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Abstract The weak cosmic censorship conjecture, since
its proposal, has always been a controversial hypothesis, but
its significance in astrophysics is undeniable. For a regular
black hole, its center does not contain a singularity, and the
destruction of the horizon of such black holes is not pro-
tected by the weak cosmic censorship conjecture. Therefore,
we employ Gedanken experiments to study the hairy Kerr
black holes, which are promising candidates to serve as ”sim-
ulators” of astrophysical black holes. By investigating these
black holes through testing particles and scalar fields car-
rying large angular momentum, we explore whether these
black holes can achieve overspinning. Our results suggest
that the overspinning behavior of these hairy Kerr black holes
in extremal or near-extremal conditions strongly depends on
the hairy parameters («, /p). This not only potentially offers
us an opportunity to explore the interior structure of black
holes, but may also provide clues for constraining the hairy
parameters. This phenomenon might reveal the connection
between the no-hair theorem of black holes and the weak
cosmic censorship conjecture, bringing new perspectives to
our understanding of these theories.

1 Introduction

Black holes, as a product of the predictions of general relativ-
ity, were most directly confirmed only recently when LIGO
detected gravitational wave signals from a binary black hole
merger for the first time [1]. Within the framework of gen-
eral relativity, the singularity theorems proposed by Penrose
and Hawking state that, under certain material energy and
initial conditions, gravitational collapse inevitably leads to
the emergence of spacetime singularities [2,3]. At these sin-
gularities, all physical laws diverge, meaning gravitational
theory is not applicable near these singularities. If these
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exposed “’points” (naked singularities) exist in spacetime,
they would disrupt the well-defined spacetime geometry and
causal laws. To ensure that physical laws are not threatened
by these naked singularities, Penrose proposed a hypothesis
that these so-called singular points should not exist indepen-
dently in spacetime but should be surrounded by an event
horizon. Only if these singular points are hidden within the
horizon, the geometry of spacetime and causal laws outside
the event horizon will not be affected by the singularity. This
is what is known as the weak cosmic censorship conjecture
(WCCQC) [4]. The weak cosmic censorship conjecture, as a
mechanism to protect classical gravitational theory, although
it cannot be described by a strict mathematical formula to date
[5], its status in black hole physics is undeniably significant.

The weak cosmic censorship conjecture, serving as a
hypothesis for classical gravitational theory, requires further
exploration to determine its universal applicability. If this
conjecture is violated, we may observe the internal struc-
ture of black holes and quantum gravitational phenomena
[6]. There are many methods to test the weak cosmic cen-
sorship conjecture, such as through numerical simulations,
like simulating the collapse evolution of matter [7-16], col-
lisions of supermassive black holes [17-20], and testing the
conjecture in phase space [21-25]. Besides these methods,
in 1974, Wald first proposed a version of a thought exper-
iment (Gedanken experiment) [26], considering throwing a
test particle with large electric charge and angular momentum
into an extremal Kerr—Newman (KN) black hole. The results
showed that the weak cosmic censorship conjecture is sup-
ported in Kerr—Newman black holes under first-order pertur-
bations. Since the first version of the thought experiment was
proposed, corresponding situations have been discussed in
different types of black holes [27-29]. Notably, in reference
[28], Alberto Saa and others considered near-extremal Kerr—
Newman black holes under first-order perturbations. Their
results indicated that a test particle could fall into the black
hole, potentially creating a naked singularity by disrupting
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the event horizon. These studies focused on first-order per-
turbations. Later, Hubeny extended the first version of the
thought experiment to second-order perturbations, showing
that the event horizon of a Kerr—Newman black hole could
be disrupted in extremal cases [30]. This led to a surge of
research [31-44]. Some of these studies suggest the possi-
bility of black hole overspinning. Notably, in reference [31],
Gao and others mentioned that if spacetime effects are fully
considered during the process of a particle falling into a black
hole, the weak cosmic censorship conjecture seems to be
supported. To make the Gedanken experiment more rigor-
ous, in 2017, Sorce and Wald proposed a more complex sec-
ond version [45,46], extending Hubeny’s Gedanken experi-
ment results to any matter satisfying zero-energy conditions
[30,47]. Their results suggest that disrupting the event hori-
zon of near-extremal Kerr—Newman black holes becomes
improbable after considering certain factors. Following the
new version of the Gedanken experiment, research in dif-
ferent systems or backgrounds emerged, such as [48-61],
where authors tested the weak cosmic censorship conjecture
in various scenarios.

Recently, explorations into quantum effects have sparked
significant interest in Gedanken experiments. In two versions
of the Gedanken experiments, considering spacetime effects
and radiation effects seems to solidify the status of the weak
cosmic censorship conjecture. However, in an article by Li
Zilong et al, they suggest that, under quantum effects, it is
possible for the event horizon of a regular black hole to be
disrupted [6]. In other words, regular black holes might not be
under the “supervision” of the weak cosmic censorship con-
jecture, and their event horizons could be disrupted, opening
possibilities for studying the internal structure of black holes.
Considering some quantum tunneling scenarios, the disrup-
tion of the event horizon is possible [40,41,55,62,63]. In
literature [64], Semiz and others corrected the views on the
counter-effect and superradiance. Their results suggest that
black holes can capture a small number of particles, which
could potentially disrupt the black hole’s event horizon. In
summary, when test particles or scalar fields scatter near the
event horizon of black holes, due to quantum effects, extremal
or near-extremal black holes might absorb some hazardous
particles or scalar fields, causing the black hole to overspin.
This is significant for exploring the internal structure of black
holes.

Therefore, seeking a more physically realistic black hole
to explore the potential disruption of its event horizon is a
meaningful research endeavor. In the quest for astrophysi-
cal black holes existing in the universe, people believe that
conventional black hole solutions cannot exist due to the cos-
mic environment not being purely a vacuum and steady state,
but rather filled with matter and fields (like dark energy or
dark matter). This necessitates further research into black
hole solutions that align more closely with physical reality.
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Recently, a popular “mimicker” emerged, namely the hairy
Kerr black hole solution [65,66]. This rotating hairy Kerr
black hole is constructed through gravitational decoupling,
not using the Newman-Janis (NJ) algorithm to construct rota-
tion, thus avoiding some drawbacks brought about by com-
plex coordinate transformations inherent in the NJ algorithm
[67]. Theoretical research has extensively studied the hairy
Kerr black hole, as seen in references [68—70]. Around the
hairy Kerr black hole, additional matter sources create devi-
ations from the Kerr black hole structure, aligning more with
physical reality and of great interest to us. In the spacetime of
the hairy Kerr black hole, the event horizon radius strongly
depends on the hairy parameters (¢, /), and their laws satisfy
the strong energy conditions outside the event horizon [71].
We find that the presence of hairy parameters («, /o) affects
the inner and outer radius of the event horizon, sparking our
intense interest in the internal structure of the hairy Kerr black
hole. Because the hairy black hole spacetime is more in line
with the physical reality, in this article, we will use test par-
ticles and scalar fields carrying large angular momentum to
explore this spacetime.

The structure of the article is as follows: In the sec-
ond section, we briefly introduce the hairy Kerr black hole.
In the third and fourth sections, we use test particles and
scalar fields, respectively, to examine the possibility of the
event horizon disruption in the hairy Kerr black hole. In
the final section, we provide a summary and further discus-
sion. Throughout the article, we adopt the natural unit system
wherec =G = 1.

2 Hairy black holes in gravitational decoupling

In classical general relativity, a black hole can be described
solely by its mass M, charge Q, and spin parameter a, as
per the famous no-hair theorem [72,73]. However, like the
weak cosmic censorship conjecture, this theorem cannot be
described with a rigorous mathematical formula. To test its
rigor, several articles have presented examples that contradict
the no-hair theorem [74-77], with the first counterexample
being the charged” black hole solution found in literature
[78]. Additionally, in these counterexamples, people have
discovered extra hairs” such as scalar field hair and soft
quantum hair [76,77,79]. In our real universe, black holes
might be surrounded by dark matter or dark energy, or there
could be additional hairs due to the interaction between black
hole spacetime and matter, potentially leading to correspond-
ing spacetime changes. Recently, Ovalle and others proposed
a simple method for generating hairy black holes, which was
later extended to rotating cases by Contreras et al [65,71].
Through the method of gravitational decoupling, it is quite
straightforward to extend many black holes from known solu-
tions to non-trivial extensions.
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For the extension of the Kerr black hole to hairy black
holes, in Boyer-Lindquist coordinates, as given by [80]
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In gravitational decoupling, the Einstein field equations can
be written as

Guv = kT = k(Tyy + Syi). (6)

There, S, represents the additional source [81]. Contreras
et al. achieved a non-trivial extension of the Kerr black
hole, namely the hairy Kerr black hole, by introducing an
extra energy-momentum tensor into the known Einstein—
Kerr black hole solution. The metric is as follows [65]

;%:M—a%e—’/(M—%”), )
and
R=r2+a®—2rM+arte /M=%, ®)

The solution of this hairy Kerr black hole follows the strong
energy condition and is similar to the Kerr black hole, with
the singularity of spacetime existing at g’” = A = 0 and
T # 0. In the hairy Kerr black hole, /[, = «l represents
the primary hair, with o being the deformation parameter
caused by the presence of surrounding matter. The condition
l, < 2M = i ensures the asymptotic flatness of spacetime
[65].

In our paper on hairy Kerr black holes, we primarily dis-
cuss the impact of the hair parameters («, [p) on its event
horizon. This is because we know that the event horizon of
the hairy Kerr black hole is strongly dependent on the hair
parameters («, lp).

The event horizon of the hairy Kerr black hole is given by

rr

g = A = 0. That is, writing formula (8) as

r

lo

A=r24d®—2M+arte "% =0. (C))

From the calculation of Eq. (9), we obtain

2
=M M 1= L (10)

lo .
there y = arﬁe" #/MM=73) and rj, represents the event hori-

zon. Analyzing Eq. (10), it can be easily deduced that when
¥ 4+ a®> < M?, the term under the square root is positive.
From a physical perspective, this indicates a spacetime with
a black hole. However, it is clear that when y + a’ > M?,
the term under the square root becomes negative. In physical
terms, this implies that the metric does not possess an event
horizon, thus no longer describing a black hole. Our inter-
est lies in the case where there is no event horizon, as this
represents an opportunity to further understand the internal
structure of black holes.

To better describe the effect of the hairy parameters (¢, /)
and the spin parameter a on the hairy Kerr black hole, we will
illustrate the relationship between the number of horizons of
the hairy Kerr black hole and these parameters in a graph,
labeled as Fig. 1. From the Fig. 1a, b in Fig. 1, we can intu-
itively discern that the number of event horizons is strongly
dependent on the variation in the hairy parameters. For the
Fig. 1a, as the parameter « gradually increases, the number
of event horizons transitions from two to one, and eventually,
the horizon disappears. This indicates that the value of « leads
to the overspin of the hairy Kerr black hole. In the Fig. 1b,
different values of [y result in various degrees of disruption
to the hairy Kerr black hole. However, we find that when the
value of « in the hairy parameter is as large as possible and
lp is as small as possible, in this case, the event horizon of
the hairy Kerr black hole is more easily destroyed. Overall,
the destruction of the event horizon of the hairy Kerr black
hole is strongly dependent on the hairy parameters.

For the hairy Kerr black hole, the area of the event horizon
is given by the following formula:

A= / JE0089pd0de = An (r,f + a2> , (11)
and the angular velocity at the event horizon is as follows:
Qy=-%8__9 (12)

g3 ri+ad?

3 Investigating the impact of hairy parameters on the
destruction of the event horizon through test particles

To investigate whether the hairy Kerr black hole can be over-
spun using test particles, we need to examine the following
conditions: first, whether the test particles can fall into the
event horizon; second, whether the test particles that fall into
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Fig. 1 a The variation in the number of event horizons of the hairy
Kerr black hole with respect to the hairy parameter o when the hairy
parameter /g is set to a fixed value. b The change in the number of event

the event horizon meet the conditions for overspinning the
hairy Kerr black hole. When both of these conditions are
satisfied, we analyze the impact of hairy parameters on the
destruction of the event horizon.

According to the calculations in Sect. 2, the equation for
the event horizon of the hairy Kerr black hole is as follows:

y +a?
M2

=M+ M]1— (13)

. . — _lo
In this equation, y = ar}%e mn/ (M=% ), and ry, represents the

event horizon. Analyzing the Eq. (13), the event horizon of
the hairy Kerr black hole exists only when y + a*> < M>.
However, when y + a? > M2, it implies that the event hori-
zon does not exist in this spacetime, exposing the spacetime
singularity at the center to observers at infinity. This provides
an opportunity to understand the internal structure of black
holes. In this paper, we primarily discuss this scenario.

In the spacetime of the hairy Kerr black hole, the motion
of particles is typically described by the geodesic equation:

d2xH
dt?

dx® dxP
r——— =0, 14
b qr dr (14)

The Lagrangian for this system is:

1 dx*dx¥ 1 e

L = Elug,w?d—r = Ep,glwx“x”. (15)
To measure the angular momentum and energy of test par-

ticles, we design the test particles to slowly approach along

the equatorial plane. Since the test particles move on the
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horizons of the hairy Kerr black hole with respect to the hairy parameter
o when [ takes different values, with M = 1)

equatorial plane, there is no motion in the 6 direction, which
means j—f = 0. Therefore, the momentum of the test particle
in the 6 direction is zero, and the test particle only moves on
the equatorial plane, with no component in the 6 direction

(.e., ‘di—f = 0), which can be expressed as

po = — =m 9 =0 (16)
: .
0 822

In this case, based on the motion equation of the test particle,
the angular momentum &/ and energy § E can be represented
by the components of the test particle in the ¢ and ¢ directions,
respectively, as follows

§J =P, oL . (17)
= = — =m X N
¢ ) 83v
and
JL .
SE =—P; = T —mgopx"”. (18)

If a test particle can enter the interior of the event horizon,
then the total energy and angular momentum of the hairy
Kerr black hole will also undergo corresponding changes.
This means that when the test particle enters the interior of
the event horizon, a composite system consisting of the hairy
Kerr black hole is formed. At this point, the changes in the
energy and angular momentum of this composite system are
expressed as follows

M— M =M+ E, (19)
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and
J—J =J+4J. (20)
When a test particle moves outside the event horizon of

a the hairy Kerr black hole, its four-dimensional velocity is
timelike, represented by the following equation:

hY _dxtdx,  dx"dx" 1 wp p o 1
R R T dr_,uzg prv e

2D
After rearranging this equation, we obtain
¢OSE? —2g8EST + g P 4 gB5s2 = —m?. (22)

From this, we can calculate the energy increment gained by
the hairy Kerr black hole from the test particle, given by

03
1
gOOSJ + " \/I:(g03)25_]2 _ g00(8335_]2 + gllpr2 + m2i|'
8 8

(23)

0F =

Regarding the Eq. (23) mentioned above, we find that the
energy can have two values. However, careful analysis
reveals that when considering a test particle moving from
infinity towards the event horizon, the motion of the test par-
ticle must be timelike and future-directed. This requires sat-
isfying the following condition:

di 0 (24)
— > 0.
dt

By organizing the energy and angular momentum of the test
particle, we find that when the conditions of the motion being
timelike and future-directed are met, the derived conditions
for energy and angular momentum are as follows:

SE > —5%857. (25)

833

Therefore, under the energy condition of Eq. (25), it can
be concluded that the energy increment gained by the black
hole from the test particle can only take the negative sign,
expressed as

g03 1 )
WSJ—W\/[(g(B) 8J% — g00(g335J2 4+ g1 P2 + mZ]
g

g
(26)

0F =

In the analysis of the conditions that energy and angular
momentum must satisfy, we find that for a test particle to

precisely fall into the event horizon, its energy and angular
momentum must fulfill the following condition

5J < — lim 235E. 7

r—rp g03

By jointly solving Egs. (12) and (27), we obtain

SE _ r*+4d?
57 < — lim $Bsp =28 " *4
r=>Th 803 Qu a

SE. (28)

This means that there must be an upper limit to the angu-
lar momentum of the test particle.From a physical intuition
perspective, when a test particle has a very large angular
momentum, the centrifugal repulsion becomes much greater
than the attraction between the particle and the black hole. In
this case, the test particle will deviate’ from the hairy Kerr
black hole. In other words, if the angular momentum of the
test particle is too large, it will not be able to fall into the black
hole. Therefore, for a test particle to be captured by the hairy
Kerr black hole, there must be an upper limit to its angular
momentum, denoted as 6 J,,,4x. Hence, from Eq. (28), we can
determine that the upper limit of the angular momentum 6 J
of the test particle is

24,2
8Ty < JE Ao (29)
Q H a

Furthermore, according to the event horizon conditions of
the hairy Kerr black hole, we know that a test particle entering
the event horizon does not imply that the hairy Kerr black
hole can be overspun. This is because when a test particle
enters the event horizon, it forms a composite system with
the angular momentum and mass of the hairy Kerr black
hole itself. The event horizon of the hairy Kerr black hole
disappears only when the formed composite system satisfies
¥ +a® > M?. By rearranging this condition, we can derive

v

a>M l—szU, (30)
that is
J > M?o. (31)

When a test particle enters the event horizon, the hairy Kerr
black hole absorbs the angular momentum §J and energy § E
of the test particle, forming a new composite system. The
condition for this system to disrupt the event horizon of the
hairy Kerr black hole becomes

7o' M 32)

_ %%8E — (0)8E? and there, k =

This is because o contains mass M, and when

Here,o' = o

'n
@M—lp)*"
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the composite system is formed, the mass in o also under-
goes a corresponding change (M + §E,E < M) (a Tay-
lor series expansion has been utilized here). Ignoring higher
order small quantities, o’ becomes o — %%8 E, that

iso’' =0 — %%SE, then Eq. (32) becomes

2
1y (kM —2 :
I >o'M? = (a _ —M8E>M . (33)

20 M3
By substituting Egs. (19) and (20) into Eq. (33), we obtain

1y (kM =2)

J+68J —
+ ><0 20 M3

8E> (M +8E)*.  (34)

Expanding Eq. (34) yields

1y (kM —2
v ( )aE

J+87>(o—— <M2 SE> 2M8E).
+ ><a S ) +SE2 +

(35)

After rearranging, we get

1y (kM —2
5T > <0M2 - J) n (20M— —M) SE

20 M

(e L2 e

3 ——( )(SE?’.
o M

20 M3
(36)

The Eq. (36) represents a lower limit for a test particle to dis-
rupt the event horizon of a hairy Kerr black hole. Analyzing
the above equation, since §E is a first-order small quantity,
neglecting the effects of higher-order perturbations, Eq. (36)
becomes

k
5 Jmin > <0M2 _ J) + <2aM + ﬁ _ ’2’—0) SE.  (37)

This equation represents the lower limit of angular momen-
tum for a test particle to disrupt the event horizon after enter-
ing it. Through the above analysis, only when the chosen test
particle satisfies both conditions of Eqgs. (29) and (37), can
the event horizon of the hairy Kerr black hole potentially be
disrupted, exposing the internal structure of the hairy Kerr
black hole.

Next, we will discuss two scenarios separately: extremal

2
and near-extremal cases. In the extremal case, when V;;Z =

1, the event horizon of a hairy Kerr black hole can be written
as

= M. (38)

@ Springer

In the first-order approximation, the condition for the destruc-
tion of the event horizon of such a hairy black hole can be
expressed as follows

SE 2+ a?
Sy < o = T (39)
QH a
and
57,0 > (20m + 2 — K\ sE. (40)
oM 20

By combining Eqgs. (30), (38), and (39), we can calculate

2 2
8 Tmax < u(sE
a

B M?*0? + M?6? 4y
B Mo

SE = (ZMU + L) SE.
Mo
(41)

From Egs. (40) and (41), it can be visually observed that the
angular momentum and energy of the test particle can simul-
taneously satisfy these two conditions. In other words, as long
as the angular momentum of the test particle falls within the
energy range constrained by these two conditions, the event
horizon of the hairy Kerr black hole can be destroyed. When
the hair parameters («, ly) approach zero (i.e., @« = 0), the
hairy Kerr black hole degenerates into a Kerr black hole. The
analysis results from the above equation are consistent with
previous studies on Kerr black holes, which conclude that
the event horizon of an extremal Kerr black hole cannot be
destroyed by test particles [59].

If we take into account second-order or higher-order small
quantities, it does not affect the analysis results. Combining
Egs. (36), (40), and (41), we have

yk 1y kM —2)
6Jmax - 8]min ZZCSE - <U — ;T 5E2

1y (kM —2)
— " §E°.
+ 20 M3
(42)

Clearly, for the given Eq. (42), it is evident that when higher-
order perturbations are taken into account, the upper limit of
the angular momentum for the test particle is always greater
than the lower limit. The symbol y represents a function of
the hairy parameters y (¢, lp). In other words, the Eq. (42)
can only have a possibility of being less than zero when
there are no hairy parameters present (8Jy,qx — 8Jmin <
0). At this time, the hairy Kerr black holes has become a
standard Kerr black hole. In other cases, it is greater than
7e10 (8 JJpax — 6Jmin > 0), corresponding to the scenario
where hairy Kerr black holes can be overspun.



Eur. Phys. J. C (2024) 84:319

Page 7of 15 319

For another scenario, namely the near-extremal case (a &~
o M), the conditions for test particles to enter the event hori-
zon and disrupt the event horizon become

2 2
SUpae < T 5E 43)
a
and
k
Sdmin > (20M + L= —YENSE 4+ (@M? = 7). (44)
oM 2o

For the aforementioned case where a &~ o M, we can describe
the degree of proximity using a dimensionless small param-
eter €, given by

2

=1 = (45)
The parameter € is a number that approaches zero, i.e., € K
0. When € = 0, the equation becomes an extremal case.
Based on Eqs. (43) and (44), it can be concluded that in order
to destroy the event horizon of the spacetime in the near-
extremal case, the condition for destroying its event horizon
becomes

o —20M — 2> 0. (46)

The term (0 M> — J) neglected in the above equation is a
second-order small quantity. That is to say, If the conditions
stated in the equation are satisfied, the event horizon of a
hairy Kerr black hole can be destroyed in the near-extremal
case.

Due to € « 1, performing some series expansions yields

rn=M(+¢€), an
and
&2
a=M<G——+0(64)>. (48)
20

By combining Egs. (45), (46), (47), and (48), we obtain the
calculation result as

1 k
— oM - L 4+ 2
Qy oM 20
ayk +4M%*ce + 20 M?* + L) e — O(e*)
- 2a0 M “49)

The above analysis only considers the case of first-order per-
turbation. If we take higher-order perturbations into account

and combine Eqgs. (36) and (49), we obtain the expression as

SJmax - (SJmin
ayk +4M*ce + 20M? + L) e — O (¢*)
- 2a0

- (oM2 - J) - (a - éw) SE?

M2
Ly M-=2)
— " SE".
+20 M3

SE

(50)

Among them (o M? — J) = M;;z — 0 (&*). Equation (50)
can be expressed as

Sjmax - SJmin
_aYk+4M?oe+ (20M> + L) e — O ()

SE
2a0 M
M?2e? 1y (kM-—2
e (,__u SE?
20 o M?
I y(kM -2) 5 4
LYEM Dm0 ().
~|—20 IYE + & (51)

According to the equation above, it is clear that in the
near-extremal case, even under higher-order perturbations,
the event horizon of a hairy Kerr black hole can be dis-
rupted by test particles due to the presence of hair param-
eters (a, lp),i.e.,8 Jmax — 8Jmin > 0. Moreover, the larger
the hair parameter, the easier the disruption, which sug-
gests that the existence of hair parameters seems to facili-
tate the formation of naked singularities. These hair param-
eters («, lp) are represented by y, i.e., y(«, lp). Of course,
if the hairy Kerr black hole degenerates into a Kerr black
hole(§ J;yax — 6Jmin > 0), the conclusion obtained here is
consistent with previous research, which states that the event
horizon of a Kerr black hole in the near-extremal case can be
disrupted [59].

It is worth noting that, whether in extremal or near-
extremal conditions, even when higher-order terms are taken
into account (these higher-order terms include the spacetime
background and the self-energy of the test body), we find that,
in extremal conditions, it is approximately from Eq. (42) that

k

SImax — 8JImin = ;—SE + (higher-order terms). (52)
o

Innear-extremal conditions, it is approximately from Eq. (51)

that

aYk .
— 8Jpmin = ———38E + (higher-order terms).

8 Jmax 2610" M
(53)

From the above two equations, it can be intuitively obtained
that our analysis results are dominated by a first-order term.
When the spacetime background and the backreaction of
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the test body are sufficiently considered, these backgrounds
will affect the higher-order terms of our analysis frame-
work. However, due to the actual theory behind spacetime
and its complexity, we cannot accurately calculate the spe-
cific expressions of these higher-order terms. In this regard,
existing articles have also discussed this point (see refer-
ence [6,30]), where they found that when the test body is
uncharged, the impact of these effects is extremely small
(this is because the electromagnetic self-field backreaction
effect, which contributes most to the backreaction, can be
ignored at this time). Since our test body is also uncharged,
our backreaction will be even smaller, which means that it
has a very small impact on our analysis results, at least not
affecting the first-order results. Of course, since these effects
are extremely important for testing the weak cosmic censor-
ship conjecture, we will try to obtain a more accurate range
through numerical evolution in future work.

4 Using a scalar field to overspin a hairy Kerr black hole

Another method commonly used to test the weak cosmic
censorship conjecture is to scatter a black hole with a mas-
sive scalar field and investigate whether the resulting com-
posite system can lead to the disruption of the black hole’s
event horizon. In this subsection, we also adopt Semiz et
al.’s approach and use a scalar field carrying large angular
momentum to scatter a hairy Kerr black hole [82]. In order to
study the possibility of event horizon disruption, we examine
two scenarios: an extremal case and a near-extremal case, and
analyze the impact of the hairy parameters on the disruption
of the event horizon in these two situations.

4.1 Scattering of scalar fields with mass

When a scalar field is incident on a hairy Kerr black hole,
scattering occurs. Assuming that the mass of this scalar field
Y is given by m, the motion equation of the scalar field can be
described by the Klein—Gordon equation, which is as follows:

V.V’ — 1ty =0. (54)

According to the definitions of covariant and contravariant,
the equation can be written as

(V=88 d¥) — n*y = 0. (55)

«l“
oQ
(=3

According to the metric (1), we can calculate its determinant
as

g =detg,, = —p*sin’ 6. (56)

@ Springer

The contravariant tensor of metric (1) is given by the follow-
ing expression:

ARV
g = —. (57)
8
Substituting metric (1) into the above Eq. (55) yields
(r2 + a2)2 a?Asin0 32y daiir 32y
a2 Ap? dtdg
1 a | A 1
= A sin —
,52 or 32sin26 00 00
A —a?sin?6 821p ‘ﬁ
Ap sinZg 9?2 H (58)

The form of the solution for the scalar field i in the above
equation is as follows

Y (£, r,0,¢) =e "R (r) Sim(0)e™?. (59)

The S;,,(0) in the above equation is the angular spherical
function, where [ and m are constants for the angular sep-
aration variable, taking positive integer values. Substituting
Eq. (59) into the scalar field equation (58) yields the angular
equation for the scalar field:

1 d dSp, (0)
—F— — | SIn
sin2 9 d6 do

2
— (a2w2 sin® 6 +

—— — pla’cos? 0 — ,\lm) Sim (6) = 0.
sin~< 6

(60)
The radial equation for the scalar field is obtained as

d (~dR
2 (A2
dr dr
4amr m-a

2 242
+ r ta)wzf ~— Mo + —=
A A A

2,2

+ 4 Azm> R(r) =

(61)

Upon solving Eq. (61), it is found that its solution is a spheri-
cal function. Due to the normalization of spherical functions,
when calculating the energy flux in the subsequent steps, inte-
gration over the entire event horizon surface is performed,
with the integration of the spherical function equal to one.
Therefore, we are now more concerned with the radial solu-
tion of the scalar field equation. For convenience in solving,
we introduce the tortoise coordinate r, and define the tortoise
coordinate as

dr A

Ez r2 4 a?’ 62)
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By substituting the tortoise coordinate from the above equa-
tion into the radial equation (62) of the scalar field. we can
resolve it to obtain

A d(Z)dR+d2R+ ma 2
(r2+a2)2 ar dre  dr? @ r2 +a?

2Aamw A 29
2 <M r +)"lmo> R =0.
(63)

(2 +a) (2 +a?)

We mainly analyze the vicinity of the event horizon (r ~ r},),
where

A=0. (64)

By substituting Eq. (64) into Eq. (63), we can approximate
it as follows

d*R ma 2
an __M™ ) r=o. 65
dr*2+<a) r2+02) (65)

The expression for the angular velocity at the event horizon
of a Kerr black hole is given by The expression for the angular
velocity at the event horizon of a Kerr black hole is given by

a

_— 66
rh2+a2 (66)

Qy =

By substituting Eq. (66) into Eq. (65), the radial equation for
the scalar field can be expressed as

d’R
dr?

+ (0 —mSQy)> R = 0. (67)

The solution to Eq. (67) can be written in exponential form
as

R(r) exp[Xi(w — mQy)r]. (68)

The positive and negative signs in the solution of Eq. (68)
correspond to outgoing and incoming waves, respectively.
We primarily consider the scattering of a scalar field onto
a hairy Kerr black hole, where the black hole absorbs the
energy of the scalar field. Therefore, selecting the negative
sign in Eq. (68) is more physically realistic. The solution to
the radial equation for the scalar field in this case is

R(r) =exp[—i(w—mQpy)ry]. (69)

Substituting Eq. (59) into Eq. (69), we can obtain the approx-
imate solution of the scalar field near the event horizon as

Y (t,r,0,¢) =exp[—i(w—mQy)ry] e i S (0)e ™.
(70

With this approximate solution, we can proceed to calculate
the angular momentum and energy absorbed by the hairy Kerr
black hole when a scalar field scatters onto it. The absorbed
energy and angular momentum can be obtained by calculat-
ing the flux of energy and angular momentum around the
event horizon.

The energy-momentum tensor of a scalar field () with
mass (1) can be expressed in the following form

1
Ty = 9909" = S8 (8,00 v* +12yy*). (D)

By substituting the metric (1) into the above equation, we
can obtain

2 2
+ . .
17 = 0 0= ) SO O,
72
and
2 2
75 = " 0 — mQu) S ()™ S @)
D

(73)

Therefore, the energy flux through the event horizon is given
by

i—f = f/ T/ J=gdbd¢ = w(w — mQy) [r,f + az] ,
(74)

and the angular momentum flux through the event horizon is
given by

dJ
- = // T;/—gdfd¢ = m (@ — mQp) [r,,2 +a2] .
(75)

From the above two equations, it can be observed that when
(w > mQpg), the values of the angular momentum flux and
energy flux through the horizon are positive. This implies that
in this scenario, the hairy Kerr black hole extracts energy (6 E)
and angular momentum (§J) from the scalar field. When
(o < mSQp), however, the angular momentum flux and
energy flux through the event horizon are negative. In this
case, the scalar field extracts energy from the black hole,
which is known as black hole superradiance [83].

For a very small time interval (dt), the amount of angular
momentum and energy absorbed by the spacetime from the
scalar field can be expressed as

@ Springer
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dE = w(w — mQy) [r,ﬂ +a2] dt, (76)
and
dJ = m(w—mQuy) [r,f +a2] dr. 77)

By utilizing Eqs. (76) and (77), we can determine the energy
and angular momentum extracted by the black hole from the
scalar field after the scattering process. With this acquired
energy and angular momentum, we can analyze the disrup-
tion of the event horizon of the hairy Kerr black hole follow-
ing the scattering of the scalar field.

4.2 The overspinning state of the hairy Kerr black hole
after scattering with a scalar field

In this section, we mainly analyze whether a composite sys-
tem formed by the scattering of a scalar field carrying large
angular momentum with a hairy Kerr black hole can disrupt
its event horizon. We also discuss the impact of the hairy
parameter on the disruption of the event horizon.

For a continuous scalar field scattering process, we
approach it using the concept of infinitesimal differentials,
analyzing each time interval d¢. In the analysis process, each
dt interval is treated in the same way, with the only differ-
ence being the initial state parameter values. Therefore, we
only need to analyze one specific process among them.

From the analysis in Sect.2, it is known that the hairy
Kerr spacetime can be destroyed when the spin parameter a
changes. Using the same approach, in the scalar field scat-
tering process, the initial mass and angular momentum of
the hairy Kerr spacetime are M and J, respectively. After
the scalar field scatters, the mass of the hairy Kerr black
hole becomes M’ = M + dE, and the angular momentum
becomes J' = J + dJ, forming a composite system. By
analyzing the formula of the event horizon, we can deter-
mine whether the event horizon is disrupted by examining
the sign of the composite system o’ M’> — J'. If the sign is
positive, the event horizon of the black hole always exists.
If the sign of ¢’M'> — J' is negative, the event horizon of
this type of Kerr black hole is disrupted, exposing its internal
structure to observers at infinity.

For the changes of a composite system within a very
short time interval d¢, the energy and angular momentum
of the composite system formed after a hairy Kerr black hole
absorbs energy § E and angular momentum § J from the scalar
field within this time interval dt are

2 _
o'M”—J = (a - %%M) (M +dE)?

—(J+dJ)
= (oM?*—J)+0dE*+ 20 MdE

@ Springer

1 ykM=2) 1 y(M=2) ;72
~2 wm 4E— Ty dE

kM—2
— L YU g3 —d. (78)
When considering only the low-order terms and neglecting
the higher-order terms, the above equation becomes

k
U/M/Z—J/Z(oth—J>+ 26M+L—y— dE —dJ.
Mo 20

(79

Substituting the expressions for the energy and angular
momentum absorbed by a hairy Kerr spacetime from the
scalar field (Egs. (76) and (77)) analyzed in Sect. 4.1 into Eq.
(79), we obtain

k
o ME_ ] = <0M2 _ J) + (20M + X V—) m?

Mo 20

N ! (2 - an)
mo (oM - 3) ) m

x [r,ﬂ + az] dr. (80)

In extremal situations, thatis a M? = J, Eq. (80) becomes

Mo 2Mo
w 1 w
. E B b4 vk <Z B QH>
20M + e T 2o
x [rh2+a2] di. 1)

By using the formula for angular velocity (Eq. (12)), in the
extremal case, the angular velocity at the event horizon of a
hairy Kerr black hole can be simplified as

O — a _ Mo
"= r}%+a2  M2024+ M262+y
o I
= — < '
Mo + 375 (zaM + 3 - %) (82)

The equality in the above equation holds only when the hairy
parameters (o, ly) are zero (¢ = 0). From the above equation,
it can be seen that the presence of other hairy fields or matter
around a hairy Kerr black hole can have an impact, leading
to a deviation in the angular velocity of the hairy Kerr black
hole. This result also implies the possibility of disruption in
the event horizon of the hairy Kerr black hole.
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If we choose the mode of the incident scalar field as fol-
lows

©_ ] : +Q (83)
o_1 ay
mo 2\ (20M + 55 — 5

Mo 20

In that case, the state of the composite system becomes

1 k
oM?—J == (2om+ L _TE) 2
4 Mo 20
2
1 2 2 2
X — Qp (rh —i—a)dt

(84)

According to formula (84), it is evident that whether a hairy
Kerr black hole can be destroyed in near extremal cases
strongly depends on the hairy parameters (¢, lp). We can
obtain the following equation as the hairy parameters («, [y)
change, that is

o'M?—J <0. (85)
The equality in the above equation holds only when the hairy
parameters («, /o) vanish, indicating that there are no addi-
tional hairs present in the spacetime. This represents the
degeneration of the hairy Kerr black hole into a standard
Kerr black hole, and the analytical results align with those
obtained from general relativity, which states that extremal
Kerr black holes cannot be disrupted by scalar fields.

In fact, due to the influence of the hairy parameters («, lp),
the angular velocity of the hairy Kerr black hole undergoes a
deviation. This indirectly results in the existence of a range
of wave modes capable of disrupting the event horizon, the
range of which is analyzed in Eq. (81) as

1 w 1

=) < < .
Mo iz M (20 M+ — BE) (80)

Qy

This also implies that as long as the range of the incident
wave modes satisfies the condition in the above equation, the
composite system formed after the scalar field incident the
black hole will satisfy

o'M?—J <0. (87)
In other words, when the mode range of the scalar field sat-
isfies Eq. (86), the event horizon of an extremal hairy Kerr
black hole can be disrupted. Moreover, the larger the values
of the hairy parameters («, /), the greater the range of wave
modes that satisfy this condition. This implies that it is easier

to disrupt the event horizon of a hairy Kerr black hole as the
values of the hairy parameters increase.

In near extremal situations, i.e. oM? ~ J.In this case,
there is the following equation

o ME_ ] = (0M2 _ J) + (zaMJrL _ y—k) m?

Mo 2Mo
1
N En (2 - au)
m <20'M + % — %) m
x [r,ﬁ + az] dr. (88)
If the mode of the incident scalar field is
o _! ! +Q (89)
Z - ul.
2 k
m (2aM + e — V—o)
Then Eq. (88) becomes
1 Q
o' M? -] = (0M2 - J) _ - il m?
4 (ZUM + - %)
1 2
X|——(20M + ro_ y_k
Qy Mo 20
x (rh2 + az) dr?. (90)

Similar to the consideration of the near-extremal case in
Sect.2, here we also consider using a dimensionless small
quantity to represent its degree of approximation, i.e

2
gy +y:1—e2. C2))
M?2
Since € is a number approaching zero, by expanding Eq. (91)
using the Taylor series and then substituting it into Eq. (90),

we have

(om>— ) = Me (). ©2)

20
and
1 k
— —(2om+-L 22
Qy Mo 20

2 [2M26 + M2 -0 (64)] +ayk + Le2—0(e*)

2a0
aYk+4M?ce + (20M* + L) e? — O(e*)

2a0

93)
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Then, we can obtain the final expression as

1 Q
’M’Z—J’_(UMZ—J)—— il Q4
“(20M + 55 - 1)

1 K\ \?
xm? | — — 20M+L—y—
Qy Mo 20

X (rh2+a2>dt
M?e? 1 Q
z[ 3 ‘0(84)]_2(20M+HL_V_/<>7"2

2
(ayk +4M%0e + (20M? + L) €2 — 0(64)>
X
2a0

x (rh2 + az) dt. (94)

During the analysis of the scalar field impingement pro-
cess, we consider the composite state within an extremely
short time interval d¢, which means that here dt is a first-order
small quantity. From an analysis of the above equation, it is
understood that only when the hairy parameters («, lp) are
zero, we have o M’ 2 J' > 0. Under these circumstances,
the spacetime becomes a Kerr black hole, and the results of
the analysis are consistent with the idea that a near-extremal
Kerr black hole cannot be destroyed by a scalar field. Only
when the hairy parameters are non-zero, an analysis of the
above formula makes it easy to deduce that the first termis a
second-order small quantity (O (+€2)) and the second term
is a first-order small quantity (O(—dt)). The final effect of
this expression is a negative value,that is
o'M?—J <. 95)
This indicates that, due to the presence of “hair’ around the
hairy Kerr black hole, these hairs cause a shift in the angular
velocity of the hairy Kerr black hole, providing a possibility
for the disruption of its event horizon.

In summary, we discuss the disruption of the event hori-
zon by the incidence of scalar fields carrying large angular
momentum on extremal and near-extremal hairy Kerr black
holes. We find that in both extremal and near-extremal sit-
uations, the event horizon of the hairy Kerr black hole can
be disrupted by the scalar field, and the probability of this
disruption strongly depends on the "hair’ surrounding it. The
more “hair’ present around a hairy Kerr black hole, the easier
it is for its event horizon to be disrupted.

5 Discussion and conclusions

In this article, we have thoroughly explored the anomalies of
the weak cosmic censorship conjecture in hairy Kerr black
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holes. Specifically, when we carefully examine the destruc-
tion of the event horizon of hairy Kerr black holes using
Gedanken experiments with test particles or scalar fields,
we find that the destruction of the event horizon is strongly
dependent on the hairy parameters. In our research, we con-
clude that it is possible to overspin hairy Kerr black holes
using test particles, and that, whether in extremal or near-
extremal conditions, hairy Kerr black holes seem to violate
the weak cosmic censorship conjecture. When we explore
hairy Kerr black holes with scalar fields carrying large angu-
lar momentum, our findings suggest that, in extremal or
near-extremal conditions, the additional hair («, /o) present
in hairy Kerr black holes leads to their overspinning.

We investigated the scenarios where test particles and
scalar fields are incident on hairy Kerr black holes. Compared
to standard Kerr black holes, we find that the event horizons
of standard Kerr black holes without hair are not destroyed,
neither in the extremal case with test particle detection nor
in both extremal and near-extremal cases with scalar field
detection. However, the event horizons of hairy Kerr black
holes can be disrupted. This clearly indicates that the ability
of hairy Kerr black holes to overspin strongly depends on
the hairy parameters(w, ly). Additionally, for a regular black
hole, since there is no singularity at its center, its overspinning
is not protected by the weak cosmic censorship conjecture,
which is a point of interest for us. This is because if hairy Kerr
black holes can act as “simulators” of astrophysical black
holes, then in astrophysics, we can allow accretion disks to
autonomously absorb appropriate particles to overspin them,
providing a natural laboratory for exploring quantum gravity
inside black holes.

Certainly, the applicability of the weak cosmic censorship
conjecture in hairy Kerr black holes can be verified by con-
straining the hairy parameters («, lp). If we can effectively
limit or constrain the values of these hairy parameters, it
would help ensure the weak cosmic censorship conjecture
is upheld in the context of hairy Kerr black holes. This dis-
covery is not only crucial for our future research directions
but may also reveal a profound connection between the black
hole no-hair theorem and the weak cosmic censorship con-
jecture. Specifically, this implies that a deep understanding
and constraint of the hairy parameters are essential not only
for the validity of the weak cosmic censorship conjecture but
might also offer new insights into the black hole no-hair the-
orem, thereby enhancing our understanding of the interplay
and influence between these two fundamental theories.
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