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Abstract Starting from Polchinski’s thought experiment
on how to distinguish between pure and thermal states, we
construct a specific system to study the interaction between
qubit and cavity quantum field theory (QFT) in order to pro-
vide a more operational point of view. Without imposing
any restrictions on the initial states of qubit and cavity QFT,
we compute the evolution of the system order by order by
the perturbation method. We choose Landauer’s principle,
an important bound in quantum computation and quantum
measurement, as the basis for the determination of the ther-
mal state. By backtracking the initial state form, we obtain
the conditions that must be satisfied by the cavity QFT: the
expectation value of the annihilation operator should be zero,
and the expectation value of the particle number operator
should satisfy the Bose–Einstein distribution. We also dis-
cuss the difference between the thermal state and a possible
alternative to the thermal state: the canonical thermal pure
quantum (CTPQ) state.

1 Introduction

Prepare two sealed containers, each containing an equal
amount of ice at absolute zero. We bring one of the contain-
ers into thermal equilibrium with a heat source large enough
to reach a final temperature of 400 K. The other container
is heated with a laser to reach the same energy as the first
container. The ice in both containers is now vaporized. The
ice in the first container in contact with the large heat source
ends up in a thermal equilibrium state, which we define as the
canonical thermal state, while the ice in the second container
is in a pure state. We have both containers in front of you,
can you tell which is which?

This is a thought experiment proposed by Polchinski
in his review of the black hole information loss problem

a e-mail: haoxu@yzu.edu.cn (corresponding author)

[1]. Polchinski believes that the thought experiment may
shed some light to the black hole information loss paradox,
because the steam will collapse into the black hole if we heat
both containers even more. In AdS/CFT we can correspond
bulk physics, such as black hole formation and evaporation,
to the boundary conformal field theory. For an AdS black
hole, its event horizon changes the structure of spacetime.
For example, when we compute the entanglement entropy
of a region A on the boundary field theory using the Ryu–
Takayanagi formula [2,3], we find that the minimal surfaces
corresponding to A and the its complement Ā are different,
and they are separated by the event horizon of the black hole.
This also shows that the boundary field theory should be a
mixed state. However, if the black hole has not yet formed or
has evaporated, there is no event horizon. The minimal sur-
faces corresponds to A and Ā coincide, and the field theory is
still in a pure state. Assuming that we are the observer on the
boundary of the AdS spacetime and we use the holographic
entanglement entropy as a marker for the holographic ther-
malization [4], we would be limited to collecting information
in region A.Although the black hole has not formed, the holo-
graphic entanglement that we use to indicate thermalization,
could be the same as in the black hole case. As the observer,
we will not be able to distinguish between the thermal state
and the pure state, because we only have access to part of
the information in the pure state. See e.g. Fig. 1. Under-
standing the black hole information loss paradox requires a
better knowledge of the relationship between pure and mixed
states, as well as the problem of unitarity during black hole
evolution [5–7].

In the review, Polchinski argues that it is impossible to
distinguish between pure and mixed states. Polchinski’s point
is that if we know the exact form of a pure state, we can act
on it directly with the projection operator to get identity,
whereas acting on a mixed state gives us essentially zero.
However, we do not know how the pure state is prepared, so
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Fig. 1 The minimal surfaces
for the holographic calculation
of entanglement entropy in the
AdS spacetime. For the AdS
black hole we have γA �= γ Ā
(left), while in the case of black
hole formation, we can find that
γA = γ Ā (right). This is because
the collapsing shell (dashed
circle) has not yet formed the
event horizon. The γA is the
same in both cases

the only thing we can do to improve accuracy is to prepare
many copies and thus take multiple measurements.

From this point of view, Polchinski’s conclusion is
undoubtedly correct. However, when we return to an opera-
tional way of thinking about the distinction between pure and
thermal states, we encounter new confusions. First, the def-
inition of a thermal state is precise. In principle, the density
matrix of the thermal state is uniquely determined whenever
we are given the Hamiltonian and the temperature of the sys-
tem. However, there seems to be a wider range of choices in
the pure states, which is the heart of Polchinski’s argument
that we do not know how the pure state is prepared. This
leads to confusion as to why it is so difficult for us to distin-
guish a rigorously well-defined system. Second, we need to
define the notion of “distinguishable”. From an operational
point of view, to distinguish means to make measurements.
Therefore, the theory of open quantum systems is the rele-
vant theoretical framework for our research [8–10]. The fact
that two systems are indistinguishable implies that the same
result is obtained for all possible physical measurements.

We now ask the question: what results do we get when
we use a detector to probe separately a thermal state and a
pure state that is supposedly indistinguishable from the ther-
mal state(if such pure state exists)? It is equivalent to asking
whether it is possible to use certain pure states as substitutes
for those roles in quantum information that we usually think
can only be played by thermal states. Since different motiva-
tions and system constructions may use different properties
of the thermal state, this method may help us to find out
exactly which operators can be used as indicators of whether
a state is thermal or not in different systems, thus providing
a better understanding of the significance of thermal states
in physics.

Fortunately, we do already have an example, namely Lan-
dauer’s principle [11,12]. Landauer’s principle relates the
entropy change of a system to the heat dissipated into a
reservoir during any logically irreversible computation, pro-
viding a theoretical limit of energy consumption through-

out the process. It gives a direct link between information
theory and thermodynamics, and establishes that informa-
tion is physical. In 2013, after a series of controversial dis-
cussions, Reeb and Wolf proposed a general and minimal
setup to tighten Landauer’s principle by a quantum statisti-
cal physics approach that need to be satisfied at the same time
[13]: (i) both the “system” S and “reservoir” R are described
by Hilbert spaces, (ii) R is initially in a thermal state, (iii) S
and R are initially uncorrelated, and (iv) the process proceeds
by unitary evolution. If all the four assumptions are satisfied,
the Landauer’s principle can be expressed as

�Q � TR�S. (1)

The quantity �Q := tr
[
HR(ρ′

R − ρR)
]

is the heat trans-
ferred to the reservoir R, where HR is the Hamiltonian
of R, while ρ′

R and ρR denote the final and initial state
of R, respectively. The TR is the temperature of R, and
�S := S(ρS) − S(ρ′

S) is the von Neumann entropy change
between the initial state ρS and the finial state ρ′

S of the sys-
tem S.

Let us analyze the four assumptions one by one. First,
both S and R can be described by Hilbert spaces means that
both S and R are quantum systems. This is the easiest of the
four assumptions to fulfill. Second, the initial state of R is
a thermal state implies that we have a strict restriction on

the density matrix of the initial state of R, i.e., e−HR/TR

Tr(e−HR/TR )
,

although there is no restriction on the form of the Hamiltonian
HR and temperature TR . Third, S and R are initially uncorre-
lated means that the density matrix of the total system in the
initial state is the direct product of the density matrices of S
and R. The connection between S and R is established only
after we introduce interactions. Fourth, the unitarity implies
that the entropy of the total remains constant at all times. This
is also one of the motivations for the study of Landauer’s prin-
ciple, that since the von Neumann entropy remains constant
in unitary evolution, it can no longer be used as a measure
of irreversibility. We can use the difference between the two
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sides of Eq. (1), called the entropy production, to measure
irreversibility [14]. If all four assumptions are satisfied, the
entropy production must be non-negative. Furthermore, we
also need to emphasize that the four assumptions are just
minimum settings. If extra information of the system is pro-
vided, one may be able to get a tighter bound, even in the case
of TR = 0 that the bound (1) becomes trivial [15]. However,
this is not the focus of the present work, and we concentrate
on the original bound (1).

For the four assumptions above, we find that the second
one puts a strict restriction on the form of the initial state
of R, i.e., the thermal state. If we claim that a pure state
is indistinguishable from the thermal state, it must be able
to play the role of thermal state in Landauer’s principle, so
we can in principle just start verifying whether Landauer’s
principle holds when this pure state is used as a reservoir.
Of course, Reeb and Wolf’s proof is rigorous and requires
the density matrix of the thermal state [13]. However, to
better understand the relationship between thermal and pure
states, as well as other mixed states, it is helpful to consider
an interaction process without specifying the initial state of
the reservoirs, so that we can backtrack the form of the ini-
tial state that Landauer’s principle can be achieved and then
examine if there may be certain pure states that can satisfy the
corresponding conditions. In the present work we will revisit
the relationship between pure and mixed states in terms of
system and reservoir interactions. We will choose as simple a
model as possible, i.e., a qubit as the system and a free mass-
less bosonic scalar quantum field theory (QFT) in a cavity
as a reservoir, with the interaction type being linear [16,17].
Except that the initial state must be a direct product of system
and reservoir, we will not specifically require the initial state
form for the total system, allowing us to draw more general
conclusions.

The remainder of the paper is organized as follows. In
Sect. 2 we present our model and calculate the time evo-
lution of the total system by perturbation method. We will
present two theorems, which shows that in order for Lan-
dauer’s principle to hold, the expectation value of the anni-
hilation operator must be zero and the average number of
particles in the cavity QFT must satisfy the Bose–Einstein
distribution. In Sect. 3 we discuss a particular state that is
thought to be an alternative to the thermal state: the canon-
ical thermal pure quantum (CTPQ) state. We examine how
it relates to and differs from the thermal state. In Sect. 4
we give a brief summary of our main results and close with
conclusions.

2 The model

The total Hamiltonian Ĥtotal of the qubit-cavity QFT system
can be written as

Ĥtotal = Ĥ0 + Ĥint, (2)

and the Ĥ0 is the sum of the free Hamiltonian of qubit and
cavity QFT

Ĥ0 = Ĥ + Ĥfield, (3)

where Ĥ = �
2 σ̂z (σ̂z is the Pauli matrix and � is the energy

gap between ground state |g〉 and excited state |e〉 of the
qubit) is the qubit Hamiltonian and Ĥfield = ∑∞

j=1 ω j â
†
j â j is

the Hamiltonian associated to the cavity QFT. The interaction
Hamiltonian is given by

Ĥint = λχ(τ)μ̂φ̂[x(τ )], (4)

in which λ is a weak coupling constant so that we can apply
perturbation method, χ(τ) is the switching function that con-
trols the interaction, τ denotes proper time, μ̂ is monopole
operator which allows population to be exchanged between
energy levels, and φ̂[x(τ )] is the field operator at the position
of the qubit in the cavity.

In order to solve the time evolution of the system, we move
to the interaction picture. In principle the μ̂ should be a linear
combination of Pauli matrices. Since the Ĥ0 already contains
σ̂z, the σ̂z in μ̂ is commutative with Ĥ0, so it will only produce
Poincaré recurrences and does not contribute to the energy
change of the qubit [18]. Therefore, in this work we will
discuss μ̂ = σ̂x as an example, and the results for σ̂y can be
obtained in a similar way. Defining σ̂x := σ̂+ + σ̂−, which
satisfies σ̂+|g〉 = |e〉 and σ̂−|e〉 = |g〉, in the interaction
picture we have

μ̂(τ ) = σ̂+ei�τ + σ̂−e−i�τ , (5)

and

φ̂[x(τ )] =
∞∑

j=1

(
â j e

−iω j t (τ )u j [x(τ )] +â†
j e

iω j t (τ )u∗
j [x(τ )]

)
,

(6)

where the expression of u j [x(τ )] depends on the boundary
condition.

The time evolution operator of the system from time τ = 0
to τ = T is given by the Dyson series:

Û (T, 0) = 1−i
∫ T

0
dτ Ĥint(τ )

︸ ︷︷ ︸
Û (1)

+(−i)2
∫ T

0
dτ

∫ τ

0
dτ ′ Ĥint(τ )Ĥint(τ

′)
︸ ︷︷ ︸

Û (2)

+ · · ·

+(−i)n
∫ T

0
dτ · · ·

∫ τ (n−1)

0
dτ (n) Ĥint(τ ) · · · Ĥint(τ

(n))

︸ ︷︷ ︸
Û (n)

,

(7)
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so the density matrix of the total system at a time τ = T will
be

ρT = [
1 + Û (1) + Û (2) + O(λ3)

]
ρ0

×[
1 + Û (1) + Û (2) + O(λ3)

]†
, (8)

and we can write ρT order by order as

ρT = ρ
(0)
T + ρ

(1)
T + ρ

(2)
T + O(λ3), (9)

where

ρ
(0)
T = ρ0, (10)

ρ
(1)
T = Û (1)ρ0 + ρ0Û

(1)†, (11)

ρ
(2)
T = Û (1)ρ0Û

(1)† + Û (2)ρ0 + ρ0Û
(2)†. (12)

Tracing out the field(qubit) part we can obtain the reduced
density matrix of the qubit(field). With the evolution equation
in place, we also need to know the initial state of the system.
For the qubit, we choose it to be

ρS
0 =

(
p x
x 1 − p

)
, (13)

and without loss of generality, we assume that 0 < p <

1/2 and x is a real number satisfying −√
p(1 − p) ≤ x ≤√

p(1 − p). Here the x represents the coherence of the qubit.
When x = 0, the qubit is completely decoherent, and when
x = ±√

p(1 − p), the qubit is in a pure state. Since p+(1−
p) = 1 and the range of values of x ensures that the diagonal
elements are both positive after doing the diagonalization,
the density matrix is normalized.

We choose the initial state for each mode of the cavity QFT
to be some arbitrary state with density matrix expressed as

ρ
f

0 =
∞⊗

j=1

∑

i

ci |ψi 〉〈ψi |, (14)

and for each integer j we have a set of the positive coefficients
ci satisfy the normalization condition

∑
i ci = 1. The |ψi 〉 is

an arbitrary set of normalized pure states. If for some i there
is ci = 1 and all the rest of the coefficients are zero, then the
corresponding mode is in the pure state |ψi 〉, otherwise the
mode is in a mixed state.

The initial state of the total system is then

ρ0 =
(
p x
x 1 − p

)
⊗

∞⊗

j=1

∑

i

ci |ψi 〉〈ψi |. (15)

The evolution is unitary, thus ensuring the normalization.
Since the higher order contributions rapidly become smaller
with weak coupling constant, we can analyze them order by
order and find the contribution of the leading order.

2.1 The order of λ

In this subsection we will prove the following theorem:

Theorem 1 In the order of λ, the von Neumann entropy of
the qubit remains unchanged, and its energy changes just
the opposite of the cavity QFT. For Landauer’s principle to
hold under all possible conditions, we must have 〈â j 〉 :=∑

i ci 〈ψi |â j |ψi 〉 = 0 for the mode ω j = �, and as a result,
�Q = 0.

Proof Setting χ(τ) = 1 for 0 � τ � T, the operator Û (1)

can be written as

Û (1) = λ

i

∞∑

j=1

(σ̂+â†
j I+, j + σ̂+â j I

∗−, j

+σ̂−â†
j I−, j + σ̂−â j I

∗+, j ), (16)

where

I±, j :=
∫ T

0
dτ ei[±�τ+ω j t (τ )]u j [x(τ )] . (17)

For any boundary condition, if the qubit is located at the
same position, then u j [x(τ )] gives a constant value. In the
mode ω j = �, the I−, j will just be proportional to the
time. However, in other cases, the integration in I±, j provides
only the oscillatory terms and decays rapidly as the deviation
increases.1 For the remainder of this work, unless otherwise
noted, we will all be discussing only the mode ω j = �.

We have

Û (1)ρin = Û (1)

[(
p x
x 1 − p

)
⊗

∑

i

ci |ψi 〉〈ψi |
]

= λ

i

[(
x 1 − p
0 0

)
â j

∑

i

ci |ψi 〉〈ψi |I ∗−, j

+
(

0 0
p x

)
â†
j

∑

i

ci |ψi 〉〈ψi |I−, j

]

. (18)

Similarly

ρinÛ
(1)† = −λ

i

[(
x 0

1 − p 0

) ∑

i

ci |ψi 〉〈ψi |â†
j I−, j

+
(

0 p
0 x

) ∑

i

ci |ψi 〉〈ψi |â j I
∗−, j

]

. (19)

1 If we consider quantum field theory in full space, the summation over
j becomes an integral of momentum, and the integral of ei[±�τ+ω j τ]

corresponds to the Dirac Delta function δ(±�+ω j ), so only the mode
ω j = � contributes.
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Tracing out the field part, we have the reduced density matrix
of the qubit

λ

(
2xIm(〈â j 〉I ∗−, j ) −i(1 − 2p)〈â j 〉I ∗−, j

i(1 − 2p)〈â†
j 〉I−, j −2xIm(〈â j 〉I ∗−, j )

)

, (20)

where the expectation value 〈â(†)
j 〉 is defined as 〈â(†)

j 〉 :=
∑

i ci 〈ψi |â(†)
j |ψi 〉. Other expectation values in this work are

defined in the same way as 〈 Â〉 := ∑
i ci 〈ψi | Â|ψi 〉 below.

When we calculate the von Neumann entropy correspond-
ing to a density matrix, we have to diagonalize this density
matrix first. Since we are considering a qubit, we will denote
the diagonalized elements as p+ and p−. After diagonaliza-
tion we have
(
p x
x 1 − p

)
→

(
p− 0
0 p+

)
, (21)

where

p± = 1

2
± 1

2

√
4p2 + 4x2 − 4p + 1, (22)

and the von Neumann entropy for the initial state is

S = −p+ ln p+ − p− ln p−. (23)

Suppose after the interaction the density matrix becomes
(
p x
x 1 − p

)
+

(
δp −δd

− δd∗ −δp

)
. (24)

Diagonalizing this density matrix we will have
(
p x
x 1 − p

)
+

(
δp −δd

− δd∗ −δp

)
→

(
p′− 0
0 p′+

)
(25)

where

p′± = 1

2

± 1

2

√
4p2+4x2 − 4p + 1 − 8xRe(δd)+(8p − 4)δp+4δp2+4|δd|2.

(26)

the von Neumann entropy for the final state is

S = −p′+ ln p′+ − p′− ln p′−. (27)

Comparing (22) and (26) shows that the correction terms
come from the −8xRe(δd) + (8p − 4)δp + 4δp2 + 4|δd|2,
where the (−8xRe(δd) + (8p − 4)δp) is the leading order.
In the order of λ, we know the correction to the qubit is (20),
so we have

δp = 2λxIm(〈â j 〉I ∗−, j ),

Re(δd) = −λ(1 − 2p)Im(〈â j 〉I ∗−, j ), (28)

and

− 8xRe(δd) + (8p − 4)δp = 0, (29)

thus in the order of λ, the p± and the von Neumann entropy
remain unchanged.

Tracing out the qubit part, we have the reduced density
matrix of the cavity QFT written as

λ

i
x

[

â j

∑

i

ci |ψi 〉〈ψi |I ∗−, j + â†
j

∑

i

ci |ψi 〉〈ψi |I−, j

−
∑

i

ci |ψi 〉〈ψi |â†
j I− j −

∑

i

ci |ψi 〉〈ψi |â j I
∗−, j

]

, (30)

and the energy change of the field will be the trace after
applying the Hamiltonian of the field to the above matrix.
We have

�Q = λ

i
xω j [〈â†

j â j â j 〉I ∗−, j + 〈â†
j â j â

†
j 〉I−, j

− 〈â†
j â

†
j â j 〉I−, j − 〈â j â

†
j â j 〉I ∗−, j ]

= −2λxω j Im(〈â j 〉I ∗−, j ), (31)

where we have used the algebraic relations of the operators.
Since ω j = �, we can easily find the energy changes in the
qubit

Tr

[
�

2

(
1 0
0 −1

)(
δp −δd

− δd∗ −δp

)]

= �δp = 2λx�Im(〈â j 〉I ∗−, j ) (32)

is just the opposite of the part of the cavity QFT.
Since the von Neumann entropy of the qubit in a λ-

order perturbation remains unchanged, the right-hand side
of (1) is zero regardless of the temperature T in the field
theory, so we only need to have �Q ≥ 0, which implies
xIm(〈â j 〉I ∗−, j ) ≤ 0. Since x can be positive or negative, we
must have Im(〈â j 〉) = 0.

The above analysis can also be generalized to the case
μ̂(τ ) = σ̂y(τ ). We can still define μ̂(τ ) := σ̂+ei�τ +
σ̂−e−i�τ , but now the σ̂± satisfies σ̂+|g〉 = −i |e〉 and
σ̂−|e〉 = i |g〉. The reduced density matrix of the qubit reads

λ

(−2xRe(〈â j 〉I ∗−, j ) (1 − 2p)〈â j 〉I ∗−, j

(1 − 2p)〈â†
j 〉I−, j 2xRe(〈â j 〉I ∗−, j )

)

. (33)

We can also have the von Neumann entropy of the qubit
remains unchanged, and its energy changes just the opposite
of the cavity QFT. Now we have

�Q = 2λxω jRe(〈â j 〉I ∗−, j ). (34)

In this case we need to have Re(〈â j 〉) = 0. Since μ(τ) can
be any linear combination of σ̂x and σ̂y, in order to have
�Q ≥ 0 under any condition, we can only make 〈â j 〉 = 0,

which also makes �Q = 0. The δp and δd in the λ-order
correction also vanish, so the term (4δp2+4|δd|2) is zero and
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would not be left to the λ2-order. Therefore, there is no need
to consider the contribution of the λ-order in the remainder
of this discussion. �

2.2 The order of λ2

In this subsection we will prove the following theorem:

Theorem 2 In the order of λ2, for a positive quantity TR, in
order to have�Q ≥ TR�S, the initial state of the cavityQFT
has to satisfy 〈â†

j â j 〉 := ∑
i ci 〈ψi |â†

j â j |ψi 〉 = 1
eω j /TR−1

.

Proof In this case, for either μ̂ = σ̂x or σ̂y we have

Û (1)ρin Û
(1)†

= λ2
(
σ̂−â†

j I−, j + σ̂+â j I
∗−, j

) (
p x
x 1 − p

)

⊗
∑

i

ci |ψi 〉 〈ψi |
(
σ̂+â j I

∗−, j + σ̂−â†
j I−, j

)

= λ2
∣∣I−, j

∣∣2

[(
0 0
0 p

)
â†
j

∑

i

ci |ψi 〉 〈ψi |â j

+
(

1 − p 0
0 0

)
â j

∑

i

ci |ψi 〉 〈ψi | â†
j

]

(35)

and

Û (2)ρin + ρin Û
(2)†

= −λ2

2

∣∣I−, j
∣∣2

[(
0 0
x 1 − p

)
â†
j â j

∑

i

ci |ψi 〉 〈ψi |

+
(
p x
0 0

)
â j â

†
j

∑

i

ci |ψi 〉 〈ψi |

+
(

0 x
0 1 − p

)∑

i

ci |ψi 〉 〈ψi |â†
j â j

+
(
p 0
x 0

)∑

i

ci |ψi 〉 〈ψi |â j â
†
j

]
. (36)

Tracing out the field part we can have the correction to the
qubit

δp = λ2
∣∣I−, j

∣∣2
(
(1 − 2p)〈â†

j â j 〉 − p
)

, (37)

and

δd = λ2
∣∣I−, j

∣∣2
x

(
〈â†

j â j 〉 + 1

2

)
. (38)

Tracing out the qubit part we have

λ2 ∣∣I−, j
∣∣2

[
pâ†

j

∑

i

ci |ψi 〉〈|ψi |â j

+ (1 − p)â j
∑

i

ci |ψi 〉〈ψi |â†
j − 1 − p

2
â†
j â j

∑

i

ci |ψi 〉〈ψi |

− p

2
â j â

†
j

∑

i

ci |ψi 〉〈ψi | − 1 − p

2

∑

i

ci |ψi 〉〈ψi |â†
j â j

− p

2

∑

i

ci |ψi 〉〈ψi |â j â†
j

]
. (39)

The energy change of the field is

�Q = λ2
∣∣I−, j

∣∣2
ω j

(
(2p − 1)〈â†

j â j 〉 + p
)

. (40)

The �Q is independent of x, while �S is x-dependent. If
for some constant quantity TR we want �Q/TR ≥ �S, this
implies that we need �Q/TR to be larger than the maximum
value of �S. We can find that 2

∂�S

∂x
= 0, (41)

and the value of �S is maximized at x = 0. We have

�S(x = 0) = − ln
1 − p

p
δp

= λ2
∣∣I−, j

∣∣2 ln
1 − p

p

(
(2p − 1)〈â†

j â j 〉 + p
)

. (42)

If

(2p − 1)〈â†
j â j 〉 + p ≥ 0, (43)

the �Q/TR ≥ �S implies

ω j

TR
≥ ln

(
1 − p

p

)
. (44)

Combining the two equations above, if we have

ω j

TR
≥ ln

( 〈â†
j â j 〉 + 1

〈â†
j â j 〉

)

, (45)

it will imply

〈â†
j â j 〉 ≥ 1

eω j /TR − 1
, (46)

and the (44) must hold.
On the other hand, if (2p−1)〈â†

j â j 〉+ p ≤ 0, then all the
≥ in the above inequalities become ≤ and we end up with

〈â†
j â j 〉 ≤ 1

eω j /TR − 1
. (47)

2 Here we need to insert (37) and (38) into (26) and calculate the final
Von Neumann entropy, then we can have the �S and its derivative.

123



Eur. Phys. J. C (2024) 84 :357 Page 7 of 9 357

Obviously, the only one that satisfies both cases is 〈â†
j â j 〉 =

1
eω j /TR−1

, which is also known as the average number of

particles in Bose–Einstein distribution. �

3 Discussion on canonical thermal pure quantum state

Our question now is which type of initial state satisfies the
two theorems proved in Sect. 2. The thermal state definitely
matches the requirements. We can write the density matrix
of the thermal state as [19]

∞⊗

j=1

∞∑

n j=0

n̄
n j
j

(1 + n̄ j )
1+n j

|n j 〉〈n j |, (48)

where for each integral value j, n j ∈ [0,∞), and n̄ j :=
1/

(
e

ω j
TR − 1

)
. Since (48) contains only diagonal terms, we

have 〈â j 〉 = 0, and for each j

〈â†
j â j 〉 =

∞∑

n j=0

n̄
n j
j n j

(1 + n̄ j )
1+n j

= n̄ j . (49)

The result corresponds exactly to Theorems 1 and 2 we
proved.

So is a pure state possible? One idea is to construct the
following kind of pure state, called canonical thermal pure
quantum (CTPQ) state(unnormalized) [20–22]

|β, Ĥ〉 =
∑

i

zi exp
(

− β Ĥ

2

)
|i〉, (50)

where zi is a set of random complex numbers, whose real and
imaginary parts satisfy the unit normal distribution, β is the
inverse temperature, and |i〉 is a set of orthogonal normalized
bases in a Hilbert space. We have

〈â j 〉 =
∑

k=0〈k| exp (−βω j k/2)z∗k â j
∑

i=0 zi exp (−βω j i/2)|i〉
∑

i=0 |zi |2 exp (−βω j i)

=
∑

k=0〈k| exp (−βω j k/2)z∗k
∑

i=0 zi exp (−βω j i/2)
√
i |i − 1〉

∑
i=0 |zi |2 exp (−βω j i)

=
∑

i=0 z
∗
i zi+1

√
i + 1 exp (−βω j (2i + 1)/2)

∑
i=0 |zi |2 exp (−βω j i)

(51)

and

〈â†
j â j 〉 =

∑
i=0 |zi |2 exp (−βω j i)i∑
i=0 |zi |2 exp (−βω j i)

. (52)

For an arbitrary set of zi -sequences, the above result does not
support the Theorems 1 and 2. This is because even if we are
taking values with unit normal distribution, one may have the
stochastic error from zi that cannot be ignored. However, if

we take enough sets of zi and then average them, we will have
z∗i zi+1 = 0 and |zi |2 = 1, thus satisfying the conditions.

It is necessary to emphasize the difference between the
CTPQ state and the thermal state. It is well known that the
pure state is a vector in a Hilbert space, while the mixed state
is not. If we compute the expectation value of an operator Â
in some mixed state ci |ψi 〉〈ψi |, we have

〈 Â〉 = Tr
(
ci 〈ψi | Â|ψi 〉

)
. (53)

Here we have to do two averages. The first is to find the
expectation value of the operator Â on the pure state |ψi 〉,
since the state |ψi 〉 may not be the eigenstate of the operator
Â. The second is to evaluate the distribution contributed by
the coefficient ci .

For the pure state, there is no second averaging, since it
is a definite vector in Hilbert space. The CTPQ state, on the
other hand, does not choose a definite vector at the begin-
ning, but mixes in some randomness. By averaging multiple
random vectors again, it has the same results as the thermal
state. For most systems in nature there are typically a large
number of particles and the dimension of a Hilbert space
grows exponentially, and the averages of mean and variance
of the operator will converge to the thermal result [23]. But
we should also note that this similarity is based on probabil-
ity, and when the particle number is not large enough or we
take the value in a single run, the final result may still be very
different from the thermal state.

In our model, although there are infinite modes in the
cavity QFT, only one mode actually contributes to the result.
Theorems 1 and 2 strictly hold when this mode is in a thermal
state, but if we construct a pure state, Theorems 1 and 2 may
not hold because the randomization itself introduces errors.
We can get the result of a thermal state by selecting multiple
pure states and then averaging them, but this would probably
no longer be the true definition of a pure state.

4 Conclusions and outlook

In this work, we revisit the thought experiment proposed by
Polchinski on whether pure and thermal states can be dis-
tinguished. Since the thermal state appears as a necessary
condition in Landauer’s principle, we construct a model to
study the interaction between the qubit and the cavity QFT,
where the qubit serves as the system S and the cavity QFT
serves as the reservoir R. To better understand the signifi-
cance of the thermal state, we did not specify the initial state
of the cavity QFT, but rather asked what conditions the cav-
ity QFT would have to satisfy if Landauer’s principle holds.
In a sense, this work is not written to discover new things,
but to explain what we already know in a new way. That is,
assuming that certain results hold, to use a operational way to
trace back to what we need to find, so that we can understand
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which operators can be used as indicators of the thermal state.
This may lead to a better understanding of certain physical
conditions. Using the perturbation method, we obtain two
theorems:

• In the order of λ, the von Neumann entropy of the
qubit remains unchanged, and its energy changes just
the opposite of the cavity QFT. For Landauer’s princi-
ple to hold under all possible conditions, we must have
〈â j 〉 := ∑

i ci 〈ψi |â j |ψi 〉 = 0 for the modeω j = �, and
as a result, �Q = 0.

• In the order of λ2, for a positive quantity TR, in order
to have �Q ≥ TR�S, the initial state of the cavity QFT
has to satisfy 〈â†

j â j 〉 := ∑
i ci 〈ψi |â†

j â j |ψi 〉 = 1
eω j /TR−1

.

These two theorems are valid for the thermal state. Do they
hold for the pure state? We discuss one possible candidate,
the CTPQ state. It is defined as a set of orthogonal normalized

bases in a Hilbert space with the operator exp
( − β Ĥ

2

)
acting

on them, and mixed in some random numbers. Averaging
these random numbers gives the same result as the thermal
state. When the number of particles in the system is large,
the dimensions of the Hilbert space also become large, and
the average errors generated by random numbers become
smaller. It is probably more like a mixed state, but it still
gives us a good clue to explore the difference between the
pure and mixed states.

Returning to the original question, can a pure state be oper-
ationally indistinguishable from a thermal state? Our answer
is it depends on the specific system and the definition of
the pure state. For most of the systems in nature, there are
typically a large number of particles and the dimension of
a Hilbert space. The thermal state corresponds to a specific
distribution. For the pure state, if all particles are in a partic-
ular pure state, or the total system is in a pure state, it may
not give the same result as the thermal state. Its similarity
to the thermal state is based on probability. However, if each
particle is in a random pure state separately, or we are consid-
ering a large number of pure systems as the ensemble, using
a detector to interact with them may obtain the same result
as the thermal state.

We conclude with a brief discussion of possible applica-
tions of this work. First, we can return to the more fundamen-
tal physics problem of how the thermal state and temperature
are actually defined. If we consider a large system that is in a
microcanonical distribution and the internal interactions are
weakly coupled, the temperature emerges as a parameter that
fixes the equilibrium condition, and the canonical partition
function can be obtained by saddle-point approximation [24].
The canonical thermal system can be considered as a subsys-
tem of the microcanonical system, and this allows us to work
on the definition and properties of the thermal state from the

source, e.g. by considering stronger couplings [25,26] or the
generalization of microcanonical systems [27]. In addition, it
has also been recently shown that even when idealized mea-
surements cannot be made, it is still possible to read out the
symmetric characteristic function of the states of QFT by
using state tomography [28]. All of these directions may be
the subject of future research.

Second, the qubit in this work is at a fixed position in an
inertial reference system. We can also consider the cases of
accelerating detectors [29,30] and detectors in curved space-
time [31–33], which will help us further understand the quan-
tum information in non-inertial systems. For example, in this
work the variation of the off-diagonal elements of the qubit
corresponds to the decoherence effect, and there are also
some recent literatures discussing the connection between
decoherence and accelerating detectors [34,35]. The accel-
erating detectors may also be able to shed some light on the
problem of quantum gravity [36]. Furthermore, in this work
we consider bosonic field, so the Bose–Einstein distribution
is satisfied. For fermionic field, we believe the results must be
different. A discussion of Landauer’s principle for fermionic
field can be found in [37]. We can also consider different field
theories, especially the conformal field theory and effective
field theory of gravity [38].

Finally, Polchinski’s motivation for proposing the thought
experiment was to better understand the black hole informa-
tion loss paradox, so investigating the time evolution of the
CFT at the boundary corresponding to the matter collapse
process in the bulk is a more straightforward choice [39].
It would be interesting to try to compute observables of this
process, such as the two-point correlation function, and com-
pare them with the results in AdS/CFT. We will pursue these
directions in our future work.
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