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Abstract Ithasbeen shown that by using a Lagrange multi-
plier field to ensure that the classical equations of motion are
satisfied, radiative effects beyond one-loop order are elimi-
nated. It has also been shown that through the contribution
of some additional ghost fields, the effective action becomes
form invariant under a redefinition of field variables, and fur-
thermore, the usual one-loop results coincide with the quan-
tum corrections obtained from this effective action. In this
paper, we consider the consequences of a gauge invariance
being present in the classical action. The resulting gauge
transformations for the Lagrange multiplier field as well as
for the additional ghost fields are found. These gauge trans-
formations result in a set of Faddeev—Popov ghost fields aris-
ing in the effective action. If the gauge algebra is closed, we
find the Becci—Rouet—Stora—Tyutin (BRST) transformations
that leave the effective action invariant.

1 Introduction

When one quantizes gauge theories such as electrodynam-
ics, Yang—Mills (YM) theory, and the Einstein—Hilbert (EH)
theory of gravity, special care must be taken to cancel quan-
tum effects that arise from unphysical gauge fields. Special
“ghost” fields have been found that perform this function
[1-3]. Even after these ghost fields have been introduced,
the resulting effective action gives rise to divergent quantum
effects that are removed through renormalizing the quanti-
ties that characterize the classical theory. This program works
well in electrodynamics [4] and YM theory [5,6]. With the
EH action these divergences vanish on mass-shell at one loop
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order, but do not disappear at two loop order when the equa-
tion of motion are satisfied [7,8].

Many different approaches, such as supergravity [9],
string theory [10], loop gravity [11], and asymptotic safety
[12], have been proposed to cure this problem with quan-
tum gravity. Perhaps the simplest approach is to introduce a
Lagrange multiplier field that ensures that classical equation
of motion for the gravitational field is satisfied [13,14] as
then all radiative effects beyond one-loop order are absent
[15] with the remaining one-loop effects being twice these
one-loop effects coming from the usual quantization proce-
dure. This approach can be applied consistently to gauge
theories coupled to matter [16] or in first order form [17]. In
Ref. [18], the thermal effects on gauge theory supplemented
with Lagrange multiplier fields were investigated. Another
example of a field theory in which a Lagrange Multiplier
field is used to impose a constraint and is involved in radia-
tive corrections is provided by Ref. [19].

A significant improvement on this approach involves the
introduction of a functional determinant into the measure of
the path integral that has the effect of rendering the path inte-
gral invariant under a field redefinition. It also results in the
quantum effects in this approach being exactly equal to the
one-loop effects normally encountered. (The factor of two
mentioned above that occurs when only using a Lagrange
multiplier field no longer arises when this functional deter-
minant also is introduced.) [20].

This functional determinant can be incorporated into
the effective action through the introduction of a pair of
Fermionic ghosts and a single Bosonic ghost field. These
ghosts are similar to Lee—Yang ghost fields [21], which
appear in the context of the worldline formalism [22,23].
In this paper, we consider the consequence of there being
a gauge invariance in the classical Lagrangian. It is shown
that the Lagrange multiplier field and the ghost fields all par-
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ticipate in this gauge transformation, with additional gauge
invariances occurring in the effective Lagrangian.

We then show that if these gauge transformations are
closed, then a BRST transformation [24,25] can be defined
which leaves the effective Lagrangian invariant. Such an
invariance leads to the full theory being unitary [26] and
renormalizable [27].

This paper is organized as follows. In Sect.2, we review
the field redefinition invariant Lagrange multiplier formal-
ism for non-singular classical actions. The case of a classi-
cal action with a gauge symmetry is considered in Sect.3
and we show that additional gauge invariances appear. We
then quantize by using an extension of the Faddeev—Popov
procedure [1]. Then, in Sect.4, we derive the correspond-
ing BRST transformations in the framework of the extended
Lagrange multiplier formalism. In Sect. 5, we consider YM
theory, a non-linear gauge theory, to demonstrate this formal-
ism. We also find the corresponding BRST transformation.
In Appendix A, we illustrate the field redefinition invariance
of path integrals when using the extended Lagrange multi-
plier formalism. In Appendix B, we briefly review some of
the material of references [ 13—18], to show how the Lagrange
multiplier field eliminates loop effects beyond one loop order
and that no one-particle irreducible contributions involving
two or more Lagrange multiplier fields occur at one-loop.
The propagators of the Yang—Mills theory are also derived.
In Appendix C, we study the gauge algebra of YM type
gauge theories in the extended Lagrange multiplier theory. A
superdeterminant identity is derived in detail in the Appendix
D. In Appendix E, we obtain the Zinn-Justin master equa-
tion [28] associated with the BRST transformation derived in
Sect. 4. The relation with the Batalin—Vilkovisky formalism
[29,30] is briefly discussed.

2 The extended Lagrange multiplier theory

If one has a set of classical fields ¢;(x) whose classical
Lagrangian is L¢(¢;), then a Lagrangian multiplier field
Ai(x) can be used to ensure that the classical equation of
motion

a‘Ccl
cl,i 8¢i

is obeyed. The path integral

2.1)

I = /D¢i Di; expi/dx (La(ei) + 2iLei(PD)  (2:2)

can in principle be evaluated using the functional analogue
of the usual results

 dx )
f S exp (iAf(x) =8 (f(x) (2.3a)

oo 2T
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/emmwuﬂm:Zawmmewk

(2.3b)
where f(x;) = 0. It follows that [16]
I=7Y exp (i / dx Lei(¢; (x))> [det La1,i 0]
l 2.4)
where
Lei (¢;(x)) = 0. (2.5)

In Eq. (2.4), the exponential is the sum of all tree-level dia-
grams arising from L (¢;) alone [31]. The determinant is the
square of the determinant coming from all one-loop diagrams
and hence all one-loop results that normally arise acquire an
extra factor of two. No contributions corresponding to higher-
loop diagrams occur in the exact result of Eq. (2.4).

In Ref. [20], a further modification of the functional inte-
gral in Eq. (2.2) is introduced. The functional measure in
Eq. (2.2) is supplemented by the functional determinant

det'[ Ly i (9i)]-

This is shown to leave I invariant under a field redefinition.
It is also apparent from combing Eqs. (2.4) and (2.6) that all
quantum effects now reduce to the one-loop effects arising
from L(¢;) alone.

‘We can exponentiate the functional determinant of Eq. (2.6)
through use of a Bosonic ghost field x;(x) and a pair of
Fermionic ghost fields v; (x) and 6; (x) [32]

(2.6)

det'/? Le1 i (1)
= fDXi Dyr; D6; expi/dx
X |:£cl,ij(¢i(x)) <¢i(X)9j(x) + %Xi (X)Xj(x)ﬂ .
2.7
The full classical effective Lagrangian is now
Lei(@is hiy Xi Vi 0i) = La(@i) + AiLeli
+ (1/fi9j + %Xin) Leij. (2.8)

If the classical action,?

&=fm@@> 2.9

I See the Appendix A for an illustration of how this comes about.

2 Let us assume that ¢; is a real Bosonic field. Note that, the fields A;
and x; must be of the same kind.
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is non-singular, then the quantization of the Lagrangian (2.8)
can be realized through the standard path integral procedure
[20]

ZIJ] = /D¢i expi/dx (Lai(@i) + AiLesi

1 _
+(1ﬁi9j+§Xin> Lelij +Ji¢i)a (2.10)
where we used a compact notation in which ¢; = (¢, A;,

Xis Vi, 6i), Dp; = Deg; Dr; Dy; Dy D6;. We also included
asource J; = (J;, J; + K;, L;, j;, k;), where J;, K;, L; are
ordinary sources and 7;, k; are fermionic sources. Thus, the
expanded form of the source term in Eq. (2.10) is given by

Jid; = Ji(¢i + 1) + Kihi + Lixi + ;¥ +ki6;. (2.11)

3 Gauge invariance

We now consider the consequences of L (¢;) being invariant
under the local infinitesimal transformation

¢i — ¢ = ¢i + Hij(9i)§; (3.1

so that

La(di) = La(@) = La(di) + La1i Hij;. (3.2)
From Eq. (3.2) it follows that

LeiHij€j =0 (3.3)

and so immediately it follows that L in Eq. (2.8) is also
invariant under the local infinitesimal gauge transformation

A — )»; + H;j(¢i)¢;. 3.4
From Eq. (3.1) it follows that

0L _ 8¢} 0L _ (8“ 3ij§ ) 0L
opi  opi o, \' " ag ") bg)

and consequently that

(3.5)

92L. ap! 9 | aLc dHy . 0L
1_ ¢m [ cl k Cl} (36)

20i00; o6 00}, | 00, | 00 0a)
which to leading order in &; reduces to

9% Ler 97 Lo 9 Hix 9L

opidd;  9pL0d), <8¢ia¢f"> o)

<3H1k *La  IHy 3*La

Igi 0¢°0¢;  3p; I;d¢;

Insertion of Egs. (3.1), (3.5) and (3.7) into Eq. (2.8) and
collecting terms dependent on 9Li/d¢; and 32Le1/d¢; azb}

) &. @37

leads to invariance of Lqg under the transformations

Moo X = g | Wik,
i i i 8¢, j
LT . £ (3.82)
= , .8a
3mdbn mYn 2Xan k
I aI"Iik
Vi = i =i+ Y (3.8b)
b
/ 0 H;j
0; — 0; =0; + _Qj";‘_k» (3.8¢)
09,
I 0 ik
Xi = X; = Xi + — xjék- (3.8d)
99;
In addition, there are also the gauge transformations
A — A=A + Hij (xjox + ¥jm — 0j7x) (3.92)
Vi = ¥ =¥ + Hjjm;, (3.9b)
0; — 91-/ =0; + Hijfja (3.9¢)
Xi = xi = xi + Hijoj; (3.9d)

where 7; and 7; are Fermionic gauge functions and o; is a
Bosonic gauge function. These follow from:

(LeiHix),j =0 (3.10)

which is a consequence of Eq. (3.3).
We now will introduce a gauge fixing Lagrangian

1 1
Lot = —Z(Fi,»cp,»)z = — (Fimhn) (Finthn)

Lrva2_Lp .
_ﬁ(F‘le]) a(FlmI/fm)(anen)o (3.11)

With Bosonic Nakanishi-Lautrup fields [33,34] B;, E; and
G; and similarly the Fermionic fields 2; and E;, this can be
written as

o
Lu=3 (—Ei2 +2BE; + G? — 25,-9,-)
—E;i(FijAj) — Bi(Fij¢;) — Gi(Fijxj)

—&;(Fij0;) — Qi (Fij¥j). (3.12)

Having fixed the gauge invariance of Egs. (3.1), (3.4), (3.8)
and (3.9) in this way, we now introduce the Faddeev—Popov
ghost contribution to the path integral

I = /D¢l D)Li DX,' Dwi DQ,‘ expi/dx

1
X [Ec1(¢i) + Leiri + Leij(@i) (1//19/' + zxm)} .
(3.13)

@ Springer
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This involves first inserting the constant

b;
Aj
/Dgi D¢ Do; Dri Dt 8 F,'j Xj
v
0;
0 Hjp 0 0 0 &p
ij ij ij,ka _ij,kgk ij,kwk Sp
+1 0 Hjprxx H;j 0 0 op
0 Hjp vk 0 Hjp, 0 Tp
0 Hjpibe 0 0 Hjp Tp
Pi
qi
i |V sdetns (3.14)
Si
fi
where
1
ij = ij,k)‘«k + ij,mn YmOn + EXan s (3.15)

M jp is the 5 x 5 matrix appearing in the argument of the
d-function in Eq. (3.14) and Sdet J ;, is the Faddeev—Popov
superdeterminant.

We then perform the gauge transformations of Egs. (3.1),
(3.4), (3.8), (3.9) with (—§&;, —¢;, —o;, —m;, —7;) and then
insert the constant

1
/Dpi Dgq; Dr; Ds; Dt; expifdx (_2_pi2
o

o (3.16)

1 I, 1
——Dpiqi — 5~ — —Sili | .
o o
The integral over (&;, ¢&;, 0i, i, T;) are now innocuous mul-
tiplicative factors and the §-functions in Eq. (3.14) make it
possible to integrate over (p;, gi, i, i, t;). This leaves us
with

1 = fD¢l Di; Dy; Dyr; DO; DB; DE; DG; DE; DR2;

X exp |:i f dx (Legr + cgf)} Sdet M (3.17)

with Legr given by Eq. (2.8), Lgr by Eq. (3.12), and Sdet M ;,,
being the Faddeev—Popov superdeterminant of Eq. (3.14).
This functional determinant can be exponentiated using
Fermionic ghost fields (c;, ¢;), (d;, dy), (¢;, e;) and Bosonic

@ Springer

ghost fields (y;, i), (€, €) [32].3 This leads to

Sdet M j, = / Dé; De; Dd; Dd; Dé; De; Dy ; Dy; DE; De;

X expi/dx (C?, Ei Ei 371‘ g,‘)

0 H 0 0 0
Hjp Hjp + Xjp Hjpixxe —Hjp kO Hjpk¥r
X Fl'j 0 H/P»ka Hj 0 0
0  Hjpir 0 Hj, 0
0 Hjp 1.0k 0 0 Hj,
dp
¢p
ep |,
Vp
€p
(3.18)
where we used
0AO0 O O 0O A 0 0O
ABC-DE AA+BC —-DE
Sdet |OC A O 0] =SdetJ]O0 C A 0 O
OEO0O A O 0O E 0 A O
0ODO0O 0 A 0O D 0 0 A
(3.19)

The argument of the exponential in Eq. (3.18) defines the
Faddeev—Popov action, [ dx Lpp.
Note that,

0A0 0 O
AAC-DE
0CA 0 O
OEO0O A O
0ODO 0 A

Sdet = detA (3.20)

(see the Appendix C for a derivation). Thus, the Faddeev—
Popov superdeterminant in the extended Lagrange multiplier
formalism is equal to det F;; Hj, i.e., the usual Faddeev—
Popov determinant which is introduced when there is no
Lagrange multiplier.

We now will consider the possibility of there being a global
gauge invariance (a “BRST” invariance [24,25]) in the total
Lagrangian

L7 = Lefr + Lgr + Lrp. (3.21)

4 Global gauge invariance
In keeping with how BRST symmetry is introduced for gauge
theories, we begin by replacing the gauge functions &;, ¢;, 0;,

m; and t; with the ghost fields ¢;, d;, e;, y; and €; multiplied

3 Note that the complex conjugate of A; is denoted here by A;.
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by 1, a constant Fermionic scalar, so that the BRST transfor-
mations of the classical fields are

d¢i = H;jcjn, (4.1a)
dAi = H;jdjn + [Hij,k)\k
1

+Hijmn (lﬁan + EXan):| cjn

+ Hijk(xkej + Yre; — Okyjn, (4.1b)
Sxi = Hijejn + Hij i xkcjn, 4.1c)
8 = Hijyjn + Hijxpejn, (4.1d)
80; = H;jejn + H;ij xOkcjn. (4.1e)

In addition to these BRST transformations, it follows imme-
diately that we also have these transformations:

8B =0E; =8G; =88, =62; =0 “4.2)
and

8¢; = —Bin, 8d; = —Ein, 8¢; = —Gn,

Sy; = —Qin, §é; = —&in. “4.3)

The transformation of ¢;, d;, e;, y; and §; now are deter-
mined by the requirements that

5(H,'jCj) =0 (4.43)
1
3 [Hijdj + [Hij,k)»k + H;ijmn (llmen + EXMX")] Cj
+Hijk(xrej + Yrej — 6kyj)] =0 (4.4b)
d(Hjje; + Hijixkcj) =0, (4.4¢)
3(Hijy;j + Hiji¥re;) =0, (4.4d)
5(H,’j6j + Hij,kaCj) =0. (4.4e)

In order to do this, we must first impose conditions on
H;; (¢i). We consider the commutator of two gauge transfor-
mations of the form of Eq. (3.1),

| (Hi _ (9Hi,
[8x, 051 = oo oj ) (HyAp) e Aj | Hyoy |,
“.5)

which is itself a gauge transformation, so that

(HijxHu — HixHij) ojh = finxHixhio; (4.6)

if the gauge transformation is “closed”. For an “open” gauge
transformation, Eq. (4.6) is satisfied only if ¢; satisfies the
classical equation of motion (“on the mass shell”).

We will only consider gauge transformations that are
closed with the additional restriction that H;;(¢;) is at most
linear in ¢; so that

Hij,mn = 07
fink,i = 0.

(4.7a)
(4.7b)

Gauge theories that satisfy these conditions are the so-called
YM type theories [35]. Besides the YM theory, the EH action
is another interesting example of a gauge theory of this type.
In the next section, we will consider the quantization of the
YM in the extended Lagrange multiplier formalism.

From Eq. (4.4a), we obtain that

8Hij
S(Hijcj) — —(HlelTl)Cj + H,'J'(SCJ'

i
1 (0H;; 0H;;
= _E Tﬁkal — M ki )cein+ Hij(SCj-
4.8)
From Egs. (4.6) and Eq. (4.8), we see that
1
(SC]‘ = —Efmnucmcnn. (49)
To obtain de;, we now examine Eq. (4.4¢c),
Hijk8p1xrcj + Hijx(Sxkcj + xidcj)
+H;j i 8¢rej + Hjde; = 0. (4.10)

Upon using Egs. (4.7a), (4.1c) and (4.9), (4.10) becomes

JdHy;
Hij,k m)(mCl

1
+Hyep) ncj + Xk <_§fmn|jcmcn77):|

+H;j i (Hycm)ej + Hijde; = 0. 4.11)
Eq. (4.6) reduces (4.11) to simply
(Sej = _fmnljcmenn- (4.12a)
In a similar way, Eqgs. (4.4d) and (4.4e) lead to
5]/]' = _fmn\jcmynn’ (4.12b)
5€j = —fmn‘jcmenn. (4.120)
Finally, from Eq. (4.4b), we obtain

1

8d; = — funyj | dmen + Eemen + Ymén | 1. (4.12d)

In the Appendix D, we find the corresponding Zinn-Justin
master equation [28] which follows from the global gauge
invariance in Egs. (4.1), (4.2), (4.3), (4.9) and (4.12).

5 Yang-Mills theory
The classical YM Lagrangian reads

1
Lo =~ Fi, F1, 5.1)

@ Springer
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where
Ffl, =0, A% — 0,A% + g AD AC. (5.2)
It is invariant under the gauge transformation
'a _ b b
Al — Al = A} + Dy (A)é (5.3)

in which D4”(A) = 0,,6*" + g fP" A},. Comparing Eq. (5.3)
with Eq. (3.1), we can identify H;;(¢;) with Dﬁb (A). Since
Dl‘ib (A) satisfies the conditions (4.7) and we restrict the gauge
group to compact semisimple Lie groups, the quantization of
the YM theory in the extended Lagrange multiplier formal-
ism follows identically.

Replacing the YM classical Lagrangian in Eq. (5.1) into
Eq. (2.8) yields the classical effective YM Lagrangian in the
framework of the extended Lagrange multiplier formalism:

Lot = Lo+ AL DI FPVH — %(aux;‘ —dvx)®
—%(aﬂws — QY@1Y — 80
—gf (@ x — B[ AP XY
_gfahc(auAg _ BVAZ)XbMXcv

d
SA uxeu

g be pade gb
_?fa¢faeAMX

2
8 .
_TfabcfadeAZXCXduAeu

v

Eur. Phys. J. C (2024) 84:399
X4 = xd = x0+ g fextee, (5.5d)
and
o A;f =A% + D4 (A)¢”
b b b b
+8f (x[ja +ylt’ —6in ) ., (5.6)
Ve — Y =yl + DL (A, (5.6b)
‘a _ b b
04 — 08 = 0% + DI (A7, (5.6¢)
X8 = 2,8 = x4+ D (A)a. (5.6d)

Now, in order to quantize the action in Eq. (5.4), we will
employ the gauge fixing
b oAb _ _ -
FHPA) =M AT = 0"A), =0t x)
= oy, =03"0, =0 (5.7)

leading to the gauge fixing Lagrangian (see Eq. (3.11))
1 1
Sor = —5- (- AD? — —(3- 1)@ - A
200 o

~ Lot - Lo v e, (5.8)
2a o
where 0 - X; = BMX‘f (I are internal indices).
In the YM theory, we identify H;;(¢) + D4 (A) and
Fij— F pab Using these relation in Eq. (3.14), we find that
the Faddeev—Popov superdeterminant is

0 3 - D™ (A) 0 0
8- DW(A) - D (A+2) gf ) xP —gfP’d O gf W) yP
Sdet M jy; 0 gf®by . x? 9. D%(A) 0 , (5.9)
0 gfby . yp 0 3 - D (A) 0
0 grfrhy - or 0 3 - DY(A)

_g?zfathadeA/liAlc)XduXev
—8f " @iy — YA O
_gfabcAbuwcv(augﬁ

—3,00) — g fPC (8, AY — 8, A% )y P oY
_ngabCfadeAzngd rgev
_ngabCfadeAnged npev
_g2fab6fadeAZAlc}de96v. (5.4)

By Egs. (3.8) and (3.9), the gauge invariance (5.3) is now
accompanied by

A A9 =29+ gfabeabec, (5.5a)
Yl — gt =yl + gfeybec, (5.5b)
0¢ — 0,0 = 0% + gfegbec, (5.5¢)

@ Springer

where we used that H;; x = gf"™*/. We obtain the ghost
Lagrangian by replacing Eq. (5.9) in Eq. (3.18) which reads

Loh = &8 - DU (A + )P +d%0 - DAY + D - D (A)d”
+%9 - D (A)e? + 799 - DY (A)yb + %9 - Db (A)e?
g f Py -y PP 4295 [Py - x PP —gtg PPy . oPyP
+79gf PP YP b by Pl et g by gPeh.
(5.10)

Thus, the generating functional of the YM theory in this
framework is given by

ZLJ.m. 11 = /DAZ Dc” De expi / dx (Qeff+£gf+£gh
+TAL 4+ 7% + 7). (5.11)

where we have used a compact notation in which AZ =
a a a a a a a a a a a
(A A X Vs 0), €@ = (¢, d?, e, y?, €9) and

DAZ = DAZ D)\Z DXZ Dl/fg Do?,
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D¢ = Dc Dd® De® Dy De,

D¢’ = D& Dd” De® Dy® De . (5.12)
The sources terms are defined as
J““AZ = J““(AZ + AZ) + K““AZ
+L““xﬁ+ﬁ”“w,‘j+/€““9§, (5.13a)

ﬁaca = ﬁa(ca +da)+’zada + 5% + j"ya +I€a€a’
(5.13b)

(—:ana = (Ea +d'a)na +d‘“Ka —i—éaua + J;aja _’_gaKa’
(5.13¢)

where (J4H*, K4*, L*H) are real ordinary sources, (J¢, K%)
are complex ordinary sources, and (n®#, k%", n%, k%, v%)
are Fermionic sources. The Feynman rules derived from
Eq. (5.11) are presented in Appendix B.

5.1 BRST transformation

We also can obtain the BRST transformation that leaves the
action in Eq. (5.11) invariant. Replacing H;; (¢;) > Dl‘ib (A)
in Egs. (4.1), (4.6), (4.9) and (4.12), we find that the total
Lagrangian in Eq. (5.11) must be invariant under the follow-
ing transformation*

SAY = D (A)cn, (5.14a)
535 = D (A)dy + gf il ety

g f (et e — 8Py, (5.14b)
Sxji = Dy (A)e’n + gf " x e n, (5.14¢)
8y = Dy (A)y n+ gf Py ecn, (5.14d)
365 = D (A)e"n + gf 6" n, (5.14¢)
et = —%f”bccbccn (5.14f)
e = _gftbechety (5.14¢)
Syg = —gf*ctyen, (5.14h)
Set = —gf ey (5.14i)
8df = —gf** (dbc“ + %e”e“ + ybe”) n, (5.14))

and we also have

1
8¢ = ——3 - (A+ 1%,
o

a

- 1 1
§d = ——093-A%, se* = ——23- xn,
o o

4 In the Appendix B, the gauge algebra of the extended Lagrange mul-
tiplier theory is studied. The gauge algebra of the extended Lagrange
multiplier theory is closed when the gauge algebra of the starting theory
is closed and the conditions (4.7) are satisfied.

1 1
8¢ =——0-60%, 8¢* = -0 -yn. (5.15)
o o
This transformation can be used to show that unitarity is
retained in the YM theory in the framework of the extended

Lagrange multiplier theory [16].

6 Discussion

It has been shown [13-15] that by using a Lagrange multi-
plier field to ensure that the equations of motion are satis-
fied, radiative effects beyond one-loop order are suppressed.
Furthermore, it has been demonstrated that the path integral
associated with this action becomes form invariant under
a change of variable if the measure of the path integral is
suitably altered. It follows that the resulting effective action
coincides exactly with the usual one-loop effective action
[20]. In this paper, we have extended this result to theories in
which the classical action possesses a gauge invariance. The
gauge transformations in the tree level action (including all
Lagrange multiplier and ghost fields) as well as the BRST
transformation have been derived.

Having the quantum effects beyond one-loop order sup-
pressed is of particular relevance when discussing quantum
gravity. In quantum electrodynamics and YM theory, the
divergences that arise due to quantum effects are proportional
to terms appearing in the initial action, and hence they can
be absorbed into these terms through the process of “renor-
malization” [4-6]. When the EH action is quantized using
the Faddeev—Popov procedure, then at one-loop order diver-
gences have a different character; they vanish when exter-
nal fields satisfy the classical equation of motion (are “on
mass-shell””) [36]. This no longer holds at two-loop order and
beyond [7,8]. However, if the EH action is supplemented by
a Lagrange multiplier term, then this one-loop divergence
can be absorbed by the Lagrange multiplier field [13]. No
difficulty arises at higher loop order as no effects beyond
one-loop order arise. The resulting effective action is free of
divergences, and as it possesses a BRST invariance, it is also
unitary. This approach can also be employed when matter
fields are present in addition to the gravitational field [16].

We note that when a Lagrange multiplier field is used
in a similar way with a YM theory, the divergences which
now arise exclusively at one-loop order, lead to closed-form
expressions for the renormalization group B-function associ-
ated with the running coupling. Since at one-loop order, this
running coupling develops unphysical “Landau poles”, one
cannot restrict YM theory to one-loop order using a Lagrange
multiplier field in a physically consistent manner. This dif-
ficulty does not arise when one uses a Lagrange multiplier
field in conjunction with EH action.

However, YM and gravity (based on the EH action) are
both non-linear gauge theories, which have several other
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well-known similarities [37—39]. With this in mind, we have
considered the YM theory in the extended Lagrange mul-
tiplier theory to illustrate the general procedure introduced
in Sect. 3. With the usual covariant gauge fixing condition
(5.7), which is used to fix all the gauge invariances present in
the classical effective action in Eq. (5.4), we have obtained
the generating functional of the YM theory in the framework
of the extended Lagrange multiplier theory (5.11). We also
found the BRST transformation in Egs. (5.14) and (5.15) that
leaves the resulting quantum effective action Legr+ Lo+ Lon,
which appears in Eq. (5.11), invariant.

The principle result of this paper is that when a Lagrange
multiplier field is used to eliminate quantum effects beyond
one-loop order in a gauge theory, and a suitable modification
of the measure of the path-integral is made, then the path inte-
gral is form-invariant under a change of integration variables,
that the effective action possesses a BRST invariance if the
gauge algebra is closed, and that the quantum effects coin-
cide with the usual one-loop effects arising from the classical
action alone. This is of special significance when using the
Faddeev—Popov procedure to quantize the EH action (when
using the extended Lagrange multiplier theory) as it results in
a theory that is unitary and renormalizable with the classical
EH action intact. There is no need to postulate the existence
of extra dimensions or degrees of freedom, or to invoke spe-
cial non-perturbative effects (see, for example, [40]).

We note that the approach outlined in Sect. 3 can be
straightforwardly applied to the case of the EH action. The
EH action is invariant under diffeomorphisms in which the
metric transforms as

g = (") = (=" + 878} B + 55008

= H") (¢")§", (6.1)
which enables us to identify g*” and H"", (g*”) in Eq. (6.1)
with ¢; and H,'j (¢i) in Eq. 3.1).

However, in the case of the Einstein—Cartan action [41,
42], which describes spacetimes with torsion, applying this
approach is non-trivial. This action, which is described
in terms of the tetrad field ¢j; and the spin connection
®yab» 1s invariant under two distinct gauge transformations,
namely, the diffeomorphisms and local Lorentz transforma-
tions [43,44]. Hence, the quantization of this theory, in the
extended Lagrange multiplier formalism, requires an exten-
sion of the Faddeev—Popov procedure outlined in Sect. 3 to
accommodate two gauge symmetries. This extension would
be analogous to what was done in Section III of [45] for the
first order form of the Einstein—Cartan theory.

5 In Ref. [45] it also has been shown that the Einstein—Cartan theory
in first order form is a YM type theory. Hence, the conditions (4.7) are
satisfied in this theory.
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Appendix A: Invariance under field redefinitions

To illustrate invariance under field redefinitions, let us con-
sider

dx di
1 =/%g[f”(xn”zexpi(ﬂx)ﬂf/(x))

dx " 1/2 l .
- / U0 @ expif @)
T

If y(x) is a monotonically increasing function, then under
the field redefinition x — x’ = y(x):

i —8(%”> (d_yi)2 $)
_/Zn% dy dx dy AN

dx

1/2
expif(y).

Since f/(y)8(f’'(y)) = 0, this becomes
d
I= / ; LS NN R expif (v)

dy
Tdx

as expected.

Appendix B: Perturbative aspects of the Lagrange mul-
tiplier formalism

In this appendix we review how a Lagrange multiplier field

can be used to eliminate loop effects beyond one-loop order,

as has been discussed in Refs. [13-18].
If we initially consider the action

S = fdx L(pi) B

for a field ¢;, without gauge symmetries, we modify this by

adding a term in which a Lagrange multiplier field A; is used
to impose the classical equation of motion
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Fig. 1 Feynman rules of the k
scalar model
q q
k
Q Q
k
q Q
k
Q q
5= [ dx (£@) +1iLi@)). (B2)

A formal argument shows that if ¢; and A; are both treated as
quantum fields, then radiative effects beyond one-loop order
do not arise. One considers the generating functional

Zljil = /D¢, DA; expi/dx (L)

+1iLi (i) + Jidi) (B3)
and first integrates over X; to obtain
Z[jil = f Dei Dii 6 (L.i(¢0))

X expifdx (L(#i) + Jidi)- (B4)
A functional extension of the standard formula
/_ Z dx §(f(0))g(x) = > gE)If G~ (BS)

where f(x;) = 0 can be now used with Eq. (B4) to obtain
21t = Y expi [ dx (£ + i) 1det £ @I,
(B6)

where L ; ((,2_5?) = ( defines qu In Eq. (B6), the exponential is
the sum of all tree diagrams while the functional determinant
is the square of all one-loop diagrams. No further contribu-
tions which would correspond to higher loop contributions
to Z arise.

In order to illustrate perturbatively how the Lagrange mul-
tiplier field serves to eliminate higher loop corrections, let us
consider a simple scalar model
(B7)

1
L, 1) = z(aufb)z - %¢3 + A (—82¢ — %(pz)

0 q Q
|
q q q q
i
2 @ @
—ig
i q a  Q q
e
. —ig
Lt
k2 q q

O~ A

Fig. 2 The two- and tree-point functions one-loop contributions

and apply background field quantization [46,47]. This
involves considering a source k for the field A, in addition
to j, the source for ¢, so that (with / being restored)

Z[j,k]:/quDAexp%/dx (L, 1)+ j + kA
} (B8)
=exp;l—W[j, k.

Upon performing the usual Legendre transform on W[}, k],
we obtain I'[®, A] where ® and A are background fields for
pand A, (¢ =P +g, L =A+ Q)

exp %F[(D, Al = /Dq DO exp%

x/dx[£(®+q,A+Q)+jCI+kQ].
(B9)

With £ given by Eq. (B7), we find that the Feynman rules
that follow from Eq. (B9) are in Fig. 1.

Since there is no propagator for g, and since A and Q
only enter linearly in any vertex, it is impossible to draw a
Feynman diagram with more than one loop or with external
fields A. The only two and three point functions are in Fig. 2.

All N-point one-loop diagrams can easily be constructed,;
their sum yields the functional determinant det(Lo ;; (P))~ !
where Ly = %(8,@)2 — g¢3/3!. The combinatorial factors
associated with the diagrams of Fig. 2 account for doubling
of the usual one-loop results that follows from L alone.
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Fig. 3 Propagators of the Yang—Mills theory in the extended Lagrange

multiplier formalism. The gauge fields AZ, AZ, Z, GZ and )(Z are
respectively represented by spring, double spring, solid, double solid,

In Refs. [13—18] the approach we have just illustrated with
a simple scalar model is applied to Yang—Mills and gravita-
tional theory. There it is shown that just as in this simple scalar
model, the effect of the Lagrange multiplier field is to repro-
duce the usual one-loop effects and to eliminate all effects
beyond one-loop order. Since unitarity and gauge invariance
are retained, only the usual transverse degrees of freedom
propagate in these gauge theories when supplemented by
a Lagrange multiplier field in the way we have described.
Renormalization of these models is also discussed in Refs.
[13-18]. The additional ghost fields introduced in Section
II serve to ensure that the path integral is invariant under
a change of variables and that loop calculations coincide
exactly with just the usual one loop results that follow from
the classical Lagrangian alone (for more details, see Ref.
[20D).

B.1 Yang-Mills
Here, we will derive the propagators of the Yang—Mills theory
in the framework of the extended Lagrange multiplier theory

studied in Section V. Let us organize the bilinear terms in the
fields in Eq. (5.11) as

@ Springer

a b

......... ) 0
p

a— -------- )::::::::b: iéab
p p?
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(];::::::::)::::::::(): _iéab
D p?

a b X

ANAN 60
P »?

(1,_ — _b iéab
P p?

a: — =b iéab
P p?

and wavy lines. The associated Faddeev—Popov ghost fields ¢? (¢?), d*
@d"), e (@), y* (%), and €? (¢%) by dotted, double dotted, zigzag,
dashed, and double dashed lines

1 a®h qab\ /b
@ — 2 (pa pa uwy 4py v
e = o (5 ()
. abd 00\ /xb
s Ogvion| o o a](ut
0 —afh 0 ) \6}
at q%b 0 0 0 cb
a®> 0 0 0 0 |[|d
+(@@a" e pre)yl 0o 0 a0 0 ||,
0 0 0 a® 0o |[y?
0 0 0 0 a%) \é
(B10)
where
1
b 2 b
ay, = |:mw8 — (1 _5) BMBV:| 8% and
a®™ = —9%s9b. (B11)
To obtain the propagators, we use that
aa) 0 a!
a0 “\a ! —a! and
0 a 0 —a
(—aO) :<al 0 ) (B12)
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Note that the inverse of —iazl") yields the usual propagator
of the gauge field in Yang—Mills theory

i PuPv b
‘?(W”‘“‘“’?)‘S“ ’

and the inverse of —ia®’ yields the associated ghost field
propagator (in the Lorenz gauge):

(B13)

_Sab'
p

(B14)

We present the Feynman rules for the propagators and the
vertices in Figs. 3 and 4.

From Egs. (B10) and (B12), we see that there is no prop-
agator (0|TAZA€ |0) for the gauge field AZ. However, there
are now mixed propagators <O|T)\ZAIV’|0) = (0|TA;1A{,’|0)
and a propagator (O|TAZA€|O) for the Lagrange multiplier
field Aj;. Since there is no propagator for A}, and A}, only
enter linearly in any vertex (see Fig. 4), it is impossible to
draw a one-particle irreducible diagram with two or more
external fields A7,

4 Vertices of the extended Yang—Mills theory obtained from the action in Eq. (5.11)

Moreover, since unitarity and gauge invariance are
retained, only the usual transverse degrees of freedom prop-
agate in the Yang—Mills theory when supplemented by a
Lagrange multiplier field as described in Section V. The num-
ber of degrees of freedom of the Yang—Mills theory in the
framework of the extended Lagrange multiplier formalism
may be inferred from Eq. (5.11) as

Neym = Na + N + Ny + Ny + Ne — Ngh, (B15)

where the fields ¢ (¢), d ( d), e (€), ¥, 6 serves as negative
degrees of freedom®: Neh = Neo + Ng + Ne + Ny + Ny.
Since No = N) = Ny = Ny = Ng,and N = Ny = N,
N, = Ne, we have that

Neym = Nao — Ne = 2Dim G (B16)

which is the number of degrees of freedom of the standard
Yang—-Mills theory with gauge group G.

6 These fields c (¢), d (d), e (€), ¥, @ would violate the spin-statistics
theorem.
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Appendix C: Gauge algebra of the extended Lagrange
multiplier theory

Consider that the gauge transformations (3.1) form a closed
algebra. Thus, the (super)commutator of two gauge trans-
formations of the form of Eq. (3.1) must itself be a gauge
transformation:

(8182 — 8281)¢ ¢i = (Him.1 Hin — Hin.1 Him) E2mE1n
= founip Hip§om&in = 85, 9i,

where &3, = fmn| » & mé&1n. We also assume that the condi-
tions (4.7) hold. The structure constants satisfy

(CDH

fqa\p fbdq + qu|P fablf/ + fqblp fcalq =0 (€2)
which leads to the Jacobi identity
[[81, 821, 83] + [[62, 831, 811 + [[43, 811, 621 = 0. (C3)

We note that Eq. (C1) holds for any field. For example, the
differentiation of Eq. (4.6) with respect to ¢,,, implies that

(HijkH,m — Hit ik Hjom) = fitkHikom, (C4)
then we find that

(81, 821ehi = founp Hip.kAkE2mE1n, (&)
which can be rewritten as

[81,821eAi = Hip xri&3p = B3 )i (Co6)

Similar relations can be derived for the ghost fields y;, v
and 6;.

This shows that the extended Lagrange multiplier formal-
ism is consistent with the gauge algebra of the theory without
Lagrange multiplier fields:

[0e, 8s] = d¢. (C7)
Then, by using Eq. (4.6) and Eq. (C4), one finds that
[81,82]¢ = 85, [0z, 81 =0, [81, d2lo = 8¢5

{62, 0z} =0, {07, 8:} =0,

[0, 0c1 = 8c3y,  [065 861 = 63,

[0, Ox] =83, [8g, 0] = Ors, (C8)
[6¢, 361 =0, [, 6=z1=0, [5, 6:1=0,

[5, z1 =0, [d5, 6:1=0,

{07, 8:} = 5;33;

where {3k = fijik§1:625, 31k = fijko1i02j, {32k =
JijikCi&j, o3k = fijikoi&j, w3k = fijmi&;, vk = fijktié;
and £33k = — fij ki)

By direct calculations, one also can show that all the gener-
ators of the extended gauge algebra satisfy the Jacobi identity
in Eq. (C3). We have, for example, that

[[SS] ’ 8&'2]’ 80] + [[szv 8(7]’ 5&]

@ Springer

+[[85, 8¢, 1, 85,1 ~ fijik Jienit + finik frint — Sfink fijii
(C9)

which by Eq. (C2) must vanish. Thus, the gauge algebra of
the extended Lagrange multiplier theory in Eq. (C8) is closed.
We find that the extended Lagrange multiplier theory is also
a YM type theory. Moreover, Eq. (C8) is consistent with the
results in Egs. (4.9) and (4.12).

Appendix D: A superdeterminant identity

Defining the block matrix

0A0 O O
ABC-DE
<;g>= 0CA 0 0], (D1)
0OEO0 A O
0DO0O 0 A
in which we identify
0A 0 0 0
P_<AB>’ Q_<C—DE>’
0C AO0O
R=[oE|. s=[o0a0 (D2)
0D 00A
Using the identity
PQ\ (10\(P-0S'RO
<R S>_<O s)( SR 1 D3)
and that

0 A

— -1 —
Sdet(P — QS " R) = Det (A B_F

> =DetP, (D4)
where F = CA~'C — DA™'E + EA™' D, implies that

Sdet <P Q) — Sdet SDet P = det A, (D5)

RS

which demonstrates the result in Eq. (3.20).

Appendix E: Zinn-Justin master equation
Introducing sources for the fields in Eq. (3.17) and Eq. (3.18)

leads to the following generating functional for the extended
Lagrange multiplier theory

Z[J,ﬂ, 7_7] =/D¢i’DB,"DC,"D(_:,'

X expi/dx (Lr+ Ji¢; + i +cim;)
(E)
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where ¢; = (¢, Ai, Xi» ¥i, 0:), Bi = (B;, Ei, Gi, E;, ),
¢; = (ci,d;, e, v, €) and the Lagrangian Lt is defined in
Eq. (3.21).

Following Refs. [48-50], we also introduce in Eq. (E1)
sources for the non-linear BRST variations (the BRST vari-
ation s A is defined by §A = (sA)n): the source U; to the
variation of the field s¢; and V; to the variation of the ghost
field sc¢;. We obtain

ZIJ.n.n: U, V] = /Dqs,- De; Dé; expi/dx (Lr+Tid;
+0;¢i +¢in; +Uisd; + Visci) . (E2)

The invariance of Eq. (E2) under the BRST transforma-
tions implies that

8Z[J,n,q; U, V]
= /D¢i Dc; Dc; |:i/dx (,_Ii(S(b,» + n,;8¢i +8E,-n,-)]

X expi/dx (Lt + Jig; + 0ici +¢im; + U8,

+‘7,’865) =0,
(E3)

where we used that L1 + U;8¢; + V;8¢; is invariant under
BRST transformations, since 8sU; = 8sV; = 0 which
follows from the nilpotency of the BRST transformations
(s = 0).

Using Eq. (4.3) and

SLZJ,n,n; U, V]

2 = 5¢;. (E4a)
SLZ[J,;‘,/Z;; U, V] — sc:. (E4b)
we find that
fas (324820
+ii; SLZ[J’;";’; v. Vi + séim) n=0, (E5)
i

where the subscript L (R) denotes left (right) differentiation.

We can write Eq. (ES) into a relation in terms of the gener-
ating functional I' of one-particle irreducible Green’s func-
tions. This can be done by using the Legendre transform
of the generating functional of connected Green’s function
WiJ,n,n; U, Vi=—ilnZ[J,y,9; U, V]:

WiJ,n,n;U,V]=T[¢,B,c,U, V]
+fd4x (Jip; +nici +¢im;)  (E6)
Thus, we obtain the Zinn-Justin master equation [51]

S 6,0 SR 6.T SrIl
/d4x ROCL RO e 2R ) o, (E7)
8¢i SU,' 8(:1 (SV,‘ 8(:1

The so-called Slavnov-Taylor identities [48,49] can be
derived by taking functional derivatives of Eq. (E7) with
respect to the fields. These identities are mainly used in the
study of the renormalizability of gauge theories. However,
they may also be used to derive relations between proper
Green’s functions which may be relevant.

Introducing a source N; to s¢; in Eq. (E1) allows us to
rewrite the master equation (E7) as

(r,r)=0, (E8)

where (-, -) is the Batalin—Vilkovisky anti-bracket [29]

SRASLB SRrASLB
(A,B)E/d4x SRACLE _ORZOLZY (E9)
5®; 5®F  SBF 5@;
where ®; = (¢;, B;,c;,¢;) are the fields and ®] =

(U;, N;, V;) are known as the anti-fields (of opposite statis-
tics to the ®;). The Batalin—Vilkovisky formalism [29,30] is
widely used to prove the gauge invariant renormalizability
of gauge theories [28,52,53].
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