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Abstract Decay-time-dependent CP-violation effects in
transitions of neutral B mesons to CP-eigenstates can be
visualised by oscillations in the asymmetry, as a function of
decay time, between decay yields from mesons tagged as
initially having B or B flavour. Such images, for example
for B0 → J/ψK 0

S decays where the magnitude of the oscil-
lation is proportional to sin(2β) with β being an angle of
the Cabibbo–Kobayashi–Maskawa Unitarity Triangle, pro-
vide a straightforward illustration of the underlying physics.
Until now there has been no comparable method to provide
visualisation for the case of decays to multibody final states
that are notCP-eigenstates, where interference betweenCP-
even and -odd amplitudes provides additional physics sensi-
tivity. A method is proposed to weight the data so that the
terms of interest can be projected out and used to obtain
asymmetries that visualise the relevant effects. Application
of the weighting to B0

s decays, where effects due to non-zero
width difference are not negligible, provides a novel method
to observe CP violation in interference between mixing and
decay without tagging the production flavour.

1 Introduction

The topic of CP violation is the subject of numerous investi-
gations in contemporary particle physics. This includes many
studies of decay-time-dependent CP violation in transitions
of neutral B mesons to both CP-eigenstates and non-CP-
eigenstates. A salient example is that of B0 → J/ψK 0

S
decays, where the asymmetry in rates for neutral B mesons,
tagged as either B0 or B0 at time t = 0 and decaying at time

a e-mail: T.J.Gershon@warwick.ac.uk (corresponding author)

t , can be written as

ACP (t) ≡ �[B0 → J/ψK 0
S(t)] − �[B0 → J/ψK 0

S(t)]
�[B0 → J/ψK 0

S(t)] + �[B0 → J/ψK 0
S(t)]

= S sin(�mdt) − C cos(�mdt) , (1)

where �md is the difference in masses between the heav-
ier and lighter mass eigenstates of the B0–B0 system. In
the limit that the B0 → J/ψK 0

S transition is dominated
by the so-called tree amplitude, involving the Cabibbo–
Kobayashi–Maskawa (CKM) quark-mixing matrix [1,2] ele-
ments VcbV

∗
cs , it can be shown that S = sin(2β) andC = 0 to

an excellent approximation [3,4], where β is an angle of the
CKM Unitarity Triangle. Plots of this asymmetry in bins of
decay-time were crucial for the BaBar and Belle experiments
to demonstrate the existence of CP violation in the B-meson
sector, with the final results from those experiments shown
in Fig. 1 [5,6].

There are also numerous examples of B meson decays
to multibody final states that are not CP-eigenstates, which
are of interest to probe CP violation effects. In such cases,
interference between CP-even and -odd amplitudes provides
additional physics sensitivity. For example, the decay-time-
dependent analysis of B0 → J/ψK ∗(892), with K ∗(892) →
K 0

Sπ0,1 decays can be used to determine cos(2β) as well
as sin(2β), hence resolving a trigonometric ambiguity in
the possible solutions for 2β. Such analyses have been
performed by BaBar and Belle [7,8], although the results
have large uncertainties. Decay-time-dependent amplitude

1 The notation K ∗(892) is used to denote an admixture of the K ∗(892)0

and K ∗(892)0 states, which is obtained since the final state, K 0
Sπ0, does

not determine the strangeness. Similarly, the notation D(∗) will be used
to denote a neutral D(∗) meson that can be any admixture of D(∗)0 and
D(∗)0 states.
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Fig. 1 Decay-time distributions and asymmetries for B0 → J/ψK 0
S

and similar decays from the (left) BaBar [5] and (right) Belle [6] exper-
iments. In both cases the data are separated into (top for BaBar; left
for Belle) CP-odd final states such as J/ψK 0

S and (bottom for BaBar;
right for Belle) CP-even final states such as J/ψK 0

L. Both experiments
exploit B production via the ϒ(4S) → BB process, and hence use the
time variable �t , which is the difference in decay times of the signal
and tagging B meson in the BB pair. The data are separated into cases
where the tagging B meson is identified as having B0 (blue for BaBar;

red for Belle) or B0 (red for BaBar; blue for Belle) flavour; due to
entanglement of the pair the signal B meson is known to have the oppo-
site flavour at the time of the tagging B meson decay. The BaBar data
include background contributions, indicated by hatched regions, while
the Belle data are background-subtracted. In both cases the asymmetry
is diluted by imperfect flavour-tagging capability (the dilution is smaller
for Belle since the figure includes only data with good quality tagging
information)

analyses with sensitivity to both cos(2β) and sin(2β) have
also been carried out with the modes B0 → D(∗)h0 with
h0 = π0, η or ω, D∗ → Dπ0 and D → K 0

Sπ+π− [9],
B0 → J/ψπ+π− [10], B0 → K+K−K 0

S [11,12], and
B0 → K 0

Sπ+π− [13,14], although in some of these cases the
interpretation of the results in terms of CKM angles involves
significant theoretical uncertainties. In these publications,
however, any visualisation of the data in terms of decay-time-
dependent asymmetries is done by either integrating over the
full phase-space of the decay or by selecting regions domi-
nated by particular resonances.2 This tends to dilute, and can
even completely remove, the dependence of the asymmetry
on the physics parameters of interest. There are also addi-
tional methods, yet to be implemented in analysis of exper-
imental data, that provide sensitivity to both cos(2β) and
sin(2β), such as one using B0 → DCPπ+π− decays, where

2 An exception to this appears in Ref. [7], where Fig. 12 shows the
asymmetry of data weighted by the moment of C, where C is a function
of angular variables and parameters in the decay B0 → J/ψK ∗(892)

with K ∗(892) → K 0
Sπ0. This weighting allows the dependence of

the data on cos(2β) to be visualised, and can be considered a specific
implementation of the more general weighting approach proposed in
this paper.

DCP indicates that the neutral D meson is reconstructed in
a CP eigenstate [15,16]. There are further multibody B0

meson decay modes that provide sensitivity to other CP-
violation parameters, including B0 → π+π−π0 [17–20].
Moreover, there are many B0

s decays of interest for similar
reasons, including B0

s → J/ψK+K− [21–24], J/ψπ+π−
[25], φφ [26] and K ∗(892)0K ∗(892)0 [27].3 As such, it is
of interest to develop methods that enable the dependence of
the data on the underlying physical parameters to be clearly
visualised, with minimal dilution of the sensitivity.

In the remainder of this paper, a method to achieve this
goal is described. In Sect. 2 the underlying methodology is
set out, and an illustration of the method is given in Sect. 3.
The B0 → DCPπ+π− process is used as an example, but
the method is general to any self-conjugate final state that is
a mixture ofCP-even andCP-odd contributions. This can be
any multibody final state that contains a particle-antiparticle
pair (e.g. π+π−, K+K−, D0D0 and so on), since final states

3 Decays to two vector resonances, such as B0
s → φφ, are considered

as having multibody final states for the purposes of this paper. As will
become clear, the key point is that the final state involves a mixture of
CP-even and CP-odd amplitudes.
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in which all particles are spin-0 CP eigenstates are them-
selves CP eigenstates [28]. Approaches to handle experi-
mental effects are discussed in Sect. 4. Uses of the method
in the case of non-zero width difference, as is the case for
B0

s -meson decays, are described in Sect. 5. The impact ofCP
violation in decay is considered in Sect. 6, and a summary
concludes the paper in Sect. 7.

2 Methodology

The B0 → DCPπ+π− process [15,16] is used to illus-
trate the method. If a neutral B meson is tagged as B0 at
time t = 0, and evolves at a later time t into an admix-
ture of B0 and B0 that decays to a position (m2+,m2−) ≡(
m2(Dπ+),m2(Dπ−)

)
in the DCPπ+π− Dalitz plot, the

corresponding amplitude is given by:

A(m2+,m2−, t) = A(m2+,m2−) cos

(
�mt

2

)

+ie−i2βA(m2+,m2−) sin

(
�mt

2

)
. (2)

Here, �m = mB0
H

−mB0
L

is the mass difference between the

two physical eigenstates of the B0−B0 system,4

and it has been assumed that there is no CP violation
in mixing so that, in terms of the usual mixing param-
eters p and q of the B0−B0 system, q

p has unit mag-
nitude (see, for example, Refs. [29,30]). The amplitudes
A(m2+,m2−) and A(m2+,m2−) are those for B0 → D0π+π−
and B0 → D0π+π− decays, respectively, to the position
(m2+,m2−) in the Dalitz plot. These will be denoted subse-
quently by A f and A f , respectively. When A f and A f each
include contributions with only one set of CKM matrix ele-

ments, then there is no CP violation in decay,

∣∣∣∣
A f
A f

∣∣∣∣ = 1, and

arg

(
q
p
A f
A f

)
≡ φmix+dec. For the B0 → DCPπ+π− case,

neglecting contributions from doubly-Cabibbo-suppressed B
decay amplitudes, i.e. from the decay B0 → D0π+π− and
the charge-conjugate process, φmix+dec = −2β. In Eq. (2)
the weak phase factors in the amplitudes are absorbed into the
e−i2β term. In addition, the width difference in the B0−B0

system is taken to be negligible, i.e. �� ≈ 0. A similar
expression to Eq. (2), with A ↔ A and −2β ↔ +2β, holds
for a neutral B meson tagged as B0 at time t = 0. The sym-
metry in the Dalitz plot around the line m2+ = m2− means
that for decay to any CP eigenstate A(x, y) = ±A(y, x);
the convention that the positive (negative) sign is used for
CP-even (CP-odd) eigenstates is used in this paper. Thus,

4 The notations �m and �� without subscript are used for brevity, and
since there should be no ambiguity over whether the B0−B0 or B0

s −B0
s

system is being referred to.

similar expressions can be used for any B0-meson decay to
a self-conjugate final state, with the amplitudes expressed as
a function of appropriately symmetric co-ordinates.

Returning to the specific B0 → DCPπ+π− case, Eq. (2)
assumes that the neutral D meson is reconstructed in a
CP-even eigenstate; for CP-odd D final states, the + sign
between the two terms of Eq. (2) should be replaced by a
− sign. Effects due to charm mixing and CP violation are
neglected.

Squaring Eq. (2), and the corresponding equation for a
neutral B meson tagged as B0 at time t = 0, expressions for
the time-dependent decay rates are obtained:

�[B0 → f (t)] ∝ e−t/τB0
(
|A f |2 + |A f |2

−2Im
(
e−i2βA∗

fA f

)
sin(�mt)

+(|A f |2 − |A f |2) cos(�mt)
)
, (3)

�[B0 → f (t)] ∝ e−t/τB0
(
|A f |2 + |A f |2

+2Im
(
e−i2βA∗

fA f

)
sin(�mt)

−(|A f |2 − |A f |2) cos(�mt)
)
. (4)

The normalisation is omitted as it is not relevant for the dis-
cussion here. It is assumed that t ranges over non-negative
values, as is the case for B mesons produced in LHC col-
lisions. For e+e− → ϒ(4S) → BB production both pos-
itive and negative values of t are possible, as the tagging
information comes from the other decay in the BB pair; the
exponential factor in this case should instead be e−|t |/τB0 .

The coefficient of the sinusoidal term of Eq. (3) is given
by

− 2Im
(
e−i2βA∗

fA f

)
= −2

(
Im(A∗

fA f ) cos(2β)

−Re(A∗
fA f ) sin(2β)

)
. (5)

In caseA∗
fA f has no imaginary component, as would be true

if the entire DCPπ+π− Dalitz plot were dominated by a sin-
gle CP-eigenstate, there is no sensitivity to cos(2β). It is the
interference in the final-state phase-space between different
resonances with different CP compositions – for example,
interference between S- and P-wave π+π− components –
that generates the imaginary part of A∗

fA f and hence allows
cos(2β) to be measured.

Without loss of generality, the amplitudes A f and A f

can be decomposed intoCP-even (A+ f ) andCP-odd (A− f )
parts,

A f = A+ f + A− f√
2

, A f = A+ f − A− f√
2

. (6)

Note that here the CP eigenvalues are those of the decaying
neutral B meson rather than of the final state, though in the

123



  327 Page 4 of 14 Eur. Phys. J. C           (2024) 84:327 

absence of CP violation in decay, as assumed here, the two
are equivalent. The impact of non-negligible CP violation in
decay will be considered in Sect. 6. The previously mentioned
phase convention implies that the B meson CP eigenstates
are given by |B±〉 = 1√

2

(∣∣B0
〉 ± ∣∣B0

〉)
, which is used in

Eq. (6) but does not affect the final results.
In the DCPπ+π− final state with a CP-even D meson,

since the π+π− system must also be CP-even, the over-
all CP eigenvalue is equal to (−1)l where l is the angular
momentum between the D meson and the π+π− system.
By angular momentum conservation in the B-meson decay,
l is also the angular momentum in the π+π− system. Hence,
in the absence of CP violation in decay, A+ f (A− f ) corre-
sponds to amplitudes where the π+π− system is in an even
(odd) partial wave. This means that A+ f (A− f ) is sym-
metric (antisymmetric) about the Dalitz-plot symmetry line
m2+ = m2−. Since any amplitude can be decomposed into
a sum of partial waves, with the sum potentially running to
infinity, this formalism includes not only amplitudes corre-
sponding to ππ resonances, but also those corresponding to
Dπ resonances.

The interference term between the B0 and B0 decay ampli-
tudes can therefore be written as

A∗
fA f = 1

2

(
A∗+ f + A∗− f

) (
A+ f − A− f

)
, (7)

= 1

2

{∣∣A+ f
∣∣2 − ∣∣A− f

∣∣2 + 2iIm
(
A∗− f A+ f

)}
,

(8)

and thus

Re(A∗
fA f ) =

∣∣A+ f
∣∣2 − ∣∣A− f

∣∣2

2
, (9)

Im(A∗
fA f ) = Im

(
A∗− f A+ f

)
. (10)

It is clear that Re(A∗
fA f ) (Im(A∗

fA f )) is symmetric (anti-
symmetric) about the Dalitz-plot symmetry line (i.e. under
interchange of m2+ and m2−). This is illustrated in Fig. 2 using
the model for B0 → DCPπ+π− decays described in the next
section. Thus, from Eq. (5) it can be seen that a simple inte-
gration over the Dalitz plot will retain sensitivity to sin(2β),
through the Re(A∗

fA f ) term, though diluted by cancella-
tion of CP-even and CP-odd contributions. The sensitivity
to cos(2β) will be completely cancelled out.

Weighting functions, which can be applied to the data to
enable visualisation of the sensitivity to sin(2β) and cos(2β),
can be proposed with the following logic. In order to visu-
alise sin(2β) (cos(2β)), the function should be symmetric
(antisymmetric) about the symmetry line, so that the rele-
vant terms are retained when integrating over the Dalitz plot.
The function should also carry the same sign as Re(A∗

fA f )

(Im(A∗
fA f )) to avoid cancellation of Dalitz-plot regions

where these terms have opposite signs. Finally, in the limit
of a pure CP-eigenstate amplitude, the weighting function
should be constant across the Dalitz plot, as in this case any
variation in the weighting would dilute the asymmetry. Func-
tions that satisfy these criteria, for the visualisation of the
sensitivity to sin(2β) and cos(2β), are

wRe
(
m2+,m2−

)
= 2Re(A∗

fA f )

|A f |2 + |A f |2
, and

wIm(
m2+,m2−

)
= 2 Im(A∗

fA f )

|A f |2 + |A f |2
, (11)

respectively. The normalisation is chosen such that these
functions are each in the range [−1,+1], but this does not
affect the outcome.

The decay-time asymmetry is defined in terms of the time-
dependent decay rates of Eqs. (3) and (4),

ACP (t) ≡ �[B0 → f (t)] − �[B0 → f (t)]
�[B0 → f (t)] + �[B0 → f (t)] . (12)

When forming weighted decay-time asymmetry plots, each
� term is integrated over the Dalitz plot. (It is also integrated
over the range of each decay-time bin, but that is not relevant
to the discussion here.) The impact of the weights on all terms
of Eqs. (3) and (4) must therefore be considered. It can be
seen that

|A f |2 + |A f |2 = ∣∣A+ f
∣∣2 + ∣∣A− f

∣∣2
, (13)

is symmetric about the Dalitz-plot symmetry line, while

|A f |2 − |A f |2 = 2Re
(
A∗− f A+ f

)
(14)

is antisymmetric. Therefore, at least in the case of an anti-
symmetric weighting function, it is better not to weight the
expressions in the denominator of the asymmetry to avoid
a potential “divide by zero” problem. Weighted decay-time
asymmetries are hence defined as

Aw−Re/Im
CP (t) ≡

∫
DP wRe/Im(

m2+,m2−
) (

�[B0 → f (t)] − �[B0 → f (t)]) d�
∫

DP

(
�[B0 → f (t)] + �[B0 → f (t)]) d�

. (15)
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Fig. 2 Dalitz-plot distributions of (top left) Re(A∗
f A f ) for Re(A∗

f

A f ) > 0, (top right) −Re(A∗
f A f ) for Re(A∗

f A f ) < 0, (bottom left)

Im(A∗
f A f ) for Im(A∗

f A f ) > 0, and (bottom right) −Im(A∗
f A f )

for Im(A∗
f A f ) < 0, with the Dalitz-plot model for B0 → DCPπ+π−

decays from Ref. [31], illustrating the symmetry (antisymmetry) of
Re(A∗

f A f ) (Im(A∗
f A f )). The z-axis scale is arbitrary, but common

for the four plots

where wRe/Im is one of the weighting functions from
Eq. (11) and d� represents an element in the Dalitz-plot
phase-space. For the first weighting function, the weighted
asymmetry reduces to

Aw−Re
CP (t) = Sw−Re sin(�mt), (16)

where Sw−Re

= sin(2β)

⎛

⎜
⎝

−4
∫

DP

[
Re(A∗

fA f )
]2

/
(
|A f |2 + |A f |2

)
d�

∫
DP

(
|A f |2 + |A f |2

)
d�

⎞

⎟
⎠ ,

(17)

while for the second weighting function instead

Aw−Im
CP (t) = Sw−Im sin(�mt) − Cw−Im cos(�mt),

(18)
where Sw−Im

= cos(2β)

⎛

⎜
⎝

4
∫

DP

[
Im(A∗

fA f )
]2

/
(
|A f |2 + |A f |2

)
d�

∫
DP

(
|A f |2 + |A f |2

)
d�

⎞

⎟
⎠ ,

(19)

and Cw−Im

=
2

∫
DP

(
|A f |2 − |A f |2

)
Im(A∗

fA f )/
(
|A f |2 + |A f |2

)
d�

∫
DP

(
|A f |2 + |A f |2

)
d�

.

(20)

Hence, Aw−Re
CP (t) and Aw−Im

CP (t) can be used to visualise
the determination of sin(2β) and cos(2β), respectively, both
appearing as sine waves. The asymmetry Aw−Im

CP (t) will also
show a cosine oscillation, with magnitude independent of
weak phase factors. The magnitudes of the oscillations are
modulated by hadronic factors, but these constants are cal-
culable assuming that the Dalitz-plot model is known. In the
pure CP-eigenstate limit, the hadronic factor in Eq. (17) is
equal to −1, while those in Eqs. (19) and (20) are equal to
zero.
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Fig. 3 Decay-time dependence of Aw−Re
CP (t) and Aw−Im

CP (t) in B0 →
DCPπ+π− decays with the Dalitz-plot model from Ref. [31]

3 Illustration of the method

To illustrate the method, it is necessary to specify the ampli-
tudes A f and A f . As previously, the B0 → DCPπ+π−
decay is taken as an example, with amplitude model
taken from the analysis by the LHCb collaboration [31],
and implemented in the Laura++ software package [32].
Specifically, the results of the isobar model from Ref.
[31] are used. The largest components in the model are
Dρ0, D(π+π−)S wave (including Df0(500)) and Df2(1270)

together with D∗
2(2460)−π+, D∗

0(2400)−π+ and a
(Dπ−)P waveπ

+ term. The D∗(2010)−π+ component is
vetoed with the requirement m(Dπ±) > 2.1GeV/c2, since
it is too narrow to contribute significant interference effects
that would enhance the sensitivity to sin(2β) and cos(2β).

The hadronic factors in Eqs. (17), (19) and (20) are eval-
uated numerically with this model, and are found to be

−4
∫

DP

[
Re(A∗

f A f )
]2

/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

d�
= −0.267

(21)

4
∫

DP

[
Im(A∗

f A f )
]2

/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

d�
= 0.229

(22)
2

∫
DP

(|A f |2 − |A f |2
)Im(A∗

f A f )/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

d�
= −0.002.

(23)

Distributions of Aw−Re
CP (t) and Aw−Im

CP (t), as defined in
Eqs. (16) and (18), obtained with this model are shown in
Fig. 3. Here, sin(2β) and cos(2β) are set at their world aver-
age values (corresponding to β = 22.2◦ [33], so 0.700 and
0.714, respectively). These correspond to the distributions
that would be obtained in the limit of infinite statistics with
no experimental effects such as imperfect flavour tagging.

Samples of pseudoexperiments are generated in order
to approximate what the weighted decay-time asymmetries
might look like in an experiment with currently plausible
precision. The B0 → Dπ+π− yield obtained by the LHCb
collaboration in Ref. [31], of ∼ 10,000, is scaled by 0.14 to
account for the difference in branching fractions between the
D → K+π− channel used in that analysis and the combined
D → K+K− and D → π+π− decays that are expected
to provide the largest DCP samples. Further scaling factors,
indicated in parentheses, are applied to account for: the dif-
ference in sample size available to the LHCb collaboration in
Ref. [31] to the total recorded in the LHC Run 1 and 2 oper-
ation periods (5); the facts that in Ref. [31] only a subset of
possible trigger lines was used (2) and that very tight selection
requirements were imposed (1.5); the typical LHCb flavour
tagging power on similar decays (0.08) [34–38]. Rounding up
optimistically, an estimate of 2000 is obtained for the equiv-
alent yield of perfectly tagged B0 → DCPπ+π− decays
available in the Run 1 and 2 LHCb data sample.

Neglecting other experimental effects, such as back-
ground, efficiency variations across the Dalitz plot or with
decay time, and resolution, samples of this size are gener-
ated and then weighted with the functions of Eq. (11). Sum-
ming over the range of each decay-time bin and the whole
Dalitz plot, the weighted decay-time asymmetries shown in
Fig. 4 are constructed. The unweighted decay-time asymme-
try is also shown for comparison. The utility of the weighting
functions in visualising the physics effects of interest is evi-
dent.

It may be noted that, once these weighted decay-time
asymmetries have been formed, values of sin(2β) and
cos(2β) can be obtained by simple one-dimensional fits to
them, assuming that the hadronic factors are fixed. Such
fits would not be expected to give values as precise as can
be obtained from the full unbinned decay-time-dependent
amplitude analysis, but could be used to obtain a cross-check
of the result. The values of sin(2β) and cos(2β) obtained
by fitting the weighted asymmetries, shown in Fig. 4, are
sin(2β) = 0.762 ± 0.064 and cos(2β) = 0.749 ± 0.068;
for comparison the values obtained from the full decay-
time-dependent amplitude fit to these samples are sin(2β) =
0.742 ± 0.045 and cos(2β) = 0.735 ± 0.045.

Alternatively, if the values of sin(2β) and cos(2β) are
fixed, the weighted decay-time asymmetries can be used to
check that the values of the hadronic factors in data are con-
sistent with those obtained from the model. In either case,
the method provides a useful new way to visualise the effects
being measured, and to check the consistency of the data with
the fit result.
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Fig. 4 Distributions of time-dependent asymmetry with the time-
dependent decay rates in the numerator (top) unweighted, (bottom
left) weighted by wRe, and (bottom right) weighted by wIm . These are
obtained from pseudoexperiments generated with the Dalitz-plot model

from Ref. [31], and with sample size corresponding to the equivalent
perfectly tagged yield expected to be available in the LHCb data sam-
ple. The statistical uncertainties are evaluated with a bootstrap method
[39]. Results of the fits described in the text are also shown

4 Experimental effects

The decay-time distributions measured in experiment are not
given only by the expressions of Eqs. (3) and (4), but are mod-
ified by contributions from background processes, asymme-
tries in the B0–B0 production rate or detection probability,
efficiency variations across the decay phase-space or with
decay time, smearing of the distributions due to resolution,
and imperfect flavour tagging. For most of these it is possible
to apply corrections to the data, as discussed below, so that
the asymmetry curve still represents that of the underlying
physics. This is, however, not essential – the asymmetries
measured in data without further corrections would still be
useful to visualise the sensitivity to sin(2β) and cos(2β),
although the impact of the experimental effects would need
to be assessed on a case-by-case basis.

Background can be subtracted statistically using one of
a number of methods. The sPlot method and its variants
[40,41], based on the application of a signal weight for each
candidate in the selected sample, provide an attractive option

for many decays. Weights can also be used to correct for effi-
ciency variation across the phase-space, as has been done in
numerous Dalitz-plot analyses (see, e.g., Ref. [42]), and to
correct for detection asymmetries, assuming that the size of
these effects is known from appropriately calibrated simu-
lation. Variation with decay-time of the efficiency will not
affect the asymmetry as long as the bin size is chosen such
that variations within each bin are small; if this is not the
case, corrections can be applied. Similarly, effects due to
imperfect flavour tagging can be corrected for either on a
candidate-by-candidate basis or collectively, as the size of the
required correction will be known from data control samples.
An example of a decay-time asymmetry being visualised with
candidate-by-candidate flavour-tagging corrections applied
can be found in Ref. [43]. A non-zero asymmetry in the pro-
duction rates of B0 and B0 mesons will introduce a decay-
time-independent offset, that can also be corrected for assum-
ing that the size of the effect is known.

The only remaining effects to consider are those due to
resolution. Non-negligible effects of resolution in the decay-
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time variable itself will result in dilution of the oscillations,
that must be accounted for when interpreting the visualisation
of the data. This is the case for the asymmetries obtained by
the BaBar and Belle experiments, including those shown in
Fig. 1. In the LHCb experiment the decay-time resolution is
typically negligible compared to the period of B0–B0 oscil-

lations, but cannot be overlooked when considering B0
s –B0

s
oscillations, as for example in Refs. [21,22,44].

Smearing of the determination of the position in phase-
space of each B decay would mean that the weight applied
to each candidate will be calculated at the measured posi-
tion, rather than the true position. As such, this could have
non-negligible effects on the weighting procedure if the reso-
lution is not much smaller than the scale on which the ampli-
tudes A f and A f are varying, which for a Dalitz plot can
be characterised by the width of the narrowest contributing
resonance. The ability to impose kinematic constraints when
determining the phase-space position will often mean this is
not a concern. In cases where the effect must be accounted
for, it will result in a modification of the hadronic factors of
Eqs. (17), (19) and (20) that will be calculable for a known
amplitude model and resolution function.

5 Non-zero width difference

To be applied to B0
s decays, the effect of non-zero decay

width difference must be accounted for. This results in
modifications to Eqs. (3) and (4): in addition to replacing
B0 → B0

s , B0 → B0
s and 2β → −2βs ,5 the |A f |2 + |A f |2

term is multiplied by cosh(��t/2), and an additional term

5 The sign-flip is due to a convention in the definition of βs , to make
the value positive in the Standard Model [29].

−2Re
(
ei2βsA∗

fA f

)
sinh(��t/2) contributes to both B0

s

and B0
s decay rates.6 Since this term appears with the same

sign in both rates it does not contribute to the numerator of
the asymmetry, and since the denominator is unweighted the
replacements for Eqs. (16)–(20) are

Aw−Re
CP (t) = Sw−Re sin(�mt), (24)

where Sw−Re =
−4 sin(2βs)

∫
DP

[
Re(A∗

fA f )
]2

/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

cosh(��t/2) − 2Re
(
ei2βsA∗

fA f

)
sinh(��t/2) d�

,

(25)

Aw−Im
CP (t) = Sw−Im sin(�mt) − Cw−Im cos(�mt),

(26)

where Sw−Im =
4 cos(2βs)

∫
DP

[
Im(A∗

fA f )
]2

/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

cosh(��t/2) − 2Re
(
ei2βsA∗

fA f

)
sinh(��t/2) d�

,

(27)

and Cw−Im = 2
∫

DP

(|A f |2 − |A f |2
) Im(A∗

fA f )/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

cosh(��t/2) − 2Re
(
ei2βsA∗

fA f

)
sinh(��t/2) d�

. (28)

In practice, the modification of the asymmetries due
to the non-zero value of �� will make little difference.
The value of ��/� in the B0

s –B0
s system, 0.126 ± 0.007

[33] means that after five B0
s lifetimes the values of

(cosh(��t/2), sinh(��t/2)) are (1.05, 0.32) — a relatively
modest change from the values (1, 0) at t = 0. At very large
numbers of lifetimes the extra term can significantly enhance
or suppress the oscillations, depending on its sign, but there
will be little data available to observe this effect. Thus it has
become common in experimental analyses of B0

s decays to
show oscillations folded by the period 2π/(�m) (see, for
example, Refs. [21–24]), ignoring the modulation caused by
the extra term at high decay times. This approach can also
be used for the weighted asymmetries.

Nonetheless, the extra terms involving �� can have a
noticeable effect in the untagged decay-time distribution,
characterised by the effective lifetime [45]. For decay to a
CP eigenstate, in the absence of CP violation in decay, the
effective lifetime is the inverse of � ± cos(2βs)��/2 where
the sign is the same as theCP eigenvalue. It is thus interesting
to ask if weighting the untagged data changes the decay-time
distribution. To investigate this, it is useful to expand

6 The convention where �� is positive in the B0
s –B0

s system is used
[29].
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− 2Re
(
ei2βsA∗

fA f

)
= −2

(
Re

(
A∗

fA f

)
cos(2βs)

−Im
(
A∗

fA f

)
sin(2βs)

)
. (29)

Assuming absence of CP violation in decay, the term in
Eq. (29) that is symmetric (antisymmetric) across the phase-
space is sensitive to cos(2βs) (sin(2βs)). This is in contrast to

Eq. (5), where it is the symmetric (antisymmetric) term that
is sensitive to the sine (cosine) of the relevant weak phase
φmix+dec.

The unweighted, untagged decay-time distribution is the
sum of the B0

s and B0
s decay rates, integrated across the phase

space,

�untagged(t) ∝ e−�t
(∫

DP

[
|A f |2 + |A f |2

]
cosh

(
��t

2

)

−2Re
(
ei2βsA∗

fA f

)
sinh

(
��t

2

)
d�

)
. (30)

A Taylor expansion in t can be used to identify the coefficient
of the first-order term as the inverse of the effective lifetime,

�untagged(t)

∝∼ (1−�t)

(∫

DP
|A f |2+|A f |2−2Re

(
ei2βsA∗

f A f

)(
��t

2

)
d�

)
,

∝∼ (1 − �t)

⎛

⎝1 −
∫

DP 2Re
(
ei2βsA∗

f A f

)
d�

∫
DP |A f |2 + |A f |2 d�

��t

2

⎞

⎠ ,

∝∼ 1 −
⎧
⎨

⎩
� +

∫
DP 2Re

(
ei2βsA∗

f A f

)
d�

∫
DP |A f |2 + |A f |2 d�

��

2

⎫
⎬

⎭
t,

∝∼ 1 −
⎧
⎨

⎩
� + cos(2βs)

∫
DP 2Re

(
A∗

f A f

)
d�

∫
DP

(|A f |2 + |A f |2
)

d�

��

2

⎫
⎬

⎭
t, (31)

where in the last line only the term that is symmetric across
the phase space, and hence does not vanish on integration,
is retained. Here, and in similar Taylor expansions below,
terms of O(t2) and higher within each set of parentheses are
omitted. In the case of a pureCP eigenstate, Eq. (31) gives the

same effective lifetime as discussed above. For a final state
that is not a pure CP eigenstate, the deviation of the effective
lifetime from � will be diluted by the hadronic factor in the
last line of Eq. (31), which is bound in the range [−1,+1].7

Consider now the untagged decay-time distribution obtained
after weighting with the wRe function of Eq. (11), integrating
across the phase-space, and Taylor-expanding in t ,

�w−Re
untagged(t) ∝ e−�t

(∫

DP
2Re(A∗

fA f ) cosh

(
��t

2

)
− 4 cos(2βs)

[
Re

(
A∗

fA f

)]2

(|A f |2 + |A f |2
) sinh

(
��t

2

)
d�

)
,

∝∼ (1 − �t)

⎛

⎜
⎝

∫

DP
2Re(A∗

fA f ) − 4 cos(2βs)

[
Re

(
A∗

fA f

)]2

(|A f |2 + |A f |2
)

(
��t

2

)
d�

⎞

⎟
⎠ ,

∝∼ 1 −

⎧
⎪⎨

⎪⎩
� + cos(2βs)

∫
DP 2

[
Re

(
A∗

fA f

)]2
/
(|A f |2 + |A f |2

)
d�

∫
DP Re(A∗

fA f ) d�

��

2

⎫
⎪⎬

⎪⎭
t. (32)

In the case of a pure CP eigenstate this again gives the
same result,8 but in general a modification of the unweighted
effective lifetime can be anticipated. This modification can
be significant, since the wRe function can be negative as well
as positive. Consequently, the coefficient of the cosh

(
��t

2

)

term in the first line of Eq. (32) can also be either positive or
negative, and can also be equal to zero in the limit that the
final state is an equal mixture of CP-even and CP-odd (i.e.
has net-CP of zero). In this limit, the division in the last line
of Eq. (32) cannot be made and the distribution cannot be
approximated by an exponential function. Nonetheless, the
dependence of the wRe-weighted decay-time distribution of
Eq. (32) on the weak phase factor is only through cos(2βs),
as in Eq. (31).

Turning now to the untagged decay-time distribution
obtained after weighting with the wIm function of Eq. (11),
integrating across the phase-space, and Taylor-expanding in
t ,

�w−Im
untagged(t) ∝ e−�t

⎛

⎜
⎝

∫

DP
4 sin(2βs )

[
Im

(
A∗

f A f

)]2

(|A f |2 + |A f |2
) sinh

(
��t

2

)
d�

⎞

⎟
⎠ ,

∝∼ (1 − �t)

⎛

⎜
⎝

∫

DP
4 sin(2βs )

[
Im

(
A∗

f A f

)]2

(|A f |2 + |A f |2
)

(
��t

2

)
d�

⎞

⎟
⎠ ,

7 This hadronic factor,
∫

DP 2Re(A∗
f A f )d�/

∫
DP

(|A f |2 + |A f |2
)

d�,
corresponds to the “net CP” of a multibody final state, which has been
noted previously to be of particular relevance for neutral charm meson
decays when used in B → DK processes to determine the CKM angle
γ [46–48].
8 For a CP-odd state, wRe is equal to −1, so the weighted untagged
decay-time distribution is flipped negative but otherwise unchanged.
This sign flip is cancelled out by the division in the last line of Eq. (32).
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∝∼

⎧
⎪⎨

⎪⎩
sin(2βs )

∫
DP 4

[
Im

(
A∗

f A f

)]2
/
(|A f |2+|A f |2

)
d�

∫
DP

(|A f |2+|A f |2
)

d�

��

2

⎫
⎪⎬

⎪⎭
t.

(33)

In the last line, the hadronic factor has been written in a
way that makes it independent of the normalisation of A f

and A f , as done previously in Eqs. (31) and (32). Due to the
cancellation of the cosh(��/2) term, the lowest-order term
in the Taylor expansion in Eq. (33) is linear in t , rather than
constant, and thus this expression cannot be approximated by
a single exponential function.9 The magnitude of �w−Im

untagged(t)
is proportional to sin(2βs), and thus corresponds to CP vio-
lation in the interference between mixing and decay in the
B0

s system. Although the wIm function can be both positive
and negative, all hadronic factors in Eq. (33) are positive, and
since �� is also known to be positive the sign of �w−Im

untagged(t)
depends only on the sign of sin(2βs).

Effectively, the weighted untagged decay-time distribu-
tion of Eq. (33) allows visualisation of the emergence,
as a function of decay time, of an asymmetry across the
Dalitz-plot. It therefore shares some similarity with meth-
ods of observingCP violation in decay through (decay-time-
integrated) Dalitz-plot asymmetries [49,50], but is novel in
that it allows CP violation in the interference between mix-
ing and decay to be observed. As this method requires neither
flavour tagging nor ability to resolve the fast B0

s –B0
s oscilla-

tions, it may enable some experiments to achieve sensitivity
to sin(2βs) that would otherwise be impossible.10

Normalisation has been omitted in Eqs. (30)–(33) for sim-
plicity, even though the argument made in Sect. 2 that it is
irrelevant due to cancellation in the asymmetries no longer
holds. For a useful visualisation of data, with fit curve super-
imposed, the key issue is that the same normalisation should
be used for both. In practice it is likely to be convenient to
normalise Eq. (30) to unity, i.e. to treat it as a probability den-
sity function, and to use the same normalisation factor also
in Eqs. (32) and (33). Since both of these weighted untagged
decay-time distributions could, in principle, be equal to zero,
they cannot in general be normalised individually.

To illustrate the concept of this weighted untagged decay-
time distribution, the model for B0 → DCPπ+π− decays
described in Sect. 3 is modified to introduce a decay-width
difference. The value of the decay-width difference is taken to
be that of the B0

s –B0
s system, specifically �� = 0.083 ps−1

[33], but all other features of the model remain the same (e.g.

9 Clearly the lowest order Taylor expansion is only a good approxima-
tion at values of t satisfying �t � 1. It is nonetheless useful to illustrate
the differences between the unweighted and weighted untagged decay-
time distributions.
10 The potential to determine sin(2βs) from an untagged analysis of
B0

s → J/ψφ decays was noted in Ref. [51], and the method was imple-
mented by the D0 collaboration in Refs. [52,53], but the use of weighting
to visualise the effect has not been described previously in the literature.

the mass, lifetime, mass difference and weak phase factor are
those of the B0–B0 system). This has the advantage that the
larger magnitude of sin(2β) compared to sin(2βs) provides
a more easily visible effect in Eq. (33). The hadronic factors
of Eqs. (31)–(33) are evaluated with this decay model to be

∫
DP 2Re

(
A∗

fA f

)
d�

∫
DP

(|A f |2 + |A f |2
)

d�
= −0.085, (34)

∫
DP 2

[
Re

(
A∗

fA f

)]2
/
(|A f |2 + |A f |2

)
d�

∫
DP Re(A∗

fA f ) d�
= −3.121,

(35)
∫

DP 4
[
Im

(
A∗

fA f

)]2
/
(|A f |2 + |A f |2

)
d�

∫
DP

(|A f |2 + |A f |2
)

d�
= 0.229 ,

(36)

where the last is the same as given in Eq. (22).
The untagged decay-rate distributions obtained from a

sample generated with this model, both without weighting
and with the wRe and wIm weighting schemes are shown in
Fig. 5. A large sample of 100 000 events is used to illus-
trate the impact of the method. Since the net CP of the
B0 → DCPπ+π− model, Eq. (34), is close to zero, the
unweighted untagged decay-time distribution is well approx-
imated by an exponential decay with the B0 lifetime. The
hadronic factor of Eq. (35) is, on the other hand, significantly
different from zero, causing the wRe-weighted distribution
to have a different effective lifetime (as well as being flipped
negative). The modest value of the hadronic factor of Eq. (36)
allows the term corresponding to CP-violation in the inter-
ference of mixing and decay to be seen.

There are a range of B0
s decays where this visualisation

method may be useful in future. The most extensively studied
to date is B0

s → J/ψK+K− [21–24], for which it will be
important to be able to see in the data the oscillations caused
by a non-zero value of sin(2βs) as the sensitivity approaches
the level at which this is likely to be observed. As noted
above, the wIm-weighted untagged decay-time distribution
may be particularly useful for experiments where the decay-
time resolution is not sufficient to resolve the fast B0

s –B0
s

oscillations. There could also be interesting applications of
the method in the study of B0

s → DK+K− decays, where
the D meson can be reconstructed in a number of different
final states, which is of interest to determine the CKM angle
γ [54–57]. Another potentially interesting mode is B0

s →
K 0

Sπ+π−, which provides an alternative way to determine
γ [58,59]. Consideration of the impact of CP violation in
decay may be important in these cases, however.
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Fig. 5 Distributions of untagged decay-rate distributions (top) with-
out weighting, and with (bottom left) wRe and (bottom right) wIm

weights applied. These are obtained from pseudoexperiments gener-
ated with the Dalitz-plot model from Ref. [31], with a non-zero width

difference introduced as described in the text. Curves corresponding to
the expected distributions without approximations, from Eqs. (30), (32)
and (33), are also shown and compared to exponential distributions with
different decay widths

6 Impact of CP violation in decay

The visualisation method discussed so far is applicable for
B0-meson decays to multibody, self-conjugate final states
where there is no CP violation in decay. This is the case, to a
good approximation, for a number of decay modes of inter-
est, including B0 → J/ψK ∗(892) with K ∗(892) → K 0

Sπ0,
B0 → D(∗)h0 with D → K 0

Sπ+π−, B0 → J/ψπ+π− and
B0 → DCPπ+π−. In these cases it may nonetheless become
important, as sample sizes increase, to be able to assess the
impact of non-zero CP violation effects. Moreover, it would
be of interest to apply the method also to decays where large
CP violation effects are either known or expected, including
B0 → K+K−K 0

S, B0 → K 0
Sπ+π− and B0 → π+π−π0.

The presence of CP violation in decay implies that the
amplitude for decay to a final state that is, say, CP-even must
include a contribution from the CP-odd B state. This breaks
the interpretation of Eqs. (9) and (10) in terms of symme-
tries across the phase space — it means that A+ f (A− f ) is
no longer symmetric (antisymmetric) about the Dalitz-plot
symmetry line m2+ = m2−. Thus, application of the wRe and

wIm weighting functions defined in Eq. (11) will no longer
lead to the cancellation of terms that simplifies the asymme-
tries given in Eqs. (16)–(20). Additionally, the presence of
CP violation in decay means that weak phase factors can-
not in general be separated from hadronic factors. While in
Eq. (2) the weak phase (−2β) could be separated from the
amplitudes A f and A f , the existence of CP violation in
decay means that A f and A f must be composed from two
contributions with different weak phases (as well as a non-
trivial strong phase difference). Since the relative magnitudes
of these two contributions would be expected to vary across
the phase-space, due to the presence of resonances, the weak
phase difference between A f and A f will also vary across
the phase-space and therefore cannot in general be factored
out as a constant term.

The above observations are related to the well-known
facts that for decays to CP eigenstates the presence of CP
violation in decay introduces a cosine term to the decay-
time-dependent asymmetry, and precludes a straightforward
relation of the coefficient of the sine term to a weak phase.
Nonetheless, as is the case for decays to CP eigenstates, the
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weighted asymmetries may provide an interesting and useful
visualisation method, as it will still be possible to compare
the effects observed in data to those expected in a model,
including when the model is the result of a fit to data.

7 Summary

A new method to weight data in order to visualise decay-time-
dependent CP violation effects in neutral B meson decays
to multibody final states, that are not CP eigenstates, is pro-
posed. In the common case that the weak phase difference
between B0 and B0 decay amplitudes, also accounting for
the phase from B0–B0 mixing, is −2β and that effects of CP
violation in decay can be neglected, the method allows sepa-
rate visualisation of asymmetries proportional to sin(2β) and
cos(2β). The method is based on fundamental symmetries of
the decay amplitudes, and is applicable to a wide range of
decay channels. Weighted untagged decay-time distributions
can also be formed, and provide novel potential for observa-
tion of effects due toCP violation in the interference between
mixing and decay in the B0

s system, exploiting the non-zero
decay-width difference.
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