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Abstract In this paper, we investigate the shadow and
optical appearance of the hairy Reissner–Nordström (RN)
black hole illuminated by two toy models of static accre-
tion. The hairy RN black hole was constructed in the gravi-
tation decoupling approach to describe the deformation of a
Schwarzschild black hole due to the inclusion of additional
arbitrary source (scalar field, tensor field, fluidlike dark mat-
ter, etc.). So it is characterized by the parameters: mass (M),
deformation factor (α), electric charge (Q) and the additional
hairy charge (lo)., differentiating from the case in RN black
hole. Though the specific background theory that results in
this hairy RN black hole is still tricky, here we shall focus
on the novel observable features introduced by the hair of
this black hole. First, we find that for the hairy RN black
hole, the event horizon, radius of photon sphere and critical
impact parameter all increase as the increasings of Q and
lo, but decrease as α grows. Furthermore, the three charac-
terized parameters are found to have significant effects on
the photon trajectories, and shadows as well as images of
the hairy RN black hole surrounded by the static accretion
disk and spherical accretion, respectively. In particular, both
Q and lo have mutually reinforcing effects on the optical
appearance and shadows of the hairy RN black hole, which
implies that we may not distinguish the electric charge and
hairy charge from the shadow and image of black hole in
this scenario. Additionally, because of the competing effects
of the charge parameters (Q, lo) and the deviation parame-
ter α on the observed intensities of brightness, the optical
appearance between the hairy RN black hole and RN black
hole could have degeneracies, indicating the indistinguisha-
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bility. Our current results contribute more to the phenomenal
aspects which could be helpful to build the background the-
ory of this hairy RN black hole.
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1 Introduction

Recently, the Event Horizon Telescope (EHT) has made sig-
nificant achievements, providing us with a new window to
test the essence of gravity in the strong field regime. One of
the most impressive achievement among them is the release
of images of the supermassive black hole M87* [1–6] and
the central black hole of our Milky Way [7–12]. The dark
regions in the center of the images are the shadow of black
hole, which are related to the strong gravitational lensing of
photons around the black hole [13–18]. The unstable pho-
ton orbit (photon sphere) in the innermost layer around the
black hole define the radius of shadow, and the bright rings in
the images are related to the outer photon orbits. Moreover,
the bright ring-shaped construction is the product of various
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light rays as the black hole is always illuminated by complex
accretion flows.

In fact, early on, the black hole shadow was known as
the escaping cone of photon [16], which is defined as the
impact parameter corresponding to the critical curve. Fur-
thermore, the expression of the angular radius of the photon
capture region for the Schwarzschild black hole was pro-
posed [19], and later Bardeen investigated the D-type shadow
of the Kerr black hole [17], which is caused by the dragging
effect of the rotating black hole on the light rays. This has
inspired a wave of research on the shadow of black hole,
and numerous simulations of various black hole shadows
have been widely discussed, see for examples [20–25] and
references therein. Those studies indicate that the proper-
ties of black hole shadows closely depend on the spacetime
background. The shadows of black holes in different space-
time dimensions and modified theories of gravity have also
been attracted extensive discussion, such as conformal grav-
ity [26], Gauss-Bonnet theory [27,28], the Chern-Simons
type theory [29–31], f(R) gravity [32,33], and so on [34–
44]. In addition, the shadows of naked singularities have
been studied in [45–47], and the wormholes shadows were
also explored in [48–54] and references therein. On the other
hand, images from EHT collaboration are simulated via Kerr
black holes in general relativity (GR). However, due to the
finite resolution of EHT, this also provides some space for
alternative theories beyond GR. Therefore, plenty of works
have been carried out to use the shadow observations of the
EHT to test or constrain modified theories of gravity [55–68].

The bright ring-shaped constructions in the EHT images
are closely related to the accretion flow radiation around the
black hole, and the geometric features of the accretion flow
determine the optical appearance of the black hole. How-
ever, in the realistic astrophysical environments, the accre-
tion flows around black holes are always very complex such
that one need numerical simulation using general relativistic
magnetohydrodynamic (GRMHD) to extract the black hole
images [69]. It is worth noting that usually in order to inves-
tigate the main characteristics of black hole images and the
gravity in strong field regime, giving some toy models of
accretion structures is enough to put forward. Thus, Wald
et al. first proposed an optically and geometrically thin toy
accretion disk around Schwarzschild black holes, and defined
direct (n = 1), lensed ring (n = 2) and photon ring (n = 3)

emissions by the number of times (n) light intersecting with
the accretion disk [70]. They found that the total observed
brightness of black hole images mainly comes from the direct
emissions, while the contribution of lensed ring emissions is
small and photon ring emissions can even be ignored. Subse-
quently, toy accretion disk models around various black holes
have been extensively studied [71–76]. The spherical accre-
tions, as another toy accretion model, have also been attracted
great interest [77–81], in which the size and shape of shad-

ows are mainly determined by the spacetime geometry of the
black hole, rather than the details of the accretions. More-
over, the accretion constructions around black holes with
two unstable photon spheres were also analyzed in [82–84].
Compared to black hole with single photon sphere, the black
hole with double photon spheres could have additional pho-
ton rings in the image, and the photon ring and lensed ring
emissions will contribute significantly to the total observed
brightness. In general, the optical appearance is a potential
probe to distinguish GR black holes from other alternative
compact objects [85–89] or black holes in alternative theo-
ries beyond GR [90–101], but this does not always work, as
even in GR, the images of black holes may exhibit degenera-
cies. For example, sufficiently dense boson stars [102,103]
may have shadows similar to those of classical black holes
[104] and images of very relativistic rotating boson stars may
resemble Kerr black holes [105].

On the other hand, when there are other additional sources
around the black hole, the interaction between spacetime and
additional sources can cause the black hole to carry global
charge. This charge is also known as the hair of black hole,
and in this case the spacetime usually will deviate from that
in GR. In this scenario, Ovalle and Casadio first proposed
the gravitational decoupling (GD) approach [106,107] to
introduce additional sources, and obtain hairy black holes
which describes deformations of the black holes in GR. Due
to the fact that in the GD approach, the additional sources
can be dark matter, scalar fields, tensor fields etc., so the GD
approach can be used to study the general existence prob-
lem of solutions for hairy black holes. In particular, they take
the Schwarzschild black hole as the seed black hole, and use
the GD approach to construct the hairy Schwarzschild black
hole which obtain extensive attention, such as the thermody-
namics of rotating hairy black holes [108], scalar perturba-
tions and quasinormal modes of hairy black holes [109–111],
strong gravitational lensing, black hole shadow and image
[56,84,112], precession and Lense-Thirring effect [113] and
gravitational waves from extreme mass ratio inspirals [114].

In this work, we will focus on the optical features of the
hairy RN black hole, which was also constructed via the GD
approach by taking the Schwarzschild black hole in GR as
the seed black hole. Since the hairy RN black hole includes
electric charge and additional arbitrary hairy charge, thus,
the aim of this work to investigate if the black hole shadow
and image can probe the different charges in this scenario.
In details, we will firstly explore the effects of characterized
parameters of the hairy RN black hole on the light rays, and on
the black hole rings and images when it is surrounded by the
optically and geometrically thin accretion disks and spherical
accretion. Then we shall discuss the possible distinguishable
effects of the charges on the hairy RN black hole shadows
and images, and potentially differentiate the hairy RN black
hole from RN black hole.

123



Eur. Phys. J. C (2024) 84 :305 Page 3 of 14 305

This paper is organized as follows. In Sect. 2, we will study
the radius of photon sphere and impact parameters by ana-
lyzing the effective potential of photons around the hairy
RN black hole. In Sect. 3, we use the ray-tracing method
to discuss the distribution of the light rays around the hairy
RN black hole, and then investigate the optical appearance
of hairy RN black hole illuminated by the optically and
geometrically thin accretion disk. In Sect. 4, we present the
black hole shadows and images illuminated by static spheri-
cal accretions. Section 5 gives our conclusions.

2 Photons sphere of the hairy RN black hole

Black holes in classical GR are only described by mass, elec-
tric charge and spin because of the no-hair theorem [115].
But the interaction between black hole spacetime and matters
may introduce other charges, so the black hole could carry
additional hairy charges and the physical effects of these
hairy charges can modify the original background space-
time, namely, hairy black holes may form. Recently, Ovalle
et.al used the GD approach to obtain a spherically symmet-
ric black hole with additional hairy charges [106,107], which
has the metric

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (1)

with

f (r) = 1 − 2M

r
+ Q2

r2 − α

r

(
M − lo

2

)
e−r/(M−lo/2). (2)

This metric describes the deformation of the Schwarzschild
black hole solution due to the introduction of additional
sources, which can be dark matter, scalar fields, tensor fields,
etc. Here Q and l0 represent potential charges, and both
of them are proportional to α, such that the above solution
reduces to Schwarzschild case as α → 0. In appendix 6, we
review how the hairy RN black hole (1) is solved out from
the seed metric via the GD approach. The technics of this
approach to obtain the deformed solutions sound good, but
the specific background theory, which can give the additional
required tensor field in the approach, remains open. The
authors of [106] briefly discussed the potential background
theories which still call for further investigations. Neverthe-
less, the uncertainty of the background theories did not hinder
physicists’ attention on this type of deformed black hole, and
lots of theoretical and observable properties of the deformed
black hole have been investigated [56,84,108–114]. The rea-
sons may stem from two aspects: (i) Due to the uncertainty
of the ingredients in our Universe and the dispute on no-hair
theorem of black hole, people can temporarily suspend the
unclear background theory and go ahead to study its possi-
ble outputs. (ii) More complete understanding of the hairy

black hole could give more information to build its back-
ground theories, at least from bottom-up perspective. In par-
ticular, as addressed in [106], Q can be an electric charge, or
a tidal charge of extradimensional origin or any other source
depending on the specific background theory. When Q repre-
sents an electric charge, the electrovacuum of the RN geom-
etry also contains a tensor-vacuum whose components are
those explicitly proportional to α. In this paper, taking our
motivations mentioned in the Introduction into account, we
will treat Q as the electric charge differentiating from the
additional hairy charge lo, and instead of clarifying its corre-
sponding background theory, we shall discuss their possible
probe from black hole shadow and images. So we denote the
above geometry (1) as the hairy RN spacetime. Thus, in the
following studies, M , Q, and lo are the parameters related
with the mass, electric charge and hairy charge of the black
hole, respectively. In addition, lo should satisfy lo ≤ 2M to
ensure the asymptotic flatness of spacetime. Here we focus
on the properties of motions of photon in the vicinity of the
hairy RN black hole. Before proceeding, we briefly discuss
the event horizon of hairy RN black hole, which can be solved
out from

f (r)|r=rh = 1 − 2M

rh
+ Q2

r2
h

− α

rh

(
M − lo

2

)
e−rh/(M−lo/2) = 0.

(3)

After numerical calculation, we show how the event hori-
zon rh is affected by the parameters α, Q, and lo with the oth-
ers fixed in Fig. 1. Obviously, with fixed α, both the charge
parameters lo and Q will suppress the event horizon rh , but
as the deformation parameter α increases, the event horizon
of the hairy RN black hole becomes larger.

Next, we will investigate the null geodesic motion in the
hairy RN black holes. The motions of photons are described
by the Euler-Lagrange equation,

d

dτ

( ∂L

∂ ẋμ

)
− ∂L

∂xμ
= 0, (4)

where ẋμ = dxμ

dτ
represents the four-velocity of the photon

and τ is the affine parameter. In the static spherically sym-
metric hairy RN black hole, the Lagrangian of the photon
takes the form

L = 1

2
gμν ẋ

μ ẋν = 1

2

[ − f (r)ṫ2 + 1

f (r)
ṙ2 + r2(θ̇2

+ sin2 θφ̇2)
]
. (5)

Since ∂t and ∂φ are Killing vector fields of the hairy RN
spacetime, we can define the conserved energy, E , and the z
component of the angular momentum, Lz , of the photon as

E ≡ −∂L

∂ ṫ
= f (r)ṫ, Lz = ∂L

∂φ̇
= r2 sin2 θφ̇. (6)
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Fig. 1 The event horizon rh of the hairy RN black hole as functions of the parameters lo, Q and α of the hairy RN black hole. Here we have set
M = 1

Furthermore, due to the spherical symmetry of the space-
time, we can focus on the motions of photons on the equa-
torial plane (θ = π/2) without losing generality. Moreover,
by considering L = 0 for photon and defining the impact
parameter b = Lz/E , we can obtain three first-order differ-
ential equations of motion for the photons

ṫ = 1

b f (r)
, φ̇ = ± 1

r2 , ṙ2 = 1

b2 − Veff(r), (7)

where the effective potential is given as

Veff(r) = f (r)

r2 . (8)

The ± sign in (7) represent the clockwise and counterclock-
wise direction of photons’ trajectories, respectively. Then the
fate of a photon is determined by the radial geodesic equa-
tion. In particular, the circular orbit should satisfy ṙ = 0 and
r̈ = 0, which will be translated to

bph = 1√
Veff(rph)

, V ′
eff(rph) = 0, (9)

where rph is the radius of the photon sphere satisfying
V ′′

eff(rph) < 0, and bph is the critical impact parameter which
is related with the shadow radius of the black hole. As shown
in the leftmost plot of Fig. 2, the light rays with b > bph ,
will be deflected by the black hole and escape to infinity; on
the contrary, the light rays with b < bph will be captured
into the event horizon of the black hole. The light rays with
b = bph will circle around the black hole all the time with
the radius rph . The effects of the two charges on the rph and
bph are shown in the middle and rightmost plot of Fig. 2.
It shows that as both charge parameters increase, both rph
and bph become smaller, similar to what occurs for the event
horizon, as shown in Fig. 1, as expected.

Based on the preliminary analysis, we shall study the opti-
cal appearance of the hairy RN black hole in various illu-
mination conditions. It is known that the hot, optically thin
accretion flows are surrounding M87*, Sgr A* and many
other supermassive black holes in our Universe [116]. Here
we will consider the hairy RN black hole illuminated by stat-
ically thin disk accretions and spherical accretions, respec-

tively, which are simple toy accretion models but enough for
the purpose of this paper.

3 Images of hairy RN black hole illuminated by thin
accretions disk

In this section, we shall use the ray-tracing method to analyze
the distribution of light rays in the vicinity of the hairy RN
black hole and further investigate the optical appearance of
the black hole illuminated by an optically and geometrically
thin accretion disk. For simplicity, we consider that the accre-
tion disk is fixed at the equatorial plane and the observer is
located at the North pole. Due to the strong gravitational lens-
ing effect, the light rays around the black hole may intersect
with the accretion disk arbitrary times before falling into the
black hole or escaping to infinity, which brings different con-
tributions to the total intensity received by the observer. For
this purpose, we should first classify the light rays in terms
of the number of times they intersect with the thin accretion
disk, and then figure out the images of the hairy RN black
hole.

3.1 Classification of the light rays

The motion trajectories of photons around the hairy RN black
holes are controlled by the trajectory equation

dr

dφ
= ṙ

φ̇
= ± 1

r2

√
1

b2 − Veff(r). (10)

derived from (7). It is obvious that the trajectory of light ray
is closely related to the impact parameter b. As addressed in
[70], the regions of impact parameters are divided into three
types based on the total number of orbits n = φ/(2π), where
φ is the total change in azimuthal angle. More specifically,
the light ray from the North pole only intersects with the
equatorial plane once, which corresponds to direct emission
with 1/4 < n < 3/4. For the second type with 3/4 < n <

5/4, the light ray intersects with the equatorial plane twice,
which corresponds to the lensed ring emission. The third type

123



Eur. Phys. J. C (2024) 84 :305 Page 5 of 14 305

Fig. 2 Left: a sample of effective potential Veff as function of radius r . Middle and Right: the radius rph of photon sphere and critical impact
parameter bph for selected parameters

Fig. 3 a, e, i The number of photon orbits n as a function of the impact
parameter b for the selected values of α, Q and lo. b–d The photon tra-
jectories in the Euclidean polar coordinates (r, φ) for different Q with
fixed α = 5 and lo = 0.1. f–h The photon trajectories in the Euclidean
polar coordinates (r, φ) for different lo with fixed α = 5 and Q = 1.
j–l The photon trajectories in the Euclidean polar coordinates (r, φ) for

different α with fixed Q = 0.1 and lo = 0.1. Here the black, gold, and
red curves correspond to the direct emissions (n < 3/4), lensed ring
emissions (3/4 < n < 5/4), and photon ring emissions (n > 5/4),
respectively. The black disk and the green dashed curves denote the
black hole and photon sphere, respectively
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is photon ring emission with n > 5/4, where the light rays
intersect with the equatorial plane at least three times.

In order to better understand how the charges affect the
photon trajectories and their classification, we use the ray-
tracing method to solve the trajectory equation (10) with
selected parameters of the hairy RN black hole. The total
number n of orbits as function of impact parameters b, and
the photon trajectories in (r, φ) panel are shown in Fig. 3. We
see from the plots (Fig. 3a, e, i) that in all cases, as the impact
parameter b increases, the total number of photon orbits first
increases to be an infinity at b = bph , and then gradually
decreases. Moreover, the parameters (α, Q, lo) all affect the
width of various emissions we defined previously.

By further careful calculation, we determine the borders of
b for each emissions, and list the results in Tables 1, 2 and 3 in
which we also show the results of black hole’s event horizon
rh , photon sphere radius rph , and critical impact parameters
bph . As both charge parameters Q and lo increase, rh , rph ,bph
all decrease, but the widths of the lensed ring and photon ring
emissions both increase. However, the effects ofα on all those
quantities obey the opposite rules. Furthermore, we mark
the light rays from the direct, lensed ring, and photon ring
emissions into black, gold, and red, respectively and figure
out photon trajectories around the hairy RN black hole into
Fig. 3, where the green dashed circle and black disk represent
the photon sphere and the black hole, respectively. The effects
of Q, lo and α on all physical quantities listed in Tables 1, 2
and 3 are explicit if we compare the trajectories of photons in
each row of Fig. 3. In particular, larger both charges enlarge
the width of lensed ring and photon ring structure of the
black hole in observations. On the contrary, for larger α, the
lensed ring and photon ring emissions may be less likely to
be observed. We expect to verify these phenomena in the
optical appearance of the black hole in the next subsection.

3.2 Observed intensities and optical appearances

The light rays will extract energy when they intersect with the
accretion disk each time, which will directly affect the con-
tribution of the direct, lensed ring, and photon ring emissions
to the observed brightness. Since the parameters Q, lo and α

have obvious influences on the emission widths of the three
types. Therefore, it is interesting to examine their effects on
the optical appearance of the hairy RN black hole. Consider-
ing that the thin accretion disk emits isotropically in the rest
frame of static worldlines, the specific intensity received by
the observer with emission frequency νe is

Io(r, νo) = g3 Ie(r, νe), (11)

where g = νo/νe = √
f (r) is the redshift factor, νo and

Ie(r, νe) are the frequency of the observed light and the spe-
cific intensity of the accretion disk, respectively [117]. The
total observed intensity Iobs(r) is then evaluated by integrat- Ta
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ing over all the observed frequencies of Io(r, νo) as

Iobs(r) =
∫

Io(r, νo)dνo =
∫

g4 Ie(r, νe)dνe

= f (r)2 Iem(r), (12)

where we denote Iem(r) = ∫
Ie(r, νe)dνe as the total emit-

ted intensity. Therefore, since the reverse light ray from the
observer may intersect the accretion disk multiple times,
depending on the type of emission, so the total intensity
received by the observer is the sum of the intensities from
each intersection [70]

Iobs(b) =
∑
m

f (r)2 Iem(r) |r=rm (b), (13)

where rm(b) is known as the transfer function, which rep-
resents the radial coordinate of the m−th intersection of the
light ray with impact parameter b and the accretion disk.
Thus, the slope dr/db describes the demagnification factor,
and the case with larger m corresponds to strong demagnifi-
cation so as to contribute much less to the total luminosity.
Moreover, as we illustrated in [76], the first transfer func-
tion corresponds to the direct image originating from direct,
lensed and photon ring emission; the second transfer function
can origin from lensed ring and photon ring emission; while
the third transfer function can only origin from photon ring
emission. We show the first three transfer functions for the
selected parameters in Fig. 4, where the solid, dashed, and
dotted curves denote r1(b), r2(b) and r3(b), respectively. We
see that as the charge parameters Q or lo increases (Fig. 4a,
b), the three transfer functions areas become wider and move
toward the smaller b, while the parameter α gives opposite
influence (Fig. 4c). However, there are still some common
properties in all cases: (i) the slope of r1(b) is almost 1,
because the direct image corresponds to the source profile
after redshift. (ii) r2(b) and r3(b) are highly steeper com-
paring to r1(b), and r3(b) is steeper than r2(b). This feature
means that r1(b) will dominate in the total luminosity and
other transfer functions contribute very little.

We proceed to investigate the optical appearance of the
hairy RN black hole by considering a specific toy model emis-
sion function of the accretion disk, which gradually decays
from the event horizon rh in the form [118,119]

Iem(r) =

⎧⎪⎨
⎪⎩

Io
π
2 −arctan(r−risco+1)

π
2 −arctan(rh−risco+1)

r > rh

0, r ≤ rh

. (14)

Here, Io is the maximum intensity and the innermost stable
circular orbit risco can be computed by [76]

risco = 3 f (risco) f ′(risco)
2 f ′(risco)2 − f (risco) f ′′(risco)

, (15)

in which f is the metric function of the hairy RN black hole,
and the prime represents the derivative with respect to the
radial coordinate r .

Having both the transfer and emission functions of the
accretion disk in hands, we can evaluate the observed intensi-
ties via (13) and figure out the black hole images. Our results
for the selected parameters are shown in Fig. 5. In each row,
we first show the total observed intensities as a function of
impact parameter for different parameters, and then project
them into a two dimensional plane to explicitly present the
optical appearance of the accretion disk. In all cases, we can
see two obvious peaks in the total observed intensities, cor-
responding to two rings in the images. Moreover, for larger
Q (lo) with fixed lo (Q) and α, the two peaks of Iobs are both
smaller and shift to smaller b. On the contrary, for larger
α with fixed Q and lo, the peaks are enhanced and occur
at larger b. In addition, it is obvious from the images that
larger Q ( lo) corresponds to smaller shadow region while
larger deviation parameter α gives larger shadow region as
we illustrated in Sect. 2. Consequently, our results imply that
one may not be able to tell which kind of charge the hairy RN
black hole carry through the rings and images of the accretion
disk, since the two charge parameters, Q and lo, have similar
influence on the observed intensities of the black hole sur-
rounded by the accretion disk. Moreover, there are potential
degeneracies in the hairy RN black hole images because α

and (Q, lo) may counteract their effects. This may also result
in the optical appearance of the hairy RN black hole being
undistinguished from that of the RN black hole.

4 Images of hairy RN black hole illuminated by static
spherical accretions

In this section, we will investigate the images of hairy RN
black holes surrounded by a static spherical accretion. When
the materials in the Universe are trapped by a black hole, the
disk-shaped accretion flow usually forms around the black
hole and rotates with a large angular momentum, but the
matter will flow radially to the black hole and form a spher-
ically symmetric accretion when the angular momentum is
extremely small [116]. For an optically and geometrically
thin static accretion with spherical symmetry, the observed
specific intensity I (νo) detected by an observer at infinity
r = ∞ (measured in erg s−1 cm−2 str−1 Hz−1) is evaluated
by integrating the specific emissivity along the photon path
γ [120]

I (νo) =
∫

γ

g3 je(νe)dlprop. (16)

Here, νe and νo are the emitted photon frequency and the
observed photon frequency, respectively. g = νo/νe =
f (r)1/2 is the redshift factor. j (νe) is the emissivity per
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Fig. 4 The first three transfer functions of the hairy RN black holes. In each plot, r1(b), r2(b) and r3(b) are denoted by the solid, dashed, and
dotted curves, respectively. From left to right, we check the effects of Q, lo and α, respectively, with other two parameters fixed. Here we have set
M = 1

Fig. 5 The total observed intensities (13) radiated from the emission
function (14) of the accretion disk, as a function of impact parameter,
and the optical appearances of the hairy RN black hole for selected

parameters. From upper to bottom rows, we respectively check the
effects of Q, lo and α, with other two parameters fixed

unit volume in the rest frame and usually taken the form
je(νe) ∝ δ(νr − νe)/r2 with νr the emitter’s rest-frame fre-
quency [120]. And dlprop is the infinitesimal proper length

given by

dlprop =
√

1

f (r)
dr2 + r2dφ2 =

√
1

f (r)
+ r2

(dφ

dr

)2
dr,

(17)
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where the dφ/dr is expressed in (10). Subsequently, by fur-
ther integrating (16) over all the observed frequencies, we
obtain the total observed intensity as

Iobs =
∫

νo
I (νo)dνo =

∫
νe

∫
γ

g4 je(νe)dlpropdνe

=
∫

γ

f (r)2

r2

√
1

f (r)
+ r2

(dφ

dr

)2
dr. (18)

Then we calculate the total observed intensities, and depict
them into a two dimensional plane as the images of hairy RN
black hole with the same selected parameters as previous
sections. The results are presented in Fig. 6. For the total
observed intensities in each case, there exists a peak which
corresponds to the bright ring in the images of the black hole.
As the increasing of both Q and lo (Fig. 6a, e), the peak is
enhanced and shifts to smaller impact parameters, indicat-
ing that the ring becomes brighter but the faint illuminating
region in the center is smaller for larger Q (Fig. 6b–d) or
lo (Fig. 6f–h). In addition, Fig. 6i–l show that the effect of
increasing of α obeys a completely different rule from that
of the charges. Namely, increasing α suppresses the peak but
enlarges the corresponding impact parameters, thus, we see
larger faint illuminating region in the images of black hole
with larger α. Thus, comparing to the RN black hole, the
introduction of additional field can enlarge/suppress or keep
the brightness as well as the size of photon ring, depending
on the competition between the parameters lo and α. This
implies the possible degeneracies in the optical appearances
of the hairy RN black hole and RN black hole surrounded by
the static spherical accretion.

5 Conclusion and discussion

The black hole images released by the EHT collaborators
open a new window for testing gravity in strong field regime
and provide new inspiration for testing possible hairs around
the black hole. In this paper, taking the hairy RN black hole
constructed by GD proposal [106], which could contain elec-
tric charge and additional arbitrary hairy charge, as the central
object, we investigated its optical appearance illuminated by
some toy accretion models to discuss the possible probes of
the two charges.

As the preparation, we first analyzed the effects of elec-
tric charge, additional hairy charge and the deviation param-
eter on the photon sphere and critical impact parameters. We
found that as both charges increase, the photon sphere and
critical impact parameters of the hairy RN black hole both
decrease, but the deviation parameter enlarges them. Then,
using the back ray-tracing method, we studied the photon
trajectories around the hairy RN black hole and found that
the charges have a significant influence on the distributions

and classification of light rays. In particular, for the hairy
RN black hole with larger electric charge or additional hairy
charge, the widths of the lensed ring and photon ring emis-
sions of light rays is larger, on the contrary, the one with
larger deviation parameter α corresponds to narrower widths
of the lensed ring and photon ring emissions. This phenom-
ena would indeed have been printed on the black hole images.

We then investigated the optical appearance of the hairy
RN black holes illuminated by an optically and geometri-
cally thin accretion disk, which is radiated in the form (14).
There always exist two explicit peaks in the total observed
intensity, which correspond to two bright rings in the image
of the hairy RN black hole as we project the total observed
intensity into a two dimensional plane. We found that hairy
RN black hole with larger charge parameter Q (lo) gives rings
with weaker brightness, while that with larger α has brighter
rings. In addition, for larger charge parameter Q (lo), the
central black hole shadow is smaller, but the larger devia-
tion parameter α tends to enlarge the central shadow size.
Finally, we figured out the optical appearances of hairy RN
black holes illuminated by a static spherical accretion. The
observed intensity shows a peak at critical impact parameter,
indicating that in the optical appearance of the hairy RN black
hole, a bright ring enclosing a shaded region appears and the
brightness becomes weaker as the impact parameter increase
due to the redshift effect. Moreover, we found that as the
charge parameter Q (lo) increases, the ring becomes brighter
but the enclosed shaded region in the center is smaller. While
the stronger deviation parameter α corresponds to a darker
ring but larger faint illuminated region in the central of black
hole images, which are completely opposite to the influence
of charge parameter Q or lo.

In conclusion, we investigated the effects of electric charge
Q, additional hairy charge lo and the deviation parameter α

on the accretion images of the hairy RN black holes in the
scenario of GD proposal. Our results show that the electric
charge and additional hairy charge have similar effects on
the rings and images of the hairy RN black hole, while the
deviation parameters show completely different influences.
Thus, we discussed that one may not be able to distinguish
the electric charge and additional hairy charge via the rings
and images of the black hole in this scenario. Besides, there
could be degeneracies in the optical appearances of the hairy
RN black hole, caused by the competing effects of the charge
parameters and the deviation parameter. This could also pro-
duce the undistinguished images between the hairy RN black
holes and RN black holes.

The significance of the current study could exist in two
aspects. From observable point, our study chooses the hairy
RN black hole as a first attempt to utilize ring and image of
black holes as potential probes to seek the possible distin-
guishing of electric charge and other charges. We hope that
our study can inspire more related researches in this direction.
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Fig. 6 The total observed intensities (18) radiated from the static spherical accretion as a function of impact parameter, and the optical appearances
of the hairy RN black hole for selected parameters. From upper to bottom rows, we respectively check the effects of Q, lo and α, with other two
parameters fixed

From theoretical point, as previously mentioned, the com-
plete background theory that generates the hairy RN black
hole is unclear now, so our results may give some beneficial
hints for building the background theory of hairy RN black
hole from the phenomena besides for the existed thermody-
namics [108], quasinormal modes [109–111], strong gravi-
tational lensing [56,84,112], precession and Lense-Thirring
effect [113] and gravitational waves [114].
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6 Appendix A: Brief derivation of the hairy RN black
hole via GD approach

Recently, Ovalle et al. used the GD approach to obtain a
spherically symmetric metric with electric charge and addi-
tional hairy charge [106], in which the corresponding Ein-
stein equation is expressed by
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Gμν ≡ Rμν − 1

2
Rgμν = 8π T̃μν. (19)

The total energy momentum tensor T̃μν = Tμν + ϑμν con-
tains two parts: Tμν is the energy momentum tensor associ-
ated with a known solution of GR and ϑμν is introduced by
new matter fields or a new gravitational sector. The Bianchi
identity requires ∇μT̃μν = 0. In the GD approach proposed
in [121], ϑμν is always assumed to be decoupled from Tμν

[106,107]. We will review the main steps to better under-
stand how the GD approach works in the construction of
a deformed solution from a seed metric. As we will show
that under the decoupling assumption, we can decouple the
equations of motion for the two sectors.

Firstly, we write the static spherically symmetric solution
gμν to (19) as

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdφ2), (20)

and the corresponding Einstein tensor is denoted asG ν
μ (ν(r),

λ(r)). Secondly, we consider that the above solution is gen-
erated by the seed metric

ds2 = −eξ(r)dt2 + eμ(r)dr2 + r2(dθ2 + sin2 θdφ2), (21)

which only sources from Tμν (i.e. ϑμν = 0), and the intro-
duction of additional source ϑμν is equivalent to deforming
the seed metric by

ξ(r) → ν(r) = ξ(r) + α k(r),

e−μ(r) → e−λ(r) = e−μ(r) + α h(r). (22)

Here the parameter α is introduced to keep track of the
deformations. Subsequently, we can check that the Einstein
equation (19) can be decomposed into the standard Einstein
equation G ν

μ (ξ(r), μ(r)) = 8πT ν
μ and an additional equa-

tion α G ν
μ (ξ(r), μ(r); k(r), h(r))=8πϑ ν

μ , respectively. It is
obvious that the tensor ϑμν will vanish for the vanishing of
the metric deformations. Also, under the transformation (22),
the Einstein tensor will be transformed by

G ν
μ (ξ(r), μ(r)) → G ν

μ (ν(r), λ(r))

= G ν
μ (ξ(r), μ(r)) + α G ν

μ (ν(r), λ(r)), (23)

which is a linear combination, originated from two sources
added linearly in the r.h.s of (19). In fact, this is the key
point existing in GD approach to analytically construct the
deforming metric from the seed solution.

Then, the authors of [106] consider the seed metric (21)
as the Schwarzschild one (with Tμν = 0), and treat the
additional source as the anisotropic fluid satisfying dom-
inant energy condition. They solve out the Einstein equa-
tion and obtain the hairy charged solution deformed from the
Schwarzschild metric, and the metric for the hairy charged

black hole reads as

ds2 = − f (r)dt2 + dr2

f (r)
+ r2(dθ2 + sin2 θdφ2) with

f (r) = 1 − 2M

r
+ Q2

r2 − α

r

(
M − lo

2

)
e−r/(M−lo/2). (24)

This metric describes certain deformation of the Schwarzsch
ild solution due to the introduction of additional material
sources.
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