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Abstract A novel class of Buchdahl-inspired metrics with
closed-form expressions was recently obtained based on
Buchdahl’s seminal work on searching for static, spheri-
cally symmetric metrics in R? gravity in vacuo. Buchdahl-
inspired spacetimes provide an interesting framework for
testing predictions of R? gravity models against observa-
tions. To test these Buchdahl-inspired spacetimes, we con-
sider observational constraints imposed on the deviation
parameter, which characterizes the deviation of the asymptot-
ically flat Buchdahl-inspired metric from the Schwarzschild
spacetime. We utilize several recent solar system experi-
ments and observations of the S2 star in the galactic cen-
ter and the black hole shadow. By calculating the effects
of Buchdahl-inspired spacetimes on astronomical observa-
tions both within and outside of the solar system, including
the deflection angle of light by the Sun, gravitational time
delay, perihelion advance, shadow, and geodetic precession,
we determine observational constraints on the corresponding
deviation parameters by comparing theoretical predictions
with the most recent observations. Among these constraints,
we find that the tightest one comes from the Cassini mission’s
measurement of gravitational time delay.

1 Introduction

Einstein’s theory of general relativity (GR) has been the most
successful theory describing the dynamics of massive objects
under gravitational effects such as the motion of binary stars
and planetary motion near their host stars, predicting novel

2e-mail: zhut05 @zjut.edu.cn

b e-mail: hoang.nguyen@ubbcluj.ro

¢ e-mail: azreg @baskent.edu.tr

9 e-mail: mjamil @sns.nust.edu.pk (corresponding author)

gravitational objects such as black holes, compact stars, and
gravitational waves. It remains the only theory of gravity that
passes all solar system and astronomical tests. In the last few
years, two earliest predictions of GR have been tested and
verified via black holes, namely the gravitational deflection
of light passing by a black hole, resulting in the formation
of a black hole shadow, and the existence of gravitational
waves. Recently, the shadows of black holes at the center
of the M87 and Milky Way galaxies have been observed
and analyzed in detail [1-4]. Astronomers have also detected
numerous gravitational wave signals generated by the merger
of binary black holes of different masses [5,6]. Despite these
successes, some fundamental problems remain in the foun-
dations of GR, including its renormalization and establishing
its unison with quantum mechanics, thereby formulating a set
of physical laws valid for both length scales, the very small
and the very large.

The accelerated cosmic expansion observed in 1998 has
spurred efforts to modify GR to account for the enigmatic
“dark energy” component. Among the various modified the-
ories of gravitation, the family of f(R) introduced by Buch-
dahl in the early 1970s has become an active arena of investi-
gation in the past 25 years [7—10]. Within this ghost-free class
of theories, pure R? gravity stands out for its scale-invariant
nature. Attempts to incorporate the matter sector, namely the
Glashow—Weinberg—Salam model of particle physics, into
pure quadratic gravity to form a renormalizable quantum
gravity framework have been made in the form of adimen-
sional gravity, or “agravity” [11,12].

The pure R? action

1
S= ﬁfd“xv—ng + Sm (guvs V) (1
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can be recast using an auxiliary scalar field ® as [8]

1 1
S = 7 / d4x\/—_g [CDR - 5®2] + Sm (g;w’ ‘/’) @

resulting in the field equations

K 1 1
Gy = ETMV — Zg,wfb + > (VMVIKD — gutJ (D) (3)
30 =«T “)

in which @ is equal to the Ricci scalar R. In vacuum, i.e.
T,y = 0, the terms é—ltg,WCD and % (V. Vo ® — g, @) act
as additional “matter” sources to the Einstein—Hilbert field
equation, producing corrections beyond the vacuum solu-
tions of GR. To date, there is yet only empirical evidence
of a scalar degree of freedom beside the established tensor
ingredients. However, the dynamical nature of &, governed
by the “harmonic” equation (4), suggests potential manifes-
tations for ® near mass sources in the strong field regime. As
demonstrated by one of the authors [13], the pure R2 field
equation admits a rich host of vacuum solutions with the
non-constant Ricci scalar. The Buchdahl-inspired solutions
found therein are asymptotically de Sitter (or anti-de Sitter)
and entail a new (Buchdahl) parameter k, accounting for the
term % (V# V,® — g,d dD) and enabling spatial variations
in ®. Notably, considerations of a scalar degree of freedom
have appeared in other contexts, such as the scalarization in
neutron stars and black holes [14].

One important feature of pure R> gravity is its limit to
GR. In particular, it concerns the existence of a Newtonian
behavior which is an essential requirement for any viable the-
ory of gravitation. The limit is delicate [15]. This is because,
whereas the vacuo of GR is Ricci flat, i.e. Ry, = 0, for
pure R? gravity, the vacuum background far from the mass
sources is de Sitter (or anti-de Sitter) with a Ricci scalar
R = 4A. In [15] it was found that, owing to the de Sitter
background, the spin-2 tensor graviton excitations are mass-
less instead of massive (which would have been the case
if the background were locally flat). The massless modes
should effectively carry a long-range interaction rather than
a Yukawa short-range interaction. Based on this insight, one
of the present authors [16] has recently established the emer-
gence of a gravitational potential with the correct Newtonian
tail on a de Sitter background for the pure R? theory. That is
to say, pure R? gravity possesses a proper Newtonian limit,
despite the absence of the Einstein—Hilbert term in its action
(1). This finding strengthens the viability of pure R> as a
candidate theory of gravitation.

An immediate implication is finding novel static and
spherically symmetric spacetime or black hole solutions in
R? theory which was pioneered by Buchdahl [17]. His work
culminated in the formulation of a second-order ordinary
differential equation for finding metric coefficients, which
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remained unsolved until recently, when one of the coauthors
(Nguyen) succeeded in obtaining vacuum solutions which are
asymptotically de Sitter [13] or asymptotically flat as a spe-
cial case [18] (with the axisymmetric extensions of the latter
solution having been proposed in [19]). Our current study is
concerned with this special Buchdahl-inspired solution. The
metric involves a free parameter, the Buchdahl parameter k,
which can be interpreted as a scalar hair, and setting k = 0
yields a Schwarzschild spacetime/black hole as a limiting
case. In [18], it was shown that the respective static, spher-
ically symmetric black hole solution has different areas of
event horizon depending on the chosen value of k. Specifi-
cally, the horizon area can be 0, 4772, 16772, and divergent
for the following values k € (—o0, rg) U (0,00),k =0,k =
—rg and k € (—ry, 0), respectively. Here, r is the radius of
the black hole horizon. A further investigation of this new
solution is needed to understand its phenomenology.

We should clarify that the special Buchdahl-inspired solu-
tion is also Ricci scalar flat, namely, ® — 0 everywhere
in the vacuum exterior to a mass source. Whereas the
term —}tg,wd) in Eq. (3) is negligible in this limit, contri-
butions from the term % (V.. V@ — g,y @) persist and
are encoded by the (dimensionless) Buchdahl parameter k,
defined to be k normalized by rg [20]. As a higher-derivative
characteristic, the value of k is system-dependent. It does
not have a universal value but can vary from one system to
another, depending on the composition of the matter source.
In normal conditions, such as in the solar system, k could be
insignificant. In extreme conditions, such as around compact
stars, intuitively, k may acquire large values.

In this article, we are motivated to analyze the experimen-
tal and observational implications of the special Buchdahl-
inspired metric. We would like to see how much the new
effects beyond the Schwarzschild case affect the dynam-
ics of particles in geodesic motion in the special Buchdahl-
inspired metric. To be more general, we consider a more gen-
eral form of the Buchdahl-inspired metric by treating several
new parameters for describing the solution independently.
By relying on the classical relativistic methods, we calculate
perihelion shift, gravitational time delay, and geodesic pre-
cession of orbits, and test these results with the solar system
experiments. We also attempt to consider the observational
implications of the Buchdahl-inspired spacetime using the
observational data of the S2 star orbit about the Milky Way
central black hole and to investigate the shadow of rotating
solutions.

Our article is structured as follows. In Sect. 2, we pro-
vide a brief review of the general and special Buchdahl-
inspired metrics in different sets of coordinate systems. In
Sect. 3, we investigate the geodesics of both massless and
massive objects in the general Buchdahl-inspired spacetime
and derive in detail the effects of the spacetime on observa-
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tions in the solar system experiments, black hole shadow
of M87, and the orbit of the S2 star at the galactic cen-
ter. The observational bounds on the deviation parameter,
which characterizes the deviation of the asymptotically flat
Buchdahl-inspired metric from the Schwarzschild spacetime,
are obtained by comparing the theoretical predictions with
observational data. Then, in Sect. 4, we study a spinning
object in the general Buchdahl-inspired spacetime and derive
the geodetic procession of its spin vector, from which we
obtain the constraints on the corresponding deviation param-
eter using the Gravity Probe B and lunar laser ranging data.
A brief summary of our main results and some discussion
are presented in Sect. 5.

2 Summary of Buchdahl-inspired vacuum solutions

In a pioneering Nuovo Cimento work in 1962 [17], Buch-
dahl developed—but prematurely abandoned—a program
to find vacuum configurations for pure R* gravity. Subse-
quent advancements made by one of us, documented in Refs.
[13,18], completed his program and derives an exhaustive
class of metric in compact form, to be summarized in this
section.

The field equation in vacuum is
1
R (le — ZgWR> +gwldR -V, VR =0, 4)

which contains fourth derivatives of the metric components
guw in OR and V,V,R. The solution in general thus
involves two additional parameters. As we shall see, they
are the scalar curvature, 4A, at spatial infinity, and a new
(Buchdahl) parameter k£ which is of the dimension of length.
The case of A # 0 is an asymptotically (anti-)de Sitter vac-
uum solution, whereas the case of A = 0 is an asymptotically
flat vacuum solution.

The body of our orbital motion study in this paper is on
the asymptotically flat vacuum solution outside of a static
and spherical symmetric mass source. Nevertheless, for com-
pleteness, we shall expose the available representations of the
metrics in this section.

2.1 Asymptotically de Sitter vacuum solution in standard
coordinates

In [13], a general Buchdahl-inspired metric was determined
to be in a compact form (with dQ? := d#? + sin® 6 d¢?)

ds? = ot/ avr {—p('ﬂ)"('ﬁ)dz2 PO gy r2d92} .
r q(r)
(0)

The variables p and g obey first-order “evolution” rules

dp(r) _ 3k* p(r)

= , 7
dr 4r qz(r) @
dg(r) _ 2
e (1 —Ar ) (), 8)
whereas the Ricci scalar is
_ —kf _dr
R(r) =4Ae rq0) 9)

The metric involves A, representing the scalar curvature at
spatial infinity, and k, the Buchdahl parameter. When k£ = 0,
metric (6) duly recovers the de Sitter metric [13].

2.2 Asymptotically de Sitter vacuum solution in
“canonical” coordinates

The metric expressed in (6) contains a conformal factor which
is inversely proportional to the Ricci scalar. In [19], we con-
sidered making r a function of R such that the proper part
of the metric satisfies g;;grg = —1. The resulting metric is
given by

kf 98 5 dRr? ) 2
ds? = ¢ 7 v®2® § —W(R)dr* + —— R)dQ" ¢,
s e { (R)dt” + ® +r°(R)
(10)
with

_ p(R)q(R)
(R

The “evolution” rules now involve three functions p(R),
q(R), and r(R)

W(R) : 1D

dr(R) 1
= —, 12)
dR P(R)
dp(R 3k?
P(R) _ ’ (13)
dR 4r(R)q%(R)
dg(R) 2
——=1—-Ar"(R 14
iR r“(R), (14)
with the Ricci scalar being given by
—k / dRr
R(r)=4Ae 7 v®RI®) (15)

2.3 Asymptotically flat vacuum solution in standard
coordinates

In Ref. [18], we further found an exact closed analytical
solution corresponding to the case of A = 0, which was
called the special Buchdahl-inspired metric. This metric is
Ricci scalar flat, but not Ricci flat. It describes an asymptot-
ically flat spacetime. Hence, it is also appropriate to call it
the asymptotically flat Buchdahl-inspired metric.

@ Springer
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For the region r > rg, the metric of the asymptotically flat
Buchdahl-inspired metric reads

o= (1= - (1= ) s S04

+ﬁ0m91, (16)
where the function p(r) is

=1
155
- (1-5)

and the dimensionless parameters are

C =1+ 3k2. (18)

@ 9

2.4 Asymptotically flat vacuum solution in “q” coordinate

p(r) =1¢rs a7)

k= —,

s

In [18], one of us reported yet another expression for the
asymptotically flat Buchdahl-inspired metric, Eq. (16). For
the region ¢ > g+ (which are defined in Eq. (20)):

k=1 2
ds? — (CI—CH) ¢ —<q_q+)tdt2+dq2
qg —4q- q —4q-
+@—q9@—q)«?} (19)

with

g+ ::%(—11;), ;:W. (20)

2.5 Asymptotically flat vacuum solution in isotropic
coordinate

The metric (16) can be transformed into an isotropic form

[21],
F oA f D 200
ds? = |—=2L - —2 dr?
r +rs/4 r ‘i‘rs/4
4
+¢2 (1 + ;—S) (df2 + f2dsz2) } , 1)
r

which is symmetric with respect to a reciprocal coordinate
transformation, per

4r I

yorn (22)
rs 4r

@ Springer

2.6 Asymptotically flat vacuum solution in Morris—Thorne
form

In Ref. [21], the metric (16)—(18) was brought into the
Morris—Thorne form [22,23]:

ds? = = Pd? + ——— + R?Q7, (23)
- 5p
R2OR) y%(EH)’ (24)
~ 2
b(R) 1 5 -1 )
|- == = — D+ —1- >0,
R 1y? ((y +1D+ 1=y
(25)
y’%‘ﬂ
R = ({rs)ﬁ, (26)
-y

y = (1 - %)% (0, 1), ¢=y1+382, @7

with @ (R) and b(R) being the redshift and shape functions,
respectively. Note that the relation y(R) is implicit by invert-
ing Eq. (26).

2.7 A more generic Morris—Thorne form

In Ref. [24], we generalized the metric in (23)—(27) by mak-
ing two modifications: (i) replacing k with 7 in the redshift
function (see below); (ii) treating k, n, and ¢ as independent
parameters (in contrast to Eq. (27), where ¢ = v 1 + 3122).
The generalized metric is expressed as

dS2 = —ezcl)(R)d.l‘2 + TR + deQZ (28)
-5
with
L2OR) _ y§(n+1)’ (29)
- 2
b(R) 1 5 k—1 2
1 —_— = — 1 —_— 1 - > 07
m 4y2<(y+)+ ;( ) oz

(30)
R = (¢ry) - yz; y e (,1). 3D

Here we would like to present several remarks about the
properties of the solution in the generic Morris—Thorne form.

Remark 1 The metric (28)—(31) recovers the metric (23)—
(27) when n = k and ¢ = v/1 + 3k2. Additionally, it recov-
ers the Campanelli-Lousto metric in Brans—Dicke gravity
[25-28] when ¢ = 1.

Remark 2 Although the metric (28)—(31) seems to have four
parameters [12, N, ¢, rs }, it effectively depends on only three
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R
dRr?
ds? = —*®®di? + —— + R?dQ%, 32)
-
82<I>(R) — y2<x (33)
b(R) 1 2
L= =g (P Hnrpa—d) o 3y
yPt1
R = rél 5 for y € (0, 1), (35)
-y

with the relation y(R) being implicit in Eq. (35).

Remark 3 The Schwarzschild metric corresponds to metric
(32)-(35) when @ = 1, 8 = —1 and ¢ = 1. Meanwhile,
the asymptotically flat Buchdahl-inspired metric corresponds

k+1 k-1 : : 2
toja = —+———,8 = — ¢, obeying the relation o~ +
 143k? P 143k? } ving
af + B2 =1.

Remark 4 Regardless of o, when 8 < —1, metric (32)—(35)
yields a wormhole because the function R(y) in (35) pro-

duces a minimum at yg = ./ % € (0, 1). The two (sym-

metric) asymptotically flat sheets that are glued together at
the “throat” yq are both defined in the range y € [yp, 1).

3 Geodesics and classical tests of the general
Buchdahl-inspired metrics

In this section, we will present the geodesics evolution of
a massive/massless particle orbiting the Buchdahl-inspired
metrics. From the geodesic evolution, we are able to calcu-
late some observational quantities so that we can use data to
constrain them. We claim that the data from the solar sys-
tem experiments can provide stronger constraints than those
obtained upon using the stellar stars orbiting the supermas-
sive black hole in the galactic center, so we will consider the
solar system experiments first.

3.1 Geodesics in the general Buchdahl-inspired metrics

In this subsection, we give the general Buchdahl-inspired
metrics in the standard coordinates and consider the geodesics
of both massless and massive objects in this metric. In con-
trast to the metric given in (16), here we treat the parameters
k,n,and ¢ as independent parameters. Using the coordinates
(t, R, 0, ¢), the metric is given by

ds? = —**®ar* + + R2Q°. (36)

— R

R

In the weak field approximation, this metric can be expressed
as

v (1 Qs Aty ”)”3> ar?

R 2R
1—k
+ (1 n (—R)r‘> dR? + R*dQ2. 37)

The radius r can be related to the ADM mass of the solution
viary = 2G M, with M being the ADM mass and G being the
gravitational constant. Comparing this weak field expansion
with the Newtonian limit, we canrelate G with the Newtonian
gravitational constant Gy as (1 + 7)G = GN.

Let us first consider the evolution of a particle in the gen-

eral Buchdahl-inspired metric (36). For a massive/massless
particle, if we ignore self-gravitational effects, its evolution
is governed by the following geodesics
d?xr y dxV dx?
WvLFW,EH =0, (38)
where A denotes the affine parameter of the geodesics and I'}),
represent the Christoffel symbols of the general Buchdahl-
inspired metric. Considering that the general Buchdahl-
inspired metric is static and spherically symmetric, it has two
Killing vectors, & = {3, 0,0, 0} and gq‘; = {0,0, 34, 0},
which leads to two constants of motion E and L (conserved
energy and angular momentum), i.e.,

dx? dr

E= _guv";:zﬂa = _gttas (39)
dxV d¢

L= B2 = gpp—-. 40

guv%—(p ar 8oo an (40)

For geodesics, we also have gw%% =g, with e = —1

for timelike geodesics which describes evolution of massive
particle, and ¢ = 0 for null geodesics which describes the
evolution of massless particle. Then, using (39) and (40), we
obtain

dR\? do\?

8RR (d_k> + 800 <d_k)
dr\? dg\?
n (8) ee(®)

=fg—— - —. (41)
Without loss of generality, we consider the evolution of the
particle in the equatorial plane, i.e., we can set = /2 and

df/dr = 0. Then we can simplify the above equation into
the form

drR\*
<d_/\) = E” — Ver(R), (42)

@ Springer
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where Vet (R) denotes the effective potential of the particle,

E* L*\ 1
Veir(R) = E* — (e -=- —) —. (43)
8t 8¢/ 8RR
For later convenience, it is useful to give the derivative of
r with respect to ¢, which can be obtained using (40) in
Eq. (42) and is given by

dR\2 E2 L2\ &
@Byl
d¢ 8tt 8o L-ggrr

This equation is the starting point for later calculations of the
light deflection angle, gravitational time delay, and perihe-
lion advance in the general Buchdahl-inspired metric in the
following subsections.

3.2 Light deflection angle

The precise measurements of the deflection of the light pass-
ing by the Sun play an essential role in the establishment of
GR. These data can also be used for constraining any possible
derivation of the deflection angle in many modified gravities
from that in GR. Here, our purpose is to calculate the pos-
sible effects of the general Buchdahl-inspired metric on the
deflection angle of the light and then constrain them using
the most recent measurements.

For the propagation of the light in the general Buchdahl-
inspired metric (36), we have ¢ = 0. Introducing the impact
parameter

b=t (45)
-

Eq. (44) can be transformed into

d —12
9 _ . /gﬂ<— sl —1> : (46)
8¢ \ b7gu

dR

where £ represents the cases with increasing and decreas-
ing R, respectively. In general, for a bending light that does
not fall into the object described by the general Buchdahl-
inspired metric (36), the range of the allowed R is determined
by the condition ‘é—f > 0. In the general Buchdahl-inspired
metric, this implies that the allowed range of R should be
Ry < R < +o00, with Ry denoting the closest approach of
the light to the Sun. Ry is a root of g—f = 0, and thus we have

_ 8¢¢(Ro)
gu(Ro)

Then the deflection of the angle of the light can be calculated
using

b = (47)

+00 do
A¢_2/RO @dR—n. (48)

Since we are considering the deflection of the light by the
Sun, it is convenient to employ the weak field approximation

@ Springer

by expanding the above integral in terms of 7 / R, which gives
4GM2+n—k AGNM2+4+n—k
Ry 2 Ry 2(04np’

where Gy = (1 + )G is the Newtonian gravitational con-
stant. For a special Buchdahl-inspired metric, as given in (16)

with n = k and ¢ = v/ 1 + 3k2, we have
4GNM
0

A¢ ~

(49)

Ap ~ 1 -k, (50)

where Gn = (1 + k)G is the Newtonian gravitational con-
stant for the Buchdahl-inspired metric.

Now we consider the light deflected by the Sun. We can
express the deflection angle A¢ in terms of the A¢OR =
1.75” as

A n+k

v Tr Gh

The deflection angles of the light from distant sources by
the Sun have been measured in many experiments over the
past 100 years. The most precise measurement to date was
carried out using the very-long-baseline interferometry tech-
nique [29]. Using the result of this measurement, we can con-
strain the parameter 2(’71—4_"_/‘") in the general Buchdahl-inspired
metric to be

n+k

L= <25x107* (68% C.L.).
2(1 +1n)

—50x107° <
(52)

For a special Buchdahl-inspired metric (16) with = k and

L =vV1i+ 3122, this constraint leads to a constraint on the
parameter k as

—50x107 <k <25x107* (68% C.L.). (53)
3.3 Gravitational time delay

Gravitational time delay is an important phenomenon in that
light or radio waves can take more time to travel if they
pass by a massive object, like the Sun or a planet. This phe-
nomenon can be precisely measured by sending a radar sig-
nal from Earth or a spacecraft passing through the Sun and
reflecting off another planet or spacecraft. The effects of the
general Buchdahl-inspired metric (36) on the gravitational
time delay can be derived from Eq. (46), from which we
obtain

dr drd¢  d¢ dr/dxr
dR ~ d¢pdR ~ dRd¢p/dxr

| | ~1)2
— - | 8RR (—2 + ﬁ) . (54)
b g \b 8¢

Considering a radio wave traveling from the Sun to the point
R 4, the time spent during this process can be calculated from
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the integral

| (R | 12
1(Ra) = —f [ 8RR <—2 + ﬁ) dR. (55)
b Ry g \b 8¢¢

Here, Ry is the closest approach of the radio wave to the
Sun, which can be determined by Eq. (47). In the weak field
approximation, we have

/ | Ra = Ro
l(VA): RIZA—R%—FGNM m

_,_M GnN Marccosh (&> . (56)
1417 Ro

The first term is the travel time of light in flat spacetime,
and the remaining part contains both the contributions to the
travel time in the Schwarzschild metric and the new effects
of the general Buchdahl-inspired metric. When k& = 0 = 1,
the above expression exactly reduces to the Schwarzschild
result.

There are two different cases in the experiments mea-
suring the gravitational time delay by sending a radar wave
from Earth or spacecraft which is then reflected off another
planet or spacecraft. One is the inferior conjunction case, in
which the planet (or spacecraft, denoted by B) which reflects
the radar signal is located between the Earth (or spacecraft,
denoted by A) and the Sun. The calculation of the time delay
due to the general Buchdahl-inspired metric of this case is
simple and can be obtained by

24—k R 24—k
Ay~ 22T G i A At,GRL, (57)
1+7 Rp 2(1+mn)
or alternatively,
At 24—k
1 _2+m (58)

20 +n)

The other is the superior conjunction case, in which the
planet that reflects the radar signal and the Earth are on oppo-
site sides of the Sun. For this case, the gravitational time delay
is given by

GR
AL

24+n—k 4RAR
Arg~ T 2aG M | 14 RATE | (59)
2(1+ 1) R?

The most precise results related to the gravitational time
delay were obtained from the Cassini experiments [30]. This
result ruled out many modified gravity theories that predicted
larger deviations from GR. Here we would like to use its
results to constrain the parameters k and 5 in the general
Buchdahl-inspired metric. The Cassini experiment was con-
ducted in June 2002, and the test of the gravitational time
delay was achieved in the measurement of the frequency
shift of radio waves to and from the Cassini spacecraft as
they passed near the Sun. In the superior conjunction case,

the relative change in frequency is related to the time delay
Atg via

1) — d
gyt _ 4, (60)

Vo dt

where vy denotes the frequency of the radio waves emit-
ted from Earth, and v(¢) is the frequency of the radio wave
reflected back to Earth at z. Using Eq. (59), we have

241 —k8GNM dRo(t) 2+ —k or

Sy >~ — = (61)
2(14+n) Ro dt 2(1 4+ n)
Alternatively,
8 24n—k
% _ +n (62)

SVOR — 2(1+1)

Using the measurement performed in the Cassini exper-
iment [30], we can constrain the parameters k and 7 in the
general Buchdahl-inspired metric to be

ntk
2(1+n)

This constraint is stronger than that obtained by the observa-
tions of the deflection angle.

For a special Buchdahl-inspired metric (16) with n = k
and¢ =V 1+ 3k2, the above constraint leads to a constraint
on the parameter k as

—44%x107° < <2x107°. (63)

—44x107 <k <2x107°. (64)
3.4 Perihelion advance

Now we consider the orbit’s perihelion advance for a mas-
sive particle moving in the general Buchdahl-inspired metric.
For a massive particle, we have ¢ = —1. We still start with
Eq. (44), introducing a new variable x = 1/R, which leads
to

dx\? E2 127 g

<—x> — x4 [—1 = —] 00 (65)
do g 8pp ) L78RR

Taking the derivative on both sides of the above equation

with respect to ¢ and expanding the equation about the small
parameter r; (in the weak field approximation), we obtain

d? GNM k

"2 - N 3G Mx? - 31K G2

do¢ L I+n
k+nGiMm?

The right-hand side of the above equation can be treated
as perturbations to Newtonian gravity, which contains two
parts. The first part 3GnMx? represents the correction from
the Schwarzschild metric in GR, and the last two terms (the
second and the third term on the right-hand side of the above

@ Springer
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equation) are the new effects from the general Buchdahl-
inspired metric. When the perturbations are absent, the above
equation has an exact solution xo(¢) for a bounded orbit,

xo(¢) =

(67)

which describes an elliptical orbit with the eccentricity e. The
perturbations from GR and the general Buchdahl-inspired
metric lead to the small derivation to the exact elliptical orbit.
Thus we can write the orbit which contains the effects of the
perturbations in the form of

x(¢9) = x0(9) + x1(9), (68)

where xq is the elliptical orbit with the eccentricity e given
by Eq. (67), and x (¢) is the small correction to the elliptical
orbit, which satisfies

d2X1 —i—/;

~ _ 2
d¢2 + X1 3GNMXO 31 +nGNMx0
k k+mn G2 M?
. 69
2 T L2 (69)
Using xo(¢) in Eq. (67), we obtain
d2X1
d¢2 +x1~A0+Alcos¢+Azcos o, (70)
where
3420 —k GEM?
g = ZEEIZXONT a1
l+n L*
6+2n—4k GyM>?
= b O 72)
I+7 L*
3Lk k , Gy M? (73)
S
The solution of x is given by
Ay A Ay,
x1 = Ay + > "6 cos(2¢) + 7¢ sin ¢. (74)

Only the last term contributes to the perihelion advance of
a massive particle moving in the general Buchdahl-inspired
metric. For this reason, we can drop other terms and write
the solution of x(¢) as

X~ GN (I +ecos¢) + —¢sm¢
= GII:I |:1 + ecos (d) — %¢>i| (75)
where
N 6JTG§M2 2n+k

This expression represents the angular shift of the perihelia
per orbit.

@ Springer

For an ellipse described by Eq. (67), we can relate the
angular momentum L of the massive particle to the semi-
major axis ag of the ellipse as

L2
EE———— 77
W= GaM1 =) a7
Thus we obtain
61 GNM 2n+k
_ OnONM [ 2ntR) (78)
ap(1 — €2) 31417
Alternatively,
A 2n+k
_¢ ~1_ _ﬂ. (79)
A@OR 3147

It is evident that the above expression reduces to the
Schwarzschild result by taking k = 0 = 1.

There are several observations of the perihelion advance
that can be used to constrain the parameters 7 and k in the
general Buchdahl-inspired metric. Now we consider three
different observations related to the phenomenon of the per-
ihelion advance in very different scales, i.e., the perihelion
advances of the laser-ranging satellites orbiting Earth [31], of
Mercury orbiting the Sun [32], and of the S2 star orbiting the
supermassive black hole in the central region of our Milky
Way galaxy [33].

Let us first consider the measured perihelion advance of
the LAGEOS satellites around Earth. Using 13 years of track-
ing data from the LAGEOS satellites, the precession of the
periapsis of the LAGEOS 2 satellite was measured as [31]

Ag

W =1+ (0.28 £2.14) x 1073, (80)
From this result, we obtain
1 k
C18x 1070 < 21T 41073, 81)
21+n

This bound corresponds to a constraint on the parameter k
—18x103 <k<14x1073 (82)

for the special Buchdahl-inspired metric with = k and
=1+ 3k

We now turn to consider the observation of the anomalous
perihelion advance for Mercury. The most accurate mea-
surement of the perihelion advance was performed by the
MESSENGER mission [32], which measured the perihelion

advance for Mercury as

A¢ = (42.9799 £ 0.009)" /century. (83)

With this measurement, the bound on the % arising from the
general Buchdahl metric can be computed using the experi-

mental error 0.009” /century, which yields
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Ln+k 1.6 x 1075, (84)
—— < X
21

+n

—16x107° <

This bound is better than that from the LAGEOS satellites by
two orders of magnitude. Again, from the above constraint,
we can obtain the constraint on the parameter k for the special
Buchdahl-inspired metric, with n = k and ¢ = v/ 1 + 3k2,
i.e.,
—16x107° <k <1.6x107. (85)
Here we should mention that the measurement of the anoma-
lous perihelion advance for Mercury will be improved signif-
icantly in the near future from the joint European—Japanese
BepiColombo project, which was launched in October 2018
[34,35]. Itis expected that this mission will improve the accu-
racy of the perihelion advance to 10~* per century. This is
one order of magnitude better than the current accuracy of the
MESSENGER mission [32]. Thus, with the BepiColombo

project, we expect to improve the constraints on the param-

')+k
T+

or the parameter k in the special Buchdahl-inspired space-
time to —107% < % or k < 107°, which is much more
restricted than that obtained from the Cassini experiment.

Finally, let us consider the S2 star orbiting the central
black hole of the Milky Way galaxy. Comparing the above
two measurements, the observations of the S2 star provide
a very different environment from test gravity in the strong
gravity regime. The Schwarzschild precession of the S2 star
was recently measured by the GRAVITY collaboration [33],
which gives

eters arising from the general Buchdahl-inspired metric

A
Wﬁl‘: 1.140.19, (86)
where

AgSR =12 (87)

per orbit period from the prediction of GR. For the effect of
the general Buchdahl-inspired metric on the precession, this
observation leads to

1n+k

—021 < - < 0.067, (88)
+1

which corresponds to
—0.21 < k < 0.067 (89)

for the special Buchdahl-inspired metric with n = k and

c=+1+3k%

3.5 Including rotation: shadow investigation

An exact stationary axisymmetric vacuum solution for pure
R? gravity, up to a conformal factor, was derived in [19]

A(g) — a*sin® 0
(g) —a”sin s

ds? = A(q, 6; @) [— >
P

2asin? 6

2
+—dq + p?d6% + [A(g) — r*(q) — d®]

Alg)

xdr de + EZ sin? 9d¢>2] , (90)
0

24+ 20—
where r2(q) = (¢ — g) 5 (¢ — g-)#=, p*(q,0) =
r*(g) + a*cos*0, A(q) = (¢ — q+)(q — g-) + a*, and
¥(q,0) = [r2(q) + a*1*> — A(g)a®sin® 6. The conformal
factor A(q, 0; a), not needed for shadow investigation, was
determined numerically. The remaining parameters are given

by
q+=%|:\/1+3122—1:|, q_:—%[\/1+3l€2+1:|.
on

Using the Event Horizon Telescope collaboration results
[1-4], we modeled the central black hole M87* by the rotat-
ing metric (90), depending on the mass M = (1 + k)ry /2,
rotation parameter a, and the dimensionless parameter k.
Considering the shadow angular size and assuming that M
and a parameters are those of M87*, we obtained

—0.155 < k < 0.004. (92)

4 Geodetic precession of spinning objects in the general
Buchdahl-inspired metric

In this section, we calculate the geodetic precession of spin-
ning objects in the general Buchdahl-inspired metric. In
curved spacetime, the evolution of a spinning particle fol-
lows two equations, the geodesics equation

dut

Tl ru’u* =0, (93)
and the parallel transport equation,

ds*

a + F )\S M 0, (94)
where u" = dx"/dA is the four-velocity of the particle,

and s denotes the four-spin vector. u* and s”
following orthogonal condition

satisfy the

uts, =0. (95)

The four-spin vector also satisfies the normalization condi-
tion

sts, = 1. (96)

@ Springer
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Without loss of generality, we consider the evolution of the
particle in the equatorial plane, i.e., we can set § = /2 and
d6/dA = 0. Let us study the test spinning particle moving in
a circular orbit, i.e., R = 0, and its four-velocity u** can be
expressed as

o7

Then the angular velocity of the spinning particle is written
as

— ﬁ _ L (98)
u' E 8¢ ’
The stable circular orbit in the equatorial plane requires
E*— Ver(R) =0 and —% =0, (99)
dR
Solving these two equations, we have
2 /
8ir(R)&yy (R)
E= |- Al ., (100)
N 81 (R)80 (R) = 811 (R)gfy (R)
2 1
—8pp(R)&11 (R)
l= |— oo oM (101)
\ 81 (R)&pg (R) — gtt(R)g¢¢(R)
81 (R)
Q= |-, (102)
g¢¢(R)

Along this circular orbit, the parallel transport equation (94)
can be cast in the form

d_st lg;t(R)utSR _

0, (103)
dr  2gu(R)
ds® 1 g/ (R 1 &,4(R)
L__g”—()ufsf__LulﬁsdJ:O’ (104)
dr 2 grr(R) 2 grr(R)
ds?
E o, 105
a (105)
ds® 18,
82290 ek _ . (106)
d)» 2 g¢¢

Differentiating (103) with respect to the affine parameter A
and converting A — t using the relation dr = u’dA, we arrive
at a second-order ordinary differential equation of s%,

a2k 1 Y CI N g2(R) R
—_— - S =
dr2 4| grr(R)gpp(R) 811 (R)gpp(R)
(107)

This equation admits an exact solution
s®(t) = s%(0) cos(w,t), (108)
where

1 8y (R) 2(R
0g = _\/ o0 I (/A G BT )

2V grr(R)gpy(R) 8it(R)gRR(R)

@ Springer

represents the oscillating frequency pertaining to the spin
four-vector s*. With the solution of s&, the other three com-
ponents s’, 5%, and s? can be immediately solved, giving

REAGK:

(1) = o) (0) sin(wgH), (110)

sy =0, (111)
' (R

s9(t) = _%ZZER; QsR(0) sin(wgt). (112)

In obtaining these solutions, we have used initial conditions
s'(0) = s7(0) = 5%(0) = 0, which means that spin vector
s" was initially directed along the radial direction.

Comparing Eqs. (109) and (102), we can obviously
observe that the two frequencies, the oscillating frequency
wg of rotation of the spin vector and the orbital frequency
Q of a massive spinning particle along the circular orbit, are
different. This difference leads to a precession of the spin
vector. This is the phenomenon called geodetic precession.
For one complete period of the circular orbit, the angle of the
geodetic precession can be expressed as

3nGNM 2n+k
A®=2n(1—%):”—N = Z2ERY )
Q R 3147

Whenk = 0 = n, the above result reduces to the geodetic
precession of the Schwarzschild metric.

The geodetic precession can be tested and measured using
the gyroscopes in near-Earth artificial satellites. One such
experiment is the Gravity Probe B experiment, which was
spaced at an altitude of 642km and had an orbital period of
97.65 min. According to GR, the geodetic effect induces a
precession of the gyroscope spin axis by 6606.1 milliarcsec-
onds (mas) per year. Gravity Probe B measures this effect to
be [36]

A® = (6601.8 £ 18.3)mas/year, (114)
which leads to
k
—26x107% < 1TE 96103, (115)
2(14+n)

For the special Buchdahl-inspired metric, the above result
gives

—26x1072 <k <26x1073. (116)

If we treat the Earth—Moon system as a gyroscope orbiting
the Sun, its geodetic precession due to the gravitational field
of the Sun has also been measured by using the lunar laser
ranging data. Recent measurement of the geodetic precession
yields a relative deviation from GR as [37]

A® — AQCR

AGoR = ~0:0019 00064,

(117)
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Table 1 Summary of estimates for bounds of the parameter % arising in the general Buchdahl-inspired metric (36) and the parameter & in the

special Buchdahl-inspired metric from several observations

Experiments/observations Constraints on 2('71712) and k

Datasets

(5.0, 25) x 1073
(—44, 2) x 107°
(—1.8, 1.4) x 1073
(=1.6, 1.6) x 1073
(—0.21, 0.067)
(2.6, 2.6) x 1073
(—3.4, 6.2) x 1073
(—0.155, 0.004)

Light deflection
Time delay
Perihelion advance

Geodetic precession

Shadow (rotating solution)

VLBI observation of quasars [29]

Cassini experiment [30]

LAGEQOS satellites [31]

MESSENGER mission [32]

Observation of S2 star at galactic center [33]
Gravity Probe B [36]

Lunar laser ranging data [37]

Event Horizon Telescope collaboration [1-4]

which gives

k
—34x 1070 < 1TE 62 %103, (118)
2(1+1n)
Again, this bound corresponds to
—34x107 <k <62x1073, (119)

for the special Buchdahl-inspired metric, with n = k and

¢ =+v1+3k2

5 Conclusion

In this paper, we study the observational constraints that
can be imposed on the asymptotically flat Buchdahl-inspired
solution. For this purpose, we theoretically calculate the
effects of the parameter k on several solar system experi-
ments and black hole observations. Specifically, we calcu-
late in detail the deflection angle of light by the Sun, grav-
itational time delay, perihelion advance, and geodetic pro-
cession for massless and massive objects in the Buchdahl-
inspired spacetime. With these theoretical predictions, we
derive the constraints on the parameter k in the asymptot-
ically flat Buchdahl-inspired spacetime by comparing our
theoretical calculations with observations. Our results are
summarized in Table 1. In addition, we provide different
comparisons of parameters from modified gravity and gen-
eral relativity. For instance, Eq. (51) provides a comparison
of the deflection angle of light between the two theories; Eq.
(58) provides a comparison of gravitational time delay; Eq.
(79) and (86) provide a similar comparison for perihelion
and periastron precession between theories, while Eq. (117)
gives a comparison of geodetic precession as predicted by
the two theories.

It is worth mentioning here that the measurement of the
gravitational time delay by the Cassini experiment provides
the most sensitive tool to constrain the parameter & in the solar
system. Another important constraint comes from observing

the perihelion advance for Mercury by the MESSENGER
mission. As we mentioned, the measurement of the anoma-
lous perihelion advance for Mercury will be improved signif-
icantly in the near future from the joint European—Japanese
BepiColombo project, which was launched in October 2018
[34,35]. Itis expected that this mission will improve the accu-
racy of the perihelion advance to 10~ per century, which

can be used to improve the constraints on the parameters
n+k

T+, arising from the general Buchdahl-inspired metric or

the parameter k in the special Buchdahl-inspired spacetime to
-107° < Lik or k < 107, which is much more restricted
than that obtained from the Cassini experiment.

In contrast to GR, pure R? gravity does not adhere to
Birkhoff’s theorem. As a higher-derivative characteristic, the
Buchdahl parameter k of its vacuum solution exterior to a
star is system-dependent. Therefore, our empirical tests as
presented in this article were carried out under this premise.
We have focused on the exterior vacuum solution, deferring
the theoretical determination of k for future exploration [38].

The determination of k is, in principle, contingent on
the composition—specifically, the equation of state and the
distribution of matter within the host star. Typically, this
inquiry involves matching the interior and exterior solu-
tions across the star’s surface. An alternative approach entails
deriving a set of Tolman—Oppenheimer—Volkoff (TOV) equa-
tions governing the pressure and density of the star mate-
rial. By numerically solving these equations in conjunction
with the metric components, the exterior vacuum configura-
tion of a star can be obtained based on a presumed equa-
tion of state and conditions at the star’s center [39—41].
Progress has recently been made on this front by one of
us in reducing the TOV equations for f(R) gravity to a
single integro-differential equation. This simplification has
enabled our investigation into the interior—exterior matching
for the Buchdahl-inspired solution, with detailed findings to
be reported separately [38].
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While most test results presented in Table 1 align with
GR, the cases for S2 star and M87%*, which may qualify as
in a strong field regime, show large deviations for k from
0, albeit with error bars too large for definitive conclusions;
see Egs. (89) and (92). As investigated in [21], a k value
in the range (—1, 0) has been associated with the potential
formation of wormholes. Theoretically, such spacetime con-
figurations could support the possibility of closed timelike
curves, recently explored in [42]. Consequently, future tests
of the Buchdahl-inspired solution and pure R? gravity in
strong field regimes may be warranted.
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