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Abstract We study linear-perturbation equations for the
two-body system of a charged dilaton black hole, of which
dilaton coupling constant is «, and a static particle with mass
m, electric charge g, and dilatonic charge fm. We find that
a consistent condition for the coupled equations corresponds
to the equilibrium condition of the test particle. The expres-
sions of classical fields are given in closed analytical formu-
las in the most interesting case with § = «. We examine
the electrical field around a charged dilaton black hole espe-
cially in the limit of the maximum electric charge and we
find the electric Meissner effect which has been found for
the Reissner—Nordstrom black hole in the Einstein—Maxwell
system.

1 Introduction

The electric field created by a point source around a fixed
black hole background has been widely discussed by many
authors (see for example [1-6] and references therein). In
addition, perturbative analyses incorporating back reactions
have already been carried out for the system consisting of a
static particle in the vicinity of a Reissner—Nordstrém black
hole of which analytical solutions are well known [7—-10]. In
this case, the electrical repulsive force attains the equilibrium
configuration of the black hole and the point charge.

In the low-energy limit of string theory and supergravity
theories, which are candidates for a unified theory including
gravity, a massless scalar field called a dilaton field appears.
It is also known that the dilaton field is non-minimally cou-
pled to the Maxwell field with an exponential coupling.
On the other hand, dilaton fields also appear in the con-
text of Kaluza—Klein theories. The dilaton mediates scalar

2 e-mail: kan@gifu-nct.ac.jp
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long-range forces, like gravity and electric forces. Thus, the
Einstein-Maxwell-dilaton theory is an interesting and sim-
ple theoretical arena for exploring modified gravities which
involve scalar and vector fields, while black holes are very
important objects in terms of strong gravity.

In this paper, we approach the case of a static particle
of mass m, charge ¢ and dilaton charge Sm, in the field of a
static, spherically symmetric charged dilaton black hole [11—
14] in the Einstein-Maxwell-dilaton system with the dilaton
coupling constant «. We derive linear-perturbation equations
for the metric field, electric field and dilaton field from field
equations of the system, and obtain them up to first-order
contributions such as mass and charges of a particle in the
present paper. In this case, the attractive forces by the dila-
tonic and gravitational forces cancel the repulsive forces by
the electric field in the two-body system.

The particle is assumed to be at rest at the pointx = b. The
non-vanishing component of the energy-momentum tensor,
the electric current density, and the dilaton charge of the
particle are given by !

T o m&>(x —b), J) o< q8”(x — b)

P x Bm&>(x — b), (1.1

and the other components are zero. These will be put into
the Einstein equations, the electromagnetic field equations,
and the dilaton equations all combined. As an important
preceding study, the electric field surrounding a Reissner—
Nordstrom black hole was investigated by Bini, Geralico
and Ruffini [7-10] for a point charge at rest. We follow their
method and proceed our analysis on the charged dilaton black
hole.

The structure of the present paper is as follows. In the
next section, the exact solution for a spherical charged dila-

1 Exact expressions are provided later in Sect. 3.
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ton black hole in the Einstein—-Maxwell-dilaton gravity is
reviewed. We consider linear perturbative fields about the
charged dilaton black hole solution and derive the differential
equations for them in Sect. 3. We also clarify the consistency
condition for the particle at rest in this section. Section4
is devoted to the simple but interesting case with 8 = «,
and we give a closed form of perturbed fields in this case.
In Sect. 5, the electric and dilaton fields are explored for the
B = «a case. The electric Meissner effect [7-10] can be found
in the limit of the maximally-charged black hole. We com-
pare the case of the maximally-charged dilaton black hole
with the well-known exact multi-black hole solution in the
Einstein-Maxwell-dilaton system in Sect. 6, and we confirm
the coincidence of them up to the linear order of the small
mass of the particle. We analytically study the system of the
maximally-charged dilaton black hole and the particle for
B # a in Sect. 7. We summarize our results in Sect. 8.

We use the metric convention (— 4+ ++) and adopt G =
¢ = 1 units (where G is the Newton constant and c is the
light speed) throughout the present paper.

2 The electrically charged dilaton black hole

In this section, we give a brief introduction to the charged
dilaton black hole in 1 4- 3 dimensions. We consider theories
including coupled gravitational, electromagnetic, and dilaton
fields with the action:

S = fd4x—v_g [R — (VD) — e—M’FZ] ,
167

where R is the scalar curvature, ® is a real scalar field (the
dilaton) and (V®)2 = gH'V, @V, &, while the electromag-
netic field strength is defined by F,, = 9, A, — d, A, with
the U (1) gauge field A, and F? = F,, F*’. The constant
« represents the dilaton coupling. When o = 0, the action
reduces to a usual Einstein—Maxwell action.

The field equations derived from the action (2.1) without
external sources are

2.1

V(e 22® Fivy = (2.2)

V20 + %e‘z"‘(bFz —0, (2.3)

Guw=R 1R 8T, + 8T, 2.4

ny = MU_E 8uy = O +7le’ (2.4)
where

1
8T ), =e 2 [2F,MFUA - §F2g,w} , (2.5)
8T, =2V, OV, ® — (VO)’g,,. (2.6)

A static spherically symmetric solution of the equations
represents an electrically charged dilaton black hole with the
line element [11-14]

@ Springer

ds*=—f(r)dt* + dr? + r’o?(r)(d6® + sin® 0dp?),

f@)
2.7
where
l—ot2
_(1_* T\
f(”)—(l r)(l r) and
a2
(=)
o(r) = (1 - ) . (2.8)
For later convenience, we define a function of r,
AGr) = (1 - r—+) (1 - r—‘), 2.9)
r r
and then, f(r) can also be written as
f) = Ao (). (2.10)

The solution for the electric and dilaton fields are given
by

Fy = —% and & = Og(r)
r
. o r—
=mln<l—7)=—lna(r), .11
that is,
2P0 — 52 (). (2.12)

The mass and electric charge of the black hole are given
by the formulas: [11-14]

(1o
A

where we assume Q > 0 without loss of generality. Espe-
cially, the relation (14+a2) Q% = ryr_ will be used frequently
later.

In the above equations, r and r_ are called the radii of the
outer and inner horizons [13]. Strictly speaking, r = r_ does
not describe a horizon, since the dilaton field diverges here.
Thus, the limit of r_ = r does not yield an extreme ‘black
hole’, but a singularity. We can, however, deal with such a
limit similarly to the point-mass limit of compact objects. In
the limit of »— = r4, dubbed as the limit of the maximally-
charged black hole in other words, the mass and charge take
the values

LT

r_> and Q= +;2 (2.13)

r4 r4
= —"— and = — r—=ry), (2.14
1+ a? ¢ N ( o G

and we find that r; > r_ means Q/M < ~/1 + 2.

3 Equations with field perturbations

Now, we consider a point mass on the z-axis (6 = 0), i.e.,

TO% x mé(cos6@—1)5(r—>b), JS x gé(cosd — 1)d(r — b),
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2P o« Bmd(cosO — 1)3(r — b), 3.1

in the field of the charged dilatonic black hole discussed in
the previous section.

Applying an appropriate gauge [8,15,16], we write down
the perturbed metric as

ds? = —[1 =Y Ho(")Y @)1 f (r)dr®
+2)° Hi(nY (0)dtdr
HI+ Y B(YONf () dr?
H1+ Y KOY O 20 0)(d6* + sin® 0dg?),
(3.2)

where Y (0) = Y;0(0). Here Y;,,(0, ¢) is the spherical har-
monic function. Note that

21+ 1
4

Yi0(0) = Pi(cos6), (3.3)

where P;(x) is the Legendre polynomial. The labels [ is sup-
pressed for variables (such as ), Ho Yo — Y ;HoY), as the
traditional convention [8,15].

Additionally, we assume that the electromagnetic field
takes the form

1
F=3 wdx™ A dx'= (—%—lefm(r)f’(@)) dr Adr

+Zlfoz(r)Y/(9)dt A db,
(34)

where Y'(0) = 93Y (0). Then, the integrability condition
dF = 0leads to

for — foo =0,

where f(;z denotes 9, fp2 (and so on). Besides, we define

3.5)

A J* = V(e 2P 1Yy, (3.6)

for later use. With the ansatze so far, one finds that J! =
J? = J3 = 0 holds identically.
In the same way, the dilaton field is assumed to be

® = Do(r) + ) (Y (O). (3.7)

The Einstein equation with the point source is rewritten
as

Guv— 81T, — 81T, =Gy =8rT), (3.8)

where Tlfu and T,ff) are (2.5) and (2.6) where the perturbed
fields (3.2), (3.4), and (3.7) are used. One finds that the equal-
ities Go3 = G13 = Go3 = 0 hold identically if the perturbed
fields (3.2), (3.4), and (3.7) are adopted.

Since T} = Td, = 0, the components of the Einstein

equation Go; and Goy should vanish. These equations yields

Hi(r) = 0, just as in the case with a Reissner—Nordstrom
black hole [8].

We now proceed to calculate the other components of G,
First, we obtain

1
G = 3D [ =r) =) (K"G) = H ()

/( ) / / /
- ]}(:) HY(r) + 40 (1) (r))
+Qr—ry —ro) <K/(r) _ B0+ B ;— Hz(V))
2

2
+( + 1)(Ho(r) — Hz(r))—r%(Ho(V)—zaqﬁ(r))

1
+4Qfo1(NIYO) + 5 ) (Ho(r) = Ha(r)Y"(©),

3.9)
where
i)y (A +adry + (0 —a®)r_lr —2rpr
fr) - A+ad)r(r—r)(r —ro) and
OY(r) = — = (3.10)

l+a?2r(r—r_)

For! > 2, the Einstein equation Gy» = O leads to Hy(r) =
Hy(r) = W(r). Although the cases with [ = 0, 1 should be
considered separately [8], we take Hy = H, = W as an
ansatz. Now, the equation (3.9) reads

r—ry)@—r2) (K” - W - 7W/ + 4@6(#)
+Q@r—ry—ro) (K' = W)

20?

—r—z(W—2a¢)+4Qf01 =0. (3.11)

On the other hand, from the equation G1; = 0, one obtains

1
for = —[(Zr —r =) K = W)+ =) — o)

40
X <f7W/ —4c1>{)¢’) —[Id+1)—21(K —-W)
2
+—2Q2 W — 2a¢)]. (3.12)
.

Substitute (3.12) into (3.11), we obtain

r—ry)(r—ro)(K — WY +2Q2r — ry —r—)(K — w)y
-l +1)—2(K —W)=0. (3.13)

Note that this equation does not include the modes of the
dilaton field ¢. From the equation G, = 0, one obtains

ZINGE S , / ,
foo = — |:K —W - 7W +4c1>0¢] ) (3.14)

40

Substituting (3.12) and (3.14) into the integrability equation
(3.5), we obtain the same equation (3.13).

@ Springer
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The only regular solution in the region [ry, oc] for (r —
r)r—r)X"+2Qr—rp—r )X’ —[l(1+1)—-2]1X =0is
X (r) = 0[8], so we should take K (r) = W (r). At this stage,
the linear-perturbation modes of the electric field strength are
expressed by

1 ! / ! / 2 2
=15 [r2A<r> <f7w 40 ) +%(W—2a¢>} ,
(3.15)
2A /
foo =" 4Q(r) [TW—4<I>6¢} , (3.16)

which will be used later. Note that the condition (3.5) can
be confirmed by use of (3.15) and (3.16), without using the
equation of motion for W and ¢.

Now, setting K = W, we find that Gyy with (3.12) takes
the form

Goo = =), [W”(r) + %wm

I(I+1)
- r2A®r)

W(l’)+2<I>6(r)(0tW/(r)+2¢/(l”))} Y (),
(3.17)

while 47 JO (3.6) can be written, with all the information
thus far, as

2 ’
4r g0 = L f(r)zl |:f 2 (W"(r) + %W’(r)zl

40 fr)
I+1
_ ZAG) W(r))
, /) 2, [(+1)
—4®(r) <¢ (f”)+;¢ (r)—rzA(r)qﬁ(r))] Y (9).

(3.18)

In addition, the following quantity including the second-
order derivative of the dilaton field becomes

Ay = V2 + %e—zf“’ﬂ

2
=foy, [¢>”<r> +29'0)

10 +1) o ,
— a0 PO T 5 @V O +29 (r))] Y (6).
(3.19)

Now, leaving them aside, let us fix the rigorous form of
the point source. The action of a particle coupled to dilaton
is given by [17]

dx™*
S, =— B 4 gA,— |dr.
p /[me +q“dr:|T

Presuming the action, we decipher the form of the sources of
gravitational, electrical, and dilaton fields as

(3.20)

(3.21)

m
T — _/eﬁ“’(x)(s“(x —z2(0)U*Udt
[) [ b

@ Springer

q 4
JO = —/5 (x — z(v)) UM, (3.22)
P =g
pm D (x) o4
P = L [ PP s%(x — z2(7))dT, (3.23)
V=8
where U* = ‘% and the normalization of the delta function

is defined by [ 8*(x)d*x = 1. Further, for the static point
located at r = b on the z-axis (¢ = 0) in the background of
the charged dilaton black hole, we find 2

TP = LCIDO(mf(b)Wa(r — b)8(cosh — 1) (3.24)
0 27 h262(b) ' '
0 _ q
‘]p = m(S(V — b)8(0089 — 1), (325)
BmebPo®) |
P = f(b)/25(r — b)s(cosh — 1), 3.26
2nb%z(b)f( )/28(r — b)é(cos ) (3.26)
since U? = \Lﬁ and dt = \/fdt, in this case [8].
For now, the remaining equations are
Goo = 8Ty, 4mJ’=4nJ), 4n¥ =47’ (327)

We now have three coupled equations for two functions W
and ¢ to be solved. The compatibility of the system of equa-
tions requires

BDo(b) f/(b) />_ 290
mebeot (553 +26%) =

This relation is the same as the static condition of a test
particle in the background of a charged dilaton black hole
[17]. Namely, the equation Ve/ff (b) = 0, where

(3.28)

Vers(r) = ? +my/f(r)eP o), (3.29)

is the effective potential for the particle (with vanishing angu-
lar momentum [17]).3

4 The case with = «

The differential equations (3.27) are clearly simplified if
¢(r) = —5 W (r). Then, the equations become

8nTdh = —f2(r)

,, 2, Il+1)
S z[W )+ TW = W(r)} Y ©),
(4.1)
2 /
o A0 AW
M =T0 a0

2 Note that, since the particle is located at @ = 0, the factor 27 appears

instead of 6 (¢ — o).
3 Atlarge distance, V,rf(r) qQ_mM_E,’,’(OO)):””(OO)

%) (00) = Bm and Tpy(00) = lo:;z (see Sect. ).

+0(@r~2), where
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2 10 +1
> [W”(r)+;W/(r)— (+ )W(r)i| Y(6).

r2A(r)
4.2)
o
4 xP = _Ef(r)
2 Id+1)
U /
» [W (") + W) = a0y W(r)} Y (©).
4.3)
and then, the equations are compatible if and only if
A'(b) qQ
= d = =—. 4.4
B=a an m2 N0 2 4.4)
This stability condition reads
R Y ) “5)
mV1+a2  2Jrir_A®D) '

Since (b>A'(b))> — 2/rir_A()?* = (ry —r_)* > 0,
the charge-to-mass ratio must satisfy the condition ¢/m >
A1 + a?. Especially, the equality g/m = +/1+a? is
achieved if and only if the black hole is maximally charged
(thatis, Q/M = /1 + «?), and the equilibrium realizes for
any value of b then.

In this case, the sources are written as

T = mf(b)3/28(r —b)s(cost — 1), (4.6)
q

J[? = mS(r — b)8(cosh — 1), 4.7

B = sy )80 —bseost = @)

and we obtain the following single partial differential equa-
tion:

i 2o
"oy r2A(r)
m
= —WS(r — b)(s(COSQ — 1),
where W(r, 0) = >, W ()Y (6).
As can be seen from the form of the equation, the regular
solution of this equation [1] is exactly the same as for the

Reissner—Nordstrom black hole [7-10], if it is expressed in
terms of two radii 4 and r_. That is,

2m 1 (_r++r_)<b_r++r_)
b/am) D |\ 2 2

(392 + coteag)} W(r, 6)

(4.9)

W(r, 0) =

_ 40q9 1 ry+r_— b ry+r-

~ A b)) rD <r_ 2 ><_ 2 )
r4 —r—

_< 2 )

4.12)

will be used later.
In this case, the dilaton field is given by

® =)+ ) $(NYE) =
= ®y(r) — %W(r, 0).

Do(r) + (1, 0)
(4.13)

Besides the coupled differential equations can be simply
solved in this case, the condition 8 = « is very interesting
because the point source can be regarded as a singular limit
of the charged dilaton black hole in the system governed by
the single action (2.1), although the massive point is a limit
of an over-charged naked singularity (i.e., g/m > ~/1 + a?)
except for the maximally-charged dilaton black hole (i.e.,

F— =r4).

5 Electric and dilatonic charges and mass of the system

(B=a)
5.1 The electric field and charge (8 = «)

In the case with 8 = a, which means ¢ = —5 W, the linear-
perturbation modes of the electric field strength (3.15) and
(3.16) take simpler forms:
1 2(1 +a?)Q?
for = — [ Raw 4 20T H
40 r2

r2A

T 40 40

Thus, the electrostatic potential V,, = — Ay for the point-
charge contribution is given by

2 2r+r
AW +——=W|, fo= W. (5.1

r2A(r) _ qrA'(r) 1
20 V=580 D

(== (-57)

@ Springer
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- <r+ _r_>2cose:| , (5.2)
2
which leads to
P (% + E> dt Adr — Egdt A db, (5.3)
where
Er ==Y (Y ©) = =3, V,(r,0),
Eg=—)  for(NY'(6) = =85V, (r ) (5.4)

To the first order in the perturbation, the electrical flux
47 Qpp(r) generated by the charged dilaton black hole is
given by

Y

T
4 Qpn(r) = ZH/ rlole™ (1 + W)= sin6do
0 r

T
=27 f r2ole 2P0 (1 + W + oﬂW)g2 sin 0d6
0 r

4(1 +a?) Q%

/” sin 6 ry4r_ ry 4o
X r— b —
o D 2 2
2

- (r+ L) cos@i| de

2
8mwqryr—
rb3A’(b)

=47 Q +2n

=47 Q + [D(r, 7) — D(r, 0)], (5.5)

while the electrical flux 47 Q,(r) generated by the point
charge is given by

g
A Qp(r) = 271/ rlole 2™ E, sin6do
0
2rr2d qrA'(r) (7 sin@ ry4re
= —&nlroor r—
B3N (B) Jo D 2

ry +r_ ry —r_ 2
x (b— - cosé | df
2 2

2 qrA (r) 3
= —2mr°o, {7173&(17) [D(r, 7) — D(r, 0)]}

q 4ryr_
:2”b3T’(b){<r++r__ . >

<[D(r, 7) — D@, 0)] — > A (1),

X[D(r, w) — D(r, 0)]} . (5.6)

Thus, the total flux 47 Q0 (r) = 47w Qpp(r) + 47 Q (1)
turns out to be

47 Quor(r) = 4w Q + 2 (r +r-)[D(r, 7)

EIO
B3N/ (b)
—D(r, 0)] — > A' ("3, [D(r, 1) — D(r, 0)]]

@ Springer

. L _ ry +r_
_4nQ+4nb3A,(b){(r++r,) |:(r )
xﬁ@_ry+@—’+;"vﬂv—bﬂ

(s ) = 2msr 10— 1)}

2
— I DY B _
= 4nQ+4nb3A/(b)| 2( 5 ) b —r)

ry +r_
2

(s +ro) (b —
=47 Q +4mwqd(r —b)

2q ry —r— 2
—47 ——— ,
L3N (b) 2

where the function 9 (x) denotes a step function, i.e., ¥ (x) =
1 forx >0and ¥ (x) =0 forx <O.
Therefore, we obtain

47 Qpi(r) + 4w Qp(r) + 47 Q = 4n Q + 47 qd (r — b),
(5.8)

o —b)

(5.7)

where

- 2q ry —r_ 2
4 =4 .
T = A ( 2 >

(5.9)

The charge Q can be recognized by the induced charge at
the horizon, or this can be regarded as that from the [ = 0
mode of fyi, i.e., an additional contribution ~ Q/r? to fo1,
which has been omitted in the analysis so far. This mode
corresponds to the constant shift (/ = 0) in W and @, which
can be eliminated by a suitable transformation [81.4

Note that 47 Q = 0 automatically if and only if r_ = r,
that is the case with the maximally-charged dilaton black

hole. In the limit of »— = r4, the compatibility condition
(4.4) becomes
mry =qQ  (r—=ry), (5.10)
which is independent of the location of the point charge, b.
The electrostatic potential V), in the limit of 7_ = r reads
VP (r, 0){r,:r+
_ q(r—ry)?
rz\/(r —r )24+ (b=r)? =20 —ry)(b—ry)cosb
(5.11)

In Fig. 1, we show the contour plot of the electrostatic
potential Vj, forr_ =r, = landb = 40. Thus, the electric
field E, = —09, V), produced by the point charge vanishes at
the horizon, r = r. This is just the electric Meissner effect

4 The treatment by replacing Q — O — Q is suggested in the references
[9,10].

> Here, ¢ or the height of each contour line is considered arbitrary.
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60/

40

20

-20
-40 -20 0 20 40

Fig. 1 The contour plot of the electrostatic potential V), of the parti-
cle in the x-z plane (x = rsinf and z = rcos6 are Cartesian-like
coordinates) forr— =r; = 1and b =40

found in [7-10], because the electric line of force originated
from the point charge cannot cross the horizon. Here, we
would like to emphasize that if V), for r_ = ry is expressed
by r+ and b, it is completely the same as the case of the
Reissner—Nordstrom black hole, while the value of r and
the condition for »_— = r; expressed by mass, charge, and
dilaton coupling constant are different.

5.2 the dilatonic field and charge (8 = «)

The dilatonic flux 47 X5, of the charged dilaton black hole
alone cannot be defined on an arbitrary closed surface around
the black hole, because the dilaton is coupled to the Maxwell
field strength in the present model and the dilaton charge
is not the Noether charge, contrarily to the electric charge.
The scalar charge can simply be defined at spatial infinity in
several cases [12,14,18-20].

We consider the following integration on the sphere S>
centered at the origin with the radius r as the dilatonic flux:

dr2(r) = / V=889, ®dS, (5.12)
S2

that is, the asymptotic behavior of the dilaton field is & ~
—@ (r — 00).

The contribution solely from the black hole can be found
as

4 S (r) = 4o (r) f(r) Dy (r) = 4r? A(r) D (r)

drar_ ry
_dmer (y _ry
1+ a? r

(5.13)

Note that =, (00) = I‘J‘J:—;z and Zp(r4) = 0.

Since the perturbative dilaton field which comes from the
point source is

_am 1 <_r+—|—r,><b_r++r,>
b/AD) D |\ 2 2
2
_<r+—r,> COSGi|,
2

the dilatonic flux generated by the point charge is given by

o(r,0) =

(5.14)

A, (r) = 271/ r2A(r)d,¢(r, 0) sin0do
0
. _27_[oemA(r)r2a 1/” sin @ (r— r+—|—r,>
- bJAB) < |rly D 2

2
% (b—”+”>—<” ”) c059:|d9]
2 2

B amA(r) , 1 B
nb\/mr 8,{r[D(r,rr) D(r,O)]}
_ 0 AT [[D(r, 7) — D(r, 0)]
b/A D)

—ro,[D(r, ) — D(r, 0)]]
_ amA(r) _r++r_ B
=4 A(b)[[(r SR

+(b — %)ﬂ(r — )l =rok-n)
_ amA(r) Tyt B

nbm[ o b)]. (5.15)

Itis notable that the discontinuity of X, (r) appears atr = b.
Note that X, (ry) = 0 and

r++r,]

5 (5.16)

5, (00) = oam [

b/ A(D)

It is notable that, in the limit of b — o0, X, (00) — am.
Another interesting result is obtained if r— = r, that is

Spn(00) = aM, ,(00) =am  (r_=ry) (5.17)

are obtained, which are independent of the value of b.
Because the square of the electric fields F? is also the source
of the dilatonic filed, it is natural that odd values come out for
3 (00). Nevertheless, it is remarkable that the point-particle
description has validity in the limit of the maximal charge of
the black hole.

5.3 Mass of the system (8 = «)

The asymptotic mass observed at the spatial infinity is given
by [7.8]

My = %rlingor[l — F( =W, 0))]. (5.18)
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Incidentally, this formula simply corresponds to the fact that
the time-time component of the metric g;, can be approxi-
mated as

2M
gnz—(l——fﬁ>+004L

in the asymptotic region. Then, for the case with f = «, we
obtain

(5.19)

Moy = M +

m <1 r++r_> (5.20)
VAD) 2b ' '
noting that up to the first order of m is meaningful. Here, M
is given by (2.13).

We can rewrite (5.20) and find that
b-rotb-r)_ .
2 —ry)b—r2)
where we used the inequality of arithmetic and geometric

means, i.e., (A + B)/2 > «/AB for positive A and B. The
equality holds if r— = r.

Miopr = M +m

+m,  (521)

6 Comparison with the exact solution of the maximally
charged black holes (8 = «)

If we suppose B = « and r— = r4, which is the limit of
the maximal charge of the charged dilaton black hole, the
equation for the equilibrium condition V'(b) = 0 becomes
independent of b,

g0 =mry =mM( +a?®) =mQvV1 + a2, 6.1)
that is,

1_9_ fiie 6.2)
m M

Thus, the charge and mass of the point particle should satisfy
the same relation as the charged dilaton black hole if § = «
andr_ =ry.

Noting that r— = r4, we obtain

W0, —,
_ 2m (r —ry)
r\/(r —r )+ b—r)r =20 —ry) (b_"+)C0597
6.3)
Vp(r, 9)|r,=r+
_ q(r—ry)?
rz\/(r _r+)2+(b—r+)2 _2(r_r+)(b—r+)cosel
(6.4)

On the other hand, the exact solution for two maximally charged
dilaton black holes is known as [21]

__2_
ds* = —U = dr?

@ Springer

_2_
+U 1+? [dR? 4+ R*(d6* + sin® 6dp?)],

(6.5)
and
—Ap= L(l —U™YH, e = Ul%z (6.6)
V1 +a? ' '
where
2
U=1+"2+ (tadm 6.7)

R /R?3 B2 _2RBcosf

Changing the coordinates as R =r —ry, B = b —r4, U reads

1

1=
r

4 (1+ot2)m( -)
Ve —r )2+ B —r)2=2(r —ry)(b—ry)cosf ’
(6.8)

U =

The straightforward calculation reveals that (6.5) and (6.6) can
be expressed, in the first order of m, as

2
@

42 < =(- 2 -, 1o

2 _
+D+WM®MﬂJ[O_?)HﬂW2

20(2
+r2 <1 _ ri) 1+a2 (d92 + Sinz ed(pZ)} , (6.9)
r
and
0

—Ag = —+ Vy(r, 9)}r;r+,

- > _y e

¢ =g (1 : ) S WEO =, - (6.10)

Thus, we confirmed the perturbative calculation for § = « and
r— = r4 coincides with the exact solution of two maximally-
charged black holes in the first order of m = g/~/1 + 2.

7 The electric field around a maximally charged dilaton
black hole r— = r; (8 # a)

In Sect. 5, we have found the electric Meissner effect for the case
with 8 = « in the limit of r_ = r4. In this section, we investigate
the case in the limit of »— = r, but 8 # «. First, we notice that,
whenr_ =rg4,

2

0= (1= )7 o= (1- )7

r

() = 5 foﬂ In (1 - %*) , (7.1)
and
AQr) = (1 - %*)2 (7.2)
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Consequently, we find
fl 2y
fo)  1+a?r(r—ry)

') o '+
d(r) = — ——.
0 1+a2r(r—ry)

and

(7.3)

The two independent differential equations are found to be

I+1)

8 TL _—
00 (r V+)2

-2y, [W”(r) + W) - W(r)

2a Iy
+1+a2m(aw ) +2¢'(r) | Y(©), (7.4)
, II+1
drB? =f(V)Z [45 (r) + ¢( )—((7r))2¢(r)
1 ry
a2 w ﬁ(aw (r)+2¢ (r)) Y, (7.5)
where
b
P _ m T+ \ Tia2
Too = 27b202(b) <] b )
x f(0)3?8(r — b)5(cos 6 — 1), (7.6)
Bm F+\1 i
P _— _ T +
== 2mb202(b) <1 b )
x f(b)28(r — b)s(cos® — 1). (7.7)
The compatibility (equilibrium) condition (3.28) for r— = r4
becomes
g _1+ep o\
myv1+a? 1+a? (1 b) (7.8)

The linear combination of (7.6) and (7.7) with (7.8) yields the
partial differential equation
R (95 + cot83dp) | W — 2a)
T =2t

V1
= T4 s bys(eost — 1),
- 2mb2JAG) (b
The regular solution of the equation, which we have already known,
is expressed as

(7.9)

W(r, ) — 2a¢(r, )
2x/1—|—7q (r—rg)
r\/(r—r+)2—|—(b—r+)2—2(r —74+) (b —ry)cost
(7.10)

Remarkably, using (7.1), (7.2),and /1 + a2 Q = r, the modes
of the electric field strength (3.15) and (3.16) become

for Zﬁ[(l‘%)

(W —2a ¢)+ Tw - 2a¢>)] r—=rp), (1.11)

_ 1 _*
foz_zm(l r)
X(W —2a¢)

(r— =ry). (7.12)

Therefore, we obtain the following electrostatic potential:

Vp(r.0)], _

g —ry)’? .
P20 =02+ = )2 =20 =) (b — i) cos
(7.13)

Note that this is identical to (5.11). Apparently, the radial compo-
nent of the electric field £, = —09, V), originated from the point
charge vanishes at the horizon, » = ry. Thus, we can conclude
that the electric Meissner effect [7-10] emerges for the maximally-
charged dilaton black hole, regardless of the dilatonic charge of the
point charge.

Incidentally, in Appendix A, we show approximate analyti-
cal expressions for W and ¢ separately near the horizon of the
maximally-charged black hole.

8 Summary and discussion

In this paper we have studied the perturbative approach to the static
configuration of the charged dilaton black hole and a massive parti-
cle with electric and dilatonic charges. We found that the compati-
ble condition of the coupled equation coincides with the static con-
dition of the massive test particle with charges in the background
of a charged dilaton black hole. The exact analytical expression of
the linear perturbation of fields has been found for the case with
B = . We also found that the component of the electric field nor-
mal to the outer horizon tends to vanish as the limit »— — r4 and
the flux lines are expelled in the limit. This result is independent
of the values of @ and 8. This is the “electric Meissner effect”,
which has been found for the Reissner—Nordstrom black hole [7—
10].

We performed analytic study of the system in the present paper,
but to obtain solutions for the general case with 8 # wandr_ # r4,
we need a numerical calculation. Contrary to the general case, the
specific system with § &~ « and r_ =~ ri may be investigated
through the perturbative calculation on the exact multi-black hole
solution. We will try to carry out the calculations in the future work.

A straightforward extension of the theoretical investigation can
be thought on the system including magnetically charged dila-
ton black hole [11,12,22,23], and on the generalized Einstein—
Maxwell-scalar system described by [24-28], and on the system
of nonlinearly charged black holes [29-42], etc. We are going to
address these subjects in our further work.

Data availability This manuscript has no associated data or the data
will not be deposited. [Authors’ comment: This is a purely theoretical
study and has no associated experimental data.]
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Appendix A: Approximate analytical expressions for W
and ¢ near the horizon of the
maximally-charged dilaton black hole
(r—=ry)

We consider an approximation valid for § — o« < 1. First, we
assume that the contributions of the terms including aW'(r) +
2¢'(r) in (7.4) and (7.5) are small. Then, we assume W(r, 0) =
2UW Y (O) =2 [Wo(r)+Wi(r)]Y (©) = Wo(r, )+ Wi (r. 0)
and ¢(r,0) = > ,6(r)Y(0) doldo(r) + ¢1(NIY(O) =
qg()(r, 0) + ¢~>1(r, 0), where Wi and ¢; are small. Thus, we can
obtain

Wo(r, 0)

_ )T -
2m (1= 5F) (r—ry)

r\/(i’—r+)2+(b—"+)2 —2(r—ry) (b—r+)COSQ,
(AD)

bo(r,0)
, a(f—a)
Bm (1= 5) 1w (r —ry)

r\/(r_r+)2—|—(b—r+)2 —2(r—ry) (b—r+)0059'
(A2)

Consequently, we find
aWy + 2¢~50

2= ) (1= 5) T =)

o =P+ b= r)? =2 =) (b= ri)cost
(A3)

Admittedly, this turns out to be small in the sense of 8 — o < 1.
Since the following simple expansion is well known:

_ P (0t A4
V1 —=2tx +12 120: 1 (A4)
the combination (A3) can be expressed as
a(p-a)
C dma—B) (1= ) e
aWo +2¢y = me = p) ( )
P
(r — r+)l +1
x Z T Pi(cosb) (r <b), (AS)
= 0
a(f-a)
- 2m(a—B)(1—5) 12
(XW() + 2([)0 = -
oo b_ I
X Z %P](COS 0) (r >b). (A6)
—rt

=0

These can be used to find the next order, but the differential equa-
tions (7.4) and (7.5) are difficult to solve exactly. Therefore, we

@ Springer

demonstrate an approximate analytical approach at r — ry < ry.
Using (AS), the equations (7.4) and (7.5) can be read in this order
as

1
W’ - 2D,
(r—ry)?
r+ a(ﬁig
_ 20 2m@—Piry (1—5F) e
1 +a? r—r4
N+
N e St (A7)
2041 r(b—ry)it!
I+1
"
(ré1) =12 ré
e a(ﬁ—g)
_ L 2m@=Byre (1= F) e
1+ a? r—ry
47 (r — rlr)l'l'1 (A8)
241 " rb—ro+’
Since r — ry < r4+, we adopt the approximation
r—r)™* D =) (A9)
Tr(b — )i r(b —ry)
and we get
ey~ LD,
(r—ry)?
dam(a — B) N
S (1 ?) (+1)
r—r)!
—_— Al0
2041 (b —ry)lt! ( )
l(l +1)
rén)” — G —r)2 ro1
__mep (1-2) % aen
N 1+ a2 b
r—rp)'!
—_— All
20 +1 (b —ry)lt! ( )
Finally, the solutions for these approximate equations:
W, = _Aam(a — ) (1 B r+)a](iaa) I+1
1+a? b 20+ 1
r—rp -y
, Al2
A1 h—r) ™ " Clh=ry) (A12)
o) — 2m(a —,3)( B r+)“l‘ﬁj [+1
T e b A+ 1
(r _r+)l+1 r—ry (A13)
n
241G —rp)Htl " Ch—ry)’

where C is the undetermined constant in the present approach.
However, we can determine that the solutions in this order is regular
at r = r,.% Notice that the electric field around the maximally-
charged black hole with a point charge does not change even for

B #a.

® The summed expressions W; and ¢; are possible but they are not

needed for this time, so we omit them.
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