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Abstract In this paper, we investigate the optical properties
of a charged black hole with scalar hair (CSH) within the con-
text of four-dimensional Einstein–Maxwell–Dilaton gravity.
To achieve this, we consider three distinct toy models of
thin accretion disks. The presence of dilaton coupling allows
us to express both the solutions of CSH and the Reissner–
Nordström (RN) black hole in terms of their mass (M) and
charge (Q). Our findings reveal differences in the effective
potentials Vef f , photon sphere radii rph , and innermost sta-
ble circular orbit risco between the CSH and RN black hole
cases, which become increasingly pronounced as the charge
parameter Q increases. However, no noticeable distinctions
are observed concerning the critical impact parameter bph .
When the ratio of the photon ring band and the lensed ring
band exceeds 0.1, it may suggest the presence of a charged
black hole with scalar hair. Furthermore, our results under-
score the significant influence of the charge parameter Q on
the brightness distributions of the direct, lensed ring, and pho-
ton ring for three standard emission functions. These findings
emphasize the potential for distinguishing between CSH and
RN black holes through an analysis of direct intensity and
peak brightness in specific accretion disk models.

1 Introduction

With the development of technology in recent years, more
and more observations confirm the prediction of General Rel-
ativity (GR), which can result GR is a successful theory to
describe the geometric properties of spacetime. Nonetheless,
GR can not account a certain phenomena, such as the accel-
erated expansion of the universe [1,2], we need to acknowl-
edge that our present comprehension of gravity may remain
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incomplete. Therefore, the generally thought is that we can
attempt to modify the GR, and give an explanation of this
phenomena [3].

Moreover, the no-hair theorem, one of the main charac-
teristics in GR, states that the stationary black hole can be
only described by mass (M), electric charge (Q) and angular
momentum (a). For the modified gravity theory, the inclu-
sion of modified terms introduce supplementary degrees of
freedom and offer explanations for phenomena that GR can-
not adequately address. Indeed, significant efforts have been
made to modify GR by incorporating additional matter fields
into the theories, which admits that the black holes need to be
described by the other hair. Therefore, the hairy black holes
have been widely constructed and analyzed, including the
radially dependent scalar field [4–15] and time-dependent
scalar field [16–21].

Recently, Bah and Heidmann introduced a modified grav-
ity theory capable of describing a five-dimensional topolog-
ical star/black hole model [22,23]. This theory is founded
on a five-dimensional Einstein–Maxwell framework. Within
this model, the spacetime remains continuous and smooth in
microstate geometries, while exhibiting similarity to a clas-
sical black hole in macrostate geometries. For more details,
please refer to Refs. [24–26]. Utilizing the Kaluza–Klein
reduction, the five-dimensional Einstein–Maxwell theory
can be reduced into an effective four-dimensional Einstein–
Maxwell–Dilaton theory, which can obtain a static spheri-
cally symmetric charged black hole with scalar hair (CSH).
In Ref. [27], the authors extensively investigated the shadow
of this charged black hole with scalar hair from the per-
spectives of four different types of observers. Guo et al.
also examined the quasinormal modes (QNMs) of this four-
dimensional charged black hole with scalar hair, and their
findings indicate that the discrepancies in the frequencies of
the fundamental QNMs between the CSH and the Reissner–
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Nordström (RN) black holes are notably small for the angular
number l = 2 [28].

On the other hand, the Event Horizon Telescope (EHT) has
ushered in a novel observational perspective on the vicin-
ity of black holes, providing us with images of the super-
massive black holes in M87* [29–34], and in SgrA* [35–
40]. The black hole shadows and the observational data pro-
vided by the EHT can encode valuable spacetime informa-
tion, which also can be applied in the ongoing exploration
of black hole physics. These applications include parame-
ter estimations for black holes [41–44], constraints on the
size of extra dimensions [45–47], as well as investigations
into GR and alternative theories of gravity [48–58]. The suc-
cess of these images and the potential future experimental
opportunities in imaging have the capacity to usher in trans-
formative research in gravitational phenomenology, which
can serve as catalysts for our exploration of physics within
the context of strong gravitational fields. Equally thrilling is
the potential to observe ultra-compact objects, such as boson
stars [59], soft hair around the horizon [60], gravastars [61],
and fuzzballs [62]. Investigating their gravitational signatures
and observational distinctions promises to pave the way for
novel gravity tests through direct observations.

Besides, the black hole images released by the EHT cap-
ture the optical characteristics of black holes, stemming from
the bending of photons due to gravitational lensing. In partic-
ular, the luminous region surrounding the dark area in these
images is emitted by the accretion material enveloping real
astrophysical black holes. The distribution of this accretion
matter significantly impacts the observable shape of the black
hole, due to the variations in the distribution of such matter.
Although replicating a realistic accretion disk in theoretical
research remains a challenging task, the first image of a black
hole with a thin accretion disk was analytically computed
in [63]. This analysis revealed the presence of primary and
secondary images that appear outside the black hole shadow.
Subsequently, in [64], it was pointed out that it is relatively
straightforward to distinguish a Schwarzschild black hole
from a static wormhole based on the characteristics of their
shadow images. In Ref. [65], the authors focused the inves-
tigations into Schwarzschild black hole with both thin and
thick accretion disks, the result shows that the lensed ring,
along with the photon ring, contributes additional observ-
able flux to the image. Another type of accretion, spheri-
cal accretion, has been employed to analyze the images of
Schwarzschild black hole in Refs. [66,67]. These studies
have revealed that the black hole shadows remain a robust
feature, and its size and shape are primarily influenced by
the spacetime geometry rather than the specific details of the
accretion. Presently, research on photon rings and the obser-
vational aspects of black holes have garnered substantial
attention, unveiling images of static black holes surrounded

by various accretion scenarios that extend beyond GR [68–
86].

Return back to the four-dimensional Einstein–Maxwell–
Dilaton model, the inclusion of dilaton coupling leads to a
modification in the expression of the solution for charged
black hole, without introducing any scalar charges. This
observation suggests that the black hole solutions for both the
CSH and RN cases can be described using the same parame-
ters, namely, mass (M) and electric charge (Q). Nevertheless,
the distinctions between the two solutions become evident in
the appearance of the images of black holes. This revela-
tion serves as an inspiration for the potential to differentiate
between CSH and RN black holes based on their respective
images. The principal aim of this study is to elucidate the
influence of scalar hair on static black hole within the CSH
scenario, and to discern the disparities between CSH and RN
black holes by conducting an analysis of their optical char-
acteristics when surrounded by three kinds of thin accretion
disks.

The paper is structured as follows: In Sect. 2, we pro-
vide an overview of charged black hole with scalar hair.
In Sect. 3, we delve into the calculation of photon trajec-
tories of the CSH black hole. This analysis is carried out
using Lagrangian formalism and a ray-tracing methodology.
In Sect. 4, we investigate the total observed intensities and
explore the possible sources contributing to it for three stan-
dard disk accretion functions. Subsequently, we compare the
optical appearances of the CSH black hole to that of the RN
black hole. Finally, we present our concluding remarks and
summarize the key findings in Sect. 5.

2 The review of charged black hole with scalar hair

First of all, we will provide a concise overview of the
charged black hole with scalar hair. We shall consider a five-
dimensional Einstein–Maxwell theory, wherein the complete
action can be expressed in [22] as

S5 =
∫

d5x
√

−ĝ

(
1

2κ2
5

R̂ − 1

2
F̂ MN F̂MN

)
, (1)

where κ5 can be considered as the five-dimensional gravita-
tional constant and F̂ MN describes electric three-form field
strengths. Here, we ignored the magnetic term. For simplify,
the capital Latin letters M, N ... denote the five-dimensional
coordinates, and the Greek letters μ, ν... denote the four-
dimensional coordinates. The corresponding spherical sym-
metric metric for the five-dimensional Einstein–Maxwell
theory can be expressed as [22,25]
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ds2 = − fS(r)dt
2 + fB(r)dy2 + 1

fS(r) fB(r)
dr2

+r2(dθ2 + sin2 θdψ2), (2)

where

fS(r) = 1 − rS
r

, fB(r) = 1 − rB
r

, (3)

and the five-dimensional vector field strength can be expressed

as F̂ = Q̂
r2 dr ∧ dt ∧ dy. Besides, the five-dimensional

spacetime can be considered as a S1 fibration over a four-
dimensional Minkowski, R4×S1, where the extra dimension
is denoted by “y” with the radius Ry .

From the expression of the metric, we can see that the
solutions exhibit a curvature singularity at r = 0, along with
two coordinate singularities located at r = rB and r = rS .
Ibrahima Bah et al. found a smooth bubble locates at r =
rB [22,23]. They also discussed the cases rS ≥ rB and rS <

rB , which correspond to a black string and a topological star,
respectively.

By the Kaluza–Klein reduction, which can be han-
dled as integrating the extra dimension y, the five dimen-
sional Einstein–Maxwell theory can be reduced into a four-
dimensional Einstein–Maxwell–Dilaton theory as

S4=
∫

d4x
√−g

( 1

2κ2
4

R4 − 3

κ2
4

∂μΦ∂μΦ − e2Φ

2e2 FμνF
μν

)
,

(4)

where κ2
4 = e2κ2

5 and e2 = 1
2πRy

. The corresponding scalar

field can be defined as Φ = − 1
4 ln( fB), the four-dimensional

field strength of vector field can be solved as F = Q̂
r2 dr ∧dt ,

and the four-dimensional metric can be rewritten as

ds2
4 = f

1
2
B

(
− fSdt

2 + dr2

fB fS
+ r2dθ2 + r2 sin2 θdψ2

)
.

(5)

From the four-dimensional perspective, the conserved quan-
tities, the ADM mass M and the electric charge Q can be
given as

M = 2π

κ2
4

(2rS + rB), Q2 = Q̂2

e2 = 3rSrB
2κ2

4

. (6)

For convenience, we can express two pairs (rS, rB) for given
mass and charge parameters (M, Q):

r (1)
S = κ2

4

8π
(M + Mδ), r (1)

B = κ2
4

4π
(M − Mδ), (7)

r (2)
S = κ2

4

8π
(M − Mδ), r (2)

B = κ2
4

4π
(M + Mδ), (8)

Mδ =
√
M2 − (8πQ)2/(3κ2

4 ).

While, the corresponding event horizons of the Reissner–
Norström black hole are given as

r RN± = κ2
4

8π
(M ±

√
M2 − (4

√
2πQ)2/κ2

4 ). (9)

Here, we should note that the RN black hole is not the solu-
tion of Einstein–Maxwell–Dilaton theory as Eq. (4). To facil-
itate our calculations, we can set the electric charge range
of the RN black hole as Q ∈ [0, M]. On the other hand,
the corresponding electric charge range of the CSH black
hole is specified as Q ∈ [0,

√
3/2M]. Besides, the authors

studied shadow of the CSH black bole, revealing that the
radial component of geodesic equation for the photon is influ-
enced by fS(r) in Ref. [27]. Consequently, we will exclu-
sively focus on the scenario denoted by (7) with the electric
charge Q ∈ [0, 2/

√
3M], and this range remains greater than

that of the RN black hole’s electric charge. In fact, when we
observed a charged black hole, we can not make sure which
gravitational theory solution the charged black hole is. So,
we need to distinguish between observations of black holes
with the same charge, which means that the same charge will
give different observed effects on the different charged black
hole modes. Hence, in the next section, we will discern the
impact of scalar hair on the image of the static black hole by
investigating the observable properties of CSH and RN black
holes when subjected to various accretion processes.

3 Trajectories of photons around charged black hole
with scalar hair

In this section, we will explore the behavior of light rays near
the CSH black hole, specifically focusing on null geodesics.
From a geometric perspective, the paths of photons cor-
respond to null geodesics of the spacetime. Consequently,
we must address the null geodesic equations. However, it’s
important to note that the geodesic equations governing
the motion of photons involve four coupled second-order
differential equations, making direct solutions challenging.
An alternative approach involves encapsulating the geodesic
equation of photons within the framework of the Euler-
Lagrange equation:

d

dλ

(
∂L
∂ ẋμ

)
= ∂L

∂xμ
, (10)

where λ is the affine parameter and ẋμ = dxμ/dλ represents
the four-velocity of the photon. The photons in the spacetime
take the Lagrangian

L = 1

2
gμν ẋ

μ ẋν

= 1

2
f

1
2
B

(
− fS ṫ

2 + ṙ2

fB fS
+ r2(θ̇2 + sin2 θψ̇2)

)
. (11)
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Fig. 1 The behaviors of effective potentials Veff for the CSH black
hole (the solid lines) and RN black hole (the dashed lines)

Because of the spherical symmetry of the spacetime, we can
focus on the photons moving on the equatorial plane, i.e.,
θ = π/2 and θ̇ = 0. For this static black hole, there are two
Killing vectors ∂t and ∂ψ , which lead to the conserved total
energy E and angular momentum Lz ,

E ≡ −∂L
∂ ṫ

= √
fB fS ṫ, Lz ≡ ∂L

∂ψ̇
= √

fBr
2ψ̇. (12)

By redefining the affine parameter λ̄ as λ/Lz and the impact
parameter b ≡ Lz/E , and recalling L = 0 for photons, we
can reduce Eq. (10) into three first-order differential equa-
tions, which are the time, azimuthal and radial components
of the four-velocity

ṫ = 1

b
√

fB fS
, (13)

ψ̇ = ± 1√
fBr2

, (14)

ṙ2 = 1

b2 − fS
r2 = 1

b2 − Veff(r), (15)

where the sign “+′′ and “−′′ of azimuthal component ψ̇

denote that the light ray traveling in the counterclockwise and
clockwise along azimuthal direction. The effective potential
Veff(r) is illustrated in Fig. 1. This plot reveals that the effec-
tive potential vanishes initially at the event horizon. Subse-
quently, as r increases, it attains a maximum value before
gradually decreasing monotonically. Besides, as the charge
parameter Q increases, the distinction between the effective
potentials for the CSH and RN black holes becomes increas-
ingly evident, which seems to indicate that motion of photons
becomes distinguishable in the two types of black holes for
large charge parameter Q.

Prior to delve into the comprehensive photon trajectories,
it is crucial to conduct an analysis of the circular orbit or
photon sphere. This orbit is characterized by the conditions
ṙ = 0 and r̈ = 0, as indicated by Eq. (15). Using translating

Fig. 2 The radius of photon sphere rph and the critical impact param-
eter bph for the CSH black hole (the red lines) and RN black hole (the
blue lines)

the conditions of the photon sphere, we can derive

Veff(rph) = 1

b2
ph

, V ′
eff(rph) = 0. (16)

where the prime notation signifies differentiation with respect
to r . Based on the above equations, the radius of photon
sphere rph and the critical impact parameter bph can be
obtained for different values of charge parameter Q, which
are shown in Fig. 2. From Fig. 2, we can see that both the
radius of photon sphere rph and the critical impact parameter
bph decrease with the charge parameter Q, a trend observed
in both CSH and RN black hole cases. It’s worth highlighting
that the rate of decline for the radius of photon sphere rphwith
respect to the charge parameter Q is less pronounced in the
context of the CSH black hole, as opposed to the RN black
hole. While, for the critical impact parameter bph , the CSH
and RN black holes do not exhibit a significant difference, in
the electric charge range Q ∈ [0, M].

Besides, it’s essential to recognize that there are three dis-
tinct scenarios for different values of the impact parameter
b: (i) b > bph , the photon will scatter into infinity after
traversing the turning point; (ii) b = bph , the photon does
not escape to infinity but instead travels around the black hole
along a circular orbit with a radius of rph , effectively forming
the boundary of the black hole’s shadow; (iii) b < bph , the
photon inexorably approaches to the event horizon, getting
closer and closer until it ultimately falls into the black hole.

Furthermore, by combining Eqs. (14) and (15), we can
derive an equation of motion that accurately portrays the
trajectory of the light ray

dr

dψ
= ±√

fB(r)r2

√
1

b2 − Veff(r). (17)

The total change in the azimuthal angle ψ depends on the
impact parameter b as described in Eq. (17). To distinguish
between the photon ring and the lensing ring near the black
hole, Wald et al. introduced the concept of the orbit number,
denoted as n = ψ/(2π), which can quantify the total count
of loops executed by the photon around the black hole [65].
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They categorized photon orbit trajectories into three primary
cases based on the orbit number n. More specifically, the first
category is characterized as direct emission with n < 3/4,
denoting that the light ray intersects the accretion disk solely
once. The second category, encompassing 3/4 < n < 5/4,
corresponds to the lensed ring emission, where the light ray
intersects the accretion disk twice. The third classification,
referred to as photon ring emission, applies to light rays with
n > 5/4, which cross the accretion disk a minimum of three
times. To gain a more comprehensive understanding of these
three trajectory classes, schematic diagrams can be referred
to in [78,87,88].

Figure 3 presents the trajectories of photons with differ-
ent impact parameters b/M in the polar coordinates (r, ψ).
In this depiction, we consider an observer locates at a consid-
erable distance to the right of the plot. The black curves rep-
resent direct emission, the gold curves correspond to lensed
ring emission, the red curves indicate photon ring emission,
and the green circular ring describes the photon sphere. From
Fig. 3, it’s evident that the charge parameter Q has a notable
impact on the size and distribution of the direct, lensed, and
photon ring bands. For example, as the charge parameter Q
increases, the photon ring band tends to become larger.

Besides, we provide the orbit photon sphere number n
as a function of the impact parameter b for charge param-
eter (Q = 0.6M, 0.99M) in the cases of the CSH and RN
black holes. Figure 4 illustrates that as the charge parame-
ter Q increases, it becomes feasible to distinguish between
the two black hole scenarios based on the orbit number n.
Additionally, we show the range of the impact parameter b
corresponding to (n > 3/4) and (n > 5/4), which are the
shaded areas in Fig. 5a, b. They also illustrate that the differ-
entiation between the two black hole cases becomes apparent
as the charge parameter Q approaches M . To characterize the
effect of charge parameter Q on the orbit number n, we define
a parameter Γ to describe the ratio between the photon ring
and the lensed ring bands for various charge parameter Q as

Γ ≡ range of b for (n > 5/4)

range of b for (5/4 > n > 3/4)
, (18)

which can considered as a simply theoretical tool to differ-
entiate the influence of charge parameter Q on the charged
black holes, and the notable insights can be derived from
Fig. 5c. It is apparent that the ratios Γ for the CSH and the
RN black hole cases experience an increase as the charge
parameter Q grows. For larger values of Q, the photon ring
band becomes more prominent, consistent with the trends
in Fig. 3. Additionally, it is noteworthy to highlight that the
increase of Γ for both the CSH and RN black hole scenarios
is practically identical within the range of the charge param-
eter Q ∈ [0, 0.8M]. However, when the charge parameter
extends to Q ∈ [0.8M, M], the augmentation of Γ becomes

Fig. 3 The trajectories of photons, described with the impact parame-
ter b, are shown in (r, ψ) polar coordinates of the CSH black hole. The
black, gold, and red curves correspond to the direct (n < 3/4), lensed
ring (3/4 < n < 5/4), and photon ring (n > 5/4), respectively

Fig. 4 The orbit numbers n as the functions of impact parameter b
with different charge parameter Q for CSH (the solid line) and RN
(the dashed line) black hole cases. The black, gold, and red curves
correspond to the direct (n < 3/4), lensed ring (3/4 < n < 5/4), and
photon ring (n > 5/4) emissions respectively

Fig. 5 The range of the impact parameter b corresponding to (n >

3/4), and (n > 5/4) and the ratios Γ for the CSH black hole case
and the RN black hole case for different charge parameter Q. The red
regions denote the CSH black hole case, and the blue parts represent
the RN black hole case

more pronounced in the RN black hole case as compared to
the growth pattern observed in the CSH black hole scenario.
In simpler terms, higher values of the charge parameter Q
result to a clearer distinction between the two black hole
scenarios based on the Γ ratio.
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4 Rings and images of hairy black hole illuminated by
thin disk accretions

In the previous section, we investigated the impact of the
charge parameter Q on photon trajectories and categorized
the photons into three distinct classes based on their orbit
numbers n. In the following section, we will focus on the
exploration of imagery involving the charged black hole with
scalar hair. The investigation centers around scenarios where
the black hole is illuminated by optically and geometrically
thin accretion disks. These disks are situated at rest on the
equatorial plane surrounding the black hole and are observed
face-on. In this context, as light rays traverse through the
accretion disk, they interact with it, extracting energy in the
process. It’s noteworthy that various types of light rays make
distinct contributions to the observed light intensity.

We can assert that the thin accretion disk emits intensity
Ie(r) with the frequency νe. According to Liouville’s theo-
rem, the specific intensity Io(r) received by the observer with
an emission frequency νo can be expressed as [65]

Io(r, νo) = g3
s Ie(r, νe), (19)

where the factor gs = νo/νe = √
gtt represents the red shift

factor. The total observed intensity, denoted as Iobs(r), can
be obtained by integrating over all observed frequencies of
Io(r, νo), which can be expressed as:

Iobs(r) =
∫

Io(r, νo)dνo =
∫

g4
s Ie(r, νe)dνe (20)

= (g2
t t )

∫
Ie(r, νe)dνe = (g2

t t )Iem(r), (21)

where Iem(r) = ∫
Ie(r, νe)dνe. We should note that every-

time the photon passes through the disk, it will extract energy
from the accretion disk and contribute brightness to the
observer. As we discussed in the previous subsection, a light
ray can pick up brightness from the accretion disk once,
twice, or even more times which is contingent upon its impact
parameter b. Hence, the total observed intensity is the cumu-
lative sum of intensities resulting from each intersection [65],
yielding:

Iobs(b) =
∑
m

g2
t t Iem(r)|r=rm (b), (22)

where rm(b) serves to characterize the transformation from
the light ray’s impact parameter b to the radial coordinate of
the m-th intersection with the accretion disk, which is also
named as transfer function. Moreover, the slope of the trans-

Fig. 6 The first three transfer functions in CSH (the solid line) and
RN (the dashed line) black holes for different charge parameter Q.
They represent the radial coordinate of the first (black), second (gold),
and third (red) intersections with the emission disk

fer function dr/db can describe the demagnification factor
at impact parameter b.

Figure 6 shows the first three transfer functions rm(b) with
different charge parameter Q for the two black hole cases.
The first transfer function (the black curves) labels that the
photon only interacts with the disk one time. Its slope remains
nearly a constant, which approximats to 1, indicating that the
direct image profile primarily mirrors the red shifted source
profile. For the second transfer function, colored with gold
curves, is associated with the lensed ring emissions. Due
to its steep slope, an observer will perceive a significantly
demagnified image of the accretion disk. Finally, as for the
third transfer function, represented by the red curves, it cor-
responds to the photon ring emission. It is apparent that this
image is subject to extreme demagnification. Consequently, it
makes a minimal contribution to the total flux and is scarcely
visible. Besides, the charge parameter Q has small influence
on the slope of the transfer function rm(b). However, owing
to the same impact of the charge parameter Q has on the crit-
ical impact factor bph for the two black hole scenarios with
Q ∈ [0, M], the difference in the transfer function rm(b)
between the two black hole cases is not substantial.

In order to distinguish the difference between the two
black hole cases which can base on the specific intensity
distribution around the black hole on the equatorial plane,
we turn our attention to the optically and geometrically thin
disk models with different emission functions. It’s impor-
tant to note that these models are particularly suitable for
evaluating accretion processes where flow velocities are sub-
Eddington and opacity is high, while they may not account for
scenarios involving high accretion velocities and mass [89].
For example, around supermassive black holes, the accre-
tion disk might effectively transit into an apparently thin but
structurally thick configuration [90]. In this analysis, the pri-
mary source of observed specific light intensity is a thin disk,
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Fig. 7 The emission function of the accretion disk for the three models
with the charge parameter Q = 0.2M and the innermost stable circular
orbit risco for CSH (the red line) and RN (the blue line) black hole cases

and its luminosity exclusively relies on the radial coordinate,
denoted as r . As a result, we will consider the following three
toy models [91,92], which are employed to approximate real-
world scenarios involving thin matter distributions.

Model a:The emission function of the accretion disk starts
from the innermost stable circular orbit (ISCO).This function
has a square decay behavior, which can be written as

I aem(r) :=
⎧⎨
⎩
I0

[
1

r−(risco−1)

]2
, r > risco

0, r � risco
(23)

where I0 is the maximum intensity and the risco is the ISCO
of the black hole.

Model b: The emission function has a cubic decay behav-
ior which starts from the photon sphere rph

I bem(r) :=
⎧⎨
⎩
I0

[
1

r−(rph−1)

]3
, r > rph

0, r � rph

(24)

Model c: The emission function is moderate decay, which
starts from the event horizon rh

I cem(r) :=
{
I0

π
2 −arctan[r−(risco−1)]

π
2 −arctan[rh−(risco−1)] , r > rh

0, r � rh
. (25)

Figure 7a shows the sketches of the emission functions
of the accretion disk for the three models. Figure 7b depicts
the behavior of the risco for CSH and RN black holes, it
becomes evident that as the charge parameter Q increases, the
difference in risco between the CSH and RN black hole cases
becomes more pronounced. Besides, the innermost stable
circular orbit of RN black hole case is consistently closer to
the event horizon than in the CSH black hole case.

Figure 8 shows the observed intensities and black hole
images for the first model with the emission function of the
accretion disk, represented by Eq. (23). In Fig. 8a, it is evident
that, for this model, there are three distinct peaks correspond-
ing to the direct (the black line), lensed (the orange line), and
photon ring (the red line) intensities, and these peaks are

Fig. 8 Observational appearances of the thin disk with Model a for
the CSH and RN black hole cases. a The observed intensities originated
from the first (black), second (gold) and third (red) transfer function for
CSH black hole case. b The total observed intensities Iobs/I0 of the
CSH (the red line) and RN (the blue line) black hole cases. c The two-
dimensional disk of observed intensities for CSH and RN black hole
cases with Q = 0.99M

Fig. 9 The impact parameter b corresponding to intensity peaks and
the max peak brightness of CSH (the solid lines) and RN (the dashed
lines) black hole cases for Model a

independent of each other. In other words, the three inten-
sities do not exhibit any superposition effects on the overall
observed intensities, a fact that can be seen from in Fig. 8b
with the red line. For the charge parameter Q = 0.99M
case, the direct intensity has a behavior with a sharp change
occurring at approximately b ∼ 5.397M due to the gravita-
tional lensing effect. The lensed ring intensity is confined to
a narrow range, with b ∈ (4.499M, 5.223M). In contrast, the
photon ring intensity manifests as extremely narrow spikes
at approximately b ∼ 4.153M , contributing negligibly to the
total observed intensity. From Fig. 8b, we can see that with
a large charge parameter Q = 0.99M case, both the differ-
ence in the distribution of direct intensity and the brightness
between the CSH and RN black hole cases become evident.
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Fig. 10 Observational appearances of the thin disk with Model b for
the CSH and RN black hole cases. a The observed intensities originated
from the first (black), second (gold) and third (red) transfer function for
CSH black hole case. b The total observed intensities Iobs/I0 of the
CSH (the red line) and RN (the blue line) black hole cases. c The two-
dimensional disk of observed intensities for CSH and RN black hole
cases with Q = 0.99M

Fig. 11 The impact parameter b corresponding to the intensity peaks
and the max peak brightness of CSH (the solid line) and RN (the dashed
line) black hole cases for Model b

Figure 8c shows the two-dimensional disk of observed inten-
sities for CSH and RN black hole with Q = 0.99M .

Furthermore, Fig. 9a illustrates the impact parameter b
associated with the three intensity peaks. The results indi-
cate that discerning between the CSH and RN black hole
cases based on the peaks of lensed (the orange lines) and
photon ring (the red lines) intensities is challenging, whereas
the peaks of direct intensity (the black lines) provides more
robust difference. Besides, Fig. 8a, b also show that all three
of the intensity peaks exhibit nearly identical brightness. So,
the impact of the charge parameter Q on the three brightness
should be the same, which are shown in Fig. 9b. The findings
reveal that the charge parameter Q has a suppressive effect
on brightness, with different degrees of suppression observed
in the CSH and RN black holes. Based on these distinctions,
it is possible to distinguish the CSH black hole and the RN

Fig. 12 Observational appearances of the thin disk with Model c for
the CSH and RN black hole cases. a The observed intensities originated
from the first (black), second (gold) and third (red) transfer function for
CSH black hole case. b The total observed intensities Iobs/I0 of the
CSH (the red line) and RN (the blue line) black hole cases. c The two-
dimensional disk of observed intensities for CSH and RN black hole
cases with Q = 0.99M

Fig. 13 The impact parameter b corresponding to the intensity peaks
and the max peak brightness of CSH (the solid line) and RN (the dashed
line) black hole cases for Model c case. The colors black and orange
correspond to the two peaks, arranged from the innermost to the outer-
most

black hole by examining the distribution and peak brightness
of direct intensity.

Figure 10 displays the observed intensities and black hole
images for Model b. From Fig. 10a, it’s apparent that in
this model, the three intensities are not independent of each
other. The direct intensity is superimposed by the lensed and
photon ring intensities with b ∈ (3.833M, 5.323M), and
exhibit abrupt changes at approximately b ∼ 2.873M for
Q = 0.99M . For the total observed intensities shown in
Fig. 10b, in the innermost part there is a peak which con-
tributed only by the direct intensity. The combination of
the three intensities creates a maximum peak. Consequently,
there are two distinct peaks attributed to the direct inten-
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sity alone and a superimposed peak resulting from all three
intensities together. The two-dimensional disks of the total
observed intensities for the two black hole cases are shown
in Fig. 10c. Figure 11 also illustrates the positions of two dis-
tinct peaks with the impact parameter b and the correspond-
ing peak brightness, which are the direct intensity peaks (the
black lines) and the superimposed peaks (the orange lines).
The results indicate that the difference between the two peak
positions corresponding to the CSH and RN black holes is
not sufficiently clear. Compared to the brightness contributed
solely by the direct intensity, the superimposed brightness
facilitates a more straightforward difference between CSH
and RN black holes.

Figure 12 presents the observed intensities and black hole
images for the third emission function case with Q = 0.99M .
In Fig. 12a, it is noticeable that compared to the previous two
emission function cases, the direct intensity do not exhibit
abrupt terminations at any impact parameter b, and begins
from b ∼ 2M . The photon ring intensity remains in the
middle with b ∼ 4.145M , while the lensed intensity wraps
around b ∈ (3.812M, 5.312M). This implies that all the
three intensities have a cumulative effect on the total observed
intensities, as shown in Fig. 12b. The results highlight that
both the photon ring and lensed ring intensities make sig-
nificant contribution to the peak brightness, which means
the combined effects result two peaks in the total observed
intensities. The two-dimensional representations of the total
observed intensities for both black holes are presented in
Fig. 12c. Additionally, Fig. 13 shows the positions of the
two peaks along with the impact parameter b and peak bright-
ness, which are contributed by the photon intensity (the black
lines) and the lensed intensity (the orange lines). The result
shows that, comparing the influence of the charge parameter
Q on the position of peaks, the effect of Q on brightness
is more effective for distinguishing between CSH and RN
black holes.

5 Conclusion and discussion

In this paper, we have undertaken an exploration of the opti-
cal characteristics of CSH black hole within the context of a
four-dimensional Einstein–Maxwell–Dilaton theory, which
can be derived from a five-dimensional Einstein–Maxwell
theory. In this scenario, the associated electric charge range
for CSH black hole is Q ∈ [0, 2/

√
3M]. Our analysis primar-

ily focused on examining the impact of the charge parameter
Q on photon trajectories and the black hole images when illu-
minated by different optical and geometrically thin accretion
disks.

Initially, we delved into the trajectories of photons around
the CSH black hole, particularly in the equatorial plane. We
obtained the time, azimuthal, and radial components of the

four-velocity. Notably, as the charge parameter Q increased,
the discrepancy between the effective potentials Vef f , radius
of the photon sphere rph and the innermost stable circular
orbit risco for CSH and RN black hole cases became increas-
ingly pronounced. While, in the range of Q ∈ [0, M], it is
not possible to discern any difference between the CSH and
RN black hole cases in terms of the critical impact parameter
bph .

We also analyzed the effect of the charge parameter Q on
the orbit number n. Our findings reveal that as the charge
parameter Q approaches to M , the difference between the
two black hole cases becomes more pronounced based on
the orbit number n. To describe the relationship between the
photon ring and the lensed ring bands, we introduced a ratio,
Γ . It is evident that the increment of Γ with Q is less signif-
icant for the CSH black hole than that of the RN black hole.
However, if Γ exceeds 0.1, it may suggest the presence of a
charged black hole with scalar hair.

Then, we investigated the images of CSH and RN black
hole cases, illuminated by three accretion disk toy models
which are optical and geometrically thin. Our detailed anal-
ysis was focused on assessing the impact of the charge param-
eter Q on the brightness of direct, lensed ring, and photon ring
intensities, as well as their contributions to the total observed
intensities. The findings indicate that, for Model a, the dif-
ference between CSH and RN black holes becomes feasible
through an analysis of the distribution and the peak bright-
ness of direct intensity. Conversely, in the context of Model
b, the increased brightness resulting from variations in the
parameter Q significantly enhances the difference between
CSH and RN black holes. Within the framework of Model
c, it is demonstrated that the influence of Q on brightness
offers a more effective method for distinguishing between
CSH and RN black holes.
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