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Abstract The lepton flavor violating decays h → e±
b e

∓
a ,

Z → e±
b e

∓
a , and eb → eaγ will be discussed in the frame-

work of the Two Higgs doublet model with presence of new
inverse seesaw neutrinos and a singly charged Higgs boson
that accommodate both 1σ experimental data of (g − 2)

anomalies of the muon and electron. Numerical results indi-
cate that there exist regions of the parameter space supporting
all experimental data of (g − 2)e,μ as well as the promising
LFV signals corresponding to the future experimental sensi-
tivities.

1 Introduction

In the two Higgs doublet model (2HDM) framework with
presence of new seesaw neutrinos, a recent study on lepton
flavor violating (LFV) decays of charged leptons eb → eaγ ,
(Standard Model-like) SM-like Higgs and neutral gauge
bosons Z , h → e±

b e
∓
a , showed that the Z → e±

b e
∓
a decays

are suppressed even with the future experimental searches,
in contrast with the promoting signal of the remaining LFV
decays [1]. On the other hand, the experimental data of
charged lepton anomalies (g − 2)e,μ [2–4] can be accom-
modated in the 2HDM adding a singly charged Higgs bosons
and new heavy leptons [5,6] such as neutrinos used to explain
the neutrino oscillation data through the inverse seesaw (ISS)
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mechanism. The new ISS heavy neutrinos give large one-
loop contributions, named as “chirally-enhanced” ones, to
both (g − 2)e,μ and LFV decays of charged leptons (cLFV)
[7]. The same contributions also predict large LFV decays
of the SM-like Higgs boson (LFVh) in the 3-3-1 model [8].
In contrast, the LFV decay rates were predicted to be sup-
pressed in many beyond the SM, including the 3-3-1 models
[9]. Therefore, we expect that there may appear promising
signals of LFV decays of the gauge boson Z (LFVZ ) in the
allowed regions accommodating the (g−2)e,μ data the men-
tioned models with ISS neutrinos. This is our main aim in
this work.

Moreover, our work here will be useful for further inves-
tigation another class of the beyond the SM (BSM) con-
sisting of both singly charged Higgs bosons and singly
charged vector-like (VL) leptons, which also give “chirally-
enhanced” contributions to accommodate the (g − 2)μ data
[7,10–16]. Namely, when the future (g − 2)e data is con-
firmed experimentally, the couplings of these VL particles
to both muon and electron can result in interesting conse-
quences on LFV decay rates which should be explored more
precisely elsewhere.

For the 2HDM adding a singly charged Higgs boson χ

and six ISS neutrinos (2HDMNL ,R) we choose to study
LFV decays in this work, although the one-loop contributions
from the W± in the loop do not affect the new deviations of
(g − 2)e,μ from the SM predictions, they affect strongly the
cLFV decay rates Br(eb → eaγ ) which are now constrained
strictly by experiments. Consequently, the LFVh decay rates
are also constrained more strict than the experimental sensi-
tivities, especially in the ISS extension of the SM without new
Higgs bosons [17–19]. The same conclusions for the LFVZ
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decays, where maximal decay rates are orders of O(10−7)

for Z → τ±e∓, τ±μ∓ [20–23], even for the 2HDM with
standard seesaw neutrinos [1]. Therefore, new contributions
from new singly charged Higgs bosons may give opposite
signs to relax the maximal values of these decays rates.

One-loop contributions from diagrams with virtual W±
used in this work will be computed in both unitary and ’t
Hooft–Feynman gauges, using the same notations introduced
in Ref. [1]. These formulas can be transformed into the forms
given in Ref. [23] used to discussed in a simple ISS exten-
sion of the SM. Formulas calculated in the unitary without
any need of information of Goldstone boson couplings will
be a great advantage applicable for calculating one-loop con-
tributions of new charged gauge boson to the LFVZ decay
amplitudes or new heavy neutral gauge bosons appearing in
BSM being searched for at LHC [24].

Experimental data for (g − 2)e,μ anomalies have been
updated recently. In this work we will discuss on the param-
eter spaces of a 2HDM satisfying the following experimental
data:

• aμ ≡ (g − 2)μ/2 data has been updated from Ref. [4]
showing a deviation from the SM prediction of aSM

μ =
116591810(43)×10−11 [25] combined from various dif-
ferent contributions based on the dispersion approach
[26–52]. In this work we will use the following devia-
tion [53]

�aNP
μ ≡ aexp

μ − aSM
μ = (2.49 ± 0.48) × 10−9(5.1σ).

(1)

• The recent experimental ae data was reported from dif-
ferent groups [2,3,54,55], leading to the two inconsistent
deviations between experiments and the SM prediction
[56–61]. In this work, we accept the following value:

�aNP
e ≡ aexp

e − aSM
e = (3.4 ± 1.6) × 10−13, (2)

where the latest experimental data for aexp
e was given

in Ref. [3]. There is another aSM
e value derived from

the measurement of the fine-structure constant of Cs-133
atoms [2], leading to �aNP

e = (−10.2 ± 2.6) × 10−13,
implying the 3.9σ deviation from the earlier. Although
our numerical investigation will use only the 1σ range
given in Eq. (2), the two (g − 2)e data have the same
order of magnitudes, therefore the two qualitative results
will be the same.

• The cLFV rates are constrained experimentally as follows
[62–64]:

Br(τ → μγ ) < 4.4 × 10−8,

Br(τ → eγ ) < 3.3 × 10−8,

Br(μ → eγ ) < 4.2 × 10−13. (3)

Future sensitivities for these decay will be Br(μ →
eγ ) < 6 × 10−14, Br(τ → eγ ) < 9.0 × 10−9,
Br(τ → μγ ) < 6.9 × 10−9 [65,66].

• The latest experimental constraints for LFVh decay rates
are

Br(h → τμ) < 1.5 × 10−3 [67],

Br(h → τe) < 2.2 × 10−3 [67],

Br(h → μe) < 6.1 × 10−5 [68]. (4)

The future sensitivities at the HL-LHC and e+e− collid-
ers may be orders of O(10−4) [69–71], O(10−4), and
O(10−5) [69] for the three above LFVh decays, respec-
tively .

• The latest experimental constraints for LFVZ decay rates
are

Br(Z → τ±μ∓) < 6.5 × 10−6 [72],

Br(Z → τ±e∓) < 5.0 × 10−6 [72],

Br(Z → μ±e∓) < 2.62 × 10−7 [73], (5)

The future sensitivities will be 10−6, 10−6, and 7×10−8

at HL-LHC [74]; and 10−9, 10−9, and 10−10 at FCC-ee
[74,75], respectively.

Our work is arranged as follows. In Sect. 2, we discuss on
the one-loop contributions of the W mediation to the decay
amplitudes Z → e±

b e
∓
a , using the notations introduced in

Ref. [1]. In Sect. 3, we will investigate the three LFV decay
classes, namely eb → eaγ , Z → e±

b e
∓
a , and h → e±

b e
∓
a

in the 2HDMNL ,R framework, concentrating on the regions
of the parameter space accommodating the 1σ range of the
(g − 2)e,μ experimental data.

2 One-loop contributions of W mediation to the decay
amplitude Z → e+

b e
−
a

In this section we will determine analytic formulas of all dia-
grams relevant to one-loop contributions of the gauge boson
W± to the decay amplitude Z → e+

b e
−
a in the unitary gauge,

using the notations introduced in Ref. [1]. Although the cal-
culation is limited in the two Higgs doublet models, in which
the results in the ’t Hooft–Feynman gauge were introduced
[1], the calculations in the unitary gauge can be generalized
for many BSM predicting new neutral and charged gauge
bosons. This is very convenient because the relevant cou-
plings of new goldstone bosons can be ignored.

In the 2HDM framework, the one-loop contributions of the
W± to the decay amplitude Z → e+

a e
−
b will be calculated
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in the unitary gauge, based on the well-known Lagrangian
parts constructed previously [1,76]. We summarize here the
necessary ingredients.

• We consider the 2HDM model consists of K exotic right-
handed neutrinos NI R (I = 1, 2, . . . , K ) as SU (2)L sin-
glets, in stead of 3 discussed in Ref. [1]. Because all
exotic NR are SU (2)L singlets, they do not couple to
gauge bosons Z and W±. Lagrangian for the charged
current is the same form given in Ref. [1], namely

Lcc = e√
2sW

3∑

a=1

K+3∑

i=1

(
Uaieaγ

μPLniW
−
μ

+U∗
ai n̄iγ

μPLeaW
+
μ

)
, (6)

where Uai is the 3 × (K + 3) mixing matrix of three
active neutrinos and new heavy ones, UU † = I , which
is defined as a submatrix of the following total (K +3)×
(K + 3) neutrino mixing matrix:

U ν :=
(
U
X∗

)
. (7)

Here we used the general from of neutrino mixing matrix
introduced in Ref. [1], in which the total neutrino mass
matrix is a (K + 3)× (K + 3) symmetric one denoted as
Mν . The original basis is ν′

L := (νL , (NR)c)T and ν′
R :=

(νL)c = ((νL)c, NR)T . The respective physical basis of
neutrinos is nL ,R := (n1L ,R, n2L ,R, . . . , n(K+3)L ,R)T ,
which consist of left and right components of the physical
Majorana states ni = nci ≡ (niL , ni R)T with ni R =
(niL)c. Useful relations are:

Lν
mass = −1

2
ν′
RMννL + H.c.,

U νTMνU ν = M̂ν = diag
(
m̂ν, M̂N

)
,

ν′
L = U νnL , ν′

R = U ν∗nR . (8)

We note here that Mν considered here is more general
than the standard seesaw (ss) form. Three physical active
neutrinos have masses being included in the matrix m̂ν =
diag(mn1,mn2 ,mn3), which must guarantee the neutrino
oscillation data. As the charged lepton states are assumed
to be physical from the beginning, ≡ Uab ∀a, b = 1, 2, 3
can be derived in terms of the experimental parameters
relating to the neutrino oscillation data. The sub-matrices
have the following properties.

(
UU†

)

ab
= (

UνUν
)
ab = δab ∀a, b = 1, 2, 3;

(
X∗XT

)

I J
= (

UνUν
)
(I+a)(J+b)

Table 1 Feynman rules for one-loop contributions to Z → e+
b ea

Vertex Factor Vertex Factor

Zμeaea iγ μ (tL PL + tR PR) Zni n j
ie

2sW cW
γ μ

[
qi j PL − q ji PR

]

= δ(I+a)(J+b) ∀a, b = 1, 2, 3; I,

J = 1, 2, . . . , K . (9)

They are originated from the unitary property and depen-
dent to the particular form of Mν .

• Lagrangian for the neutral current in this model is:

Lnc = eZμ

3∑

a=1

ēaγ
μ [tL PL + tR PR] ea

+ eZμ

4sW cW

K+3∑

i, j=1

n̄iγ
μ

[
qi j PL − q ji PR

]
n j , (10)

where

tR = sW
cW

, tL = s2
W − c2

W

2sW cW
, qi j =

(
U †U

)

i j
,

− 1

tR
= 2tL − tR . (11)

• The triple-gauge-boson couplings ZWW , which is chang
ed into the momentum notations, is written as follows:

LZWW = − e

tr
ZμW

+
ν W−

α 
μνα(p0, p+, p−),


μνα(p0, p+, p−) ≡ gνα (p+ − p−)μ + gαμ

× (p− − p0)
ν + gμν (p0 − p+)α . (12)

To calculate in the ’t Hooft–Feynman gauge, one needs more
particular information of the goldstone boson couplings.
Namely, Lagrangian for couplings of the goldstone boson
G±

W corresponding to W± is

LG =
3∑

a=1

6∑

i=1

g√
2mW

[
G−
W ēaU

ν
ai

(
mi PR − mea PL

)
ni

+G+
W n̄iU

ν∗
ai

(
mi PL − mea PR

)
ea

]

−etRmW Zμ

(
W+μG−

W+h.c.
)

− ietL Zμ

[(
∂μG+

W

)
G−
W

−G+
W ∂μG−

W

]
. (13)

The Feynman rules for Zeaea and Znin j couplings are
shown in Table 1.

It is emphasized that the factor for Znin j vertex for two
Majorana neutrinos in Table 1 is different from that appears
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in Lagrangian (10) by a factor two, which consistent with
Refs. [1,77].1

In the unitary gauge, the propagator of Goldstone boson
�

(u)
GW

= 0, therefore all contributions from diagrams consist-
ing of goldstone propagators vanish. In this work, we will
give all relevant one-loop contributions in the unitary gauge,
then we compare them with the previous results calculated
in the ’t Hoof–Feynman gauge.

2.1 Decays Z → e+
b e

−
a

The effective amplitude for the decays Z → e±
b (p2)e∓

a (p1)

is written following the notations introduced in Refs. [1,21],
namely:

iM(Z → e+
b e

−
a ) = ie

16π2 ua [ε/ (āl PL + ār PR)

+(p1.ε)
(
b̄l PL + b̄r PR

)]
vb, (14)

where εα(q) is the polarization of Z and ua(p1), and vb(p2)

Dirac spinors of e−
a and e+

b . We also used the relation q.ε = 0
to derive that p2.ε = −p1.ε, hence simplify the relevant
expression introduced in Ref. [1]. In this work, the form
factors āl,r and b̄l,r get contributions from one-loop correc-
tions. The on-shell conditions of the final leptons and Z are
p2

1 = m2
1 = m2

a , p2
2 = m2

2 = m2
b, and q2 = m2

Z . The
respective partial decay width is


(Z → e+
b e

−
a ) =

√
λ

16πm3
Z

×
( e

16π2

)2
(

λM0

12m2
Z

+ M1 + M2

3m2
Z

)
,

(15)

where λ = m4
Z +m4

b +m4
a −2(m2

Zm
2
a +m2

Zm
2
b +m2

am
2
b),

and

M0 = (m2
Z − m2

a − m2
b)

(
|b̄l |2 + |b̄r |2

)
− 4mambRe

[
b̄l b̄

∗
r
]

− 4mbRe
[
ā∗
r b̄l + ā∗

l b̄r
] − 4maRe

[
ā∗
l b̄l + ā∗

r b̄r
]
,

M1 = 4mambRe
[
āl ā

∗
r
]
,

M2=
[

2m4
Z−m2

Z

(
m2
a + m2

b

)
−

(
m2
a − m2

b

)2
] (

|āl |2 + |ār |2
)

.

(16)

In the unitary gauge, the relevant 4 one-loop diagrams relat-
ing to the W± mediation are shown in Fig. 1.

Detailed steps to derive the form factors by hand are given
in Appendix B. Consequently, the one-loop contributions to
the form factors ānWW

l,r and b̄nWW
l,r corresponding to the dia-

1 This factor does not appear for the Feynman rule in Ref. [23].

gram (1) in Fig. 1 are written in terms of the Passarino–
Veltman (PV) functions [78] defined in appendix A, namely:

ānWW
l = e2

2s2
W tR

K+3∑

i=1

Uν
aiU

ν∗
bi

{[
−4 + (m2

Z − 2m2
W )m2

ni

m4
W

]
C00

+ 2
(
m2
Z − m2

a − m2
b

)
X3

− 1

m2
W

[
m2
Z

(
2m2

ni C0 + m2
aC1 + m2

bC2

)

−m2
ni

(
B(1)

0 + B(2)
0

)
− m2

a B
(1)
1 − m2

bB
(2)
1

]}
, (17)

ānWW
r = e2mamb

2s2
W tR

K+3∑

i=1

Uν
aiU

ν∗
bi

[(
−4 + m2

Z

m2
W

)
X3

+m2
Z − 2m2

W

m4
W

C00

]
, (18)

b̄nWW
l = e2ma

2s2
W tR

K+3∑

i=1

Uν
aiU

ν∗
bi [4 (X3 − X1)

+m2
Z − 2m2

W

m4
W

(
m2
ni X01 + m2

bX2

)
− 2m2

Z

m2
W

C2

]
, (19)

b̄nWW
r = e2mb

2s2
W tR

K+3∑

i=1

Uν
aiU

ν∗
bi [4 (X3 − X2)

+m2
Z − 2m2

W

m4
W

(
m2
ni X02 + m2

a X1

)
− 2m2

Z

m2
W

C1

]
, (20)

where B(k)
0,1 = B(k)

0,1(p
2
k ;m2

ni ,m
2
W ), C00,0,k,kl = C00,0,k,kl

(m2
a,m

2
Z ,m2

b;m2
ni ,m

2
W ,m2

W ), and X0,k,kl are defined in
terms of the PV-functions in Eq. (A4) for all k, l = 1, 2.

Similarly, the one-loop contributions from diagram (2) in
Fig. 1 are:

āWnn
l = e2

4m2
Ws3

WcW

×
K+3∑

i, j=1

U ν
aiU

ν∗
bj

{
qi j

[
m2

W

(
4C00 + 2m2

a X01

+2m2
bX02 − 2m2

Z (C12 + X0)
)

−
(
m2

ni − m2
a

)
B(1)

0 −
(
m2

n j
− m2

b

)
B(2)

0 + m2
a B

(1)
1

+m2
bB

(2)
1

+
(
m2

n j
m2

a + m2
ni m

2
b − m2

am
2
b

)
X0 − m2

ni m
2
n j
C0

−m2
ni m

2
bC1 − m2

n j
m2

aC2

]

+q jimni mn j

[
2m2

WC0 − 2C00 − m2
aC11 − m2

bC22

+
(
m2

Z − m2
a − m2

b

)
C12

]}
, (21)
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Fig. 1 One-loop Feynman diagrams in the unitary gauge

āWnn
r = e2mamb

4m2
Ws3

WcW

K+3∑

i, j=1

U ν
aiU

ν∗
bj qi j

×
[

2C00 + 2m2
W X0 + m2

a X1 + m2
bX2

−m2
ZC12 − m2

ni C1 − m2
n j
C2

]
, (22)

b̄Wnn
l = 2e2ma

4m2
Ws3

WcW

K+3∑

i, j=1

U ν
aiU

ν∗
bj

×
[
qi j

(
−2m2

W X01 − m2
bX2 + m2

n j
C2

)

+q jimni mn j (X1 − C1)
]
, (23)

b̄Wnn
r = 2e2mb

4m2
Ws3

WcW

K+3∑

i, j=1

U ν
aiU

ν∗
bj

×
[
qi j

(
−2m2

W X02 − m2
a X1 + m2

ni C1

)

+q jimni mn j (X2 − C2)
]
, (24)

where B(1)
0,1 = B(1)

0,1(p
2
1;m2

W ,m2
ni ), B(2)

0,1 = B(2)
0,1(p

2
2;m2

W ,

m2
n j

), andC00,0,k,kl=C00,0,k,kl(m2
a,m

2
Z ,m2

b;m2
W ,m2

ni ,m
2
n j

)

for all k, l = 1, 2.
The form factors for sum contributions from two diagrams

(3) and (4) in Fig. 1 are

ānWl = e2tL
2m2

Ws2
W (m2

a − m2
b)

K+3∑

i=1

U ν
aiU

ν∗
bi

×
{

2m2
ni (m

2
a B

(1)
0 − m2

bB
(2)
0 ) + m4

a B
(1)
1 − m4

bB
(2)
1

+
[
2m2

W + m2
ni

] (
m2

a B
(1)
1 − m2

bB
(2)
1

)}
. (25)

ānWr = e2mambtR
2m2

Ws2
W (m2

a − m2
b)

K+3∑

i=1

U ν
aiU

ν∗
bi

×
{

2m2
ni (B

(1)
0 − B(2)

0 ) + m2
a B

(1)
1 − m2

bB
(2)
1

+
(

2m2
W + m2

ni

) (
B(1)

1 − B(2)
1

)}
, (26)

b̄nWl = b̄nWr = 0, (27)

where B(k)
0,1 = B(1)

0,1(p
2
k ;m2

ni ,m
2
W ) with k = 1, 2.

We have used d = 4 for all finite parts, and the uni-
tary property of U ν :

∑K+3
i=1 U ν

aiU
ν∗
bi = δab, and

∑K+3
i, j=1 U

ν
ai

U ν∗
bi qi j = δab, based on brief explanations given in

Appendix B. The results of all form factors listed above were
also crosschecked using FORM package [79,80]. They are
also consistent with those introduced in Ref. [6] for decay
amplitude eb → eaγ in the limit tR = tL = 1 and gR = 0.
For completeness, we list in Appendix B the one-loop con-
tributions from singly charged Higgs bosons to the LFVZ
amplitude, which is totally consistent with previous results
[1]. We note that the results calculated in the unitary gauge
presented in our work and Ref. [23] are consistent in general,
except two parts expressed more detailed in Appendix B.3.

In the ’t Hooft–Feynman gauge, apart from 4 diagrams
listed in Fig. 1, the relevant diagrams consisting the goldstone
boson exchanges are shown in Fig. 2.

The one-loop form factors are contributions from 10 dia-
grams discussed in Ref. [1], which were checked carefully
by us to confirm the complete consistency with the results
derived from our calculation, see the detailed discussion in
Appendix B. We also show that the two results calculated
in both unitary and ’t Hooft–Feynman gauges are the same.
The proof is summarized as follows. The first diagram in
Fig. 1 relates to the class of four relevant diagrams in the ’t
Hooft Feynman gauge, in which the W propagators may be
replaced with those of the respective Goldstone boson G±

W .
Consequently, we denote the following deviations between
the two gauges:

δānWW
l ≡ ānWW

l − ā′
nWW,l − ā′

nGW,l − ā′
nWG,l − ā′

nGG,l

= e2

2m2
Ws2

W tR

K+3∑

i=1

U ν
aiU

ν∗
bi

{
m2

ni

(
B(1)

0 + B(2)
0

)

+m2
a B

(1)
1 + m2

bB
(2)
1

}

= e2

4m2
Ws2

W tR

×
K+3∑

i=1

U ν
aiU

ν∗
bi

{
2A0(m

2
ni ) −

(
m2

a B
(1)
0 + m2

bB
(2)
0

)

+
(

3m2
ni − m2

W

) (
B(1)

0 + B(2)
0

)}
,
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Fig. 2 One-loop Feynman diagrams consisting of goldstone boson exchanges

δānWW
r = ānWW

r − ā′
nWW,r − ā′

nGW,r − ā′
nWG,r − ā′

nGG,r

= 0,

δb̄nWW
l = b̄nWW

l − b̄′
nWW,l − b̄′

nGW,l − b̄′
nWG,l − b̄′

nGG,l

= 0,

δb̄nWW
r = b̄nWW

r − b̄′
nWW,r − b̄′

nGW,r − b̄′
nWG,r − b̄′

nGG,r

= 0, (28)

where B(k)
0 = B(k)

0

(
p2
k ;m2

ni ,m
2
W

)
with k = 1, 2; tL ,R given

in Eq. (11), and mZ = mW /cW were used to derive the
zero values of δb̄nWW,l and δb̄nWW,r . The functions B(k)

1 is
replaced with Eq. (A3) to obtain the final results of δānWW,l .

Similarly, we consider the second class of the diagrams
containing two neutrino propagators as follows:

δāWnn
l = āWnn

l − ā′
Wnn,l − ā′

Gnn,l

= e2

4m2
Ws3

WcW

K+3∑

i, j=1

qi j
[
−m2

ni B
(1)
0 − m2

n j
B(2)

0

+m2
a B

(1)
1 + m2

bB
(2)
1 + m2

a B
(1)
0 + m2

bB
(2)
0

]
,

= e2

4m2
Ws3

WcW

K+3∑

i=1

[
−m2

ni

(
B(1)

0 + B(2)
0

)
+ m2

a B
(1)
1

+m2
bB

(2)
1 + m2

a B
(1)
0 + m2

bB
(2)
0

]

= − e2

8m2
Ws3

WcW

K+3∑

i=1

{
2A0(m

2
ni )

−
(
m2

a B
(1)
0 + m2

bB
(2)
0

)

+
(

3m2
ni − m2

W

) (
B(1)

0 + B(2)
0

)}
,

δāWnn
r = δb̄Wnn

l = δb̄Wnn
r = 0, (29)

where

B(k)
0 = B(k)

0

(
p2
k ;m2

W ,m2
ni

)
= B(k)

0

(
p2
k ;m2

ni ,m
2
W

)
,

and k = 1, 2. We note that the relation (A5) relating to C00

results in δānWW,r = 0.
Finally, the class of the two-point diagrams give the fol-

lowing deviations:

δānWl = ānWl − ā′
nW,l − ā′

nG,l

= e2tL
2m2

Ws2
W

K+3∑

i=1

U ν
aiU

ν∗
bi

[
m2

ni

(
B(1)

0 + B(2)
0

)

+m2
a B

(1)
1 + m2

bB
(2)
1

]

= e2tL
4m2

Ws2
W

×
K+3∑

i=1

U ν
aiU

ν∗
bi

{
2A0(m

2
ni ) −

(
m2

a B
(1)
0 + m2

bB
(2)
0

)

+
(

3m2
ni − m2

W

) (
B(1)

0 + B(2)
0

)}
,

δānWr = ānWr − ā′
nW,r − ā′

nG,r = 0, (30)
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Table 2 Particle content of the 2HDMNL ,R

Symmetry LL eR NL NR H1 H2 ϕ χ−

SU (3)C 1 1 1 1 1 1 1 1

SU (2)L 2 1 1 1 2 2 1 1

U (1)Y − 1
2 −1 0 0 1

2
1
2 0 −1

Z2 − − + + − + + −

where B(k)
0 = B(k)

0

(
p2
k ;m2

ni ,m
2
W

)
with k = 1, 2. As a result,

it is easy to derive that

δānWW
l + δāWnn

l + δānWl ∝ e2

4m2
Ws2

W

×
(

1

tR
− 1

2sW cW
+ tL

)
= 0, (31)

i.e., the two results calculated in the two unitary and ’t Hooft–
Feynman gauges coincide with each other.

3 The 2HDM with inverse seesaw neutrinos

3.1 Particle content and couplings

In this work, we will study a model discussed recently to
explain experimental data of (g−2)e,μ anomalies, where all
LFV processes mentioned above will be discussed, namely
the particle content is of the leptons and Higgs sector is listed
in Table 2, which is a particular model (2HDMNL ,R) men-
tioned in Ref. [6].

This model is also a simple version without the gauge sym-
metry U (1)B−L mentioned in Ref. [5]. We do not mention
the quark sector because it is irrelevant with our discussions
and can be found in many well-known works, see reviews in
Refs. [5,81].

Accordingly, the electric charge operator and covariant
derivative corresponding to the electroweak gauge group
SU (2)L ×U (1)Y are:

Q = T 3 + Y, (32)

Dμ = ∂μ − ig2T
aWa

μ − g1Y Bμ, (33)

where a = 1, 3, g2, and g1 are respectively the gauge cou-
plings of the gauge fields Ga

μ, Wa
μ, Bμ, and B ′

μ. The Higgs
doublets are expanded as follows:

Hi =
(
H+
i

H0
i

)
,

H0
i = vi + ri + i zi√

2
, ϕ = vϕ + r ′ + i z′√

2
; i = 1, 2. (34)

Fig. 3 One-loop Feynman diagram for chirally-enhanced contribution
for (g − 2)ea and cLFV decays eb → eaγ

The Yukawa Lagrangian of leptons is [5]

−L�
Y = LL y�H1eR + LL f H̃2NR + NL y

χeRχ+

+ NL yN NRϕ + (NL)C
λL

�
NLϕ2 + h.c., (35)

where H̃2 = iσ2H∗
2 , y�, f , YN , yχ , and λL are 3 × 3 matri-

ces, with respective entries y�,ab, fab, gab, and λL ,ab with
a, b = 1, 2, 3. The five-dimension effective matrixμL gener-
ates small Majorana values consistent with the ISS form. We
note that to forbid unnecessary Yukawa couplings appearing
in Eq. (35), a gauge symmetryU (1)B−L or a discrete symme-
try like Z3 introduced respectively in Ref. [5] or [6] must be
imposed. These new symmetries will not affect our results in
the limit of large vϕ hence we will not discuss details here.2

As we will show details below, the Yukawa part in Eq. (35)
generates one-loop contributions containing chirally-
enhancement corresponding to the Feynman diagram shown
in Fig. 3, see a similar diagram discussed in Ref. [82]. The
quartic Higgs-self coupling λ comes from the Higgs potential
listed in Appendix D.

The mass of leptons are derived from Eq. (35), keeping
the VEV terms as follows

−LY
�,mass = mea ēaea +

[
1

2

(
(νL)C , NR, (NL)C

)

2 We thank the referee for pointing out this point.
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× Mν
(
νL , (NR)C , NL

)T + H.c.

]
, (36)

where

Mν =
(O3×3 MT

D
MD MN

)
, MD =

(
mD

O3×3

)
,

MN =
(O3×3 MR

MT
R μL

)
,

mD ≡ f †v2√
2

, MR ≡ y†
N

vϕ√
2
, μL ≡ λLv2

ϕ/�, (37)

and O3×3 is a zero matrix. The total mass matrix Mν will be
identified with that given in Eq. (8), where K = 6. The ana-
lytic form of the Dirac mass matrixmD was chosen generally
following Ref. [83].

The first term in Eq. (35) generate charged lepton masses,
i.e., Eq. (36), where we choose the diagonal form to avoid
tree level cLFV decay:

mea = (y�)aa v1√
2

→ (y�)aa = gma√
2mWcβ

, (38)

where

tβ ≡ tan β = v2/v1, sβ = sin β, cβ = cos β. (39)

The neutrino mass matrix is diagonalized through the fol-
lowing mixing matrix [84]:

U νTMνU ν = M̂ν = diag(mn1,mn2 , . . . ,mn9)

= diag(m̂ν, M̂N ), (40)

where m̂ν = diag(mn1,mn2 ,mn3) and M̂N consist of active
and new heavy neutrinos, respectively. The relations between
the flavor and mass base are

ν′
L = U νnL , and (ν′

L)c = U ν∗(nL)c = U ν∗nR, (41)

where four-component spinor for Majorana neutrinos ni =
(niL , ni R)T , and

ν′
L ≡

(
νL , (NR)C , NL

)T ↔ (ν′
L)C

≡
(
(νL)C , NR, (NL)C

)T
,

nL ≡ (n1L , n2L , . . . n9L)T ↔ nR ≡ (nL)C

=
(
(n1L)C , (n2L)C , . . . (n9L)C

)T
. (42)

The total neutrino mixing matrix are written in the popular
ISS form

U ν =
⎛

⎜⎝
(I3 − 1

2
RR†)UPMNS RV

−R†UPMNS (IK − 1

2
R†R)V

⎞

⎟⎠ + O(R3).

(43)

This matrix is also identified with the general form given in
Eq. (8) to determine the relevant couplings relating to the
gauge boson Z .

Defining M ′ = MRμ−1
L MT

R ∼ M2μ−1
L � mD , The ISS

relations are:

R = M†
DM

′∗
N

−1 =
(

−m†
DM

′∗−1, m†
D

(
M†

)−1
)

,

mν = −MT
DM

′−1
N MD = mT

D

(
MT

)−1
μLM

−1mD,

V ∗M̂N V
† � MN + 1

2
RT R∗MN + 1

2
MN R†R. (44)

We will apply the following simple ISS framework in numer-
ical investigation [85]:

MR ≡ M0 I3, V � 1√
2

(−i I3 I3
i I3 I3

)
, mD = M0 x̂

1/2
ν U †

PMNS,

R =
(

−UPMNS

√
μLm̂ν

M0
, UPMNS x̂

1/2
ν

)

�
(
O3×3, UPMNS x̂

1/2
ν

)
, (45)

where x̂ν ≡ m̂ν

μ0
satisfying the ISS condition max[(|x̂ν |

)
ab] 

1 with all a, b = 1, 2, 3. The precise form of U ν in terms
of x̂ν used here was given in Ref. [86]. Consequently, all six
neutrino masses are nearly degenerate, mni � M0 ∀i = 4, 9.
Also, the total neutrino mixing matrixU ν will be determined
from the formulas given in Eq. (45).

A detailed calculation was shown in Appendix D to derive
all physical Higgs states including masses and mixing param-
eters. The Yukawa couplings of Higgs and two leptons are
derived from Eq. (35). Defining Higgs boson couplings with
leptons that

λhi j =
3∑

c=1

(
U ν
cjU

ν∗
ci mni +U ν

ciU
ν∗
cj mn j

)
,

λ
L ,G
ai = −

3∑

b=1

U ν
(b+3)i (mD)ba, λ

R,G
ai = U ν∗

ai ma,

λ
L ,1
ai = −cφ t

−1
β

3∑

b=1

U ν
(b+3)i (mD)ba,
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Table 3 Feynman rules for SM-like Higgs couplings giving one-loop contributions to h → eaeb in the 2HDMNL ,R , where p0,±μ denotes the
incoming momenta of neutral and charged scalars

Vertex Coupling Vertex Coupling

hni n j − igcα
2mW sβ

[
λhi j PL + λh∗

i j PR

]
heaea

igmasα
2mW cβ

ckni ea
−ig√
2mW

[
λ
L ,k
ai PL + λ

R,k
ai PR

]
c−
k eani

−ig√
2mW

[
λ
L ,k∗
ai PR + λ

R,k∗
ai PL

]

hW+
μ W−

ν igμνmWcδ hG+G− −i
cδm2

h
v2
H

hG+W−
μ − ig

2 cδ(p0 − p+)μ hG−W−
μ

ig
2 cδ(p0 − p−)μ

hc+
1 W−

μ − ig
2 sδcφ(p0 − p+)μ hc−

1 W+
μ

ig
2 sδcφ(p0 − p−)μ

hc+
2 W−

μ
ig
2 sδsφ(p0 − p+)μ hc−

2 W+
μ − ig

2 sδsφ(p0 − p−)μ

hc+
1 c

−
1 iλhcc11 hc+

2 c
−
2 iλhcc22

hc+
1 c

−
2 iλhcc12 hc+

2 c
−
1 iλhcc21 = iλhcc12

λ
R,1
ai =

(
−U ν∗

ai matβcφ +
√

2mWsφ
g

3∑

b=1

yχ
baU

ν∗
(b+6)i

)
,

λ
L ,2
ai = sφ t

−1
β

3∑

b=1

U ν
(b+3)i (mD)ba,

λ
R,2
ai = U ν∗

ai matβsφ +
√

2mWcφ

g

3∑

b=1

yχ
baU

ν∗
(b+6)i , (46)

leading to the following coupling of scalars and leptons:

Lhll
Y = h

3∑

a=1

sα
cβ

× gma√
2mW

− gcα

4mWsβ

× h
∑

i, j

ni
[
λhi j PL + λh∗

i j PR

]
n j

− g√
2mW

2∑

k=0

3∑

a=1

∑

i

[
ckni

(
λ
L ,k
ai PL + λ

R,k
ai PR

)
ea

+h.c.] , (47)

where c±
0 = G±

W is the Goldstone boson absorbed by W±.
We note that λhi j = λhji , i.e., the coupling hnin j is symmetric
following the rules defined in Ref. [77] and consistent with
previous works [17,87].

In the numerical investigation, we use the parameter

δ ≡ π

2
+ α − β (48)

so that in the limit δ → 0 leads to the consistency with the
SM for couplings of the SM-like Higgs boson h appearing
in the model under consideration, namely sβ−α = cδ →
1, cβ−α = sδ → 0, sα/sβ = −

(
cδt

−1
β − sδ

)
→ −t−1

β ,

and sα/cβ = − (
cδ − tβsδ

) → −1. The Feynman rules for
couplings of the SM-like Higgs boson relating to the decay
h → e+

b e
−
a considered in this work are listed in Table 3,

where

λhcc11 =
[ s2β

2
c2
φ(sαsβλ1 − cαcβλ2) − cδc

2
φλ3

+ s2β

2
c2
φc(β+α) λ345 + s2

φ(cβsαλ1χ − cαsβλ2χ )
]
vH

+ cδs2
2φ

(
m2

c2
− m2

c1

)

2vH
,

λhcc22 =
[ s2β

2
s2
φ(sαsβλ1 − cαcβλ2) − cδs

2
φλ3

+ s2β

2
s2
φc(β+α)λ345 + c2

φ(cβsαλ1χ − cαsβλ2χ )
]
vH

− cδs2
2φ

(
m2

c2
− m2

c1

)

2vH
,

λhcc12 = s2φ

2

[ s2β

2

(−sαsβλ1 + cαcβλ2
) + cδλ3

− s2β

2
c(β+α)λ345 + (cβsαλ1χ − cαsβλ2χ )

]
vH

+ cδs4φ

(
m2

c2
− m2

c1

)

4vH
, (49)

where the coupling λ appearing in λhcci j was replaced with
the expression given in Eq. (D23).

The Feynman rules for couplings of the gauge boson Z
relating to the decay Z → e+

b e
−
a are listed in Table 4, where

W 3
μ = sW Aμ+cW Zμ and Bμ = cW Aμ−sW Zμ, resulting the

couplings of Z being consistent with those given in Eqs. (10),
(12), and (13) for the 2HDM without the singlet scalar χ±.

3.2 Decays h → eaeb

The effective Lagrangian of the LFVh decay h → e±
a e

∓
b is

LLFVh = h
(
�

(ab)
L ea PLeb + �

(ab)
R ea PReb

)
+ H.c.,

where scalar factors �(ab)L ,R arise from the loop contribu-
tions. The one-loop diagrams of the decays h → e−

a e
+
b in the

unitary gauge are shown in Fig. 4.
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Table 4 Feynman rules for Z couplings giving one-loop contributions to Z → e+
b e

−
a in the 2HDMNL ,R , where p0,±μ denotes the incoming

momenta of neutral and charged scalars

Vertex Coupling Vertex Coupling

Zμni n j
ie

2sW cW
γ μ

[
qi j PL − q ji PR

]
Zμeaea ieγ μ (tL PL + tR PR)

ZμW+
ν W−

α − ie
tr


μνα(p0, p+, p−) ZμG+G− −ietL (p+ − p−)μ

ZμG+W−
ν −iemW tRgμν ZμG−W+

ν −iemW tRgμν

Zc+
1 c

−
1

ie
(
c2
φ−2s2

W

)

2cW sW
(p+ − p−)μ Zc+

2 c
−
2

ie
(
s2
φ−2s2

W

)

2cW sW
(p+ − p−)μ

Zc+
1 c

−
2 − ies2φ

4cW sW
(p+ − p−)μ Zc+

2 c
−
1 − ies2φ

4cW sW
(p+ − p−)μ

Fig. 4 One-loop Feynman diagrams of the decays h → e+
b e

−
a in the 2HDMNL ,R

The partial width of the decay is [88]


(h → eaeb) ≡ 
(h → e−
a e

+
b ) + 
(h → e+

a e
−
b )

� mh

8π

(
|�(ab)

L |2 + |�(ab)
R |2

)
, (50)

with the condition mh � ma,b being masses of charged
leptons. The on-shell conditions for external particles are
p2

1,2 = m2
ea ,eb and q2 ≡ (p1 + p2)

2 = m2
h . The correspond-

ing branching ratio is Br(h → eaeb) = 
(h → eaeb)/
total
h

where 
total
h � 4.1 × 10−3 GeV [89]. Formulas of �(ab)L ,R

are given as follows

�
(ab)
L ,R = �

(ab)W
L ,R + �

(ab)c
L ,R + �

(ab)Wc
L ,R ,

�
(ab)W
L ,R = �

(ab)nWW
L ,R + �

(ab)Wnn
L ,R + �nW

(ab)L ,R,

�
(ab)c
L ,R =

∑

k,l=1,2

�
(ab)nckcl
L ,R +

2∑

k=1

(
�

(ab)cknn
L ,R + �

(ab)nck
L ,R

)
,
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�
(ab)Wc
L ,R =

2∑

k=1

(
�

(ab)ckWn
L ,R + �

(ab)nWck
L ,R

)
, (51)

where detailed analytic forms are given in Appendix C.

3.3 Decays Z → e+
b e

−
a

In this model, the one-loop contributions to the LFVZ
decays Z → e+

b e
−
a consists of the two parts originated

from exchanges of W± and singly charged Higgs bosons
c±
k with Feynman rules listed in Table 4. Analytic formu-

las of one-loop contributions from these Higgs were listed
in Appendix B, consistent with previous results [76]. The
partial decay widths are given in Eq. (15), where the form
factors are

āL ,R = aWl,r + ac
±

l,r , b̄L ,R = bWl,r + bc
±

l,r ,

āWl,r = ānWW
l,r + āWnn

l,r + ānWl,r ,

b̄Wl,r = b̄nWW
l,r + b̄Wnn

l,r + b̄nWl,r ,

āc
±

l,r =
2∑

p,q=1

ā
ncpcq
l,r +

2∑

k

(
ācknnl,r + ānckl,r

)
,

b̄c
±

l,r =
2∑

p,q=1

b̄
ncpcq
l,r +

2∑

k

(
b̄cknnl,r + b̄nckl,r

)
. (52)

3.4 (g − 2)e,μ and decays eb → eaγ

The branching ratios of the cLFV decays are formulated as
follows [7,90,91]:

Br(eb → eaγ ) = 48π2

G2
Fm

2
b

(∣∣c(ab)R
∣∣2 + ∣∣c(ba)R

∣∣2
)

× Br(eb → eaνaνb), (53)

where GF = g2/(4
√

2m2
W ), Br(μ → eνeνμ) � 1, Br(τ →

eνeντ ) � 0.1782, Br(τ → μνμντ ) � 0.1739 [84], and

c(ab)R = cc
±

(ab)R

(
h±) + cW(ab)R,

c(ba)R = c(ab)R[a → b, b → a],

cc
±

(ab)R =
2∑

k=1

c(ab)R
(
c±
k

)
,

c(ab)R
(
c±
k

) = g2e

32π2m2
Wm2

ck

×
9∑

i=1

[
λ
L ,k∗
ia λ

R,k
ib mni f�(xi,k)

+
(
mbλ

L ,k∗
ia λ

L ,k
ib + maλ

R,k∗
ia λ

R,k
ib

)
f̃�(xi,k)

]
,

c(ab)R(W ) � eGFmeb

4
√

2π2

[
−5δab

12
+

(
UPMNS x̂νU

†
PMNS

)

ab

×
(
f̃V (xW ) + 5

12

)]
(54)

with xi,k ≡ m2
ni /m

2
ck , xW = M2

0 /m2
W , and [7]

f�(x) = 2g̃�(x) = x2 − 1 − 2x ln x

4(x − 1)3 ,

g� = x − 1 − ln x

2(x − 1)2 ,

f̃�(x) = 2x3 + 3x2 − 6x + 1 − 6x2 ln x

24(x − 1)4 ,

f̃V (x) = −4x4 + 49x3 − 78x2 + 43x − 10 − 18x3 ln x

24(x − 1)4 .

(55)

The one-loop contributions from the singly charged Higgs
boson c±

1,2 and W± exchanges to aea are:

ac
±

ea = −4ma

e

(
2∑

k=1

Re[c(aa)R(c±
k )] + �c(aa)R(W )

)
, (56)

where �c(aa)R(W ) =
(
UPMNS x̂νU

†
PMNS

)

aa
×

(
f̃V (xW ) +

5
12

)
is the deviation between the 2HDMNL ,R and the SM.

Up to the order O(R2) of the neutrino mixing matrix, the
non-zero one-loop contributions relating to c±

1,2 were deter-
mined precisely, see Refs. [86,92]. Accordingly, the main
contribution to aea (c

±) is

aea ,0(c
±) = GFm2

a√
2π2

× Re

{[
vt−1

β cαsα√
2ma

UPMNS x̂
1/2
ν yχ

]

aa

×
[
x1 f�(x1) − x2 f�(x2)

]}
, (57)

where xk = M2
0 /m2

ck . In numerical calculation, the following
diagonal form of c(ab)R,0 will be chosen for discussing the
Yukawa coupling matrix yχ at the beginning

c(ab)R,0 ∝
[
UPMNS x̂

1/2
ν yχ

]

ab
∝ δab. (58)

The non-zero values of c(ab)R and c(ba)R with b �= a may
give large contributions to the cLFV rates, see a detailed
discussion in Ref. [93]. Correspondingly, the formula of aea ,0
is proportional to a diagonal matrix yd satisfying:

UPMNS × diag

(
mn1

mn3

,
mn2

mn3

, 1

)1/2

yχ

= yd ≡ diag
(
yd11, yd22, y

d
33

)
, (59)
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where mn3 > mn2 > mn1 corresponding to the normal order
of the neutrino oscillation data will be chosen in the numeri-
cal investigation. Then, the main contributions from charged
Higgs bosons to aea was shown to be [92]

aea ,0 = GFm2
a
√
x0√

2π2
× Re

[
vt−1

β cαsα√
2ma

yd
]

aa

× [x1 f�(x1) − x2 f�(x2)] , (60)

where xk ≡ M2
0 /m2

ck (k = 1, 2), and

x0 ≡ mn3

μ0
. (61)

Note that c(ab)R,0 vanishes with a �= b, therefore do not
affect the Br(eb → eaγ ). The values of entries yχ will be
scanned around the diagonal forms of yd to guarantee the
cLFV constraints of experiments.

3.5 Numerical discussion

We will use the best-fit values of the neutrino osculation data
[84] corresponding to the normal order (NO) scheme with
mn1 < mn2 < mn3 , namely

s2
12 = 0.318, s2

23 = 0.574, s2
13 = 0.022, δ = 194 [Deg],

�m2
21 = 7.5 × 10−5[eV2], �m2

32 = 2.47 × 10−3[eV2].
(62)

The active mixing matrix and neutrino masses are deter-
mined as follows

m̂ν =
(
m̂2

ν

)1/2 = diag

(
mn1 ,

√
m2

n1
+ �m2

21,

√
m2

n1
+ �m2

21 + �m2
32

)
,

UPMNS =
⎛

⎝
c12c13 c13s12 s13e−iδ

−c23s12 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23

s12s23 − c12c23s13eiδ −c23s12eiδs13 − c12s23 c13c23

⎞

⎠ .

(63)

We fix mn1 = 0.01 eV for simplicity in numerical inves-
tigation. This choice of active neutrino masses satisfies the
constraint from Plank2018 [94],

∑3
i=a mna ≤ 0.12 eV.

The non-unitary of the active neutrino mixing matrix(
I3 − 1

2 RR
†
)
UPMNS is constrained by other phenomenol-

ogy such as electroweak precision [95,96], leading to a very
strict constraint of η ≡ 1

2

∣∣RR†
∣∣ ∝ x̂ν ∝ x0 in the ISS

framework [5,97,98].
The well-known numerical parameters are [84]

g = 0.652, GF = 1.1664 × 10−5 GeV,

s2
W = 0.231, αe = 1/137, e = √

4παe,

mW = 80.377 GeV,mZ = 91.1876 GeV,

mh = 125.25 GeV,


h = 4.07 × 10−3 GeV, 
Z = 2.4955 GeV,

me = 5 × 10−4 GeV, mμ = 0.105 GeV,

mτ = 1.776 GeV. (64)

For the free parameters of the 2HDNL ,R model, the numer-
ical scanning ranges are

M0,mc1,2 ∈ [1, 10] TeV; λ1, |λ4|, |λ5| ∈ [0, 4π ] ;
tβ ∈ [5, 30] ; x0 ∈

[
10−6, 5 × 10−4

]
; φ ∈ [0, π ] ;

|ydab| ≤ 3.5 ∀a, b = 1, 2, 3. (65)

The matching condition with SM requires small |sδ|. There-
fore, we fix sδ = 0 in the numerical investigation. The Higgs
self-couplings and Higgs masses appearing in Eq. (49) are
λ1, λ4 , λ5, λ1χ , and λ2χ , in which some of them are given in
Eq. (D23). The related independent parameters are chosen as
λ1χ , and λ2χ , apart from those given in Eq. (65). For simplic-
ity, we will fix λ1χ = λ2χ = 0. In the numerical investigation
we take lower bounds that mH ,mA ≥ 500 GeV. The cou-
plings hc+

k c
−
l given in (49) are determined after confirming

numerically that all Higgs couplings must satisfy the two
conditions of bounded from below and unitarity limits men-
tioned in Appendix D. All Yukawa couplings of the matrices
yχ and f must satisfy the perturbative limits, therefore we
choose the safe upped bounds that |yχ

ab|, | fab| ≤ 3 <
√

4π .
In the following discussion on numerical results, we

just collect allowed points in the scanning ranges given
in Eq. (65), in which they satisfy all experimental LFV
constraints listed in Eqs. (3), (4), and (5). In addition the
(g − 2)e,μ data is chosen at 1σ deviations derived from two
Eqs. (1) and (2).

Firstly, we focus on the simplest case of δ = 0, and only
yd11, y

d
22 �= 0, while ydab = 0 for (ab) = (33) and a �= b. The

correlations between �ae,μ with tβ , φ, and x0 are shown in
Fig. 5.

The allowed ranges of these three parameters are: 5 ≤
tβ < 20, 0.2 < φ < 2.93 and 10−5 < x0 < 4 × 10−4. The
import property is that sφcφ always non-zero.

The correlations between �ae,μ with yd11, and yd22 are
shown in Fig. 6.

The allowed regions are 0.03 ≤ |yd11| ≤ 0.15 and 1 ≤
|yd22| ≤ 3.

The correlations between �ae,μ with neutrinos and
charged Higgs masses are shown in Fig. 7.

There are not constraints of M0 and charged Higgs boson
masses in the scanning regions given in Eq. (65).

The correlations between�ae,μ with cLFV decays Br(eb →
eaγ ) are shown in Fig. 8.
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Fig. 5 The correlations between �ae,μ and tβ (left), φ (center), and x0 (right) in the limits of δ = 0 and yd11, y
d
22 �= 0

Fig. 6 The correlations between �ae,μ vs yd11 and yd22 in the limits of δ = 0 and yd11, y
d
22 �= 0

Fig. 7 The correlations between �ae,μ vs neutrinos and charged Higgs masses in the limits of δ = 0 and yd11, y
d
22 �= 0

The decay μ → eγ can reach the experimental bound,
but two decay modes are much smaller than the near future
experimental sensitivities, namely Fig. 8 shows two upper
values of Br(τ → eγ ) < 10−13 and Br(τ → μγ ) < 1.5 ×
10−12.

The correlations between�ae,μ with LFV decays Br(Z →
e+
b e

−
a ) are shown in Fig. 9.

These three decays can reach the future sensitivities. The
upper bound are found as follows: max[Br(Z → μ+e−)] �

2.75 × 10−8, max[Br(Z → τ+e−)] � 2.43 × 10−8, and
max[Br(Z → τ+μ−)] � 3.53×10−7. Although these three
decays rates are smaller than the recent experimental upper
bounds, they all reach the near future sensitivities of experi-
ments. This property in the 2HDMNL ,R is different from the
model discussed in Ref. [1], where all LFVZ decay rates are
predicted to be suppressed. Also, Br(Z → μ±e∓) < 10−9

was confirmed in Ref. [23].

123



  338 Page 14 of 30 Eur. Phys. J. C           (2024) 84:338 

Fig. 8 The correlations between �ae,μ vs cLFV decays Br(eb → eaγ ) in the limits of δ = 0 and yd11, y
d
22 �= 0

Fig. 9 The correlations between �ae,μ vs Br(Z → e+
b e

−
a ) in the limits of δ = 0 and yd11, y

d
22 �= 0

Fig. 10 The correlations between �ae,μ vs Br(h → ebea) in the limits of δ = 0 and yd11, y
d
22 �= 0

The correlations between�ae,μ with LFV decays Br(h →
ebea) are shown in Fig. 10.

The upper bounds of these decays are Br(h → μ+e−) <

1.4 × 10−8, Br(h → τ+e−) < 8 × 10−6, and Br(h →
τ+μ−) < 1.2 × 10−4. Only Br(h → τ+μ−) can reach the
near future experimental sensitivities.

In the more general conditions of numerical investiga-
tions, the allowed regions of the parameters such as heavy

neutrinos and charged Higgs boson masses, and yd11,22 do
not change significantly. Therefore, we will not pay attention
to them. The two entries |yd12|, |yd21| < 10−3 because of the
strict constraint from Br(eb → eaγ ). As a consequence, they
give suppressed contributions to the remaining LFV decay
rates, therefore we will fix yd12 = yd21 = 0 in the numeri-
cal investigation. In addition, the allowed regions prefer the
small |y31| < 0.05, we therefore consider the following con-
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Fig. 11 The correlations between �ae,μ vs LFV decays in the limits given by Eq. (66)

Fig. 12 The correlations between Br(μ → eγ ) vs LFV decays in the limits given by Eq. (66)

straints:

y31 = 0, |y33| < 1, |y13|, |y23|, |y32| ≤ 0.5. (66)

The allowed ranges of yd11, y
d
22 do not change significantly

with the case 1. In contrast the upper bounds of the LFV
decays enhance strongly, namely:

Br(μ → eγ ) ≤ 4.2 × 10−13,

Br(τ → eγ ) ≤ 3.3 × 10−8,

Br(τ → μγ ) ≤ 4.4 × 10−8,

Br(Z → μ+e−) ≤ 7.9 × 10−8,

Br(Z → τ+e−) ≤ 1.9 × 10−6,

Br(Z → τ+μ−) ≤ 6.5 × 10−6,

Br(h → μe) ≤ 9.1 × 10−9,

Br(h → τe) ≤ 2 × 10−3,

Br(h → τμ) ≤ 1.4 × 10−3. (67)

Therefore, five decays rates, including three cLFV decay
eb → eaγ , one Z → τ+μ−, and two LFVh decays
h → τμ, τe have upper bounds coinciding with recent
experimental constraints. Only Br(h → μe) is much smaller
than the near future experimental sensitivities. In contrast,
Br(Z → μ±e∓) can reach large values close to 10−7, which
are different from previous discussions.

The correlations between ae with different LFV decays
are shown in Fig. 11.

It shows that all allowed values of ae support small LFV
decays rates corresponding to the future sensitivities, hence
the model will not be excluded if any of LFV decays are
detected. All LFV decay rates depend weakly on aμ, we
therefore do not present here.

The dependence of the LFV decay rates vs Br(eb → eaγ )

are given in Fig. 12.
Although, Br(eb → eaγ ) is the most stringent from exper-

iments, the future sensitivities of O(10−9) still support all
other decays rates reaching the respective expected sensitivi-
ties, except Br(h → μe), which is always invisible for future
experimental searches.

There are significant dependence between Br(τ → eγ )

and two decay rates Br(h → ebea) and Br(Z → e+
b e

−
a ), see

illustrations in Fig. 13.
Here large Br(τ → eγ ) predicts large Br(Z → τ+e−)

and Br(h → τe). Therefore, if one of these decays are
detected, there are some clues to predict the values of the
two remaining ones.

4 Conclusions

We have explored the LFV decays in the allowed regions of
the parameter space accommodating the (g − 2)μ,e in the
2HDMNL ,R framework. We obtained some following inter-
esting results that distinguish the 2HDMNL ,R from other
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Fig. 13 The correlations between Br(τ → eγ ) vs LFV decays in the limits given by Eq. (66)

available BSM. Firstly, there exist allowed regions predict-
ing the large values of Br(eb → eaγ ), Br(h → τμ, τe),
and Br(Z → τ±μ∓, τ±e∓) close to the recent experimen-
tal constraints. Furthermore, significant correlations among
Br(τ → eγ ), Br(Z → τ±e∓), and Br(h → τe) were found,
which will be interesting for testing the model if at least
one of these decay channels is detected experimentally. Sec-
ondly, the 2HDMNL ,R model predicts large max[Br(Z →
μ±e∓)] � 7.9 × 10−8, but suppressed Br(h → μe) < 10−8

which is invisible for the near future experimental sensitiv-
ity. This is in contrast with the prediction from the 2HDM
model discussed in Ref. [1], which predicts large LFVh but
very small LFVZ decay rates. On the other hand, some BSM
discussed in Ref. [23] for example, support large LFVZ but
small LFVh decay rates. Therefore, if future experiments
confirm the existence of any LFV signals, they will be used
to determine the reality of many available models or constrain
the model parameter space we have studied in this work.
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Appendix A: PV functions for one loop contributions
defined by LoopTools

A.1 General notations

The PV-functions used here were listed in Ref. [91], namely

A0(m) = (2πμ)4−d

iπ2

∫
ddk

k2 − m2 + iδ
,

B{0,μ,μν}(p2
i , M

2
0 , M2

i ) = (2πμ)4−d

iπ2

∫
ddk × {1, kμ, kμkν}

D0Di
,

i = 1, 2,

C0,μ,μν = (2πμ)4−d

iπ2

∫
ddk{1, kμ, kμkν}

D0D1D2
, (A1)

where D0 ≡ k2 − M2
0 + iδ, D1 ≡ (k − p1)

2 − M2
1 + iδ,

D2 ≡ (k + p2)
2 − M2

2 + iδ, C0,μ,μν = C0,μ,μν(p2
1, (p1 +

p2)
2, p2

2; M2
0 , M2

1 , M2
2 ), δ is an real positive quantity, and

μ is an arbitrary mass parameter introduced via dimensional
regularization [99]. The scalar PV-functions are defined as
follows:

Bμ(p2
1, M

2
0 ,m2

a)=(−p1μ)B1(p
2
1, M

2
0 , M2

1 ) ≡ (−p1μ)B(1)
1 ,

Bμ(p2
2, M

2
0 , M2

2 ) = p2μB1(p
2
2, M

2
0 , M2

2 ) ≡ p2μB
(2)
1 ,

Bμν(q
2
i , M

2
0 , M2

i ) = B00(q
2
i , M

2
0 , M2

i )gμν

+ B11(q
2
i , M

2
0 , M2

i )piμ piν

≡ B(i)
00 gμν + B(i)

11 piμ piν,

Cμ = (−p1μ

)
C1 + p2μC2,

Cμν = gμνC00 + p1μ p1νC11 + p2μ p2νC22
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+ (p1μ p2ν + p2μ p1ν)C12. (A2)

The external momentum q2 = (p2 + p1)
2 = m2

Z and m2
h

for the LFVZ and LFVh processes, respectively. As a result,
the scalar functions A0, B0,C0,C00,Ci ,Ci j (k, l = 1, 2) are
well-known PV functions consistent with those in LoopTools
[100]. Useful well-known relations used in this work are:

A0(m)pμ = (2πμ)4−d

iπ2

∫
ddkkμ

(k + p)2 − m2 + iδ
,

B(i)
0 ≡ B0(p

2
i ; M2

0 , M2
i ) = B0(p

2
i ; M2

i , M2
0 ),

B(i)
1 ≡ B1(p

2
i ; M2

0 , M2
i )

= − 1

2p2
i

[
A0(M

2
i ) − A0(M

2
0 ) + fi B

(i)
0

]
,

B(12)
0 = (2πμ)4−d

iπ2

∫
ddk

D′
0D

′
1

= B0(q
2; M2

1 , M2
2 ),

B(12)
μ ≡ Bμ(q2; M2

1 , M2
2 ) = (2πμ)4−d

iπ2
∫

ddk × (k + p1)μ

D′
0D

′
1

≡ B(12)
1 qμ + B(12)

0 p1μ, (A3)

where fi = p2
i +M2

i −M2
0 , q = p1+ p2, D′

0 ≡ k2−M2
1 +iδ,

D′
1 = (k + q)2 − M2

2 + iδ, and B(12)
0,1 ≡ B0,1(q2; M2

1 , M2
2 ).

The scalar functions A0, B0, C0 can be calculated using the
techniques given in Ref. [78]. For simplicity, we define new
notations appearing in many important formulas:

X0 ≡ C0 + C1 + C2,

X1 ≡ C11 + C21 + C1

X2 ≡ C12 + C22 + C2,

X3 ≡ C1 + C2 = X0 − C0,

X012 ≡ X0 + X1 + X2, Xi j = Xi + X j . (A4)

For the decays h → e±
b e

∓
a and Z → e+

b e
−
a , we can derive

all formulas of Ci , and Ci j as functions of A0, B(i)
0 , and C0

consistent with Ref. [91], using the following relations:

2m2
aC1 + (m2

a + m2
b − q2)C2 = − f1C0 − B(12)

0 + B(2)
0 ,

(m2
a + m2

b − q2)C1 + 2m2
bC2 = − f2C0 − B(12)

0 + B(1)
0 ,

2C00 + 2m2
aC11 + (m2

a + m2
b − q2)C12 = B(12)

1 + B(12)
0 − f1C1,

2m2
aC12 + (m2

a + m2
b − q2)C22

= −B(12)
1 + B(2)

1 − f1C2

2C00 + (m2
a + m2

b − q2)C12 + 2m2
bC22

= B(12)
1 − f2C2,

(m2
a + m2

b − q2)C11 + 2m2
bC12

= B(12)
0 + B(12)

1 + B(1)
1 − f2C1,

4C00 − 1

2
+ m2

aC11 + (m2
a + m2

b − q2)C12 + m2
bC22

= B(12)
0 + M2

0C0, (A5)

where fi = M2
i − M2

0 + m2
i , q2 = m2

Z ,m2
h , and C12 = C21

is used.

Appendix B: One-loop contributions to Z → e+
b e

−
a

B.1 Calculation for Vμ exchanges in the unitary gauge

Before going to the details of the calculation. We list here
important well-known results such as the on-shell conditions
gives p2

1 = m2
a , p2

2 = m2
b, and q2 = m2

Z , where ma , mb, and
mZ are the masses of leptons a, b (a, b = 1, 2, 3), and gauge
boson Z . The momentum conservation gives q = p1 + p2.
Two internal momenta k1 ≡ k − p1 and k2 ≡ k + p2 with
i = 1, 2 are denoted in Fig. 1.

When solving the Dirac matrices in the general dimension
d, we will use the following identities [101]:

γ μγμ = d, γ μγ νγμ = (2 − d)γ ν → γ μ p/γ μ = (2 − d)p/,

γ μγ νγ ργμ = 4gνρ + (d − 4)γ νγ ρ → γ μ p/1 p/2γ
μ

= 4p1.p2 + (d − 4)p/1 p/2,

γ μγ νγ ργ σ γμ = −2γ σ γ ργ ν − (d − 4)γ νγ ργ σ

→ γ μ p/1 p/2 p/3γμ = −2p/3 p/2 p/1 − (d − 4)p/1 p/2 p/3.

Then we take d = 4 for all finite integrals. For all divergent
integrals, after changing into the expressions in terms of the
PV-functions, we take d = 4−2ε, then determining the final
finite results before fixing ε = 0. In addition, we will use
the following transformation to change from integral to the
notations of the PV-functions:
∫

d4k

(2π)4 → i

16π2 × (2πμ)4−d

iπ2

∫
ddk = i

16π2

× (PV-functions) .

In practice, the overall factor i/(16π2) will be added in the
final results.

The diagram (1) in Fig. 1 corresponding to the following
amplitude:

iM(U )
1 = iM(U )

nWW

=
∫

d4k

(2π)4 ua

[
ie√
2sW

U ν
aiγ

β ′
PL

]
i
(
mni + k/

)

D0

×
[

ie√
2sW

U ν∗
bi γ α′

PL

]
vb × −i

D1

(
gββ ′ − k1βk1β ′

m2
W

)

× [−igZWW
μβα(q, k1,−k2)εμ

] −i

D2

(
gαα′ − k2αk2α′

m2
W

)
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= e3U ν
aiU

ν∗
bi

2s2
W tR

∫
d4k

(2π)4 ×
ua

[
γ β ′

k/γ α′
PL

]
vb

D0D1D2

×
(
gββ ′ − k1βk1β ′

m2
W

) (
gαα′ − k2αk2α′

m2
W

)

× [
εβ (q − k1)

α + gβαε (k1 + k2) + εα (−k2 − q)β
]

= e3U ν
aiU

ν∗
bi

2s2
W tR

[I1 + I2 + I3] . (B1)

For simplicity, we omit the sum over all neutrino masses
mni for i = 1, . . . , K + 3. The final results must taken into
account this sum for all diagrams, in order to simplify many
intermediate steps of calculation. The first integral I1 con-
tains only the highest order of variable kμkν in the integrand,
hence it is easily to write in terms of PV-function given in
Appendix A, namely

I1 =
∫

d4k

(2π)4

ua
{
γ β ′

k/γ α′
PL × gββ ′gαα′

}
PLvb

D0D1D2

× [
εβ (q − k1)

α + gβαε (k1 + k2) + εα (−k2 − q)β
]

=
∫

d4k

(2π)4 × ua
D0D1D2

{
ε/k/ (2p/1 + p/2) −

(
D0 + m2

ni

)
� ε

+(4 − 2d)ε.kk/ − (4 − 2d)p1.εk/

−
(
D0 + m2

ni + p/1k/ + 2p/2k/
)

ε/
}
PLvb

= ua
{[

−2m2
ni C0 + (4 − 2d)C00 − m2

aC1 − m2
bC2

+2
(
m2

Z − m2
a − m2

b

)
(C1 + C2)

]
ε/

− 4(p1.ε)C2 p/2 + 2p/1ε/p/2C2

−2(p1.ε)C1 p/2 + 2(p1.ε)C2 p/1 + (C1 + C2)p/1ε/p/2

−4(p1.ε)C1 p/2 + 2p/1ε/p/2C1

+(4 − 2d)(p1.ε) [X1 p/1 − X2 p/2]
}
PLvb

= ua
{[

−2m2
ni C0 − 4C00 − m2

aC1 − m2
bC2

+2
(
m2

Z − m2
a − m2

b

)
(C1 + C2)

]
ε/

+ma(p1.ε) [4C1 + 2C2 − 4X1]
}
PLvb

+ mb × ua
{

− 3ma(C1 + C2)ε/ + (p1.ε)

× [4C2 + 2C1 − 4X2]
}
PRvb. (B2)

In the above calculation, all terms proportional to 1
D1D2

without any factors mni will vanish after taking the sum∑K+3
i=1 U ν

aiU
ν∗
bi = δab = 0. In addition, all PV-functions

C0,k,kl with k, l = 1, 2 are finite, hence we will take d = 4
for the relevant factors. Finally, all divergent parts of the
PV-functions C00 and B(k)

0,1 are independent to mni , therefore
vanish after the summation. We also apply d = 4. These
comments will be applied to our calculation from now on.
The second integral I2 contains dangerous terms like k/2k/k/2

in the integrand, resulting in the PV functions originated
from higher tensor ranks such as Cμνα, . . . , which were not
defined in appendix A, namely

I2 = − 1

m2
W

∫
d4k

(2π)4

× ua
D0D1D2

{ε/k/k/2 [k2. (q − k1)] + k/2k/k/2 [ε. (k1 + k2)]

− (k/2 + q/) k/k/2 (εk2)

+k/1k/ (q/ − k/1) (εk1) + k/1k/k/1 [ε (k1 + k2)]

−k/1k/ε/ [k1 (k2 + q)]
}
PLvb

= − 1

m2
W

∫
d4k

(2π)4 × ua
D0D1D2

×
{
ε/
(
k2 + k/p/2

)

×
(

2k.p1 + p2
2 − k2 + 2p1.p2

)

+
(
k2 + p/2k/

)
(k/ + p/2) ε. (2k − 2p1)

−
(
k2 + p/1k/ + 2p/2k/

)
(k/ + p/2) ε (k + p2)

+
(
k2 − p/1k/

)
(−k/ + 2p/1 + p/2) ε (k − p1)

+
(
k2 − p/1k/

)
(k/ − p/1) ε (2k − 2p1)

−
(
k2 − p/1k/

)
ε/
(
k2 + 2kp2 − 2p1 p2 − p2

1

)}
PLvb.

Using the property of the polarization of external gauge
boson Z gives q.ε = 0 ⇐⇒ ε.k1 = ε.k2 ⇐⇒ ε.(k − p1) =
ε(k + p2), we can show that all terms with higher orders of
k2 in the numerators will vanish. Namely,

I2 = − 1

m2
W

∫
d4k

(2π)4 × ua
D0D1D2

{
ε/
(
D0 + m2

ni + k/p/2

)

×
(
−D1 − m2

W + m2
Z

)

−
(
D0 + m2

ni − p/1k/
)

ε/
(
D2 + m2

W − m2
Z

)

+
[
2D0k/ + 2m2

ni k/ + 2D0 p/2 + 2m2
ni p/2

+2D0 p/2 + 2m2
ni p/2 + 2p/2k/p/2 − D0k/

−m2
ni k/ − D0 p/1 − m2

ni p/1 − 2D0 p/2 − 2m2
ni p/2

−D0 p/2 − m2
ni p/2 − p/1k/p/2 − 2p/2k/p/2 − D0k/

−m2
ni k/ + 2D0 p/1 + 2m2

ni p/1 + D0 p/2

+m2
ni p/2 + D0 p/1 + m2

ni p/1 − 2p/1k/p/1 − p/1k/p/2

+2D0k/ + 2m2
ni k/ − 2D0 p/1 − 2m2

ni p/1

−2D0 p/1 − 2m2
ni p/1 + 2p/1k/p/1

]
(εk − p1.ε)

}
PLvb

= − 1

m2
W

ua
{
ε/
[
−m2

ni

(
B(1)

0 + B(2)
0

)
− m2

a B
(1)
1

+2m2
ni

(
−m2

W + m2
Z

)
C0 − m2

bB
(2)
1

]
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+
(
−m2

W + m2
Z

) (
−C1ε/p/1 p/2 + m2

bC2ε/

+m2
aC1ε/ − C2 p/1 p/2ε/

)

−2
[
m2

ni (−C1 p/1 + C2 p/2) + m2
ni C0 p/2 − m2

ni C0 p/1

+m2
aC1 p/2 − m2

bC2 p/1

]
(p1.ε)

+2

[
m2

ni γ
μkμkν

D0D1D2
+ m2

ni p/2kν

D0D1D2
− m2

ni p/1kν

D0D1D2

− p/1γ
μ p/2kμkν

D0D1D2

]
εν

}
PLvb

=− 1

m2
W

ua
{
ε/
[(

m2
Z − m2

W

) (
2m2

ni C0+m2
aC1 + m2

bC2

)

−m2
ni

(
B(1)

0 + B(2)
0

)
− m2

a B
(1)
1 − m2

bB
(2)
1 + 2m2

ni C00

]

+2ma(p1.ε)
[ (

m2
Z − m2

W + m2
ni + m2

b

)
C2

+m2
ni (C0 + 2C1 + C11)

+m2
bC22 + (m2

ni + m2
b)C12

]}
PLvb

− mb

m2
W

ua
{
ε/ma

[
2C00 − (m2

Z − m2
W )(C1 + C2)

]

+2(p1.ε)
[
(m2

Z − m2
W + m2

ni + m2
a)C1

+m2
ni (C0 + 2C2 + C22) + m2

aC11

+(m2
ni + m2

a)C12

] }
PRvb. (B3)

We can see that the higher tensor ranks of PV-functions van-
ish because the relevant terms in numerators were changed
into the factor D0, resulting in many terms of the form
1/(D1D2) independent to neutrinos masses mni . They are
proportional to the sum

∑K+3
i=1 U ν

aiU
ν∗
bi = 0 with a �= b.

Using above tricks to calculate I3, we have

I3 = 1

m4
W

∫
d4k

(2π)4

ua
D0D1D2

× k/1k/k/2

{
k1.ε [k2. (q − k1)] + (k1.k2) (k1 + k2) .ε

− k2.ε [k1. (k2 + q)]
}
PLvb

= 1

m4
W

∫
d4k

(2π)4 × ua
D0D1D2

(
k2 − p/1k/

)
(k/ + p/2)

×
{
ε.k1 (k + p2) . (−k + 2p1 + p2) + 2 (k1.k2) ε.k1

−ε.k2 (k1. (k + p1 + 2p2))
}
PLvb

= 1

m4
W

∫
d4k

(2π)4 × ua
D0D1D2

(
D0k/+m2

ni k/ − D0 p/1−m2
ni p/1

+D0 p/2 + m2
ni p/2 − p/1k/p/2

)

× (ε.k1) [−k.k2 + 2k2.p1 − k.k1 − 2k.p2 + k1.p1

+2k1.k2

]
PLvb

= 1

m4
W

∫
d4k

(2π)4 × ua

(
m2

ni k/

D0D1D2
− m2

ni p/1

D0D1D2

+ m2
ni p/2

D0D1D2
− p/1k/p/2

D0D1D2

)

× [ε.(k − p1)] [k2. (q − k1) −k1. (q+k2)+2k1.k2]

PLvb. (B4)

Note that: k2 (q − k1)−k1 (q + k2)+2k1k2 = (k2 − k1) .q =
(p2 + p1) q = p2

0 = m2
Z . Therefore

I3 = m2
Z

m4
W

∫
d4k

(2π)4

× ua

{[
m2

ni γ
μενkμkν

D0D1D2
+ m2

ni ε
μkμ

D0D1D2
(−p/1 + p/2)

−2pμ
2 ενkμkν

D0D1D2
p/1 + p/1 p/2

γ μενkμkν

D0D1D2

]

−(p1.ε)
[
m2

ni (−C1 p/1 + C2 p/2) + m2
ni C0 (−p/1 + p/2)

+m2
aC1 p/2 − m2

bC2 p/1
]}

PLvb

= m2
Z

m4
W

× ua
{
m2

ni C00ε/ + ma(p1.ε)
[
m2

ni X01 + m2
b X2

] }
PLvb

+ m2
Zmb

m4
W

× ua
{
maC00ε/ + (p1.ε)

[
m2

ni X02 + m2
a X1

] }
PRvb.

(B5)

The final result of M(U )
1 is derived in terms of the PV-

functions as follows:

iM(U )
1 = e3U ν

aiU
ν∗
bi

2s2
W tR

× ua
{ [−2m2

ni C0 − 4C00 − m2
aC1 − m2

bC2

+2
(
m2

Z − m2
a − m2

b

)
X3

]
ε/

+ ma(p1.ε) [4C1 + 2C2 − 4X1]
}
PLvb + ua × mb

{
−3maX3ε/ + (p1.ε) [4C2 + 2C1 − 4X2]

}
PRvb

− 1

m2
W

ua
{
ε/
[(
m2

Z − m2
W

) (
2m2

ni C0 + m2
aC1 + m2

bC2
)

−m2
ni

(
B(1)

0 + B(2)
0

)
− m2

a B
(1)
1 − m2

bB
(2)
1 + 2m2

ni C00

]

+2ma(p1.ε)
[ (

m2
Z − m2

W

)
C2 + m2

ni X01 + m2
b X2

]}
PLvb

− mb

m2
W

ua
{
ε/ma

[
2C00 − (m2

Z − m2
W )X3

]

+2(p1.ε)
[
(m2

Z − m2
W )C1 + m2

ni X02 + m2
a X1

] }
PRvb

+ m2
Z

m4
W

ua
{
ε/m2

ni C00+ma(p1.ε)
[
m2

ni X01 + m2
b X2

] }
PLvb
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+m2
Zmb

m4
W

ua
{
maC00ε/+(p1.ε)

[
m2

ni X02+m2
a X1

] }
PRvb.

(B6)

Equation (B6) results in the form factors given in Eqs. (17),
(18), (19), and (20).

The amplitude originated from diagram (2) in Fig. 1 is

iM(U )
2 =

∫
d4k

(2π)4 × ua ×
[

ie√
2sW

U ν
aiγ

αPL

]

× i
(−k/1 + mni

)

D1

[
ie

2sW cW
ε/
(
qi j PL − q ji PR

)]

× i
(−k/2 + mn j

)

D2
×

[
ie√
2sW

U ν∗
bj γ β PL

]
× vb

× −i

D0

(
gαβ − kαkβ

m2
W

)

= e3U ν
aiU

ν∗
bj

4s3
WcW

∫
d4k

(2π)4

ua
D0D1D2

{
qi jγ

αk/1ε/k/2γ
β

−q jimni mn j γ
αε/γ β

} (
gαβ − kαkβ

m2
W

)
PLvb

= e3U ν
aiU

ν∗
bj

4m2
Ws3

WcW

∫
d4k

(2π)4 × ua
D0D1D2

×
{
qi j

[
(−2k/2ε/k/1+(4−d)k/1ε/k/2)m

2
W−k/k/1ε/k/2k/

]

− q jimni mn j

[
(2 − d)ε/m2

W − k/ε/k/
] }

PLvb

= e3U ν
aiU

ν∗
bj

4m2
Ws3

WcW

∫
d4k

(2π)4 × ua

×
{
qi j

[
m2

W

(−2γ με/γ νkμkν

D0D1D2

−2C1 p/1ε/p/1 + 2C2 p/2ε/p/1

+ 2C1 p/2ε/p/1 − 2C2 p/2ε/p/2

+2C0

(
2p1.ε(−p/1 + p/2)

−
(
m2

Z − m2
a − m2

b

)
ε/ − p/1ε/p/2

)

+ (4 − d)
(γ με/γ νkμkν

D0D1D2
− C1 p/1ε/p/2 + C2 p/2ε/p/2

+C1 p/1ε/p/1 − C2 p/1ε/p/2 − C0 p/1ε/p/2

))

−
(
k2 − k/p/1

)
ε/
(
k2 + p/2k/

)

D0D1D2

]
+ q jimni mn j

[
2C0m

2
W ε/ + γ με/γ ν

(
C00gμν + C11 p1μ p1ν

+ C22 p2μ p2ν−C12
(
p1μ p2ν+p1ν p2μ

) )]}
PLvb.

(B7)

Using a relation that
(
k2 − k/p/1

)
ε/
(
k2 + p/2k/

)
=

(
D1 + m2

ni − m2
a + p/1k/

)
ε/

×
(
D2 + m2

n j
− m2

b − k/p/2

)

we will derive M(U )
2 in terms of PV-functions defined in

Appendix A as follows

iM(U )
2 = e3U ν

aiU
ν∗
bj

4m2
Ws3

WcW

× ua
{
qi j

[
m2

W

(
(2 − d)2C00 + 2m2

a X01

+2m2
bX02 + 2m2

Z (C12 − X0)
)

ε/

−(2p1.ε)ma

(
m2

W (4X1 + 2C0 + 2C2)

−m2
n j
C2 + m2

bX2

)

−
(
(m2

ni − m2
a)B

(1)
0 + (m2

n j
− m2

b)B
(2)
0

+(m2
ni − m2

a)(m
2
n j

− m2
b)C0

−m2
a B

(1)
1 − m2

bB
(2)
1 − (m2

n j
− m2

b)m
2
aC1

−(m2
ni − m2

a)m
2
bC2

)]

+q jimni mn j

[(
4m2

WC0 + (2 − d)C00

−C11m
2
a − C22m

2
b

+C12

(
m2

Z − m2
a − m2

b

) )
ε/

+2ε.p1ma(C11 + C12)]} PLvb

+ e3U ν
aiU

ν∗
bj mb

4m2
Ws3

WcW
ua

{
qi j [ε/ma (−(2 − d)C00

+2m2
W X0 + m2

a X1 + m2
bX2

−m2
n j
C2 − m2

ni C1 − m2
ZC12

)

+2(p1.ε)
(
−2m2

W X02 + m2
ni C1 − m2

a X1

) ]

+q jimni mn j [2ε.p1(C22 + C12)]
}
PRvb. (B8)

From Eq. (B8) results in four form factors listed in Eqs. (21),
(22), (23), and (24).

For diagram (3) in Fig. 1:

iM(U )
3 =

∫
d4k

(2π)4 × ua

[
ie√
2sW

U ν
aiγ

αPL

]
i
(
mni + k/

)

D0

×
[

ie√
2sW

U ν∗
bi γ β PL

]

× i (mb + p/1)

p2
1 − m2

b

× [ieε/ (tL PL + tR PR)] vb
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× −i

D1

(
gαβ − k1αk1β

m2
W

)

= e3U ν
aiU

ν∗
bi

2s2
W (m2

a − m2
b)

∫
d4k

(2π)4

× uaγ αk/γ β PL (mb + p/1) ε/(tL PL + tR PR)

D0D1(
gαβ − k1αk1β

m2
W

)

= e3U ν
aiU

ν∗
bi

2s2
W (m2

a − m2
b)

∫
d4k

(2π)4

× ua
D0D1

[
(2 − d)k/ − k/1k/k/1

m2
W

]

(tL p/1ε/PL + tRmbε/PR) vb

= e3U ν
aiU

ν∗
bi m

2
atL

2m2
Ws2

W (m2
a − m2

b)
ua

{
2m2

ni B
(1)
0

−
[
(2 − d)m2

W − m2
ni − m2

a

]
B(1)

1

}
ε/PLvb

+ e3U ν
aiU

ν∗
bi mambtR

2m2
Ws2

W (m2
a − m2

b)
ua

{
2m2

ni B
(1)
0

−
[
(2 − d)m2

W − m2
ni − m2

a

]
B(1)

1

}
ε/PRvb. (B9)

Similarly for the diagram (4) of Fig. 1, we get

iM(U )
4 = e3U ν∗

bi U
ν
ai

2s2
W (m2

b − m2
a)

×
∫

d4k

(2π)4 × ua
D0D2

× ε/(tL PL+tR PR) (ma−p/2)

× γ αk/γ β

(
gαβ − k2αk2β

m2
W

)
PLvb

= U ν
ai e

3U ν∗
bi tL

2m2
Ws2

W (m2
b − m2

a)
ua

{
2m2

ni B
(2)
0

−
[
(2 − d)m2

W − m2
ni − m2

b

]
B(2)

1

}
ε/PLvb

+ U ν
ai e

3U ν∗
bi tR

2m2
Ws2

W (m2
b − m2

a)
ua

{
2m2

ni B
(2)
0

−
[
(2 − d)m2

W − m2
ni − m2

b

]
B(2)

1

}
ε/PRvb.

(B10)

Combining two results of M(U )
3 and M(U )

4 , we obtain four
form factors listed in Eqs. (25), (26), and (27).

B.2 Divergent cancellation in Z → e+
b e

−
a amplitude

The divergence cancellation in the total form factor āl,r and
b̄l,r is proved below.

div
[
ānWW
l

]
= e3

2s2
W tR

{
1

m2
W

(
2 − 1

2

)
+ m2

Z

4m4
W

}

6∑

i=1

Uν
aiU

ν∗
bi m

2
ni �ε

= e3

4m2
Ws3

WcW

{
3c2

W + 1

2

} 6∑

i=1

Uν
aiU

ν∗
bi m

2
ni �ε,

div
[
āWnn
l

]
= e3

4m2
Ws3

WcW

6∑

i, j=1

Uν
aiU

ν∗
bj qi j (−m2

ni −m2
n j

)�ε

= e3

4m2
Ws3

WcW
(−2)

6∑

i=1

Uν
aiU

ν∗
bi m

2
ni �ε,

div
[
ānWl

]
= e3tL

2m2
Ws2

W

(
2 − 1

2

) 6∑

i=1

Uν
aiU

ν∗
bi m

2
ni �ε

= e3

4m2
Ws3

WcW

(
3

2
s2
W−3

2
c2
W

) 6∑

i=1

Uν
aiU

ν∗
bi m

2
ni �ε,

(B11)

where div
[
B(1)

0

]
= div

[
B(2)

0

]
= −2div

[
B(1)

1

]
= −2div

[
B(2)

1

]
= 4div [C00] ≡ �ε and tR = sW

cW
; tL =

s2
W − c2

W

2sW cW
;mZ = mW

cW
; qi j = (

U †U
)
i j .

Because

(
3c2

W + 1

2
− 2 + 3

2
s2
W − 3

2
c2
W

)
= 0, the sum

of all divergent parts of āl,r and b̄l,r is zero. Also, we

see easily that div
[
ānWW
r

] = div
[
āWnn
r

] = div
[
ānWr

] =
div

[
b̄nWW
l

] = div
[
b̄nWW
r

] = div
[
b̄Wnn
l

] = div
[
b̄Wnn
r

] =
0.

B.3 The results in the ’t Hoof–Feynman gauge

The form factors calculated in the ’t Hooft–Feynman corre-
sponding to 10 diagrams including 6 diagrams in Fig. 2 and
4 diagrams in Fig. 1 are denoted respectively as follows. Two
diagrams (1) and (2) in Fig. 2 give

ā′
l,1+2 ≡ ā′

nWG,l = −e2tR
2s2

W

K+3∑

i=1

U ν
aiU

ν∗
bi

(
2m2

ni C0 + m2
aC1 + m2

bC2

)
,

ā′
r,1+2 ≡ ā′

nWG,r = e2tR
2s2

W

× mamb

K+3∑

i=1

U ν
aiU

ν∗
bi X3,
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b̄′
l ≡ b̄′

nWG,l = −e2tR
2s2

W

K+3∑

i=1

U ν
aiU

ν∗
bi [2maC2] ,

b̄′
r ≡ ā′

nWG,r = −e2tR
2s2

W

K+3∑

i=1

U ν
aiU

ν∗
bi [2mbC1] , (B12)

where C0,1,2 = C0,1,2(m2
a,m

2
Z ,m2

b;m2
i ,m

2
W ,m2

W ) and
X3 = X3(m2

a,m
2
Z ,m2

b;m2
i ,m

2
W ,m2

W ). Diagrams (3) in
Fig. 2 gives

ā′
l,3 ≡ ā′

nGG,l = e2tL
s2
Wm2

W

K+3∑

i=1

U ν
aiU

ν∗
bi m

2
ni C00,

ā′
r,3 ≡ ā′

nGG,r = e2tLmamb

s2
Wm2

W

K+3∑

i=1

U ν
aiU

ν∗
bi C00,

b̄′
l,3 ≡ b̄′

nGG,l = e2tLma

s2
Wm2

W

K+3∑

i=1

U ν
aiU

ν∗
bi

[
m2

bX2 + m2
ni X01

]
,

b̄′
r,3 ≡ ā′

nGG,r = e2tLmb

s2
Wm2

W

K+3∑

i=1

U ν
aiU

ν∗
bi

[
m2

a X1 + m2
ni X02

]
,

(B13)

where X0,1,2 = X0,1,2(m2
a,m

2
Z ,m2

b;m2
i ,m

2
W ,m2

W ) and
C00 = C00(p2

1, q
2, p2

2;m2
i ,m

2
W ,m2

W ).
Diagram (4) in Fig. 2 gives:

ā′
l,4 ≡ ā′

Gnn,l

= e2

4s3
WcWm2

W

×
K+3∑

i, j=1

U ν
aiU

ν∗
bj

{
qi j

[(
m2

am
2
j + m2

bm
2
i − m2

am
2
b

)
X0

−m2
i m

2
jC0 − m2

bm
2
i C1 − m2

am
2
jC2

]

−q jimni mn j

[
B(12)

0 − 2C00 + m2
WC0

]}
,

ā′
r,4 ≡ ā′

Gnn,r

= e2mamb

4s3
WcWm2

W

K+3∑

i=1

U ν
aiU

ν∗
bj qi j

[
B(12)

0 + m2
WC0

−2C00 − (m2
ni − m2

a)C1 − (m2
n j

− m2
b)C2

]
,

b̄′
l,4 ≡ b̄′

Gnn,l

= e2ma

4s3
WcWm2

W

K+3∑

i=1

U ν
aiU

ν∗
bj

[
2qi j

(
m2

n j
C2 − m2

bX2

)

+2q jimni mn j (X1 − C1)
]
,

b̄′
r,4 ≡ b̄′

Gnn,r

= e2mb

4s3
WcWm2

W

K+3∑

i=1

U ν
aiU

ν∗
bj

{
2qi j

[
m2

ni C1 − m2
a X1

]

+2q jimni mn j (X2 − C2)
}
, (B14)

where X0,1,2 = X0,1,2(m2
a,m

2
Z ,m2

b;m2
i ,m

2
j ,m

2
W ) and

C00 = C00(m2
a,m

2
Z ,m2

b;m2
i ,m

2
j ,m

2
W ).

Two diagrams (5) and (6) in Fig. 2 give

ā′
l,5+6 ≡ ā′

nG,l

= e2tL
2m2

Ws2
W

(
m2

a − m2
b

)
K+3∑

i=1

U ν
aiU

ν∗
bi

[
m2

ni

(
m2

a + m2
b

)

×
(
B(1)

0 − B(2)
0

)
+ m2

am
2
b

(
B(1)

1 − B(2)
1

)

+m2
ni

(
m2

a B
(1)
1 − m2

bB
(2)
1

)]
,

ā′
r,5+6 ≡ ā′

nG,r

= e2mambtR
2m2

Ws2
W

(
m2

a − m2
b

)
K+3∑

i=1

U ν
aiU

ν∗
bi

[
2m2

ni

(
B(1)

0 − B(2)
0

)

+m2
ni

(
B(1)

1 − B(2)
1

)
+

(
m2

a B
(1)
1 − m2

bB
(2)
1

)]
,

b̄′
l,5+6 = b̄′

r,5+6 = 0, (B15)

where B(k)
0,1 = B(k)

0,1(p
2
k ;m2

ni ,m
2
W ).

Form factors corresponding to diagram (1) in Fig. 1, cal-
culated in the HF gauge:

ā′
nWW,l = e2

2s2
W tr

K+3∑

i=1

U ν
aiU

ν∗
bi

[
−2

(
B(12)

0 + m2
ni C0

)
+ (4 − 2d)C00

−
(
m2

aC1 + m2
bC2

)
+ 2

(
m2

Z − m2
a − m2

b

)
X3

]
,

ā′
nWW,r = e2

2s2
W tr

K+3∑

i=1

U ν
aiU

ν∗
bi (−3mambX3) ,

b̄′
nWW,l = e2ma

2s2
W tr

K+3∑

i=1

U ν
aiU

ν∗
bi [4C1 + 2C2 − 4X1] ,

b̄′
nWW,r = e2mb

2s2
W tr

K+3∑

i=1

U ν
aiU

ν∗
bi [4C2 + 2C1 − 4X2] , (B16)

where X0,1,2 = X0,1,2(m2
a,m

2
Z ,m2

b;m2
i ,mW ,m2

W ) and
C00 = C00(m2

a,m
2
Z ,m2

b;m2
i ,m

2
W ,m2

W ). Form factors cor-
responding to diagram (2) in Fig. 1, calculated in the HF
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gauge:

ā′
Wnn,l = e2

4s3
WcW

K+3∑

i=1

U ν
aiU

ν∗
bj

{
qi j

[
4C00 + 2

(
m2

a X01

+m2
bX02 − m2

Z X0 − m2
ZC12

)]

+ 2q jimni mn j C0

}
,

ā′
Wnn,r = e2mamb

4s3
WcW

K+3∑

i=1

U ν
aiU

ν∗
bj

[
2qi j X0

]
,

b̄′
Wnn,l = e2ma

4s3
WcW

K+3∑

i=1

U ν
aiU

ν∗
bj

[−4qi j X01
]
,

b̄′
Wnn,r = e2mb

4s3
WcW

K+3∑

i=1

U ν
aiU

ν∗
bj

[−4qi j X02
]
, (B17)

where X0,1,2 = X0,1,2(m2
a,m

2
Z ,m2

b;m2
i ,m

2
j ,m

2
W ) and

C00 = C00(m2
a,m

2
Z ,m2

b;m2
i ,m

2
j ,m

2
W ).

Form factors corresponding to diagram (3) and (4) in
Fig. 1, calculated in the HF gauge:

ā′
nW,l = 2e2

2s2
W (m2

a − m2
b)

K+3∑

i=1

U ν
aiU

ν∗
bi

[
tL

(
m2

a B
(1)
1 − m2

bB
(2)
1

)]
,

ā′
nW,r = 2e2U ν

aiU
ν∗
bi

2s2
W (m2

a − m2
b)

K+3∑

i=1

U ν
aiU

ν∗
bi

[
tRmamb

(
B(1)

1 − B(2)
1

)]
,

b̄′
nW,l = b̄′

nW,r = 0. (B18)

We note that the PV-functions A, B, and C defined in
this work are consistent with notations used LoopTools and
Ref. [1]. The equivalences between two final lepton states
defined in our work and Ref. [1] are eb ≡ �1 and ea ≡ �2,
which implies that p1μ = paμ ≡ p�2μ = p2μ and p2μ =
pbμ ≡ p�1μ = p1μ, i.e., {p1μ, p2μ} ↔ {p2μ, p1μ} =
{−qμ, pμ} corresponding to the definitions in Appendix A
of Ref. [1]. In addition, there is a change that (i j) ≡ ( j i) for
diagrams containing two different lepton propagators. As a
consequence, the following identifications is needed in order
to check the consistence of the results between our work and
Ref. [1]:

m2
a = m2

a ↔ m2
�2

, m2
b = m2

b ↔ m2
�1

,
{
qi j ,mi ,m j

} = {
q ji ,m j ,mi

}
,

{C0,C12, X0, X3, X12} ↔ {C0,C12, X0, X3, X12} ,
{
B(1)

0,1,11,00, B
(2)
0,1,11,00,C1,2,11,22, X01,02

}

↔
{
B(2)

0,1,11,00, B
(1)
0,1,11,00,C2,1,22,11, X02,01

}
. (B19)

The above relations are realized from the properties that the
C-functions relating to the cLFV Z decays are derived in
the different orders of the propagators in the numerators
{D0, D1, D2} ↔ {

k2 − A, (k + p)2 − B, (k + q)2 − C
}

with −p1μ = pμ = p�1 and p2μ = qμ = −p�2 , for example

h0 = C0(m
2
�1

, q2,m2
�2

;m2
W ,m2

i ,m
2
j )

= C0(m
2
b, q

2,m2
a;m2

W ,m2
i ,m

2
j )

= C0(m
2
a, q

2,m2
b;m2

W ,m2
j ,m

2
i ),

h1 = C1(m
2
�1

, q2,m2
�2

;m2
W ,m2

i ,m
2
j )

= C1(m
2
b, q

2,m2
a;m2

W ,m2
i ,m

2
j )

= C2(m
2
a, q

2,m2
b;m2

W ,m2
j ,m

2
i ), . . .

The transformations between our results with those given
in Ref. [23] are done through the following relations:

− e

16π2 āl = FL
V − i

(
maF

L
T + mbF

R
T

)
,

− e

16π2 ār = FR
V − i

(
maF

R
T + mbF

L
T

)
,

− e

16π2 b̄l,r = 2i F L ,R
T ,

where ma ≡ mα , mb ≡ mβ , qi j ≡ Ci j , and q ji ≡ C∗
i j .

The redundant relations given in appendix A were used to
check the consistence. There appears an overall sign because
of the different sign conventions in Lagrangians. Regarding
analytic formulas computed in the unitary gauge, we realize
that all form factors FL ,R

T and FR
V , and FL(c+d)

V in Ref. [23]

are totally consistent with ours, while the remaining FL(a)
V

and FL(b)
V result in two deviations as follows:

e

16π2 ā
Wnn
l +

[
FL(b)
V − i

(
maF

L(b)
T + mbF

R(b)
T

)]

= g3

32cWπ2

K+3∑

i, j=1

qi j
[
−B(1)

0 − B(2)
0 + 2B(12)

0

+m2
a (3C1 + C2 + C0) + m2

b (C1 + 3C2 + C0)

+C0(m
2
ni − m2

n j
) − (C1 + C2)m

2
Z

]
, (B20)

where B(1)
0 = B0(m2

a;m2
W ,m2

i ), B
(2)
0 = B0(m2

b;m2
W ,m2

j ),

Ck = Ck(m2
a,m

2
Z ,m2

b,m
2
W ,m2

i ,m
2
j ), and

e

16π2 ā
nWW
l +

[
FL(b)
V − i

(
maF

L(b)
T + mbF

R(b)
T

)]

= .
g3cW
16π2

K+3∑

i=1

[
B(1)

0 + B(2)
0 − m2

a (3C1 + C2 + C0)

−m2
b (C1 + 3C2 + C0)
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−2C0(m
2
ni − m2

W ) + (C1 + C2)m
2
Z

]

with B(k)
0 = B0(p2

k ;m2
i ,m

2
W ), Ck = Ck(m2

a,m
2
Z ,m2

b,m
2
i ,

m2
W ,m2

W ).

B.4 Scalar one-loop contributions to the Z → e+
b e

−
a

amplitude

For contributions from Higgs mediations, similar to the dia-
grams in Fig. 1, but the gauge boson propagators W are
replaced with scalars c, namely diagram (1), (2), and (3+4)
are denoted as ns1s2, sknn, and nsk . They are also 4 diagrams
(3), (4), and (5+6) in Fig. 2. The Lagrangian consisting of
relevant scalar couplings is

LS =
3∑

a=1

K+3∑

i=1

∑

k

ni (L
k
ai PL + Rk

ai PR)eask

+ (−egZs1s2)Zμs
−
1 s+

2 (p+ − p−)μ + h.c. (B21)

The results are listed as follows. The diagram with three
propagators ns1s2:

āns1s2,l = 2gZs1s2

K+3∑

i=1

L1∗
ai L

2
biC00

= 2gZs1s2

K+3∑

i=1

L1∗
ai L

2
bi

2

[
m2

ni C0 − m2
aC1 − m2

bC2

−
(
m2

a + m2
b − m2

Z

)
C12

]
,

āns1s2,r = 2gZs1s2

K+3∑

i=1

R1∗
ai R

2
biC00

= 2gZs1s2

K+3∑

i=1

R1∗
ai R

2
bi

[
m2

ni C0 − m2
aC1 − m2

bC2

−
(
m2

a + m2
b − m2

Z

)
C12

]
,

b̄ns1s2,l = 2gZs1s2

K+3∑

i=1

[
L1∗
ai L

2
bima X1 + R1∗

ai R
2
bimbX2

−R1∗
ai L

2
bimni X0

]
,

b̄ns1s2,r = 2gZs1s2

K+3∑

i=1

[
R1∗
ai R

2
bima X1 + L1∗

ai L
2
bimbX2

−L1∗
ai R

2
bimni X0

]
, (B22)

where C0,00,k,kl = C0,00,k,kl(p2
1,m

2
Z , p2

2;mn2
i
,m2

s1
,m2

s2
).

The diagram with three propagators snn:

āsknn,l = − 1

2sW cW

K+3∑

i, j=1

{
qi j

[
λ
L ,k∗
ai λ

L ,k
bj mni mn j C0

+λ
R,k∗
ai λ

L ,k
bj mn j ma(C0 + C1)

+λ
L ,k∗
ai λ

R,k
bj mni mb(C0 + C2)+λ

R,k∗
ai λ

R,k
bj mambX0

]

−q ji

[
λ
L ,k∗
ai λ

L ,k
bj

(
2C00 − B(12)

0 − m2
sk

C0 − m2
aC1 − m2

bC2

)

−λ
R,k∗
ai λ

L ,k
bj mni maC1 + λ

L ,k∗
ai λ

R,k
bj mnjmbC2

]}
,

āsknn,r = − 1

2sW cW

K+3∑

i, j=1

{
qi j

[
−λ

L ,k∗
ai λ

R,k
bj mni maC1

+λ
R,k∗
ai λ

L ,k
bj mn j mbC2

+λ
R,k∗
ai λ

R,k
bj

(
(2 − d)C00 −

(
m2

Z − m2
a − m2

b

)

C12 − m2
aC1 − m2

bC2

)]

−q ji

[
λ
R,k∗
ai λ

R,k
bj mni mn j C0

+λ
L ,k∗
ai λ

R,k
bj mn j ma(C0 + C1)

+λ
R,k∗
ai λ

L ,k
bj mni mb(C0 + C2) + λ

L ,k∗
ai λ

L ,k
bj mambX0

]}
,

b̄sknn,l = − 1

sW cW

K+3∑

i, j=1

{
qi jλ

R,k∗
ai λ

R,k
bj mbX2

−q ji

[
λ
L ,k∗
ai λ

L ,k
bj ma X1 + λ

R,k∗
ai λ

L ,k
bj mni C1

]}
,

b̄sknn,r = − 1

sW cW

K+3∑

i, j=1

{
qi jλ

R,k∗
ai λ

R,k
bj ma X1

−q ji

[
λ
L ,k∗
ai λ

L ,k
bj mbX2 + λ

L ,k∗
ai λ

R,k
bj mn j C2

]}
, (B23)

where C0,00,k,kl = C0,00,k,kl(p2
1,m

2
Z , p2

2;m2
sk ,mn2

i
,mn2

j
).

The two one-loop-two-point diagrams with two propaga-
tors nc:

ānsk ,l = −tL
(m2

a − m2
b)

K+3∑

i=1

[
mni

(
λ
L ,k∗
ai λ

R,k
bi mb + λ

R,k∗
ai λ

L ,k
bi ma

)

(
B(1)

0 − B(2)
0

)

−
(
λ
L ,k∗
ai λ

L ,k
bi m2

b + λ
R,k∗
ai λ

R,k
bi mamb

) (
B(1)

1 − B(2)
1

)]
,

ānsk ,r = −tR
(m2

a − m2
b)

K+3∑

i=1

[
mni

(
λ
L ,k∗
ai λ

R,k
bi ma + λ

R,k∗
ai λ

L ,k
bi mb

)

(
B(1)

0 − B(2)
0

)

−
(
λ
L ,k∗
ai λ

L ,k
bi mamb + λ

R,k∗
ai λ

R,k
bi m2

b

) (
B(1)

1 − B(2)
1

)]
,

b̄nsk ,l = b̄nsk ,r = 0. (B24)

AppendixC:Form factors for theLFVh decays h → eaeb

Denoting that �
(i)
L ,R ≡ �

(ab)(i)
L ,R for short, the private contri-

butions of all diagrams in Fig. 4 to the LFVh decay amplitude
are as follows [8,102,103]. The first class consists of only
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gauge boson, namely four diagrams (1), (5), (7), and (8). The
diagram (1) nWW :

�
(1)
L = �nWW

L

= g3ma

64π2m3
W

cδ

×
9∑

i=1

U ν
aiU

ν∗
bi

{
m2

ni

(
B(1)

0 + B(2)
0 + B(1)

1

)
+ m2

bB
(2)
1

− (
2m2

W + m2
h

)
m2

ni C0

− [
m2

ni

(
2m2

W + m2
h

) + 2m2
W

(
2m2

W + m2
a − m2

b

)]
C1

− [
2m2

W

(
m2

a − m2
h

) + m2
bm

2
h

]
C2

}
, (C1)

�
(1)
R = �nWW

R

= g3mb

64π2m3
W

cδ

×
9∑

i=1

U ν
aiU

ν∗
bi

{
m2

ni

(
B(1)

0 + B(2)
0 + B(2)

1

)
+ m2

a B
(1)
1

− (
2m2

W + m2
h

)
m2

ni C0

− [
2m2

W

(
m2

b − m2
h

) + m2
am

2
h

]
C1

− [
m2

ni

(
2m2

W + m2
h

) + 2m2
W

(
2m2

W − m2
a + m2

b

)]
C2

}
,

(C2)

where B(i)
0,1 = B0,1(p2

i ;m2
ni ,m

2
W ) and C0,1,2 = C0,1,2

(p2
1,m

2
h, p

2
2;m2

ni ,m
2
W ,m2

W ).
The diagrams (5) with three propagators Wnn:

�
(5)
L = �

(Wnn)
L

= g3ma

64π2m3
W

× cα

sβ

9∑

i, j=1

U ν
aiU

ν∗
bj

{
λ0∗
i j mn j

×
[
−B(12)

0 + m2
WC0 +

(
2m2

W + m2
ni − m2

a

)
C1

]

+λ0
i jmni

[
B(1)

1 +
(

2m2
W + m2

n j
− m2

b

)
C1

]}
,

�
(5)W
R = �

(Wnn)
R

= g3mb

64π2m3
W

× cα

sβ

9∑

i=1

U ν
aiU

ν∗
bj

{
λ0
i jmni

×
[
−B(12)

0 + m2
WC0 +

(
2m2

W + m2
n j

− m2
b

)
C2

]

+ λ0∗
i j mn j

[
B(2)

1 +
(

2m2
W + m2

ni − m2
a

)
C2

]}
,

(C3)

where λhi j is given in Eq. (46), B(12)
0 = B0(m2

h;m2
ni ,m

2
n j

),

B(k)
1 = B1(p2

k ;m2
W ,m2

ni ), and C0,1,2 = C0,1,2

(p2
1,m

2
h, p

2
2;m2

W ,m2
ni ,m

2
n j

) with k = 1, 2.
The diagrams (7+8) with two propagators nW :

�
(7+8)
L = �nW

L

= g3ma

64π2m3
W

× sα
cβ

× m2
b

m2
b − m2

a

9∑

i=1

U ν
aiU

ν∗
bi

×
[(

2m2
W + m2

ni

) (
B(2)

1 − B(1)
1

)

+m2
bB

(2)
1 − m2

a B
(1)
1 + 2m2

ni

(
B(2)

0 − B(1)
0

)]
,

�
(7+8)
R = �nW

R = ma

mb
�

(7+8)
L , (C4)

where �
(7+8)
L ,R ≡ �

(7)
L ,R + �

(8)
L ,R , and B(i)

0,1 ≡ B0,1(p2
i ;m2

ni ,

m2
W ).
There are 4 diagrams relating with only scalar mediation,

namely diagrams (2), (6), (9), and (10). The diagrams (2)
with three propagators ncc:

�
(2)
L = �

(ncc)
L

= g2

32π2m2
W

2∑

k,l=1

λhkl

9∑

i=1

[
−λ

R,k∗
ai λ

L ,l
bi mni C0

+λ
L ,k∗
ai λ

L ,l
bi maC1 + λ

R,k∗
ai λ

R,l
bi mbC2

]
,

�
(2)
R = �

(ncc)
R

= g2

32π2m2
W

2∑

k,l=1

λhkl

9∑

i=1

[
−λ

L ,k∗
ai λ

R,l
bi mni C0

+λ
R,k∗
ai λ

R,l
bi maC1 + λ

L ,k∗
ai λ

L ,l
bi mbC2

]
, (C5)

where C0,1,2 = C0,1,2(p2
1,m

2
h, p

2
2;m2

ni ,m
2
ck ,m

2
cl ), and λhkl

are given in Eq (49).
The diagrams (6) with cnn:

�
(6)
L = �

(cnn)
L

= g3cα

64π2m3
Wsβ

2∑

k=1

9∑

i, j=1

{
λ0∗
i j

[
λ
R,k∗
ai λ

L ,k
bj

(
B(12)

0 + m2
ckC0 + m2

aC1 + m2
bC2

)

+ λ
R,k∗
ai λ

R,k
bj mbmn j C2 + λ

L ,k∗
ai λ

L ,k
bj mamni C1

]

+ λ0
i j

[
λ
R,k∗
ai λ

L ,k
bj mni mn j C0 + λ

R,k∗
ai λ

R,k
bj mni mb(C0 + C2)

+ λ
L ,k∗
ai λ

L ,k
bj mamn j (C0 + C1)

+λ
L ,k∗
ai λ

R,k
bj mamb(C0 + C1 + C2)

] }
, (C6)

�
(6)
R = �

(cnn)
R

= g3cα

64π2m3
Wsβ

2∑

k=1

9∑

i, j=1

{
λ0
i j

[
λ
L ,k∗
ai λ

R,k
bj

(
B(12)

0 + m2
ckC0 + m2

aC1 + m2
bC2

)

+ λ
L ,k∗
ai λ

L ,k
bj mbmn j C2 + λ

R,k∗
ai λ

R,k
bj mamni C1

]

+ λ0∗
i j

[
λ
L ,k∗
ai λ

R,k
bj mni mn j C0 + λ

L ,k∗
ai λ

L ,k
bj mni mb(C0 + C2)
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+ λ
R,k∗
ai λ

R,k
bj mamn j (C0 + C1)

+λ
R,k∗
ai λ

L ,k
bj mamb(C0 + C1 + C2)

] }
, (C7)

where B(12)
0 = B0(m2

h;m2
ni ,m

2
n j

), and C0,1,2 = C0,1,2

(p2
1,m

2
h, p

2
2;m2

ck ,m
2
ni ,m

2
n j

),

The diagrams (9+10) with nc±
l :

�
(9+10)
L = �

(nc)
L

= g3sα
64π2cβm3

W

(
m2

a − m2
b

)

×
2∑

k=1

9∑

i=1

[
mambmni λ

L ,k∗
ai λ

R,k
bi

(
B(1)

0 − B(2)
0

)

+mni λ
R,k∗
ai λ

L ,k
bi

(
m2

b B
(1)
0 − m2

a B
(2)
0

)

+mamb

(
λ
L ,k∗
ai λ

L ,k
bi mb + λ

R,k∗
ai λ

R,k
bi ma

) (
−B(1)

1 + B(2)
1

)]
,

�
(9+10)
R = �

(nc)
R

= g3sα
64π2cβm3

W

(
m2

a − m2
b

)

×
2∑

k=1

9∑

i=1

[
mambmni λ

R,k∗
ai λ

L ,k
bi

(
B(1)

0 − B(2)
0

)

+mni λ
L ,k∗
ai λ

R,k
bi

(
m2

b B
(1)
0 − m2

a B
(2)
0

)

+mamb

(
λ
R,k∗
ai λ

R,k
bi mb + λ

L ,k∗
ai λ

L ,k
bi ma

) (
−B(1)

1 + B(2)
1

)]
,

(C8)

where �
(9+10)
L ,R ≡ �

(9)
L ,R + �

(10)
L ,R , and B(i)

0,1 ≡ B0,1(p2
i ;m2

ni ,

m2
ck ). The analytic forms of �

(i)
L ,R given here were also cross-

checked using the FORM package [79,80].
There are 2 diagrams consisting of both scalar and vector

mediation, namely diagrams (3) and (4). The diagrams (3)
ncW :

�
(3)
L = �

(ncW )
L

= eg2sδ fk
64π2sWm3

W

×
9∑

i=1

U ν∗
bi

{
λ
L ,k∗
ai mamni

[
2m2

WC0 + (
m2

W − m2
ck + m2

h

)
C1

]

+λ
R,k∗
ai

[
m2

ni B
(2)
0 + m2

b B
(2)
1 − m2

ni

(
m2

W − m2
ck + m2

h

)
C0

−2m2
am

2
WC1 + [

2m2
W

(
m2

h − m2
a

) − m2
b

(
m2

W − m2
ck + m2

h

)]
C2

]}
,

(C9)

�
(3)
R = �

(ncW )
R

= − g3mbsδ fk
64π2m3

W

×
9∑

i=1

U ν∗
bi

{
λ
L ,k∗
ai mni

[
B(2)

0 + B(2)
1 + (

m2
W + m2

ck − m2
h

)
C0

− (
m2

W − m2
ck + m2

h

)
C2

]

−λ
R,k∗
ai ma

[(
m2

W + m2
ck − m2

h

)
C1 + 2m2

WC2
]}

, (C10)

where

f1 = cφ, f2 = −sφ,

B(2)
0,1 = B0,1(p2

2;m2
ni ,m

2
W ), and C0,1,2 = C0,1,2(p2

1,

m2
h, p

2
2;m2

ni ,m
2
ck ,m

2
W ).

The diagrams (4) with nWc:

�
(4)
L = �

(nWc)
L

= − eg2masδ fk
64π2sWm3

W

9∑

i=1

U ν
ai

×
{
λ
L ,k
bi mni

[
B(1)

0 + B(1)
1 + (

m2
W + m2

ck − m2
h

)
C0

− (
m2

W − m2
ck + m2

h

)
C1

]

−λ
R,1
bi mb

[
2m2

WC1 + (
m2

W + m2
ck − m2

h

)
C2

]}
, (C11)

�
(4)
R = �

(nWc)
R

= g3sδ fk
64π2m3

W

9∑

i=1

U ν
ai

×
{
λ
L ,k
bi mbmni

[
2m2

WC0 + (
m2

W − m2
ck + m2

h

)
C2

]

+λ
R,k
bi

[
m2

ni B
(1)
0 + m2

a B
(1)
1 − m2

ni

(
m2

W − m2
ck + m2

h

)
C0

+ [
2m2

W

(
m2

h − m2
b

) − m2
a

(
m2

W − m2
ck + m2

h

)]
C1

−2m2
bm

2
WC2

]}
, (C12)

where B(1)
0,1 = B0,1(p2

1;m2
ni ,m

2
W ) and C0,1,2 = C0,1,2(p2

1,

m2
h, p

2
2;m2

ni ,m
2
W ,m2

ck ).
The divergent cancellation of the decay amplitudes are

proved following Refs. [102–104].

Appendix D: The Higgs sector of the 2HDMNL,R

The Higgs potential of the model

V = Vϕ + V2HDM, (D1)

Vϕ = μ2
ϕϕ∗ϕ + μ2

χχ+χ− + λϕ

(
ϕ∗ϕ

)2

+ λχ

(
χ+χ−)2 + λϕχ

(
ϕ∗ϕ

) (
χ+χ−)

+
2∑

i=1

[
λiϕ(ϕ∗ϕ) + λiχ (χ+χ−)

] (
H†
i Hi

)

+
{
λ

(
HT

1 iσ2H2

)
χ−ϕ + h.c.

}
, (D2)

V2HDM = μ2
11H

†
1 H1 + μ2

22H
†
2 H2 −

(
μ2

12H
†
1 H2 + h.c.

)

+ 1

2
λ1

(
H†

1 H1

)2 + 1

2
λ2

(
H†

2 H2

)2

+ λ3

(
H†

1 H1

) (
H†

2 H2

)
+ λ4

(
H†

1 H2

) (
H†

2 H1

)

+ λ5

2

[(
H†

1 H2

)2 +
(
H†

2 H1

)2
]

. (D3)
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The minima conditions of the Higgs potential:

r1 : μ2
11 = −1

2
c2
βλ1v

2
H − 1

2
λ345s

2
βv2

H + tβμ2
12 − λ1ϕv2

ϕ

2
,

r2 : μ2
22 = −1

2
c2
βλ345v

2
H − 1

2
λ2s

2
βv2

H + μ2
12

tβ
− λ2ϕv2

ϕ

2
,

r ′ : μ2
ϕ = −1

2
c2
βλ1ϕv2

H − 1

2
λ2ϕs

2
βv2

H − λϕv2
ϕ, (D4)

where λ345 = λ3 + λ4 + λ5.
Neutral CP-odd Higgs bosons. We find that z′ is one

massless eigenstate corresponding the Goldstone of B ′
μ. The

squared mass matrix in the basis (z1, z2) is:

M2
A =

(
tβμ2

12 − s2
βv2

Hλ5 cβsβv2
Hλ5 − μ2

12

cβsβv2
Hλ5 − μ2

12
μ2

12
tβ

− c2
βv2

Hλ5

)
. (D5)

The mixing matrix R(β) diagonalizing M2
A:

R(β) =
(

cβ sβ
−sβ cβ

)
⇒ R(β)M2

AR
T (β)

= diag

(
0,

μ2
12

cβsβ
− λ5v

2
H

)
, (D6)

where R(x) is a real 2×2 rotation matrix of angle x satisfying
RT (x)R(x) = R(x)RT (x) = I2. This gives

mGZ = 0, m2
A = μ2

12

cβsβ
− λ5v

2
H ,

(
z1

z2

)
= RT (β)

(
GZ

A

)
=

(
cβGZ − sβ A
GZsβ + cβ A

)
. (D7)

Neutral CP-even Higgs bosons. In the original basis
(r1, r2, r ′), the squared mass matrix is:

M2
h =

⎛

⎜⎝
c2
βλ1v

2
H + tβμ2

12 cβsβv2
Hλ345 − μ2

12 cβvHvϕλ1ϕ

cβsβv2
Hλ345 − μ2

12 s2
βλ2v

2
H + μ2

12
tβ

sβvHvϕλ2ϕ

cβvHvϕλ1ϕ sβvHvϕλ2ϕ 2v2
ϕλϕ

⎞

⎟⎠ .

(D8)

Because detM2
h

∣∣
vH=0 = 0, there are at least one Higgs boson

having mass at the electroweak scale, which will be identified
with the real one found experimentally. In this work we limit

λ1ϕ = λ2ϕ = 0, leading to the consequence that M2
h has

one physical state r ′ with very heavy mass m2
r ′ = 2v2

ϕλϕ ∝
v2
ϕ . The remaining 2 × 2 matrix, M′2

h , is diagonalized by a
transformation O(α)3:

O(α) =
( −sα cα

cα sα

)
⇒ O(α)M′2

h O
T (α) = diag

(
m2

h,m
2
H

)
,

(D9)
(
r1

r2

)
= OT (α)

(
h
H

)
=

( −sαh + cαH
cαh + sαH

)
, (D10)

where h and H are SM-like Higgs and new heavy Higgs
boson. Their masses and mixing parameter α are determined
as follows

m2
h = M2

11s
2
β−α + M2

22c
2
β−α + M2

12s2(β−α), (D11)

m2
H = M2

11c
2
β−α + M2

22s
2
β−α − M2

12s2(β−α),

tan 2(β − α) =
2c2

βs
2
βv2

H

[
c2
βλ1 − s2

βλ2 + λ345(s2
β − c2

β)
]

cβsβv2
H

(
c4
βλ1 − c2

βs
2
β(λ1 + λ2 − 4λ345) + λ2s4

β

)
− μ2

12

(D12)

where the entries M2
i j are:

M2 =
⎛

⎝
v2
H

(
c4
βλ1 + 1

2 s
2
2βλ345 + λ2s4

β

)
1
2 s2βv2

H

(
c2βλ345 − c2

βλ1 + s2
βλ2

)

� c2
βs

2
βv2

H (λ1 + λ2 − 2λ345) + μ2
12

cβ sβ

⎞

⎠ . (D13)

It is noted that O(α−β)M2OT (α−β) = diag
(
m2

h,m
2
H

)
.

The final results are

h = 1√
2

[
vHcβ + cαH − sαh + icβGZ − isβ A

]
,

H = 1√
2

[
vHsβ + sαH + cαh + isβGZ + icβ A

]
. (D14)

Singly charged Higgs bosons. The basis (H−
1 , H−

2 , χ−)

gives the following squared mass matrix:

M2
C = 1

2

⎛

⎜⎝
2tβμ2

12 − λ45s2
βv2

H cβsβλ45v
2
H − 2μ2

12 λsβvHvϕ

�
2μ2

12
tβ

− c2
βλ45v

2
H −λcβvHvϕ

� � 2M2+33

⎞

⎟⎠ ,

(D15)

where

λ45 = λ4 + λ5, (D16)

M2+33 = (c2
βλ1χ + λ2χ s

2
β)v2

H + λϕχv2
ϕ + 2μ2

χ . (D17)

3 This definition give the popular forms of the SM-like Higgs couplings
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The mixing matrix OC is defined as:

OCM2
C O

T
C = diag

(
0, m2

c1
, m2

c2

)
, OCO

T
C = OT

C OC = I3.
(D18)

where (c±
0 , c±

1 , c±
2 ) are mass eigenstates with c±

0 being the
Goldstone bosons of W±:

⎛

⎝
H±

1
H±

2
χ±

⎞

⎠ = OT
C

⎛

⎝
c±

0
c±

1
c±

2

⎞

⎠ =
⎛

⎝
cβ −cφsβ sβsφ
sβ cβcφ −cβsφ
0 sφ cφ

⎞

⎠

⎛

⎝
c±

0
c±

1
c±

2

⎞

⎠ ,

(D19)

where

t2φ ≡ tan(2φ) = 2λs2βvHvϕ

s2βλ45v
2
H + 2s2βM2+33 − 4μ2

12

. (D20)

This gives

m2
c1

= c2
φ

[
2μ2

12

s2β

− λ45v
2
H

2

]
+ s2

φ

[M2+33

] + s2φ

[
−1

2
λvHvϕ

]
,

m2
c2

= s2
φ

[
2μ2

12

s2β

− λ45v
2
H

2

]
+ c2

φ

[M2+33

] − s2φ

[
−1

2
λvHvϕ

]
.

(D21)

In the numerical calculation, the following quantities relating
to the Higgs potential are independent inputs:

λ1, λ4, λ5, mh, mH , mc1, mc2 , δ, φ, (D22)

where δ was defined in Eq. (48) for accommodating the SM
results. The dependent parameters are:

m2
A = c2

φm
2
c1

+ s2
φm

2
c2

+ 1

2
(λ4 − λ5) v2

H ,

λ2 = c2
βλ1s2

α

c2
αs

2
β

+ c2αm2
h + (

λ5v
2
H + m2

A

)
sδ

(
sαsβ − cαcβ

)

c2
αs

2
βv2

H

,

λ3 = cβλ1sα
cαsβ

+ sδsβ
(
λ5v

2
H + m2

A

) − sαm2
h

cαcβsβv2
H

− λ4 − λ5,

m2
H =

v2
H

(
c2
βλ1 + λ5s2

β

)
− s2

αm
2
h + s2

βm
2
A

c2
α

. (D23)

We note that the following intermediate parameters are
absorbed in the Higgs potential:

μ2
12 = cβsβ

(
λ5v

2
H + m2

A

)
,

λ = s2φ(m2
c2

− m2
c1

)

vHvϕ

,

M2+33 = s2
φm

2
c1

+ c2
φm

2
c2

,

In the numerical discussions, all Higgs couplings were
checked to satisfy the two conditions of bounded from below
and the unitarity limits [81], namely

4π ≥ λ1, λ2 ≥ 0,

λ3 + √
λ1λ2 ≥ 0, λ3 + λ4 + √

λ1λ2 − |λ5| ≥ 0,
∣∣∣∣∣
3

2
(λ1 + λ2) +

√
9

4
(λ1 − λ2)2 + (2λ3 + λ4)2

∣∣∣∣∣ < 8π,

∣∣∣∣
1

2
(λ1 + λ2) + 1

2

√
(λ1 − λ2)2 + 4λ2

4

∣∣∣∣ < 8π,

∣∣∣∣
1

2
(λ1 + λ2) + 1

2

√
(λ1 − λ2)2 + 4λ2

5

∣∣∣∣ < 8π,

|λ3 + 2λ4 − 3λ5| < 8π, |λ3 − λ5| < 8π,

|λ3 + 2λ4 + 3λ5| < 8π,

|λ3 + λ5| < 8π, |λ3 + λ4| < 8π, |λ3 − λ4| < 8π. (D24)

It can be seen in Eq. (D23) that, large tβ will result in large
|λ3| unless sδ

(
λ5v

2
H + m2

A

)
/(cβv2

H ) ∝ O(1), therefore sδ
must be small enough.
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