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Abstract It has been shown that by using a Lagrange multi-
plier field to ensure that the classical equations of motion are
satisfied, radiative effects beyond one-loop order are elimi-
nated. It has also been shown that through the contribution
of some additional ghost fields, the effective action becomes
form invariant under a redefinition of field variables, and fur-
thermore, the usual one-loop results coincide with the quan-
tum corrections obtained from this effective action. In this
paper, we consider the consequences of a gauge invariance
being present in the classical action. The resulting gauge
transformations for the Lagrange multiplier field as well as
for the additional ghost fields are found. These gauge trans-
formations result in a set of Faddeev–Popov ghost fields aris-
ing in the effective action. If the gauge algebra is closed, we
find the Becci–Rouet–Stora–Tyutin (BRST) transformations
that leave the effective action invariant.

1 Introduction

When one quantizes gauge theories such as electrodynam-
ics, Yang–Mills (YM) theory, and the Einstein–Hilbert (EH)
theory of gravity, special care must be taken to cancel quan-
tum effects that arise from unphysical gauge fields. Special
“ghost” fields have been found that perform this function
[1–3]. Even after these ghost fields have been introduced,
the resulting effective action gives rise to divergent quantum
effects that are removed through renormalizing the quanti-
ties that characterize the classical theory. This program works
well in electrodynamics [4] and YM theory [5,6]. With the
EH action these divergences vanish on mass-shell at one loop
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order, but do not disappear at two loop order when the equa-
tion of motion are satisfied [7,8].

Many different approaches, such as supergravity [9],
string theory [10], loop gravity [11], and asymptotic safety
[12], have been proposed to cure this problem with quan-
tum gravity. Perhaps the simplest approach is to introduce a
Lagrange multiplier field that ensures that classical equation
of motion for the gravitational field is satisfied [13,14] as
then all radiative effects beyond one-loop order are absent
[15] with the remaining one-loop effects being twice these
one-loop effects coming from the usual quantization proce-
dure. This approach can be applied consistently to gauge
theories coupled to matter [16] or in first order form [17]. In
Ref. [18], the thermal effects on gauge theory supplemented
with Lagrange multiplier fields were investigated. Another
example of a field theory in which a Lagrange Multiplier
field is used to impose a constraint and is involved in radia-
tive corrections is provided by Ref. [19].

A significant improvement on this approach involves the
introduction of a functional determinant into the measure of
the path integral that has the effect of rendering the path inte-
gral invariant under a field redefinition. It also results in the
quantum effects in this approach being exactly equal to the
one-loop effects normally encountered. (The factor of two
mentioned above that occurs when only using a Lagrange
multiplier field no longer arises when this functional deter-
minant also is introduced.) [20].

This functional determinant can be incorporated into
the effective action through the introduction of a pair of
Fermionic ghosts and a single Bosonic ghost field. These
ghosts are similar to Lee–Yang ghost fields [21], which
appear in the context of the worldline formalism [22,23].
In this paper, we consider the consequence of there being
a gauge invariance in the classical Lagrangian. It is shown
that the Lagrange multiplier field and the ghost fields all par-
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ticipate in this gauge transformation, with additional gauge
invariances occurring in the effective Lagrangian.

We then show that if these gauge transformations are
closed, then a BRST transformation [24,25] can be defined
which leaves the effective Lagrangian invariant. Such an
invariance leads to the full theory being unitary [26] and
renormalizable [27].

This paper is organized as follows. In Sect. 2, we review
the field redefinition invariant Lagrange multiplier formal-
ism for non-singular classical actions. The case of a classi-
cal action with a gauge symmetry is considered in Sect. 3
and we show that additional gauge invariances appear. We
then quantize by using an extension of the Faddeev–Popov
procedure [1]. Then, in Sect. 4, we derive the correspond-
ing BRST transformations in the framework of the extended
Lagrange multiplier formalism. In Sect. 5, we consider YM
theory, a non-linear gauge theory, to demonstrate this formal-
ism. We also find the corresponding BRST transformation.
In Appendix A, we illustrate the field redefinition invariance
of path integrals when using the extended Lagrange multi-
plier formalism. In Appendix B, we briefly review some of
the material of references [13–18], to show how the Lagrange
multiplier field eliminates loop effects beyond one loop order
and that no one-particle irreducible contributions involving
two or more Lagrange multiplier fields occur at one-loop.
The propagators of the Yang–Mills theory are also derived.
In Appendix C, we study the gauge algebra of YM type
gauge theories in the extended Lagrange multiplier theory. A
superdeterminant identity is derived in detail in the Appendix
D. In Appendix E, we obtain the Zinn-Justin master equa-
tion [28] associated with the BRST transformation derived in
Sect. 4. The relation with the Batalin–Vilkovisky formalism
[29,30] is briefly discussed.

2 The extended Lagrange multiplier theory

If one has a set of classical fields φi (x) whose classical
Lagrangian is Lcl(φi ), then a Lagrangian multiplier field
λi (x) can be used to ensure that the classical equation of
motion

Lcl,i ≡ ∂Lcl

∂φi
= 0 (2.1)

is obeyed. The path integral

I =
∫

Dφi Dλi exp i
∫

d x
(Lcl(φi ) + λiLcl,i (φi )

)
(2.2)

can in principle be evaluated using the functional analogue
of the usual results

∫ ∞

−∞
dλ

2π
exp (iλ f (x)) = δ ( f (x)) (2.3a)

and

∫ ∞

−∞
exp(i I [x]) δ ( f (x)) =

∑
i

exp (i I [xi ]) | f ′(xi )|−1,

(2.3b)

where f (xi ) = 0. It follows that [16]

I =
∑
i

exp

(
i
∫

d x Lcl(φ̄i (x))

) [
det Lcl,i j (φ̄i )

]−1
,

(2.4)

where

Lcl,i
(
φ̄i (x)

) = 0. (2.5)

In Eq. (2.4), the exponential is the sum of all tree-level dia-
grams arising fromLcl(φi ) alone [31]. The determinant is the
square of the determinant coming from all one-loop diagrams
and hence all one-loop results that normally arise acquire an
extra factor of two. No contributions corresponding to higher-
loop diagrams occur in the exact result of Eq. (2.4).

In Ref. [20], a further modification of the functional inte-
gral in Eq. (2.2) is introduced. The functional measure in
Eq. (2.2) is supplemented by the functional determinant

det1/2[Lcl,i j (φi )]. (2.6)

This is shown to leave I invariant under a field redefinition.1

It is also apparent from combing Eqs. (2.4) and (2.6) that all
quantum effects now reduce to the one-loop effects arising
from Lcl(φi ) alone.

We can exponentiate the functional determinant of Eq. (2.6)
through use of a Bosonic ghost field χi (x) and a pair of
Fermionic ghost fields ψi (x) and θi (x) [32]

det1/2 Lcl,i j (φi )

=
∫

Dχi Dψi Dθi exp i
∫

d x

×
[
Lcl,i j (φi (x))

(
ψi (x)θ j (x) + 1

2
χi (x)χ j (x)

)]
.

(2.7)

The full classical effective Lagrangian is now

Leff(φi , λi , χi , ψi , θi ) = Lcl(φi ) + λiLcl,i

+
(

ψiθ j + 1

2
χiχ j

)
Lcl,i j . (2.8)

If the classical action,2

Scl =
∫

dx Lcl(φi ) (2.9)

1 See the Appendix A for an illustration of how this comes about.
2 Let us assume that φi is a real Bosonic field. Note that, the fields λi
and χi must be of the same kind.
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is non-singular, then the quantization of the Lagrangian (2.8)
can be realized through the standard path integral procedure
[20]

Z [J] =
∫

Dφi exp i
∫

dx
(Lcl(φi ) + λiLcl,i

+
(

ψiθ j + 1

2
χiχ j

)
Lcl,i j + J̄ iφi

)
, (2.10)

where we used a compact notation in which φi = (φi , λi ,

χi , ψi , θi ),Dφi ≡ Dφi Dλi Dχi Dψi Dθi . We also included
a source J̄ i ≡ (Ji , Ji + Ki , Li , η̄i , κ̄ i ), where Ji , Ki , Li are
ordinary sources and η̄i , κ̄ i are fermionic sources. Thus, the
expanded form of the source term in Eq. (2.10) is given by

J̄ iφi = Ji (φi + λi ) + Kiλi + Liχi + η̄iψi + κ̄ iθi . (2.11)

3 Gauge invariance

We now consider the consequences ofLcl(φi ) being invariant
under the local infinitesimal transformation

φi → φ′
i = φi + Hi j (φi )ξ j (3.1)

so that

Lcl(φi ) = Lcl(φ
′) = Lcl(φi ) + Lcl,i Hi jξ j . (3.2)

From Eq. (3.2) it follows that

Lcl,i Hi jξ j = 0 (3.3)

and so immediately it follows that Leff in Eq. (2.8) is also
invariant under the local infinitesimal gauge transformation

λi → λ′
i + Hi j (φi )ζ j . (3.4)

From Eq. (3.1) it follows that

∂Lcl

∂φi
= ∂φ′

j

∂φi

∂Lcl

∂φ′
j

=
(

δ j i + ∂Hjk

∂φi
ξk

)
∂Lcl

∂φ′
j

(3.5)

and consequently that

∂2Lcl

∂φi∂φ j
= ∂φ′

m

∂φi

∂

∂φ′
m

[
∂Lcl

∂φ′
j

+ ∂Hnk

∂φ j
ξk

∂Lcl

∂φ′
n

]
(3.6)

which to leading order in ξi reduces to

∂2Lcl

∂φi∂φ j
= ∂2Lcl

∂φ′
i∂φ′

j
+
(

∂2Hlk

∂φi∂φ j
ξk

)
∂Lcl

∂φ′
l

+
(

∂Hlk

∂φi

∂2Lcl

∂φ′
j∂φ′

l
+ ∂Hlk

∂φ j

∂2Lcl

∂φ′
i∂φ′

l

)
ξk . (3.7)

Insertion of Eqs. (3.1), (3.5) and (3.7) into Eq. (2.8) and
collecting terms dependent on ∂Lcl/∂φ′

i and ∂2Lcl/∂φ′
i∂φ′

j

leads to invariance of Leff under the transformations

λi → λ′
i = λi +

[
∂Hik

∂φ j
λ j

+ ∂2Hik

∂φm∂φn

(
ψmθn + 1

2
χmχn

)]
ξk, (3.8a)

ψi → ψ ′
i = ψi + ∂Hik

∂φ j
ψ jξk, (3.8b)

θi → θ ′
i = θi + ∂Hik

∂φ j
θ jξk, (3.8c)

χi → χ ′
i = χi + ∂Hik

∂φ j
χ jξk . (3.8d)

In addition, there are also the gauge transformations

λi → λ′
i = λi + Hik, j

(
χ jσk + ψ jτk − θ jπk

)
, (3.9a)

ψi → ψ ′
i = ψi + Hi jπ j , (3.9b)

θi → θ ′
i = θi + Hi jτ j , (3.9c)

χi → χ ′
i = χi + Hi jσ j ; (3.9d)

where πi and τi are Fermionic gauge functions and σi is a
Bosonic gauge function. These follow from:

(Lcl,i Hik), j = 0 (3.10)

which is a consequence of Eq. (3.3).
We now will introduce a gauge fixing Lagrangian

Lgf = − 1

2α
(Fi jφ j )

2 − 1

α
(Fimλm)(Finφn)

− 1

2α
(Fi jχ j )

2 − 1

α
(Fimψm)(Finθn). (3.11)

With Bosonic Nakanishi–Lautrup fields [33,34] Bi , Ei and
Gi and similarly the Fermionic fields �i and �i , this can be
written as

Lgf = α

2

(
−E2

i + 2Bi Ei + G2
i − 2�i�i

)

−Ei (Fi jλ j ) − Bi (Fi jφ j ) − Gi (Fi jχ j )

−�i (Fi jθ j ) − �i (Fi jψ j ). (3.12)

Having fixed the gauge invariance of Eqs. (3.1), (3.4), (3.8)
and (3.9) in this way, we now introduce the Faddeev–Popov
ghost contribution to the path integral

I =
∫

Dφi Dλi Dχi Dψi Dθi exp i
∫

d x

×
[
Lcl(φi ) + Lcl,iλi + Lcl,i j (φi )

(
ψiθ j + 1

2
χiχ j

)]
.

(3.13)
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This involves first inserting the constant

∫
Dξi Dζi Dσi Dπi Dτi δ

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
Fi j

⎡
⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎝

φ j

λ j

χ j

ψ j

θ j

⎞
⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎝

0 Hjp 0 0 0
Hjp X jp Hjp,kχk −Hjp,kθk Hjp,kψk

0 Hjp,kχk Hjp 0 0
0 Hjp,kψk 0 Hjp 0
0 Hjp,kθk 0 0 Hjp

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

ζp
ξp
σp

πp

τp

⎞
⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎦

−

⎛
⎜⎜⎜⎜⎝

pi
qi
ri
si
ti

⎞
⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Sdet M˜ j p, (3.14)

where

X jp = Hjp,kλk + Hjp,mn

(
ψmθn + 1

2
χmχn

)
, (3.15)

M˜ j p is the 5 × 5 matrix appearing in the argument of the
δ-function in Eq. (3.14) and Sdet M˜ j p is the Faddeev–Popov
superdeterminant.

We then perform the gauge transformations of Eqs. (3.1),
(3.4), (3.8), (3.9) with (−ξi ,−ζi ,−σi ,−πi ,−τi ) and then
insert the constant

∫
Dpi Dqi Dri Dsi Dti exp i

∫
d x

(
− 1

2α
p2
i

− 1

α
piqi − 1

2α
r2
i − 1

α
si ti

)
. (3.16)

The integral over (ξi , ζi , σi , πi , τi ) are now innocuous mul-
tiplicative factors and the δ-functions in Eq. (3.14) make it
possible to integrate over (pi , qi , ri , si , ti ). This leaves us
with

I =
∫

Dφi Dλi Dχi Dψi Dθi DBi DEi DGi D�i D�i

× exp

[
i
∫

dx
(Leff + Lgf

)]
Sdet M˜ j p (3.17)

with Leff given by Eq. (2.8), Lgf by Eq. (3.12), and Sdet M˜ j p

being the Faddeev–Popov superdeterminant of Eq. (3.14).
This functional determinant can be exponentiated using
Fermionic ghost fields (c̄i , ci ), (d̄ i , di ), (ēi , ei ) and Bosonic

ghost fields (γ̃ i , γi ), (ε̃i , εi ) [32].3 This leads to

Sdet M˜ j p =
∫

Dc̄i Dci Dd̄i Ddi Dēi Dei Dγ̃ i Dγi Dε̃i Dεi

× exp i
∫

d x
(
d̄ i c̄i ēi γ̃ i ε̃i

)

× Fi j

⎛
⎜⎜⎜⎜⎝

0 Hjp 0 0 0
Hjp Hjp + X jp Hjp,kχk −Hjp,kθk Hjp,kψk

0 Hjp,kχk Hjp 0 0
0 Hjp,kψk 0 Hjp 0
0 Hjp,kθk 0 0 Hjp

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

dp
cp
ep
γp

εp

⎞
⎟⎟⎟⎟⎠ ,

(3.18)

where we used

Sdet

⎛
⎜⎜⎜⎜⎝

0 A 0 0 0
A B C −D E
0 C A 0 0
0 E 0 A 0
0 D 0 0 A

⎞
⎟⎟⎟⎟⎠ = Sdet

⎛
⎜⎜⎜⎜⎝

0 A 0 0 0
A A + B C −D E
0 C A 0 0
0 E 0 A 0
0 D 0 0 A

⎞
⎟⎟⎟⎟⎠ .

(3.19)

The argument of the exponential in Eq. (3.18) defines the
Faddeev–Popov action,

∫
dx LFP.

Note that,

Sdet

⎛
⎜⎜⎜⎜⎝

0 A 0 0 0
A A C −D E
0 C A 0 0
0 E 0 A 0
0 D 0 0 A

⎞
⎟⎟⎟⎟⎠ = det A (3.20)

(see the Appendix C for a derivation). Thus, the Faddeev–
Popov superdeterminant in the extended Lagrange multiplier
formalism is equal to det Fi j Hjp, i.e., the usual Faddeev–
Popov determinant which is introduced when there is no
Lagrange multiplier.

We now will consider the possibility of there being a global
gauge invariance (a “BRST” invariance [24,25]) in the total
Lagrangian

LT = Leff + Lgf + LFP. (3.21)

4 Global gauge invariance

In keeping with how BRST symmetry is introduced for gauge
theories, we begin by replacing the gauge functions ξi , ζi , σi ,
πi and τi with the ghost fields ci , di , ei , γi and εi multiplied

3 Note that the complex conjugate of Ai is denoted here by Ãi .
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by η, a constant Fermionic scalar, so that the BRST transfor-
mations of the classical fields are

δφi = Hi j c jη, (4.1a)

δλi = Hi jd jη + [
Hi j,kλk

+Hi j,mn

(
ψmθn + 1

2
χmχn

)]
c jη

+ Hi j,k(χke j + ψkε j − θkγ j )η, (4.1b)

δχi = Hi j e jη + Hi j,kχkc jη, (4.1c)

δψi = Hi jγ jη + Hi j,kψkc jη, (4.1d)

δθi = Hi jε jη + Hi j,kθkc jη. (4.1e)

In addition to these BRST transformations, it follows imme-
diately that we also have these transformations:

δBi = δEi = δGi = δ�i = δ�i = 0 (4.2)

and

δc̄i = −Biη, δd̄ i = −Eiη, δēi = −Giη,

δγ̃ i = −�iη, δε̃i = −�iη. (4.3)

The transformation of ci , di , ei , γi and δi now are deter-
mined by the requirements that

δ(Hi j c j ) = 0 (4.4a)

δ

[
Hi jd j +

[
Hi j,kλk + Hi j,mn

(
ψmθn + 1

2
χmχn

)]
c j

+Hi j,k(χke j + ψkε j − θkγ j )
] = 0 (4.4b)

δ(Hi j e j + Hi j,kχkc j ) = 0, (4.4c)

δ(Hi jγ j + Hi j,kψkc j ) = 0, (4.4d)

δ(Hi jε j + Hi j,kθkc j ) = 0. (4.4e)

In order to do this, we must first impose conditions on
Hik(φi ). We consider the commutator of two gauge transfor-
mations of the form of Eq. (3.1),

[δλ, δσ ]φi =
[(

∂Hi j

∂φk
σ j

)
(Hklλl) −

(
∂Hi j

∂φk
λ j

)
Hklσl

]
,

(4.5)

which is itself a gauge transformation, so that(
Hi j,k Hkl − Hil,k Hkj

)
σ jλl = f jl|k Hikλlσ j (4.6)

if the gauge transformation is “closed”. For an “open” gauge
transformation, Eq. (4.6) is satisfied only if φi satisfies the
classical equation of motion (“on the mass shell”).

We will only consider gauge transformations that are
closed with the additional restriction that Hi j (φi ) is at most
linear in φi so that

Hi j,mn = 0, (4.7a)

f jl|k,i = 0. (4.7b)

Gauge theories that satisfy these conditions are the so-called
YM type theories [35]. Besides the YM theory, the EH action
is another interesting example of a gauge theory of this type.
In the next section, we will consider the quantization of the
YM in the extended Lagrange multiplier formalism.

From Eq. (4.4a), we obtain that

δ(Hi j c j ) = ∂Hi j

∂φk
(Hklclη)c j + Hi jδc j

= −1

2

(
∂Hi j

∂φk
Hkl − ∂Hil

∂φk
Hkj

)
clc jη + Hi jδc j .

(4.8)

From Eqs. (4.6) and Eq. (4.8), we see that

δc j = −1

2
fmn| j cmcnη. (4.9)

To obtain δe j , we now examine Eq. (4.4c),

Hi j,kδφlχkc j + Hi j,k(δχkc j + χkδc j )

+Hi j,kδφke j + Hi jδe j = 0. (4.10)

Upon using Eqs. (4.7a), (4.1c) and (4.9), (4.10) becomes

Hi j,k

[(
∂Hkl

∂φm
χmcl

+Hklel) ηc j + χk

(
−1

2
fmn| j cmcnη

)]

+Hi j,k(Hklclη)e j + Hi jδe j = 0. (4.11)

Eq. (4.6) reduces (4.11) to simply

δe j = − fmn| j cmenη. (4.12a)

In a similar way, Eqs. (4.4d) and (4.4e) lead to

δγ j = − fmn| j cmγnη, (4.12b)

δε j = − fmn| j cmεnη. (4.12c)

Finally, from Eq. (4.4b), we obtain

δd j = − fmn| j
(
dmcn + 1

2
emen + γmεn

)
η. (4.12d)

In the Appendix D, we find the corresponding Zinn-Justin
master equation [28] which follows from the global gauge
invariance in Eqs. (4.1), (4.2), (4.3), (4.9) and (4.12).

5 Yang–Mills theory

The classical YM Lagrangian reads

Lcl = −1

4
Fa

μνF
a μν, (5.1)

123
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where

Fa
μν = ∂μA

a
ν − ∂ν A

a
μ + g f abc Ab

μA
c
ν . (5.2)

It is invariant under the gauge transformation

Aa
μ → A

′a
μ = Aa

μ + Dab
μ (A)ξb (5.3)

in which Dab
μ (A) ≡ ∂μδab +g f apb Ap

μ. Comparing Eq. (5.3)
with Eq. (3.1), we can identify Hi j (φi ) with Dab

μ (A). Since
Dab

μ (A) satisfies the conditions (4.7) and we restrict the gauge
group to compact semisimple Lie groups, the quantization of
the YM theory in the extended Lagrange multiplier formal-
ism follows identically.

Replacing the YM classical Lagrangian in Eq. (5.1) into
Eq. (2.8) yields the classical effective YM Lagrangian in the
framework of the extended Lagrange multiplier formalism:

Leff = Lcl + λaμD
ab
ν Fbνμ − 1

4
(∂μχa

ν − ∂νχ
a
μ)2

−1

2
(∂μψa

ν − ∂νψ
a
μ)(∂μθa ν − ∂νθa μ)

−g f abc(∂μχa
ν − ∂νχ

a
μ)Abμχc ν

−g

2
f abc(∂μA

a
ν − ∂ν A

a
μ)χbμχc ν

−g2

2
f abc f ade Ab

μχc
ν A

d μχe ν

−g2

2
f abc f ade Ab

μχc
ν χd μAe ν

−g2

2
f abc f ade Ab

μA
c
νχ

d μχe ν

−g f abc(∂μψa
ν − ∂νψ

a
μ)Abμθc ν

−g f abc Abμψc ν(∂μθaν

−∂νθ
a
μ) − g f abc(∂μA

a
ν − ∂ν A

a
μ)ψbμθc ν

−g2 f abc f ade Ab
μψc

ν A
d μθe ν

−g2 f abc f ade Ab
μψc

ν θd μAe ν

−g2 f abc f ade Ab
μA

c
νψ

d μθe ν . (5.4)

By Eqs. (3.8) and (3.9), the gauge invariance (5.3) is now
accompanied by

λaμ → λ
′a
μ = λaμ + g f abcλbξ c, (5.5a)

ψa
μ → ψ

′a
μ = ψa

μ + g f abcψbξ c, (5.5b)

θaμ → θ
′a
μ = θaμ + g f abcθbξ c, (5.5c)

χa
μ → χ

′a
μ = χa

μ + g f abcχbξ c, (5.5d)

and

λaμ → λ
′a
μ = λaμ + Dab

μ (A)ζ b

+ g f apb
(
χ p

μσ b + ψ p
μτ b − θ p

μπb
)

, (5.6a)

ψa
μ → ψ

′a
μ = ψa

μ + Dab
μ (A)πb, (5.6b)

θaμ → θ
′a
μ = θaμ + Dab

μ (A)τ b, (5.6c)

χa
μ → χ

′a
μ = χa

μ + Dab
μ (A)σ b. (5.6d)

Now, in order to quantize the action in Eq. (5.4), we will
employ the gauge fixing

Fμab Ab
μ ≡ ∂μAa

μ = ∂μλaμ = ∂μχa
μ

= ∂μψa
μ = ∂μθaμ = 0 (5.7)

leading to the gauge fixing Lagrangian (see Eq. (3.11))

Lgf = − 1

2α
(∂ · Aa)2 − 1

α
(∂ · λa)(∂ · Aa)

− 1

2α
(∂ · χa)2 − 1

α
(∂ · ψa)(∂ · θa), (5.8)

where ∂ · XI ≡ ∂μX
μ
I (I are internal indices).

In the YM theory, we identify Hi j (φ) �→ Dab
μ (A) and

Fi j �→ Fμab. Using these relation in Eq. (3.14), we find that
the Faddeev–Popov superdeterminant is

Sdet ˜Mjk

⎛
⎜⎜⎜⎜⎝

0 ∂ · Dab(A) 0 0 0
∂ · Dab(A) ∂ · Dab(A + λ) g f apb∂ · χ p −g f apb∂ · θ p g f apb∂ · ψ p

0 g f apb∂ · χ p ∂ · Dab(A) 0 0
0 g f apb∂ · ψ p 0 ∂ · Dab(A) 0
0 g f apb∂ · θ p 0 0 ∂ · Dab(A)

⎞
⎟⎟⎟⎟⎠ , (5.9)

where we used that Hi j,k = g f ik j . We obtain the ghost
Lagrangian by replacing Eq. (5.9) in Eq. (3.18) which reads

Lgh = c̄a∂ · Dab(A + λ)cb + d̄
a
∂ · Dab(A)cb + c̄a∂ · Dab(A)db

+ēa∂ · Dab(A)eb + γ̃ a∂ · Dab(A)γ b + ε̃a∂ · Dab(A)εb

+c̄ag f apb∂ · χ peb+ēag f apb∂ · χ pcb−c̄ag f apb∂ · θ pγ b

+γ̃ ag f apb∂ · ψ pcb+c̄ag f apb∂ · ψ pεb+ε̃ag f apb∂ · θ pcb.

(5.10)

Thus, the generating functional of the YM theory in this
framework is given by

Z [J, η, η̄] =
∫

DAa
μ Dca Dc̄a exp i

∫
dx
(
Leff+Lgf+Lgh

+ J̄a μAa
μ + η̄aca + c̄aηa

)
, (5.11)

where we have used a compact notation in which Aa
μ =

(Aa
μ, λaμ, χa

μ,ψa
μ, θaμ), ca = (ca, da, ea, γ a, εa) and

DAa
μ ≡ DAa

μ Dλaμ Dχa
μ Dψa

μ Dθaμ,

123
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Dca ≡ Dca Dda Dea Dγ a Dεa,

Dc̄a ≡ Dc̄a Dd̄
a Dēa Dγ̃ a Dε̃a . (5.12)

The sources terms are defined as

J̄a μAa
μ ≡ Ja μ(Aa

μ + λaμ) + Ka μλaμ

+ La μχa
μ + η̄a μψa

μ + κ̄a μθaμ, (5.13a)

η̄aca ≡ η̄a(ca + da) + κ̄ada + ῡaea + J̃
a
γ a + K̃

a
εa,

(5.13b)

c̄aηa ≡ (c̄a + d̄
a
)ηa + d̄

a
κa + ēaυa + γ̃ a Ja + ε̃aKa,

(5.13c)

where (Ja μ, Ka μ, La μ) are real ordinary sources, (Ja , Ka)
are complex ordinary sources, and (ηa μ, κa μ, ηa , κa , υa)
are Fermionic sources. The Feynman rules derived from
Eq. (5.11) are presented in Appendix B.

5.1 BRST transformation

We also can obtain the BRST transformation that leaves the
action in Eq. (5.11) invariant. Replacing Hi j (φi ) �→ Dab

μ (A)

in Eqs. (4.1), (4.6), (4.9) and (4.12), we find that the total
Lagrangian in Eq. (5.11) must be invariant under the follow-
ing transformation4

δAa
μ = Dab

μ (A)cbη, (5.14a)

δλaμ = Dab
μ (A)dbη + g f abcλbccη

+ g f abc(χbec + ψbεc − θbγ c)η, (5.14b)

δχa
μ = Dab

μ (A)ebη + g f abcχbccη, (5.14c)

δψa
μ = Dab

μ (A)γ bη + g f abcψbccη, (5.14d)

δθaμ = Dab
μ (A)εbη + g f abcθbccη, (5.14e)

δcaμ = −g

2
f abccbccη (5.14f)

δeaμ = −g f abccbecη (5.14g)

δγ a
μ = −g f abccbγ cη, (5.14h)

δεaμ = −g f abccbεcη (5.14i)

δdaμ = −g f abc
(
dbcc + 1

2
ebec + γ bεc

)
η, (5.14j)

and we also have

δc̄a = − 1

α
∂ · (A + λ)aη,

δd̄
a = − 1

α
∂ · Aaη, δēa = − 1

α
∂ · χaη,

4 In the Appendix B, the gauge algebra of the extended Lagrange mul-
tiplier theory is studied. The gauge algebra of the extended Lagrange
multiplier theory is closed when the gauge algebra of the starting theory
is closed and the conditions (4.7) are satisfied.

δγ̃ a = − 1

α
∂ · θaη, δε̃a = 1

α
∂ · ψaη. (5.15)

This transformation can be used to show that unitarity is
retained in the YM theory in the framework of the extended
Lagrange multiplier theory [16].

6 Discussion

It has been shown [13–15] that by using a Lagrange multi-
plier field to ensure that the equations of motion are satis-
fied, radiative effects beyond one-loop order are suppressed.
Furthermore, it has been demonstrated that the path integral
associated with this action becomes form invariant under
a change of variable if the measure of the path integral is
suitably altered. It follows that the resulting effective action
coincides exactly with the usual one-loop effective action
[20]. In this paper, we have extended this result to theories in
which the classical action possesses a gauge invariance. The
gauge transformations in the tree level action (including all
Lagrange multiplier and ghost fields) as well as the BRST
transformation have been derived.

Having the quantum effects beyond one-loop order sup-
pressed is of particular relevance when discussing quantum
gravity. In quantum electrodynamics and YM theory, the
divergences that arise due to quantum effects are proportional
to terms appearing in the initial action, and hence they can
be absorbed into these terms through the process of “renor-
malization” [4–6]. When the EH action is quantized using
the Faddeev–Popov procedure, then at one-loop order diver-
gences have a different character; they vanish when exter-
nal fields satisfy the classical equation of motion (are “on
mass-shell”) [36]. This no longer holds at two-loop order and
beyond [7,8]. However, if the EH action is supplemented by
a Lagrange multiplier term, then this one-loop divergence
can be absorbed by the Lagrange multiplier field [13]. No
difficulty arises at higher loop order as no effects beyond
one-loop order arise. The resulting effective action is free of
divergences, and as it possesses a BRST invariance, it is also
unitary. This approach can also be employed when matter
fields are present in addition to the gravitational field [16].

We note that when a Lagrange multiplier field is used
in a similar way with a YM theory, the divergences which
now arise exclusively at one-loop order, lead to closed-form
expressions for the renormalization group β-function associ-
ated with the running coupling. Since at one-loop order, this
running coupling develops unphysical “Landau poles”, one
cannot restrict YM theory to one-loop order using a Lagrange
multiplier field in a physically consistent manner. This dif-
ficulty does not arise when one uses a Lagrange multiplier
field in conjunction with EH action.

However, YM and gravity (based on the EH action) are
both non-linear gauge theories, which have several other

123



  399 Page 8 of 14 Eur. Phys. J. C           (2024) 84:399 

well-known similarities [37–39]. With this in mind, we have
considered the YM theory in the extended Lagrange mul-
tiplier theory to illustrate the general procedure introduced
in Sect. 3. With the usual covariant gauge fixing condition
(5.7), which is used to fix all the gauge invariances present in
the classical effective action in Eq. (5.4), we have obtained
the generating functional of the YM theory in the framework
of the extended Lagrange multiplier theory (5.11). We also
found the BRST transformation in Eqs. (5.14) and (5.15) that
leaves the resulting quantum effective actionLeff+Lgf+Lgh,
which appears in Eq. (5.11), invariant.

The principle result of this paper is that when a Lagrange
multiplier field is used to eliminate quantum effects beyond
one-loop order in a gauge theory, and a suitable modification
of the measure of the path-integral is made, then the path inte-
gral is form-invariant under a change of integration variables,
that the effective action possesses a BRST invariance if the
gauge algebra is closed, and that the quantum effects coin-
cide with the usual one-loop effects arising from the classical
action alone. This is of special significance when using the
Faddeev–Popov procedure to quantize the EH action (when
using the extended Lagrange multiplier theory) as it results in
a theory that is unitary and renormalizable with the classical
EH action intact. There is no need to postulate the existence
of extra dimensions or degrees of freedom, or to invoke spe-
cial non-perturbative effects (see, for example, [40]).

We note that the approach outlined in Sect. 3 can be
straightforwardly applied to the case of the EH action. The
EH action is invariant under diffeomorphisms in which the
metric transforms as

gμν → (gμν)′ = (−∂λg
μν + gανδ

μ
λ ∂α + gμαδν

λ∂α)ξλ

≡ Hμν
λ (gμν)ξλ, (6.1)

which enables us to identify gμν and Hμν
λ (gμν) in Eq. (6.1)

with φi and Hi j (φi ) in Eq. (3.1).
However, in the case of the Einstein–Cartan action [41,

42], which describes spacetimes with torsion, applying this
approach is non-trivial. This action, which is described
in terms of the tetrad field eaμ and the spin connection
ωμab, is invariant under two distinct gauge transformations,
namely, the diffeomorphisms and local Lorentz transforma-
tions [43,44]. Hence, the quantization of this theory, in the
extended Lagrange multiplier formalism, requires an exten-
sion of the Faddeev–Popov procedure outlined in Sect. 3 to
accommodate two gauge symmetries. This extension would
be analogous to what was done in Section III of [45] for the
first order form of the Einstein–Cartan theory.5

5 In Ref. [45] it also has been shown that the Einstein–Cartan theory
in first order form is a YM type theory. Hence, the conditions (4.7) are
satisfied in this theory.
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Appendix A: Invariance under field redefinitions

To illustrate invariance under field redefinitions, let us con-
sider

I =
∫

dx

2π

dλ

2π
[ f ′′(x)]1/2 exp i

(
f (x) + λ f ′(x)

)

=
∫

dx

2π
[ f ′′(x)]1/2δ( f ′(x)) exp i f (x).

If y(x) is a monotonically increasing function, then under
the field redefinition x → x ′ = y(x):

I =
∫

dy

2π
dy
dx

δ
(
d f (y)
dy

)
dy
dx

[(
dy

dx

d

dy

)2

f (y)

]1/2

exp i f (y).

Since f ′(y)δ( f ′(y)) = 0, this becomes

I =
∫

dy

2π
dy
dx

δ( f ′(y))( f ′′(y))1/2 exp i f (y)

as expected.

Appendix B: Perturbative aspects of the Lagrange mul-
tiplier formalism

In this appendix we review how a Lagrange multiplier field
can be used to eliminate loop effects beyond one-loop order,
as has been discussed in Refs. [13–18].

If we initially consider the action

S =
∫

dx L(φi ) (B1)

for a field φi , without gauge symmetries, we modify this by
adding a term in which a Lagrange multiplier field λi is used
to impose the classical equation of motion
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Fig. 1 Feynman rules of the
scalar model
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k2
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q

q
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Q

Q

q q

q

q q

q q

q q

qQ

Q

Φ Φ

Λ

+
i

k2

+
i

k2

−ig

−ig

−ig

Sλ =
∫

dx
(L(φi ) + λiL,i (φi )

)
. (B2)

A formal argument shows that if φi and λi are both treated as
quantum fields, then radiative effects beyond one-loop order
do not arise. One considers the generating functional

Z [ ji ] =
∫

Dφi Dλi exp i
∫

dx (L(φi )

+λiL,i (φi ) + jiφi
)

(B3)

and first integrates over λi to obtain

Z [ ji ] =
∫

Dφi Dλi δ
(L,i (φi )

)

× exp i
∫

dx (L(φi ) + jiφi ). (B4)

A functional extension of the standard formula∫ ∞

−∞
dx δ( f (x))g(x) =

∑
i

g(x̄ i )| f ′(x̄ i )|−1, (B5)

where f (x̄ i ) = 0 can be now used with Eq. (B4) to obtain

Z [ ji ] =
∑
a

exp i
∫

dx
(
L(φ̄

a
i ) + ji φ̄

a
i

)
| det L,i j (φ̄

a
i )|−1,

(B6)

whereL,i (φ̄
a
i ) = 0 defines φ̄

a
i . In Eq. (B6), the exponential is

the sum of all tree diagrams while the functional determinant
is the square of all one-loop diagrams. No further contribu-
tions which would correspond to higher loop contributions
to Z arise.

In order to illustrate perturbatively how the Lagrange mul-
tiplier field serves to eliminate higher loop corrections, let us
consider a simple scalar model

L(φ, λ) = 1

2
(∂μφ)2 − g

3!φ
3 + λ

(
−∂2φ − g

2!φ
2
)

(B7)

Φ Φ

Φ

Φ

Φ

Fig. 2 The two- and tree-point functions one-loop contributions

and apply background field quantization [46,47]. This
involves considering a source k for the field λ, in addition
to j , the source for φ, so that (with h̄ being restored)

Z [ j, k] =
∫

Dφ Dλ exp
i

h̄

∫
dx (L(φ, λ) + jφ + kλ)

= exp
i

h̄
W [ j, k].

(B8)

Upon performing the usual Legendre transform on W [ j, k],
we obtain �[�,�] where � and � are background fields for
φ and λ, (φ = � + q, λ = � + Q)

exp
i

h̄
�[�,�] =

∫
Dq DQ exp

i

h̄

×
∫

dx [L(� + q,� + Q) + jq + kQ] .

(B9)

With L given by Eq. (B7), we find that the Feynman rules
that follow from Eq. (B9) are in Fig. 1.

Since there is no propagator for q, and since λ and Q
only enter linearly in any vertex, it is impossible to draw a
Feynman diagram with more than one loop or with external
fields λ. The only two and three point functions are in Fig. 2.

All N -point one-loop diagrams can easily be constructed;
their sum yields the functional determinant det(L0,i j (�))−1,
where L0 = 1

2 (∂μφ)2 − gφ3/3!. The combinatorial factors
associated with the diagrams of Fig. 2 account for doubling
of the usual one-loop results that follows from L0 alone.
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a
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a
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Fig. 3 Propagators of the Yang–Mills theory in the extended Lagrange
multiplier formalism. The gauge fields Aa

μ, λaμ, ψa
μ, θaμ and χa

μ are
respectively represented by spring, double spring, solid, double solid,

and wavy lines. The associated Faddeev–Popov ghost fields ca (c̄a), da

(d̄
a
), ea (ēa), γ a (γ̃ a), and εa (ε̃a) by dotted, double dotted, zigzag,

dashed, and double dashed lines

In Refs. [13–18] the approach we have just illustrated with
a simple scalar model is applied to Yang–Mills and gravita-
tional theory. There it is shown that just as in this simple scalar
model, the effect of the Lagrange multiplier field is to repro-
duce the usual one-loop effects and to eliminate all effects
beyond one-loop order. Since unitarity and gauge invariance
are retained, only the usual transverse degrees of freedom
propagate in these gauge theories when supplemented by
a Lagrange multiplier field in the way we have described.
Renormalization of these models is also discussed in Refs.
[13–18]. The additional ghost fields introduced in Section
II serve to ensure that the path integral is invariant under
a change of variables and that loop calculations coincide
exactly with just the usual one loop results that follow from
the classical Lagrangian alone (for more details, see Ref.
[20]).

B.1 Yang–Mills

Here, we will derive the propagators of the Yang–Mills theory
in the framework of the extended Lagrange multiplier theory
studied in Section V. Let us organize the bilinear terms in the
fields in Eq. (5.11) as

L(2) = 1

2

(
Aaμ λaμ

) (aabμν aabμν

aabμν 0

)(
Abν
λbν

)

+1

2

(
χa

μ ψa
μ θaμ

)
⎛
⎜⎝
abaμν 0 0

0 0 aabμν

0 −aabμν 0

⎞
⎟⎠
⎛
⎝χb

ν

ψb
ν

θbν

⎞
⎠

+ (c̄a d̄
a
ēa γ̃ a ε̃a

)
⎛
⎜⎜⎜⎜⎝

aab aab 0 0 0
aab 0 0 0 0
0 0 aab 0 0
0 0 0 aab 0
0 0 0 0 aab

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

cb

db

eb

γ b

εb

⎞
⎟⎟⎟⎟⎠ ,

(B10)

where

aabμν =
[
ημν∂

2 −
(

1 − 1

α

)
∂μ∂ν

]
δab and

aab = −∂2δab. (B11)

To obtain the propagators, we use that
(
a a
a 0

)−1

=
(

0 a−1

a−1 −a−1

)
and

(
0 a

−a 0

)−1

=
(

0 −a−1

a−1 0

)
. (B12)
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gf abcpμ

gf abc [ημν(k − p)ρ + ηνρ(p − q)μ + ηρμ(q − k)ν]

−ig2[f abef cde(ημρηνσ − ημσηνρ)

+f adef bce(ημνηρσ − ημρηνσ)]
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Fig. 4 Vertices of the extended Yang–Mills theory obtained from the action in Eq. (5.11)

Note that the inverse of −iaabμν yields the usual propagator
of the gauge field in Yang–Mills theory

− i

p2

(
ημν − (1 − α)

pμ pν

p2

)
δab, (B13)

and the inverse of −iaab yields the associated ghost field
propagator (in the Lorenz gauge):

i

p2 δab. (B14)

We present the Feynman rules for the propagators and the
vertices in Figs. 3 and 4.

From Eqs. (B10) and (B12), we see that there is no prop-
agator 〈0|T Aa

μA
b
ν |0〉 for the gauge field Aa

μ. However, there
are now mixed propagators 〈0|TλaμA

b
ν |0〉 = 〈0|T Aa

μλbν |0〉
and a propagator 〈0|Tλaμλbν |0〉 for the Lagrange multiplier
field λaμ. Since there is no propagator for Aa

μ, and λaμ only
enter linearly in any vertex (see Fig. 4), it is impossible to
draw a one-particle irreducible diagram with two or more
external fields λaμ.

Moreover, since unitarity and gauge invariance are
retained, only the usual transverse degrees of freedom prop-
agate in the Yang–Mills theory when supplemented by a
Lagrange multiplier field as described in Section V. The num-
ber of degrees of freedom of the Yang–Mills theory in the
framework of the extended Lagrange multiplier formalism
may be inferred from Eq. (5.11) as

NeYM = NA + Nλ + Nχ + Nγ + Nε − Ngh, (B15)

where the fields c (c̄), d ( d̄), e (ē), ψ , θ serves as negative
degrees of freedom6: Ngh = Nc + Nd + Ne + Nψ + Nθ .
Since NA = Nλ = Nχ = Nψ = Nθ , and Nc = Nd = Ne =
Nγ = Nε , we have that

NeYM = NA − Nc = 2 Dim G (B16)

which is the number of degrees of freedom of the standard
Yang–Mills theory with gauge group G.

6 These fields c (c̄), d ( d̄), e (ē), ψ , θ would violate the spin-statistics
theorem.

123



  399 Page 12 of 14 Eur. Phys. J. C           (2024) 84:399 

Appendix C: Gauge algebra of the extended Lagrange
multiplier theory

Consider that the gauge transformations (3.1) form a closed
algebra. Thus, the (super)commutator of two gauge trans-
formations of the form of Eq. (3.1) must itself be a gauge
transformation:

(δ1δ2 − δ2δ1)ξ φi = (
Him,l Hln − Hin,l Hlm

)
ξ2mξ1n

≡ fmn|p Hipξ2mξ1n = δξ3φi , (C1)

where ξ3 p = fmn|p ξ2mξ1 n . We also assume that the condi-
tions (4.7) hold. The structure constants satisfy

fqa|p fbc|q + fqc|p fab|q + fqb|p fca|q = 0 (C2)

which leads to the Jacobi identity

[[δ1, δ2], δ3] + [[δ2, δ3], δ1] + [[δ3, δ1], δ2] = 0. (C3)

We note that Eq. (C1) holds for any field. For example, the
differentiation of Eq. (4.6) with respect to φm implies that
(
Hi j,k Hkl,m − Hil,k Hkj,m

) = f jl|k Hik,m, (C4)

then we find that

[δ1, δ2]ξ λi = fmn|p Hip,kλkξ2mξ1 n, (C5)

which can be rewritten as

[δ1, δ2]ξ λi = Hip,kλkξ3 p = δξ3λi . (C6)

Similar relations can be derived for the ghost fields χi , ψi

and θi .
This shows that the extended Lagrange multiplier formal-

ism is consistent with the gauge algebra of the theory without
Lagrange multiplier fields:

[δξ , δξ ] = δξ . (C7)

Then, by using Eq. (4.6) and Eq. (C4), one finds that

[δ1, δ2]ζ = δζ3, [δζ , δζ ] = 0, [δ1, δ2]σ = δζ31 ,

{δπ , δπ } = 0, {δτ , δτ } = 0,

[δξ , δζ ] = δζ32 , [δξ , δσ ] = δσ3 ,

[δξ , δπ ] = δπ3 , [δξ , δτ ] = δτ3 ,

[δζ , δσ ] = 0, [δζ , δπ ] = 0, [δζ , δτ ] = 0,

[δσ , δπ ] = 0, [δσ , δτ ] = 0,

{δπ , δτ } = δζ33;

(C8)

where ζ3 k = fi j |kξ1 iξ2 j , ζ31 k = fi j |kσ1 iσ2 j , ζ32 k =
fi j |kζiξ j , σ3 k = fi j |kσiξ j , π3 k = fi j |kπiξ j , τ3 k = fi j |kτiξ j
and ζ33 k = − fi j |kτiπ j .

By direct calculations, one also can show that all the gener-
ators of the extended gauge algebra satisfy the Jacobi identity
in Eq. (C3). We have, for example, that

[[δξ1 , δξ2 ], δσ ] + [[δξ2 , δσ ], δξ1 ]

+[[δσ , δξ1 ], δξ2 ] ∼ fi j |k fkn|l + f jn|k fki |l − fin|k fk j |l
(C9)

which by Eq. (C2) must vanish. Thus, the gauge algebra of
the extended Lagrange multiplier theory in Eq. (C8) is closed.
We find that the extended Lagrange multiplier theory is also
a YM type theory. Moreover, Eq. (C8) is consistent with the
results in Eqs. (4.9) and (4.12).

Appendix D: A superdeterminant identity

Defining the block matrix

(
P Q
R S

)
=

⎛
⎜⎜⎜⎜⎝

0 A 0 0 0
A B C −D E
0 C A 0 0
0 E 0 A 0
0 D 0 0 A

⎞
⎟⎟⎟⎟⎠ , (D1)

in which we identify

P =
(

0 A
A B

)
, Q =

(
0 0 0
C −D E

)
,

R =
⎛
⎝0 C

0 E
0 D

⎞
⎠ , S =

⎛
⎝A 0 0

0 A 0
0 0 A

⎞
⎠ . (D2)

Using the identity
(
P Q
R S

)
=
(
1 Q
0 S

)(
P − QS−1R 0

S−1R 1

)
(D3)

and that

Sdet(P − QS−1R) = Det

(
0 A
A B − F

)
= Det P, (D4)

where F = CA−1C − DA−1E + E A−1D, implies that

Sdet

(
P Q
R S

)
= Sdet SDet P = det A, (D5)

which demonstrates the result in Eq. (3.20).

Appendix E: Zinn-Justin master equation

Introducing sources for the fields in Eq. (3.17) and Eq. (3.18)
leads to the following generating functional for the extended
Lagrange multiplier theory

Z [J, η, η̄] =
∫

Dφi DBi Dci Dc̄i

× exp i
∫

dx
(LT + J̄ iφi + η̄i ci + c̄iηi

)
,

(E1)
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where φi = (φi , λi , χi , ψi , θi ), Bi = (Bi , Ei ,Gi , �i ,�i ),
ci = (ci , di , ei , γi , εi ) and the Lagrangian LT is defined in
Eq. (3.21).

Following Refs. [48–50], we also introduce in Eq. (E1)
sources for the non-linear BRST variations (the BRST vari-
ation s A is defined by δA = (s A)η): the source U i to the
variation of the field sφi and V̄ i to the variation of the ghost
field sci . We obtain

Z [J, η, η̄;U, V ] =
∫

Dφi Dci Dc̄i exp i
∫

dx
(LT+ J̄ iφi

+η̄i ci + c̄iηi + U i sφi + V̄ i sci
)
. (E2)

The invariance of Eq. (E2) under the BRST transforma-
tions implies that

δZ [J, η, η̄;U, V ]
=
∫

Dφi Dci Dc̄i

[
i
∫

dx
(
J̄ iδφi + η̄iδci + δ c̄iηi

)]

× exp i
∫

dx
(LT + J̄ iφi + η̄i ci + c̄iηi + U iδφi

+V̄ iδci
) = 0,

(E3)

where we used that LT + U iδφi + V̄ iδci is invariant under
BRST transformations, since δsU i = δsV̄ i = 0 which
follows from the nilpotency of the BRST transformations
(s2 = 0).

Using Eq. (4.3) and

δL Z [J, η, η̄;U, V ]
δU i

= sφi , (E4a)

δL Z [J, η, η̄;U, V ]
δV a = sci , (E4b)

we find that∫
dx

(
J̄ i

δL Z [J, η, η̄;U, V ]
δU i

+η̄i
δL Z [J, η, η̄;U, V ]

δV i
+ s c̄iηi

)
η = 0, (E5)

where the subscript L (R) denotes left (right) differentiation.
We can write Eq. (E5) into a relation in terms of the gener-

ating functional � of one-particle irreducible Green’s func-
tions. This can be done by using the Legendre transform
of the generating functional of connected Green’s function
W [J, η, η̄;U, V ] ≡ −i ln Z [J, η, η̄;U, V ]:
W [J, η, η̄;U, V ] = �[φ, B, c,U, V ]

+
∫

d4x
(
J̄ iφi + η̄i ci + c̄iηi

)
(E6)

Thus, we obtain the Zinn-Justin master equation [51]∫
d4x

(
δR�

δφi

δL�

δU i
+ δR�

δci

δL�

δV i
− s c̄i

δR�

δ c̄i

)
= 0. (E7)

The so-called Slavnov-Taylor identities [48,49] can be
derived by taking functional derivatives of Eq. (E7) with
respect to the fields. These identities are mainly used in the
study of the renormalizability of gauge theories. However,
they may also be used to derive relations between proper
Green’s functions which may be relevant.

Introducing a source N i to s c̄i in Eq. (E1) allows us to
rewrite the master equation (E7) as

(�, �) = 0, (E8)

where (·, ·) is the Batalin–Vilkovisky anti-bracket [29]

(A, B) ≡
∫

d4x

(
δR A

δ�i

δL B

δ�∗
i

− δR A

δ�∗
i

δL B

δ�i

)
, (E9)

where �i = (φi , Bi , ci , c̄i ) are the fields and �∗
i =

(U i , N i , V i ) are known as the anti-fields (of opposite statis-
tics to the �i ). The Batalin–Vilkovisky formalism [29,30] is
widely used to prove the gauge invariant renormalizability
of gauge theories [28,52,53].
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