1,2
2
|1) 1 x —iEjit|;::
A S P ey Z CiiCyye lii)(kkl,
Z,‘ ciil“e k=1
[1),A _ 1 2 —iEt
P erPeiEnt 4 |cop|2eiEnt (|C”| ¢ Il

ez Pe T E212) 2]). “.7)

This is identical to (4.3). To elaborate a little, the initial state
is |I) = c11]|11) 4 ¢22|22) and its time-evolved final state
is |F) = crie "EN|11) 4 cppeiE221122), and the reduced
time evolution operator with projection, ,o,m’A above, is the
normalized reduced transition matrix for |I), |F), with the
corresponding (in general complex-valued) pseudo-entropy
(2.4).

Now restricting further to maximally entangled states with
|c11|2 = |cz2|2 = % simplifies this to just a single non-
trivial phase ¢/ = e AE! where AE = Eyp — Eqy,
thereby leading to the entanglement structure (3.2) of the
time evolution operator for the 2-state case, i.e. Stm’A =
- l+1ei9 log 1+le,-0 — l+i,,-9 log l+i,,-0 . The states in question
here can be regarded as maximally entangled Bell pairs and
the entropy can be regarded as pseudo-entropy for the Bell
pair initial state |/) and its time-evolved final state |F). As
noted there, this is a real-valued entropy, oscillating in time
with periodicity set by AE, growing unbounded at specific
time values where t = %. Note also that specific time
valuest = i”—g lead to the minimum value S4 = log 2, which
is simply the ordinary entanglement entropy of the maximally
entangled initial state. The fact that this time entanglement
entropy can be unbounded is a novel feature compared with
ordinary entanglement entropy for ordinary quantum sys-
tems.

For an n-qubit system comprising basis states |{i1, . . ., in}),
with iy = 1, 2, the time evolution operator with projection
onto generic initial states gives complicated entanglement
structure. However projecting onto thermofield double type
initial states, we obtain

)= " ciiilii...i):

i=1,2

DA _ 1
t o — s .
> lcii.il2e Eiiit

2
x Y leii il e it iy i),

i=1

(4.8)

which is identical to the 2-qubit case. It is clear that any qubit
system has identical entanglement structure for the time evo-
lution operator with projection onto thermofield double type
states. Now if we additionally restrict to maximal entangle-
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ment, we have both |c;;._;|> equal so |ciji|> = % This
again contains just one nontrivial phase thereby leading to
the entanglement structure of the time evolution operator for
the 2-state case, i.e. (3.2).

5 Time evolution operator, normalized at ¢t = 0

In this section, we will discuss aspects of the time evolution
operator with normalization at ¢+ = 0 (rather than at general
time ¢), following [12]. This gives

Ut)
Tri(0)

0,A
— 0 =trg pr — Sa = —tr(pi* log pi).

pi (1) =
(5.1

The normalization ensures that we obtain ordinary entangle-
ment structures at ¢t = 0. In this case Trp,(r) = l att =0
but not at general ¢. This gives quite different entanglement
structures, as we will see.

Since U(0) = Y, [I)(I| = 1 i.e. the identity operator
made up as a sum over all eigenstate projection operators, the
normalization factor is Tr{/(0) = N, the dimension of the
Hilbert space, constant in time. Thus for a general bipartite
system we obtain

p2(1)

1 .

T R Y N 0,A
— e LN )L, T —
~ 2 li.i')(i.i'| —> o

ii’
1 .
=+ 2 (DT Enl,
i i’

differing from (2.5) only in the normalization. A general 2-
qubit system (3.3) now gives

(5.2)

1 .
pr) =3 D e B i (53)
ij

and taking a partial trace over the second component gives

1 . .
pt(),A — Z((e—lElll‘ +e—lE12[)|1)(1|
+ e—iE21t+e—iE22t)|2><2|)
St(),A — _l(e—iE“t +e—iE12t)
4

1 . .
x IOg (Z(e—lEllt + e—lElzt))
1

o _(efiE2|t _’_efiEzzt)
4

x log (i(e_iEz” + e_iEw)). (5.4)

In general S,0 Aisa complicated complex entropy. However
there are special cases. If all energy values are the same, this
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simplifies to

e~ B0t o
Eij=Ey: p = 2 Ell])(ljl,
ij
—iEot
0a €' o
Pt = i) (il,
i=1,2

S?,A — _—iEot log (%efiEot)
= (log2 + i Egt) e For, (5.5)

Appending a projection operator for a state |i) as in Sect. 4,
we obtain

S0 _ pPIDGL _ IfL0)G]
! Tr(p0 li)(i)  Tr@UO)i){il)
_ iyl 56
Te(li) (i])

since U/ (0) is the identity operator. This is similar to (2.2),
but differs in normalization. So if the initial state is unit-
normalized, the normalization factor is a trivial 1. This is not
ordinary entanglement even if the state is an eigenstate since
the nontrivial time evolution phase remains. For instance a
2-qubit system (3.3) gives

e umin
= e =

= e EnlIy 11y, (5.7)

after projecting onto a simple eigenstate |11). The partial
trace then gives

0.1i), A 0
t

=Tr,p;
_eflEHl

J17) ze—iE“t'l)(l' = S?"”’A

log (ef"E”t)

0
—iEqt

=iEte (5.8)

The normalization at + = 0 makes this different from ordi-
nary mixed state entanglement structures at finite temper-
ature, although these still resemble imaginary temperature
structures. Although it might seem natural to normalize at
general ¢, part of the motivation here, following [12], is that
the time evolution only enters via the final state in (5.6), which
apart from this is akin to the pseudo-entropy (2.2), (4.1). This
appears to help isolate the timelike characteristics, as in (5.8)
where the leading time-dependence is manifestly pure imag-
inary: it would be interesting to explore this further.

6 2-dim CFTs and timelike intervals

The studies of d S3 extremal surfacesin [11,12,19,20], led to
studies of timelike entanglement in ordinary 2-dim CFT (in
particular (6.8)): we now elaborate on this (there are parallels
with some discussions in [32] which appeared as we were
finalizing this paper).



Eur. Phys. J. C (2024) 84:499

Page 9 of 18 499

We want to consider the time evolution operator as a den-
sity operator towards exploring entanglement-like structures:
towards this we define

N/ 1 —itH l
Pl O} H = —= ({ ()} e™ " Ho (D) (6.1
1
with Z, = Tr e~/"# . However rendering this well-defined is

best done in the Euclidean path integral formulation, defining
the ground state wavefunction for the configuration ¢ (x’) as

¢ (tg=0.x)=¢ (x")

Y{p () = / D¢ e SE

tE=—00

tg=0

= / Dpe S [[8(p(te =0,x) — p(x))
IE=—00 x

6.2)

with Sg the Euclidean action for the field ¢ (1g, x) (we model
this discussion along the lines of [36-38], and [2]). Now the
reduced density matrix for the interval A is obtained from
pi[¢o(x)|p;(x")] above by performing a partial trace over
the environment B setting ¢o(x) = ¢;,(x). This becomes

=00
Dy e SE@ T840, x)

xeA

1
PO 191 = - [E:_m
—p()er) S@O,x) — $(x))
(6.3)

In this form there is no sacrosanct meaning to what we define
as Euclidean time: the differences for a timelike interval only
enter in the analytic continuation to Lorentzian signature
eventually. For a free massless 2-dim scalar, the action is
Sg = fthdx ((8,E¢)2 + (9:¢)?) and Euclidean evolution
appears symmetric between tg, x. For the usual spacelike
interval, the reduced density matrix involves Euclidean time
evolution along tg: for a timelike interval on the other hand,
the reduced density matrix involves Euclidean time evolution
along x which is regarded as Euclidean time now calculation-
ally. So we have

pe P (tE)o+ 1P (1E)0-]
L[ ppest@ [ s, 0%

B Z_IE X=—00
tp€A
—¢(tg)o+) 8(p(tg, 07) — p(te)o-)

Apart from x < tg, this is equivalent to (6.3).

Let us now discuss this in terms of Hamiltonians for a
free massless scalar: note that Euclidean and Lorentzian
times are related as rg = it. For the usual time coordi-
nate ¢, the Hamiltonian is H;,” = [ dx ((3;¢) + (3,¢)?) =
f dx (— (0 )2 +(0,¢)?): thisis positive definite. Now com-
pactifying ¢ can be used to obtain the reduced density matrix
Trp e PH atfinite temperature for an interval with width Ax.
With x taken as Euclidean time, we obtain the Hamiltonian
H, = [dtg ((3,6)* — (3x¢)?). Now compactifying x with

6.4)

periodicity S, and considering a timelike interval with width
At, the reduced density matrix becomes

H,

/ dip (—(3:¢)° + (3, 6)2)

L / dr ((0.:¢)> + (0,9)%) = —i H;

pit = Trp e Pl = Trg P M (6.5)

so that in terms of the positive definite Hamiltonian H;‘ s
this resembles a thermal reduced density matrix but with
imaginary temperature.

The usual replica formulation of entanglement entropy for
a single interval proceeds by picking some Euclidean time
direction 7¢ and the interval Ax = [u, v] on that slice, then
constructing n replica copies of the space glued at the interval
endpoints and evaluating Trp’; . The reduced density matrix
for the ground state is formulated as above, via Euclidean
time evolution, with appropriate boundary conditions for the
fields on the replica sheets. Then Trp’; in the replica space
can be mapped to the twist operator 2-point function at the
interval endpoints which implement the boundary conditions
across the sheets. This finally leads to

. wo € (Ax)?
Sa = _;}1—I>n1 0, Trp)y — glog 2 (6.6)
The only data that enters this is the central charge of the CFT
and the interval in question. When we consider a timelike
interval, the above formulation goes through with the only
change being that the Euclidean time slice we pick is the
spatial slice x = const with the interval being At = [u,, v¢].
However now when we continue back to Lorentzian time, we

must rotate u,, v; accordingly, so the spacetime interval is

A’ = —(A? = —(vr —up)? ©.7)
and the entanglement entropy becomes
S ¢ lo A’
AT %
c —(AD)? ¢ c .
= 610 2 = 510 —+ 8(17‘[) (6.8)

with the imaginary part arising as ir = log(—1). Note that
imaginary values also arise in studies of quantum extremal
surfaces in de Sitter with regard to the future boundary [39,
40], stemming from timelike-separations.

The discussions above are formulated in terms of Euclidean
path integrals with an eventual analytic continuation to obtain
timelike interval entanglement. Along the lines of our finite
quantum system descriptions, one could consider Lorentzian
time evolution explicitly. Towards this consider a CFT on a
cylinder, with time running along the axis. The Hamiltonian
is Hey = %(Lo + Ly — %4‘_') and the unnormalized time
evolution operator becomes e~ e’ ~ g2 Nu| N, V(N,,|
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with ¢ = e~2"/! for both left/right modes, and the nor-
malization becomes Tr g2n "Nn = e, # (the %45 fac-
tor cancels with normalization). In the momentum basis,
the time evolution operator is an infinite sum of decoupled
oscillators. Recalling the case of two uncoupled oscillators
(3.14), tracing out all higher mode oscillators leaving only
the lowest frecluency n = 1 oscillator mode naively gives
pit = X 1ty I nl and 52 = —log(1 — g) — 421,
with appropriate limits as described after (3.16). Also, along
the lines of Sect. 4, we can study aspects of the time evolution
operator along with projection onto initial states. We leave

these and related investigations for the future.

7 Time entanglement, time-dependent interactions

So far we have considered time-independent Hamiltonians.
In these cases we can relate the time evolution operator to the
thermal density matrix by the analytic continuation g — ift,
consistent with the expectation that time independence maps
to thermal equilibrium. In this section, we consider some
special simple examples of time-dependent Hamiltonians:
we expect that the time evolution operator will not admit any
simple map to some thermal density matrix in such cases (no
thermal equilibrium).

We obtain the time evolution operator in the interaction
picture by solving the Schrodinger time evolution equations,
evolving the state by the time evolution operator

le £:10) 1 = Us (¢, 10) lov, to: to)r = Y cij (D). (7.1)

This enables to determine the time evolution operator, where
|ij) are the eigenstates of Hy (and 7o = 0). Our conventions
are those of [41], with the interaction picture time evolution
equations of the form ih%cN(t) =>4 Vume M ey (1)
withwyy = Exy — Ey.

As a toy example, consider a 2-state system with states
[1),12), and energies Ep, E>: then a §-function interaction
Via = V§(t —e) (withe > 0 aninfinitesimal regulator) gives
the interaction picture evolution equations (with ¢; = %ci)

iwyot iwyt

ihic; = Vipe ¢, ihcy = Ve
ihc1(t) = Vea(e) +ifici (0),

ihcy(t) = Vey(e) +ihca(0),

C1;

(7.2)

where the second line is obtained by integrating across the
interaction support at # = € (and the phases e/“12! are trivial).
Since the time dependence is only nontrivial for r = €, we
see that ¢; (#) = c;(¢€), i.e. the coefficients remain unchanged
fo'rt > e. .Sol.vi.n.g for c1(1), c2(t) gives (28) =.p,,1(2£8;)
with generic initial state c¢1(0), c2(0), where the interaction
picture time evolution operator is p;; = lvz (|1)(1| +
2

% [1)(2] ++% 12) (1] + |2)(2|) (this can also be seen to agree
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with time dependent perturbation theory). We now general-
ize this sort of delta-function coupling interaction to a system
of two qubits to study time entanglement.

Consider a simple system of two qubits with the time-
dependent interaction

Vi) = V8@ —e) (J111)(12] + [12)(11)), (7.3)

with an infinitesimal regulator € > 0 (so the impulse interac-
tion is just after t = 0). The Hamiltonian Hy before turning
on the interaction (¢t < 0) has eigenstates |11), |22), |12},
|21), and eigenvalues E11, Ex, E12, E21 = Ejp, respec-
tively. The time evolution equations for the coefficients (sup-
pressing the phases), and their integrated versions, are (with
h=1)

d
—cn(t) = =iVt —e€) cia(r),

dt
d () iVt —e€)cn(t)
—c = —i —€)c ,
dt 12 11

d ) =0 d ) =0
—c =0,—c =0,
dt 21 dt 22

= c11(t) = ¢11(0) — iV c1a(e),
c12(t) = c12(0) — iV cyy(e),

21(t) = 21(0), c22(t) = 22(0). (7.4)

We now note that the ¢;; () = c;;(e) for the impulse inter-
action, where ¢ > ¢, since there is no nontrivial time depen-
dence after r = €. This then gives

! .
en® = 3 (en©) = iV en©),

1
en) = 7 (20 = iV enm).

21(t) = 21(0), c22(t) = ¢22(0). (7.5)

This gives the interaction picture time evolution operator
Uy (t,10) (with 1p = 0 and 1 > 0) which maps (")) =

c12(1)
Ur(0)({)) in the {|11), [12)} subspace, using (7.1). Then
the time evolution operator U(t) = p; in the Schrodinger

picture is (with p, the normalized one)

pr=e U0 =

1 —iEqt
11)(11
vz (e
— Ve BT 11 (12] — iV e TER 112)(11]
+ eTER12)(12]) + TR 2121

+ e 7B 22y(22),

Pt :NVﬁt,
Nyt =Tr(a)
1 _iE . . .
— e nt 4 o, iEpt e iEqat e 1E22t‘
1+V2( * )+ +

(7.6)
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We now find the reduced time evolution operator by tracing
out a qubit. ,o,A arises from tracing out the second qubit in p;,
and ,o,B from tracing out the first qubit:

Ny'oft = g (00 + )y
+ (efiEnt + e*iE22[)|2)(2| ,
Fol = s (e Ema
— Ve BT 1) 2] — iV el 2)(1]

+eTER )2 ) + TR 11

+e B2t 2y(2]. (7.7)
Note that p! = p2 for V = 0 is in agreement with Sect. 3
for the 2-qubit system. The entropy associated with ,o,A or
,otB is complex-valued in general.

Consider now the same 2-qubit system but a more general

impulse interaction

Vi) = Vot —e) (111)(12] + [12)(11]

+121)(22] 4 122)(21]). (7.8)

Using (7.1), the interaction picture time evolution equations
and the integrated versions are

d
ECH(I) =—iVt—e€)cin(t),

d
Eclz(t) = —lVS(Z — 6) Cll(t)’

d
ECZI(U =—iV it —e€)cn(l),

d
Eczz(t) =—iVt—e€)ca(t),
= c11(t) = c11(0) — iV cra(e),

c12(t) = c12(0) — iV ey (e),
21(t) = ¢21(0) — iV cn(e),

c22(t) = C2(0) — iV c21(e). (7.9

These are the analogs for the interaction (7.8) of (7.4) with
the simpler interaction (7.3). As before, we have ¢;; () =
cij(€), t > €, since there is no nontrivial time dependence
after the impulse at t = €. Solving for c;;(¢) leads here to
the Schrodinger picture time evolution operator U (¢) = p;
(with p; the normalized one)

pr= e U (1) = (e= By

14 V2
— (Ve BN 11)(12] — iV e TR 12)(11]
+ e BT 12)(12] 4+ e TER 21)(21]

iVe 'Rl 21)(22]

iV e B2t 22)(21]

+eTiEn22)(22] ),

Pr = /\/Vﬁt
Ny =Te(p)
1 : . .
=T (e7/Ent pe Bl 4 miERY) - (7.10)

Tracing out either the second qubit or the first gives ,otA or
B.
Pyt

1 . .
A _ —iEqt —iEqat
yon —NVH_—Vz((e et 4 pTtEI2 )| 1) (1]
+ (TR 4 T )]
1 .
B __ - —iEqt
Pr _NV1+V2 ((e iEq

+ e HERN) [1)(1] — iV (e TEnT 4 e ER1) (2
— V(TR 4 e R 2)(1

+ (e—iEnt + e*iEzzt) |2)(2|) ) (7.11)

Note that here the ﬁ factors cancel with that in Ny (which
is an accident; this would not occur if the interaction strengths
in (7.8) were not uniformly V for all matrix elements). As for
(7.7), we see that these reduced time evolution operators are
equal, ,olA = ,o,B ,for V = 0, in agreement with Sect. 3. These
give complex-valued entropy in general, although there are
special cases with real entropy: e.g. for E;; = Ex»n = E»
we obtain ,otB = %(_}V_{V) with eigenvalues Ay = %(1 +
iV): then the entropy SP = — > & Ak log Ax becomes real-
valued giving SZB =log2 — %(1 +iV)log(1+iV) — %(1 —
iV)log(l —iV).

We now look at this time evolution operator with pro-
jection onto some initial state, along the lines of Sect. 4.
First consider a thermofield-double type initial state |I) =
Zi:m ciilii) as in Sect. 4.1: this gives (with A/ the normal-
ization)

NodD = ==z (e DAy

iV —iEqpt
e -
1+ V2
+cllc§2|12)(22|

<I611|2|12)(11|

+chen2)(11] + |sz|2|21)<22|>- (7.12)

A partial trace over the second or first qubit gives, respec-
tively,
iV e—iElzt
1+ V2
x(enes )@l + efyeni2ill),

1
A _ A
Pr,1 _N—l T2 Py |V:0_N
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Ve tEnt
1+Vv2
x(len P11+ e 11)421)

1 B
v P =~
(7.13)

This thus leads to nontrivial contributions to the complex-
valued entropy stemming from the impulse interaction con-
trolled by the strength V. For special cases the entropy is
real: e.g. E11 = Ep = Ejp with maximally entangled ini-
tial state c11 = ¢ = % gives pf, = pf, = %(_}fov)
with eigenvalues 1y = %(1 4 iV) leading to real entropy
StB = — Zk M log A

This is essentially the pseudo-entropy for the initial state
[I) = c11|11) 4+ ¢22|22) and its time evolved final state using
pr in (7.10)

IF) = Al (7 Een 1) + e~ F2tep|22)

T 1+ v?
—iVe_iEmcllllZ)—iVe_iE12’622|21)>. (7.14)

If on the other hand, one considers some initial state within
the {|11), |12)} subspace, then it turns out that pt"}l oc [1)(1]
while ,of ; has eigenvalues 0, 1 (perhaps this is not surpris-
ing since any state in this subspace is of a factorized form
[1)4(a|l) + b|2)) p). This leads to vanishing pseudo entropy
for ptf‘] and pf,.

We have illustrated the time evolution operator and its time
entanglement structure focussing on simple 2-qubit exam-
ples involving an impulse §-function interaction. We have
obtained the time evolution operator by solving the time
evolution Schrodinger equation for the state coefficients. The
time-dependence of the interaction leads to nontrivial depen-
dence on the interaction strength V, in addition to the depen-
dence on the energy eigenvalues and the timelike separation
t. No simple continuation via some imaginary temperature
exists here, unlike the discussions in the rest of the paper with
time-independent quantum systems. It is likely that general
time-dependent quantum systems will exhibit similar fea-
tures. Perhaps there are deeper ways to formulate timelike
entanglement, which make more explicit a partial trace over
time paths or histories.

8 Discussion

We have studied various aspects of entanglement like struc-
tures with timelike separations arising from the time evolu-
tion operator regarded as a density operator, following [12].
There are close parallels with pseudo-entropy [23] as we have
seen. The entropy from the time evolution operator along with
projection onto some initial state as we have seen in Sect. 4 is
identical to pseudo-entropy for the initial state and its time-
evolved final state. More broadly, there are large parallels of
the investigations here and in [12] with corresponding ones
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in [11,32]. In general the non-Hermitian structures here give
complex-valued entropy, although there are several interest-
ing real-valued subfamilies e.g. (3.2), special subcases of
(3.5) and (4.7), qubit chains Appendix B with the |1) < |2)
exchange symmetry, and so on. The behaviour of this entropy
is quite different from usual spatial entanglement entropy: for
instance, (3.2) oscillates in time and appears to grow large at
specific time values. Correspondingly at other specific peri-
odic time values the entropy acquires its minimum value,
coinciding with ordinary entanglement entropy for the ini-
tial state (see Sect. 4.1 in the context of thermofield-double
states, akin to Bell pair states). Overall these appear to be new
entanglement-like measures involving timelike separations,
likely with many new aspects open for exploring further. (It
is also worth noting other work e.g. [42—-45], which may have
bearing on this broad circle of ideas.)

While more detailed understanding and physical interpre-
tation of time entanglement in general is yet to be developed,
the mapping to pseudo-entropy allows certain connections
to previously studied quantities. Pseudo-entropy stems from
the transition matrix 7r|; in (2.4), (2.7), regarded as a gen-
eralized density operator involving a preparation state and a
postselected state. Related quantities pertain to weak values
of operators, obtained as O, = Tr(7F|;O). These are in
general complex-valued, not surprising since the transition
matrix is not a hermitian object (unlike ordinary hermitian
density matrices). See e.g. [46,47] for more on postselected
states, conditional entropy and weak values (including some
experimental aspects). In the current context, components
of the time evolution operator can be isolated via projec-
tions onto specific initial states as we have seen in Sect. 4:
this then maps onto the corresponding pseudo-entropy. Thus
time entanglement with projection onto initial state | /) dove-
tails with postselected states being the corresponding time-
evolved states. We hope to obtain more refined understanding
of these interrelations in the future.

The finite quantum systems we have studied allow anal-
ysis using Hamiltonian eigenstates and are thus intrinsi-
cally straightforward. Time-independent Hamiltonians allow
mapping the time evolution operator to a thermal density
matrix by the analytic continuation 8 — it, consistent with
the expectation that time independence can be mapped to
thermal equilibrium. We expect that in cases with nontriv-
ial time dependence, these time-entanglement structures will
become more intricate with no natural imaginary temperature
analytic continuation: along the lines of studies of scattering
amplitudes, we expect that analogs of the interaction picture
will be useful in organizing these time entanglement struc-
tures. All these are vindicated in the simple 2-qubit examples
with §-function impulse potentials (Sect. 7), where we solve
explicitly for the nontrivial time evolution operator and the
corresponding time entanglement structures. Related, com-
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plementary studies (including holographic ones) appear in
[11,23-34]. We hope to report further on these in the future.

We now make a few remarks on de Sitter extremal sur-
faces anchored at the future boundary, which have time-
like components, in particular paraphrasing some discus-
sions in [48]. The dS/CFT dictionary [9] Zcrr = Was
implies that boundary entanglement entropy is bulk pseudo-
entropy (since a replica formulation on Zcr7r amounts to
one on Wy, i.e. single ket rather than a density matrix).
Among other things this leads to novel entropy rela-
tion/inequalities based on the complex-valued d S extremal
surface areas. This is put in perspective by comparing with
time-entanglement/pseudo-entropy in qubit systems, using
the analyses in this paper, in particular Sect. 4: this reveals
striking differences for mutual time-information, tripartite
information and strong subadditivity (see Sect. 2.5 in [48]).
The d S areas give definite signs for these quantities relative to
those obtained from time-entanglement/pseudo-entropy for
qubit systems (with the final state being time-evolved from
the initial state). Since the d§ areas are analytic continua-
tions from Ad S, these differences are perhaps not surprising
in light of the studies in [49] (which reveal definite signs the
AdS RT surface area inequalities compared with those for
entanglement entropy in qubit systems), but they are striking.
Overall there are new entanglement structures here stemming
from timelike separations: we expect that the investigations
here and related ongoing ones will lead to further insights
into both quantum information and holography.
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Appendix A: Time evolution, pseudo-entropy: special
cases

Consider now the pseudo-entropy transition matrix (2.4) for
the 2-state case (3.1), with arbitrary initial state |i) and arbi-
trary final state | f),

i) = c1ll) +2l2),  |f) = cl1) + c512);

1
T = oy ages (Gl + 322
chel +
el a3 @1+ caef2)(11). (A1)
With [1) = | + +),]2) = | — —), a partial trace over the
second component gives
1
Th= s (Gl T adiE) - @2
= L+

as the reduced transition matrix. To compare with entangle-
ment for the time evolution operator, we take the final state
to be time-evolved from some other initial state |i’) so

) = e B + he B 2) —
(et (] + cheze’ =) (1)

A _
Tfl"_ et + chetel® ’
1%1 22

(A.3)
with § = —(E» — E)t. Then we see that:

e using (3.2) for the time evolution operator, Tflz = p/ if

1 VA

~ V22T
states are identical maximally entangled states.

e using (4.3) for the time evolution operator with projec-

tion, Tf‘? = ,0, 1fc1 =c1, ¢h = cp, ie |f) = |fli])

i.e. the final state is time-evolved from the initial state

li") = li).

cp=c) = i.e. the initial and final

This structure of mapping 7 fA‘l = ,otA however is not true
more generally. For instance, consider two qubits more gen-
erally, as in (3.3). Then the pseudo-entropy transition matrix
(2.4) becomes

2 2
) =Y cijlij), 1F)=Y_ cilij);
i,j=1 i,j=1
Trr = Z Z cljcky i) (kl| (A.4)
ij zj u i jk, =1

and partial trace over the 2nd component gives the reduced
transition matrix as

Th == Z Z(Zcu%)“ q

l]tkl j

1
= —((calci‘l + eI

/o
Zij cljclj
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H(ch1651 + eI Q21+ (chicfy + chel)12) (1]
(el + c;2c§2)|2><2|). (A.5)

Towards comparing with the time evolution operator, we
think of the future state as time-evolved from some ini-
tial state, i.e. |F) = 3, c;je_iEij’|ij). It is then clear that
pseudo-entropy via the reduced transition matrix matches
time entanglement via the normalized time evolution oper-
ator with projection onto |i), i.e. T’Ti, = ,o,m‘A if the final
state is taken to be time-evolved from the initial state, i.e.
|F) =UM®)II)soc); = cije”'Eii’_ However, in contrast with
(A.3), the fact that there are off-diagonal terms in (A.5) makes
the structure different from the reduced time evolution opera-
tor. To set the off-diagonal terms to vanish, we could consider
specializing to maximally entangled thermofield-double type
initial and final states, and with | F') time-evolved from | 1), i.e.
1) = Zii c;ilii) with C,‘j,Cl/-j =0,i# ), ci=cj;Vi,J,
and |[F) =) ;; c;i|ii> = U(t)|I). In this case, we find that
all the off-diagonal terms vanish and we obtain the reduced
transition matrix to be of the same form as in (A.3). On
the other hand the reduced time evolution operator for the
general 2-qubit case is (3.5), which has two distinct phases
in general. Thus the reduced transition matrix differs from
the reduced time evolution operator. One can engineer spe-
cial energy values E;; where the two coincide (although this
appears ad hoc).

Of course, these structures are with a single Hilbert
space for constructing both initial and final states. Doubling
the Hilbert spaces directly enables a map from the transi-
tion matrix to the time evolution operator in general, as in
Sect. 2.1.

Appendix B: Qubit chains

Now we consider qubit chains to understand time entangle-
ment structures. For any nearest neighbour 2-qubit pair, we
impose nearest-neighbour interactions, with

slg) = aqlq). lg) ={11), 12)}; H = —Js152,
H[11]= Ey = —Ja}, H[22] = Eyp = —J a3,
H[12] = H[21] = E1» = —Jajaz. (B.1)
In the first line, we are defining operators s; with action as
above (the i being the site label), that give the qubit Hamil-
tonian action elaborated on in the second line. This Hamil-
tonian generalizes the 2-qubit case (3.3) earlier. (Imposing
a|l) < |2) exchange symmetry simplifies this to Ising-like
interactions, as we will discuss later.)

3-qubit chain: Consider now a chain of 3 qubits with
Hamiltonian based on the nearest neighbour 2-qubit interac-

@ Springer

tion above. This gives the 3-qubit chain Hamiltonian as

H = —J(s152 + 5253)

H = E;|I){I| = E{[111)(111] + E»|222)(222|
+E5(]121)(121] + |212)(212])
+ E3(|112)(112] 4 [211)(211])
+E4(1122)(122] 4 221)(221]),

E| = —2Ja? = 2Eyy,

Ey = —2Ja3 = 2Ep,

Es = —2Jajap =2E1»,
E3=—Jaj — Jajay = E11 + En,
Ey = —Jajay — Ja3 = Ex + Ena,

1
E4— E3 = E(Ez — Ey),

Ei+ Es =2E3, E>+ E5 =2FE4. (B.2)

Then the time evolution operator U/(¢) after normalizing
becomes

1
e—iE1t+g—iE2t+26—iE3t_I_ze—iE4t+26—iE5t

« Ze—iEjl|I)(1| EN Ze—iE]l|I)(1|.
7 1

pPr =

(B.3)

Now tracing out the 1st and 3rd qubit states gives the reduced
time evolution operator

(,0;4)11 :N(e—iElt +2e—iE3t+e—iE5t)
(IOZA)ZZ :N(efiEzt +267iE4l +€7iE5t)

for the middle qubit. Using the relations between the E; in
(B.2) simplifies this to

(P11 = N (e BN 4 e*iElzt)Z,
(ptA)22 = N(eiiEzzt + e*iE121)2
N_l = TrL{(t) = (g_iEllt +e—iE12t)2

+(e—iE22[ + e_iElzt)z.

(B.4)

(B.5)

In general, this is a function of three independent parameters
E11, Ex, E1p (orequivalently Eq, E>, Es)soitisacomplex-
valued function of three phases in general. A straightforward
real slice is obtained when there is a |1) <> |2) exchange

symmetry as we will discuss later.
5-qubit chain: the configurations and their energies are

[11111), 4Ep; [22222), 4E»; [12121), [21212),
4E1p; [11112), [11122), |11222), [12222), 3Ey; + E2;
122221), [22211), [22111), [21111), 3E»n + Eia;

I11121), |11211), [12111), [21112), 2Ey; + 2E1;
112221), |22212), [22122), [21222), 2E» + 2E12;
111221), [12211), |22112), [21122), Ei + Ex

+2Ep; [11212), [12112), [21211), [21121), Ejj + 3Eja;
112122), |12212), [22121), [21221), Ex + 3E1;
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(B.6)

Tracing over all but the middle (3rd) qubit gives the reduced
time evolution operator as

('51)?1) = ¢HAEIT | pmi@ER) 4 9p—iGENFER)
+2e—i(3E22+E12)t + 2e_i(E11+E22+2E12)t
43¢ iQENF2ER) | ,—iQEn+2EDR)!
+2€—i(E11+3E12)t + Ze_i(E22+3E12)f’

('5’)532) = ¢ UERIT | p—i@ED) | 9p—iGEntER)

+26—i(3E11+E12)t + Ze_i(E11+E22+2E12)t
+ 3e—i(2E22+2E12)t + g_i(2E11+2E12)t

+2e*i(E22+3E|2)t + ze*i(E]1+3E12)f’ (B.7)

where the tilde denotes un-normalized. The normalization of
the time evolution operator here becomes

N =T

= TrUd) = (30 + (5)S) (B.8)

In general the resulting von Neumann entropy is a compli-
cated complex-valued function of the three energy parame-
ters E11, Ex, Eqp.

There are parallels between our discussions here on qubit
chain configurations and those in [50] on ghost-spin chains
(although the context is different).

Infinite qubit chain: Consider now an infinite 1-dim chain
of qubits, again with only nearest-neighbour interactions, the
Hamiltonian being

H=—J2snsn+1 =...
n

We can focus on the qubit at location n = ng as the subsystem
in question, tracing over all the other qubits in the chain. The
reduced time evolution operator is

1
Pz=wz Ze

no=1,2 I; n#0

—Js_1s0 — Jsos1 +... (B.9)

EUI0Y ng)(nol - (B.10)

This is a complicated object in general, although still simply
a complex-valued function of the three energy parameters
E11, E, E17. Since this qubit only interacts directly with
its two neighbours, the effective system has some parallels
with the 3-qubit chain above: but the detailed structure is
complicated, as already evident in the 5-qubit case earlier.

1) < |2) exchange symmetry: In the simple subcase
enjoying |1) <> |2) exchange symmetry, there are substantial
simplifications in (B.1): this is when there is an Ising-like
structure, with

ai=—-a=1, Ejy=Eyp=—-—Ep=-J. (B.11)

For instance the 3-qubit case (B.5) simplifies to

./\/;1 _ Z(e”t +e—th)2,

(P11 = (2

_N3(l.]t 1

—lJt)2 —
2

which thus gives von Neumann entropy log 2. Likewise the
5-qubit (B.7) case can be seen to simplify to

NS—l _ 2(eth +e*”’)4,

. s 4
P11 = (P2 = Ns (e + 71" = =

(B.12)

(B.13)

so the middle qubit has identical structure. For an infinite
qubit chain with this Ising-like Z; symmetry, we expect
translation invariance in the “bulk” so we expect that the
reduced time evolution operator has again similar structure.
Considering an N-qubit chain (towards large N), the con-
figurations can be organized similar to (B.6). It is then clear
that the ground statesare [11...11), |22...22), with energy
—(N—1)J.Thefirstexcited states comprise “one kink” states
with exactly one 12- or 21-interface with energy —(N —3)J
and degeneracy 2(N — 1). The next set of excited states con-
tain two kinks, so the energy is —(N — 5)J with degeneracy
4(N — 2). Higher excited states contain multiple 12- or 21-
interfaces. The two highest energy states have maximally
alternating 1, 2s, i.e. [12121..), |21212..): there are (N — 1)
interfaces giving energy (N —1)J . Furthermore, every energy
E (with corresponding configurations) comes in pairs, i.e.
there are corresponding configurations with energy — E. This
can be seen above, with the ground states and highest energy
states: likewise, corresponding to the one kink states, we have
states with energy (N — 3)J obtained by transforming one of
the 12- or 21-interfaces in the highest energy states to 11 or
22, which then lowers the energy precisely by 2J (and their
degeneracy can be checked easily). Thus the normalization
of the time evolution operator (akin to the partition function)
is Ny =Tr . e

N];l — 2(ei1t(N—l) + (N —

4 (N = e JIN=3) _I_e—ijt(N—l))
— z(eijt _i_efijt)N*l.

1)l 1N=3)

(B.14)

Each component of the reduced time evolution operator for
some bulk qubit can be explicitly seen to receive contribu-
tions equally from half these states: so we obtain

_,'Jt)N—l

1
(b1 = (o2 =Ny (¢ + =5 (BI)

which is identical to the structure of the middle qubit in the
previous finite qubit cases.

Note that itis adequate to require £1; = E»> to implement
this |1) <> |2) exchange symmetry: then shifting the energies
arrives at the symmetric values in (B.11). However if keep
E1> independent of Ej; = Ej; then there are apparently
two independent parameters: however it is straightforward

@ Springer
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to see that the reduced time evolution operator, while non-
Hermitian, nevertheless leads to real-valued von Neumann
entropy. It is likely that similar studies can be extended for
“ghost-spin” models such as those in [50,51].

All of the above structures can be seen to match ordinary
finite temperature entanglement, except with imaginary tem-
perature 8 = it.

Appendix C: Two coupled oscillators

We consider the following Hamiltonian H with unit masses
map=mp = 1,
1 k1 ky
H= 2 (ph+pp)+ 5 (4 +33) + 5 (a—xp)”.
(C.1)

This is slightly different from the coupled oscillators case

discussed in [23]. We diagonalise the Hamiltonian in a coor-

dinate basis {y, y»} as below. Then the hamiltonian (C.1)

becomes

H= (3R + 39+ (g ri+ 393,
_ (atxp) (xa—xp)

Y1 T,yz— 7

where Q| = ki, Q2 = k| + 2k>. The energy eigenval-
ues and eigenfunctions of (C.2) are labelled by E,,,,, and

®nin, (1, y2) respectively,

(C.2)

1 1
Epin, = (n1 + E)Ql + (n2 + E)Qz

= Enl + Enz ; ¢n1n2(y17 y2)

= ¢n1 ()’1) ‘Pnz (y2), (C.3)

where ny, ny take values fromOtoocoand E,; = (n1+ %)Ql,
1
Ep, = (n2+ 3)22.
We now write the time evolution operator in its eigenbasis
as follows

e—iHl — ,O(t) — Z e—iEnlnzl

ni,n2

X |Pniny ) Dryny |-

In position space

(C4)

PV, ¥25 V1s Yo 1)
=Y e Emml gy (91, 32) By (91, D)

nip,ny

=Y e EntE g (31 32) B (V]2 )

ni,n2

= p1(y1: ¥, 1) p2(y2; ¥5. 1) (C.5)

@ Springer

We have applied (C.3) in the first line of (C.5), and

P11 YD) =Y e g (v, (V) ;

ny

p2(y2; Y3 1) = Y e Eml g (y2)gi, (39)

naz

(C.6)

(C.5) shows that the time evolution operator p () is decom-
posed as p(t) = p1(t) ® p2(¢). The energy eigenstate for a
single harmonic oscillator of frequency 2 (settingm = 1) is

1
1 Q 1 _sz .
¢n<x>=m(;) e 2 Hy(V/Qx);
Ev=(nt 5 )

We now use Mehler’s formula for Hermite polynomials [52]

n

> CF 0 v)
= n!

1 -o?(x%+72)+2aXY
= — 1—-a2
V1 —a?
We now consider the time evolution operator for a single har-
monic oscillator of frequency €2 in order to calculate (C.5):

(C.8)

plex' ) =" e B ¢, (x) g (x").

(C.9)

n=0
Applying (C.7) into (C.9)

00 1

; 1 Q\?2 ,

p(x: x/’ 1) = Z e—z(n-‘r%)Qt W (;) e—% (x2+x"2)

n=0 .

x Hy,(v/Qx) Hy (W Qx)). (C.10)
We now use (C.8) in (C.10),

1
Q)j 12+x/2) /

x:x' 1 =—(” —p(fﬂxx, C.11
plex )= e ¢ 1D
where
p(t) = —i Q cot(21); q(t)

—iQ
= o (C.12)
sin(€2¢)

We will not write the ¢+ dependence of p and ¢ explic-
itly, we simply write p and ¢ instead of p(¢#) and ¢(¢).
We now define the normalised time evolution operator as

L _ plxx,n
Px's 1) = witaro »

2,72
p—q _pxTHxT) ’
Px;x',t)y=,/—e 7 T4XX
T

Note that the normalization Tr(o(x; x’,t)) using (C.11)
is ffooo dx p(x, x,t), which is oscillatory (rather than a
damped Gaussian), using (C.12). To render this well-defined,

(C.13)
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we insert a small exponentially damping regulator: this is
the position space analog of the regularization in (3.18).
Similar regulators are required to define various infinite
sums/integrals here.

We now find the expressions for p1 (y1; yi, t) and p2(y2;
¥4, 1) appearing in (C.5) using (C.11),

1

(&)7 o}
» — uﬂyu
R N TR o ;
p1(y15 y1, 1) 2i sin(2 1)
1
(3) e

L = SR ) sy,

9 7t - .— e 2 2 ’ C'14
p2(y25 ¥p, 1) 2i sin(2y 1) ( )
where

o conr ) —i Q2
= —1 CO ) = i)
p 1 1 4 sin(2; 1)
e
sin(€2 1)

We define the normalised time evolution operator as P (y1, y2;
P POLY2YELYSY)
Yy 1) = Tr(p(y1,y2:91:¥5:1)) °

— P(y+y
pP—4 /r $ o L gy,

r(\z+\z )
xe~ +s )’2)2

P(y1,y2: ¥, ¥, 1) =

(C.16)

Writing P(y1, y2; ¥}, ¥5, t) in terms of original variables x 4,
xp (C.2) gives

" l
P(xa,xp: Xy, xp =Xxp,1)

pP—q [r—s
T 4
e — D (2 ) D ey 1
x2 (xp+xp)
_ 1B —g— AT
xXe 2 (p+r—q—s)+xp 5 (—=p s+q+r). (C17)

We now trace over the 2nd oscillator PA(xA;xA, 1) =
Trp[P(xa, xp; xy, x}3, 1)]. For this we integrate (C.17) over
xp, after performing the integration, we get

Patens xio 1) = | V=B b edaiap s, (C.18)
T
where
_ptr l(p+s—q-—r7 g ats
2 4 p+r—q-s = 2
1(p+s—qg-r7
4 p+r—qg-—s
(P —q)(r—s)
y—p=2"LE" g
p—q+r—s

_ptg+r+s

5 (C.19)

The entropy associated with the reduced density matrix
Pa(xa, x)y, t)isgivenby Sy = —Tr(P4log P4). Theeigen-
values A, and eigenvectors f;, (x) of an operator of the form
(C.18) are given in [53]: we have A, = (1 — ¢) ¢", where

a = +/y? — B2, which gives

Sa = —log(1 =¢) —

¢ =yra

logz¢. (C.20)

1=¢
We see that the entropy S4 is complex valued, recasting ¢ in
terms of y + B and y — B,

VY +B—. vy — B
= . C.21
N RNy €20

The explicit expressions for (C.19) in terms of original vari-
ables are given by

Q Qi Qot\\ %
Gp= (G e S )

2 2 2
B 2 : (C.22)
r=p=( ) -
Q%cot%%— a; €0 tQZ’
For Q1 = Q7 = w (i.e. k; = 0), we recover our result for

two uncoupled oscillators. Comparing our result with the
spacelike entanglement evaluated at finite inverse tempera-
ture i ¢, we recover the result in [54] (in particular ¢ in (C.21)
matches with eq.(2.22) in [54]).
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