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Abstract The enforcement of the unimodularity condition
in a gravity theory by means of a Lagrange multiplier leads,
in general, to inconsistencies upon quantization. This is so,
in particular, when the classic linear splitting of the met-
ric between the background and quantum fields is used. To
avoid the need of introducing such a Lagrange multiplier
while using the classic linear splitting, we carry out the
quantization of unimodular gravity with extra Weyl sym-
metry by using Becchi—-Rouet—Stora—Tyutin (BRST) tech-
niques. Here, two gauge symmetries are to be gauge-fixed:
transverse diffeomorphisms and Weyl transformations. We
perform the gauge-fixing of the transverse diffeomorphism
invariance by using BRST transformations that involve anti-
symmetric ghost fields. We show that these BRST trans-
formations are compatible with the BRST transformations
needed to gauge-fix the Weyl symmetry, so that they can
be combined in a set of transformations generated by a sin-
gle BRST operator. Newton’s law of gravitation is derived
within the BRST formalism we put forward as well as the
Slavnov-Taylor equation.

1 Introduction

Unimodular gravity — see Refs. [1] and [2], for introductions
—solves [3—7] a part of the so-called Cosmological Constant
problem, for in that gravity theory the vacuum energy does
not gravitate. Indeed, all the field configurations in unimod-
ular gravity have got determinant equal to —1.

There exists sundry approaches to the quantization of uni-
modular gravity, e.g., Refs. [8—16]. It is not known whether
they give rise to the same quantum theory on a Minkowski
background, for they involve different sets of ghosts. This is
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an open problem, as it is their equivalence to quantum Gen-
eral Relativity when the Cosmological Constant is not set to
Zero.

It has been shown recently — see Ref. [17] — that the uni-
modularity condition cannot be implemented in the path inte-
gral by using a Lagrange multiplier unless the unimodularity
condition be equivalent to imposing a linear constraint on the
graviton field. This fact precludes the use of the classic lin-
ear splitting of the gravity field into background metric and
graviton field if the unimodularity condition is to be enforced
by using a Lagrange multiplier. As also shown in Ref. [17] the
problem goes away if the so-called exponential splitting [18]
is used. We think that it is quite a drawback to have a formal-
ism where the classic linear splitting — which is standardly
used in General Relativity — cannot be employed. This is so
even sidestepping the issue that even in General Relativity the
exponential parametrization may not yield the same quantum
theory as the linear splitting: the exponential parametrization
is not a field redefinition of the linear splitting — see Ref. [19]
and Refs. therein.

In Refs. [9,11,14] and [16] the unimodularity condition is
imposed by using a Lagrange multiplier and thus those for-
malisms do not make sense for the linear splitting of the met-
ric. In Refs. [8,12,13] and [15] the exponential parametriza-
tion is implemented already at classical level and prior to
quantization. The BRST formalism put forward in Ref. [10]
admits any kind of parametrization in terms of background
and quantum fields — the linear and exponential parametriza-
tions, in particular — for no Lagrange multiplier is introduced.
Indeed, in Ref. [10], building on Refs. [20] and [21], the
unimodularity condition is solved, prior to quantization, by
expressing the unimodular metric, g wv» in terms of an uncon-
strained tensor field g,,, as follows

g;w(x)

W) 1.1
1g1/P (x) (b

gp,v(x) =
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D is the space-time dimension. Several properties of the for-
malism set up in Ref. [10] have been analyzed leading to
sound results — see Refs. [22,23] and [24], for recent pub-
lications. Let us recall that because of Eq. (1.1) the clas-
sical action of unimodular gravity has two gauge symme-
tries: transverse diffeomorphisms and Weyl transformations
of g,v. This is why the gravity theory in question is called
Weyl invariant unimodular gravity.

As we have pointed out above, the BRST formalism put
forward in Ref. [16] breaksdown at the quantum level if the
classic linear splitting of the gravity field is employed. This
is the parametrization originally considered in Ref. [16].
Of course, the inconsistency disappears if the exponential
parametrization is used. The question arises as to whether this
formalism can be modified so that the classic linear splitting
can be utilized consistently.

The purpose of this paper is to show that, by using
Eq. (1.1), the framework of Ref. [16] can be combined with
part of the formalism of Ref. [10] so that the linear splitting
of the gravity field works at the quantum level: no Lagrange
multiplier is needed here to enforce the unimodularity con-
dition. That this combination works is non trivial since the
implementation of Eq. (1.1) introduces an additional gauge
symmetry — a Weyl symmetry — in the theory. This gauge
symmetry leads to additional BRST transformations which
might clash with BRST transformations arising from the
transverse gauge transformations as defined in Ref. [16]. Let
us point out that in the unimodular gravity with Weyl invari-
ance formalism -see [2] and references therein — the gravity
field entering the path integral measure is g, in (1.1), not the
unimodular metric g, (x). Hence, the linear splitting must
be applied to g, not to g, (x).

The layout of this paper is as follows. In Sect. 2 we dis-
cuss the Becchi—Rouet—Stora—Tyutin (BRST) quantization
of our unimodular theory. This second section contains sev-
eral subsections since our unimodular theory has two gauge
symmetries, namely, transverse diffeomorphisms and Weyl
transformations. In Sect. 2.1, we carry out the gauge-fixing
of the invariance under transverse diffeomorhisms by adapt-
ing to our case the BRST formalism of Ref. [16]. Section
2.2 is devoted to the analysis of the gauge-fixing of the Weyl
symmetry by using BRST methods. In this latter subsec-
tion, we show the compatibility of the BRST transforma-
tions associated to transverse diffeomorphism and the BRST
transformations coming from the Weyl transformations. We
prove that the two BRST operators, each generating one of
those two BRST transformations, can be combined into a
single BRST operator. This single operator gives rise to the
full BRST invariance of the theory. In Sect. 2.3, we give
the full BRST invariant action of the theory. In Sect. 2, we
compute the free graviton propagator and show that it prop-
agates physical free gravitons into physical free gravitons as
befits a quantum theory of gravitons. We make a consistency

@ Springer

check of the BRST formalism we have put forward by obtain-
ing, in Sect. 4, Newton’s potential. In Sect. 5, we derive the
Slavnov-Taylor equation, and the corresponding linearized
Slavnov—Taylor operator, for cohomological techniques will
be needed to obtain sensible renormalized radiative correc-
tions: as we shall discuss, dimensional regularization does
not preserve the BRST symmetry of the theory.

2 BRST quantization

In 4 space-time dimensions, the classical action of the uni-
modular theory with Weyl invariance reads

&mS=g/fo@y 2.1

where g, is defined in terms of the unconstrained field g,
in Eq. (1.1), g, being the dynamical field variable. R [g]
above denotes the Ricci scalar for unimodular metric g, .
The action in Eq. (2.1) has two gauge symmetries acting
on g,y itis invariant under transverse diffeomorphisms and
under Weyl transformations. The infinitesimal transverse dif-
feomorphisms! x# — x# + &, with 9,&} = 0, are defined
as follows:
8uv —> &uv + 088y, 88uv = Vuf;r + Vuég, (2.2)
where SE = guér and V,, is the covariant derivative for
guv- The infinitesimal Weyl transformations read
8wy = v t+ Sg;w’ Bguv = 298,w,
0 being an infinitesimal scalar field. Notice that these trans-
formations leave g,w, as defined in Eq. (1.1), invariant by
construction.
Before going ahead, let us show that the transformation in
(2.2) generates an infinitesimal transverse diffeomorphism
of g

A v 1 1
o ((—g)‘/“) (—g)1/4 < AP g)
1 1
= (_g)1/4 <V/AEE + VUSE - Eg/wvuéj‘#) 2.3)

= Vi€ + Vié,.

where ég = gwéf and @M is the covariant derivative with
regard to g,,,. The previous variation of g, leaves its deter-

! Bear in mind that infinitesimal transverse diffeomorphims are the
infinitesimal version of coordinate transformations with determinant
equal to 1. Under these coordinate transformations the determinant,
g(x), of gy, is a scalar so that g,,, and g, are tensors — making Scyqss
an invariant — under such changes of coordinates.
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minant invariant, since V,&; = 9,,&¢ for a unimodular met-
ric. Indeed

88 = 88" 68 = —&" (Vubl + 98]

= 2V, ER = 28,8 = 0. (2.4)

Below we shall use
SghV = —VHEL — VVER 851 = —VIEEX —VVEL, (2.5)
which are equivalent to Egs. (2.2) and (2.3), respectively

2.1 BRST formalism for the transverse diffeomorphisms

In this subsection we shall adapt the formalism put forward in
Ref. [16] to case at hand, i.e., the metric, §,,,,, will be unimod-
ular from the very beginning, its transverse diffeomorphisms
being generated by the transverse diffeomorphisms of g,,, —
see Eqgs. (2.2), (2.3) and (2.4) — and the transversality of S{f
is not with regard to the covariant derivative of g, but with
regard to the partial derivative. This entails a modification,
though minor, of the formalism in Ref. [16], for transversality
in Ref. [16] —see its Eq. (1.8) — is with regard to the covariant
derivative of the metric; this metric being unimodular only
after having solved for the Lagrange multiplier.

Although only a minor modification of the formalism in
Ref. [16] is needed for our transverse diffeomorphisms, we
shall give all the relevant details to make this subsection self-
consistent and to set the notation.

Let ®Bp denote the BRST operator with ghost num-
ber 1 and let us introduce the transverse ghost fields c%
(Nghost(¢) = 1) and E-‘f (Nghost(¢) = —1), where Nghost
stands for the ghost number. The action of B p on g"" reads
Bpgh' = —VHcy — VVer, (2.6)
which in turn — see Eq. (2.3) — induces the following BRST
transformation of gMV:
Bpgh' = —VHel — vk 2.7)
Equations (2.6) and (2.7) are the BRST counterparts of
the transformations in Eq. (2.5), respectively. Note that V,
denotes the covariant derivative with regard to g, .

‘We should keep in mind that when a linear splitting of g,
into background, §uv’ and quantum, A, fields is carried out,

g}.Ll) = guv + hlLU’

the BRST transformation in Eq. (2.6) boils down, by defini-
tion, to

Bpguy =0,
Bphw =Bpguv = Vﬂcf + V,)c};
= V(@) + Vo (@) + AV phyy
+(VucPhpy + (Vo hp. (2.8)

V. is the covariant derivative with regard to g,
The action of the BRST operator on the ghost fields is
defined to be

Bpch = V,(cheh), (2.9)
Bpcy = iby, (2.10)
Bpby = 0. (2.11)

b# is the transverse Nakanishi-Lautrup auxiliary field. Let
us recall that

Vuehk = et =0, Ve =8,c% =0 and that

Vbl = 9,b% = 0. (2.12)

The reader should always bear in mind that, for any vector
field V¥,

VuVE =09, VH,

since ;. has determinant equal to —1.
Taking into account the previous definitions and that

Vo (chel) = e Vych = chayeh, (2.13)

it is easy to show that B p is nilpotent:

Once we have defined the action of the BRST operator
on the fields, we may try to use, in a naive way, the BRST
quantization procedure and add to the classical lagrangian
the following BRST-exact object

D . A= ~
Ly = =B [8uve10:.8™"].

(2.14)
to define the path integral. But this will not do for the ghost
fields we have introduced are constrained fields and we do
not know its integration measure. To overcome this difficulty
we shall solve the constraints as done in Ref. [16]. Indeed, the
constraints in Eq. (2.12) can be solved by introducing three
unconstrained, antisymmetric tensor fields ¢#, ¢"* and b"*
and express c# s E% and b# in terms of the former as follows
=V, T =V, and bR =V, bt (2.15)
Notice that @vc"“ = 9,c"*, and so on, since the metric g, is
unimodular; however, we have decided to keep the covariant
derivative for g,,, to render any comparison with the results
in Ref. [16] straightforward.

@ Springer
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We may now define the path integral of the theory by
integrating over de unconstrained fields ¢"#, ¢"* and b"*.
But, unfortunately that path integral will not be well defined
because the use of Eq. (2.15) will give rise to a new gauge
invariance: the substitutions

~ _ VI & PV
"M — "4V, dP, T > d T +Vd

bVH = bUH 4 VbV (2.16)

do not change the values of c%, E# and b’TL , respectively, if
cPVH, d”"" and bP"* are antisymmetric tensor fields. This
gauge invariance comes from the mismatch between the 3
independent components of, say, c% and the 6 independent
components of ¢*#*. We shall fix this mismatch, and remove
the corresponding gauge invariance, by gauge-fixing. This
gauge-fixing will demand the introduction of new ghosts —
called second generation ghosts, which will be antisymmetric
tensor fields of rank 3. This second generation ghosts will
give rise in turn to a new gauge symmetry, which will lead
to the introduction of a third generation of new ghosts —
rank 4 antisymmetric tensors. This process is called ghost
for ghost process. As we shall see below the ghost for ghost
process stops after introducing the rank 4 tensor ghosts if
the dimension of space-time is 4, but this is not so if the
dimension of space-time is greater than 4. We thus conclude
that the field content of the quantum theory depends on the
spacetime dimension.

2.1.1 BRST variations of the first generation ghosts
Let us work out the action of the BRST operator 8 on the
first generation ghosts ¢c”#, ¢"* and b"#, which are the rank
2 antisymmetric tensor fields introduced in Eq. (2.15).

Let V#Vi-Vn g rank n+ 1 antisymmetric tensor field. Then
the following result
@uvuvl...vn — all (V,u,m...vn)
leads to

%D (@lewl.‘.vn> — @M (%DV"“}IWU") )

Taking into account the previous equation and Egs. (2.9)
and (2.15), one gets

v, (Bpc™ —cych) =0.

The general solution to this equation reads

Bpc'h = clelh +iV,dP ",

The symbol d”"#* denotes a new ghost which is an antisym-

metric tensor field of rank 3 and it is called a second gener-
ation ghost.

@ Springer

We are now ready to define the action of B on the first
generation ghost, antighost and auxiliary field:

Bpc't = c%c% + i@pd‘”’“,
Bpc't =ib"",
Bpb'* = 0. (2.17)

respectively. Notice that the two last equations above are
consistent with Egs. (2.10) and (2.11), respectively.

Let us express £ in Eq. (2.14) in terms of the first
generation ghosts:

ghost

£

_ p(D) . A S = Ny
ghost,1 = ‘Cghost =—iBp [glvacpv <008 H]

= G Vpb"" - B £ 2V, Ve, - Ve - 0,8
4208, Vet - 9, VAV P, (2.18)

The symbol (1¢1, (2...) stands for full symmetrization so that
already symmetric objects are left invariant.

2.1.2 Second generation ghosts and BRST transformations

We have already discussed in the last paragraph of Sect. 2.1
that the transformations in Eq. (2.16) are gauge symmetries
of the theory, the fields d”"*, d’" and pPVH being referred
to as second generation ghosts. It is apparent that the ghost
Lagrangian in Eq. (2.18) is invariant under the changes in
Eq. (2.16). Notice that in the previous subsection the field
dPV* has shown up already in the BRST transformations of
the first generation ghost ¢'* — see Eq. (2.17).

To remove the gauge invariance generated by the need of
second generation ghosts one introduces gauge-fixing con-
ditions. The gauge-fixing conditions we choose read
vleert =0 and vlre"Hl = 0. (2.19)
The Lagrange multiplier BRST doublets needed to imple-
ment them in the Lagrangian are

(dpops Covp) and  (Bpuu, Cpup), (2.20)
respectively. The symbol [141, 12...] denotes antisymmetriza-
tion with regard to the indices so that antisymmetric indices
are left invariant. Note that the gauge-fixing term for the
gauge transformation of b is obtained using the BRST
transformation of ¢"*.

Let us now introduce the BRST transformations of the
second generation ghosts. The first equation in (2.17) and

the requirement that %ZD = 0 leads to the following equation
to be satisfied by B pd”**:

Vo (iBpd”"" + cfehck) = 0.
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The general solution to this equation runs thus:

B pdPH = ichcheh — Vpt?PH, (2.21)

The symbol 7°P"#* stands for a new ghost field which is a

rank 4 antisymmetric field, i.e., a third generation ghost.
We are now ready to define the action of the BRST oper-

ator on the second generation ghosts:

Vo t7P1,

Bpd'H lCTCTCT
Bpd’"" =,

B pbhPH = VI
Bpc’'t =Bpel'™ =0. (2.22)
The new fields ¢”"* and c”"* constitute BRST doublets with
d”" and bP1, respectively. Recall Eq. (2.20) and the key
point that indices are raised and lowered with the unimodular
metric g,..

Furnished with the gauge-fixing conditions in Eq. (2.19)
and the BRST transformations in Eq. (2.22), we are ready to
introduce a ghost Lagrangian that removes the gauge sym-
metry arising from the introduction of second generation
ghosts, i.e., the gauge invariance under the transformations
in Eq. (2.16):

r£®D)

ghost,2 — %D[ pUMV pCou + b MV Cuu]

= L[ e = 08 B0 ()

- (chelt +90d7) + PG,

— b By (800 8y ) T —iVP by b"“] .

(2.23)

2.1.3 Third generation ghosts and their BRST
transformations

At least one gauge symmetry still occurs in our theory — we
have not discussed the Weyl symmetry yet. This gauge sym-
metry is generated by rank 4 antisymmetric fields and arises
from the invariance of the ghost Lagrangian in Eq. (2.23)
under the following transformations

dAPVH s PV _ @J;opvu’
—=pv —=pv -

dP 2 - dP 2% +Vgtapvu’
CPVH —s cPVIE 4 N 0PV

BPVE —s pPVH 4 N, pOPVI
B s T 4 o,
(2.24)

The fields 17°Vk, 17PVF, poovi p7P
which generate the previous gauge transformations will be
promoted to ghost fields becoming third generation ghosts.

cPVH and coPVH,

To remove the gauge invariance of the Lagrangian under
the gauge transformations in Eq. (2.24), we shall introduce —
as done in Ref. [16] — the following gauge-fixing conditions:

=0 and VI“pP'Hl = .
(2.25)

viogevnl =g, ylog”!

The Lagrange multiplier BRST doublets used to implement
the previous gauge-fixing conditions are the following
(;opv;u dapvu)v (Copvps dopvu) and (Copvus bapvu)v
respectively.

In the previous list, we have not included any gauge-fixing
conditions for ¢”"* and ¢”"* since they will be generated, via
the action of the BRST operator, by the gauge-fixing terms in
the Lagrangian that implement the gauge-fixing conditions
for b?* and 4", respectively — see Eq. (2.27) below.

Let us define next the BRST transformations for the third
generation ghosts (7P, 17PVH pOPVIL cOPVIL and €OPVH | Let
us begin with the BRST transformation of t°°"*. Since we
must have ZB%) =0, Eq. (2.21) leads to

Y opviL o P v I
Vs (Bpt —icfcferch) =0.

The general solution to this equation reads
Bpt?P'H = ic%c@c%c#.

No new ghosts occur this time since, in 4 dimensions, no
rank 5 antisymmetric tensor exists. We are now in the right
position to define the BRST transformations

%D;Upvu — l-EUPVI‘«
BpcoPrH = jpoPVH

opviL __ : .0 P I
Bpt = icjcheyer,
Bpc®PYH = id°PH

Bpd""" = BpdoP* = BpbPH = 0. (2.26)

The gauge-fixing conditions in Eq. (2.25) and the BRST
transformations in Eq. (2.26) lead to the following part of
the BRST invariant Lagrangian which carries out the gauge-
fixing of the symmetries in Eq. (2.24):

—i . a
L(gﬁ)gsd ?%D [_;Gpw (vodpvu + Zdapvu)

T Ty T ]

1 — ~

- 6[ — AN d —d"””“d(,,w
+ i@“fgpw . <’CTCTCT V;Lt)‘p”“)

opVuU . OPVUYT =
+d°P"MVed pyy + 1PV GC hup

@ Springer
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TPV —O PV
+ 07PN G by + PV g epup

+ i@a;opvu -Bp (gpkg’vrg’lﬂh) <
—KTA

- iﬁacapvﬂ -Bp (gpl(é;vrg’/m) d

— iV, TP B (8 v by bm]. (2.27)
2.1.4 The ghost gauge-fixing Lagrangian for the transverse
diffeomorphisms

The gauge invariance of the theory under transverse diffeo-
morphisms is fully gauge-fixed in a BRST invariant way by
considering a ghost Lagrangian, £P)  which is the sum of

ghost?

L1 Lo and L7 given in Egs. (2.18), (2.23) and
(2.27), respectively.

Next, following Ref. [16], we shall express E;ﬁgst in terms

of the Hodge duals of ghosts fields: Hodge duals with regard

to the unimodular metric g,,,,. Let us now defined these Hodge

duals:

= (1/2)e""7 Cpp,
4P = ghveo py

{100 — gHIPI T,

and

(Zi) = (/e (gg) ,

oo

—(1/2)eh"7 (

EM:PJ _ _EMVPO C .
pHveo B

Hence, we get

o
Cs )’

(D) _ p(D) (D) (D)
Eghost - Eghost,l + ‘Cghost,2 + Eghost,y (2.28)
where

1 A

D A~ ~

E;hgsu — _zgwgpvarvam ) axg}‘”

i A -l - s ~ ~
— € 7P g (V) Ve Cpo - Vi Cap - 0287
i - s
+§gwe”"‘”vpc‘” - ekeP ULy, UMV, Cup, (2.29)
e 3i o .
E;fgst,z = IFGVPC,OU + Z‘SKW)LVPDG “VipCrol - ViCon

+29D7 . D,

@ Springer

—iCoN*C py + BOVP By — 2ig"* V1P D]
-CuoBpgip +2i8" V1B . C e Bpésp.
(2.30)

and

D

DY N Va2 144 P v Al
‘3 = [DYuD" +aDD + DY, D" +iCV,C

+iCV,C* + BV, BH

ST Y Gy (1O,

—4VACHP NV Gy, +2VACHP N CY,

— 20,0109, C") = iVT ¥, T + (iV'T - D’

+N“c.5”+i%“63”) %Dg,w]. (2.31)

E(gfgst above can be obtained from the corresponding expres-
sion in Ref. [16] by choosing in the latter the unimodular
metric g,,, as the spacetime metric.

In Table 1, the reader may find a summary of the action

of ‘B p on the Hodge duals introduced above

2.2 Gauge-fixing the Weyl invariance and the complete
BRST operator

Let us recall that in our formalism, in the path integral defin-
ing our theory, we must integrate over the unconstrained field
guv. DOt over g,.,. Also recall g,,, is defined in terms of g,
by Eq. (1.1). Now, it is the unimodular metric g,,,, the met-

(D) (D)
ohost and, hence, £, 0

(o has a gauge symmetry,

ric that enters £ depends on g, only

through g,,,. It then follows that £
the following Weyl symmetry:

Swguy (x)=20 () gpuv (%),
(2.32)

guv(X) = guv(xX)+dwgun(x),

where 6 is an arbitrary scalar field.

The Weyl symmetry we have just mentioned has to be
removed from the action in the path integral, lest the path
integral be ill defined. We shall do so by using the BRST
formalism.

Since one of the purposes of this paper is to make consis-
tent the formalism of Ref. [16] with the classic linear split-
ting of the gravitational field, we shall introduce that splitting
now:

8uv = gy,v + h;uh (2.33)

and define the BRST transformations so that they are adapted
to the splitting in question. In the previous equation g, is
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Table 1 BRST transformations of the Hodge duals. Ngjs; stands for the ghost number

1st generation

2nd generation 3rd generation

Nghost =0 BBy =0

Nehost = 1 BpCuy = —3epvpocicd +i (3,Dy — 3,Dy,)
Nghost = —1 BpCpv =By

Nghust =2 -

Nghost = =2 -

Nghost =3 -

Nghost =-3 -

BpB, =Cy, BpB =0

BpCy =0 BpC=iD

BpC, =0 BpC =iB

BpDy = Hepvpocichcd + 3, T BpD =0

BpD, =Cy BpD =0

- BT = — b pupochchhe
- BpT =iD

the background gravitational field and £, is the quantum
gravitational field.

Now, let R (Ngnost(R) = 1) denote the ghost associated to
the Weyl transformation in Eq. (2.32), R (Ngnost(R) = —1)
the corresponding antighost field and L (Nghost(L) = 0)
the Nakanishi-Lautrup auxiliary field. Let By denote the
BRST operator for the Weyl symmetry in Eq. (2.32). Then,
we define the action of By on the fields as follows

%ngj,u = 0’ %Whuv = 2R (g;u) + h/u)) ’
BwR=0,ByR=L, ByL=0. (2.34)

We will also need the action of ‘B on the first generation,
the second generation, the third generation ghosts and the
corresponding Nakanishi-Lautrup auxiliary fields introduced
in the previous subsections. We define this action to be equal
to zero. Hence, we have

BwBuw =0, ByCy =0, ByC, =0,

By D, =0,

BwD, =0,BwT =0, BwT, =0, ByD=0,
BwD =0, (2.35)

which are the fields entering the ghost Lagrangian in
Eq. (2.28), in addition to the unimodular metric g,,,.
Obviously, ‘B%,V = 0 —recall that R is a Grassmann field.
Equations (1.1) and (2.34) imply
Bwgu =0. (2.36)
The fields R, R and L are scalar fields and, hence, the

action on these fields of the BRST operator, 8 p, associated
to the transverse diffeomorphisms reads

BpR=cld,R, BpR=clo,R, BpL=ch,L,

where it is important to always bear in mind that c# =
o

Let us show now that %% =0onR,Rand L. Let F stand
for any of those fields, then

BLF =Bp(chd, F) = (Bpch)d, F — chd,BpF
= c}dych, F — ¢}y (cho, F) = 0.

We have taken into account that c@ is a Grassmann field and
that Egs. (2.9) and (2.13) hold.

Next, let us define the following linear operator
B =Bp+Bw (2.37)
acting on the fields we have introduced so far.

Let us now prove that ‘B is a BRST operator, i.e., that
B2 = (. Since we already know that B2 = 0and %%V =0,
all that is left for us to do is show that

BpBw +BwBp =0. (2.38)

Taking into account Egs. (2.8) and (2.34), one gets

BpBwhuy = 28cpd,R — 2B phy,,

By Bphyuy = —28uchdpR + 2B phy,.
BpBwR =BpL = chi,L,
ByBpR = Bw (cfd,R) = —cfd,L.

That %W# = ( leads immediately to the conclusion that
Eq. (2.38) holds when acting on R and L. Now, recall that
Byw annihilates the first generation, the second generation,
the third generation ghosts and the corresponding Nakanishi-
Lautrup auxiliary fields, and that B8 p acting on those very
fields only involves the fields in question and the unimodu-
lar metric g, — this metric being invariant under the Weyl
transformations of g,,,. Hence, Eq. (2.38) also holds for the
fields we have just mentioned.

We are now ready to carry out the BRST gauge-fixing of
the Weyl gauge symmetry in Eq. (2.32) in a way which is
consistent with the BRST gauge-fixing of the transverse dif-

feomorphisms. Indeed, we shall add to L‘éﬁo)st in Eq. (2.28)

@ Springer
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— which does the gauge-fixing of the transverse diffeomor-
phism invariance — the following term

Lo = B[V,R - V" (L —o'h)]
= B[V, R - V" (L —a'h)]
+Byw[V.R V(L —d'h)]
= V,.ig[V,R]- V(L —a'h) = V,,R - V"[4V, L]
+a'V,R-V" [2?%; + AV, oh
+2V  hpo | + VL - V" (L — o'h)
+20/ (4 +h)V,R-V*R+2a'V,R-RV"h, (2.39)

where i = g""h,,, and V, is the covariant derivative with
respectto g, .

Notice that E(K))st is exact with regard to the complete
BRST operator ®5 in Eq. (2.37), amust if the full power of the
BRST formalism is to be taken advantage of. But what about
E(D) in Eq. (2.28)? The answer is in the affirmative. Indeed,

ghost
inEq. (2.18), Ly, in Eq. (2.23) and L3 3 in Eq.

L(D)
ghost, 1
(2.27) can be also expressed as follows

D . A~ S N
ﬁého)st,l =—i® [glvacpv : 3»\8M]
l. 7 al a -_—
L;fl)(zst,Z = 5% [dpvuvpcvli + bpw}'vpcvuil
—i _ A o
L;ﬁzsw = ?% I:_topvu (Vadpvu + chrpvlt)

oPVUT 7 —OPVILG
+cPPEVod e+ “ngpw],

This is a consequence of the fact that, as we have seen above,
the action of B on any of the fields entering the definition
of Eéﬁgsm, ‘C(gﬁ)(zst,Z and L;fgsw yields zero. We thus con-
clude that fixing the gauge for the Weyl symmetry does not
introduce any modification of £ as given in Egs. (2.28),

ghost
(2.29), (2.30) and (2.31).

2.3 The complete BRST invariant action

In the previous subsections we have achieved, by using the
BRST formalism, a complete gauge-fixing of the two gauge
symmetries of our theory. Let us now quote the full action,
S, of our theory. This action reads

S = Selass +2 / d*x P 1o / d*x W) (2.40)

ghost ghost*

Sclass L‘éﬁgst and Egl?st are given in Egs. (2.1), (2.28) and

(2.39), respectively.

@ Springer

3 The free graviton propagator propagates gravitons
into gravitons

In this section we shall put to work the action S, in Eq. (2.40),
and work out the free graviton propagator, first, and, then,
show that the graviton propagator propagates free gravitons
(i.e., helicity-two states) into free gravitons.

Let the background field g,, in Eq. (2.33) be the
Minkowski metric with signature (—, 4, 4+, +). Then, the
free part of S needed for the computation of the free gravi-
ton propagator reads

1 1 1

/d4x {Zh“”Dh,w +3 (8,.h"")” + 2 ld 0"
1 1

= 3Nk + 500" B - dh* + B, d,B"*

+ B3"B, +o/LOh — LOL — D" (OD,, — 8,8" D,)

+Do"D, +3,D" - D+aBD}. G.1)

Hence, the free graviton propagator is obtained by inverting
the following matrix

hpo Bpo B, B L
By Vi 265209 py 5T p 0 0 —da'pPyt
By —2e1vk(P po) o 0 idnPlepl 0 0
B, 0 —idntle pol 0 —idph 0
B 0 0 idpP 0 0
L —4a’ p2yPr 0 0 0 4p?

where Vi, = —p* 0"y +2pH 0V pP — 5 (p p
+pP ponHv) — %pzn‘“‘ nP? . For the free graviton propagator
of our theory, we have obtained the following result:

(hlevl (p)h;Lsz (—P))

i
= - {Al My pa vy + Dpyva Moy uo) + A28y Mg vy

N P —is
1
+ A3 T(’Imvlpuzl’vz + Nppvy Py Poy)
pc —ie
+ Aq p2 e (Mpey 2 Pvy Pva + Nwgvy Pyy Puo + Moy pn Py Pya

5 Py Py Puzpvz}, (3.2)

1
+ vive Py Puz) + As 2 —ie?

with
1 3 432072

Ay=—z, Ap= % 1,
2 8(1 + 8a’?)
1

Ay = -, As=2.

4 ) 5
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Now, the quantum state of a physical free graviton of
momentum p* is described by the following of plane-wave
wih) (¥) = €uv(p) €77, (3.3)
where €,,(p) is the polarization, which is symmetric,
transverse(i.e., p*e€,,(p) = 0) and traceless (i.e.,n" €,
(p) = 0. It can be easily shown that the previous physical
graviton plane-wave is a solution to the equations of motion

of the free action in (3.1). Then, the propagation of previous
graviton wave is given by

4. . d4q ig(x—y) (p)
/d yy—1 /W (hulvl (q)h;l.zvz (_(I)) e w;l,QO (y);

which in turn yields the following physical free graviton
plane-wave:

i

€ (p) e'Pr. (3.4)

p?—ie
We thus see that physical gravitons are propagated into phys-
ical gravitons. This result has a standard physical explana-
tion. Indeed, the result in (3.4) comes in its enterity from the
following part of the propagator in (3.2)

1
_ 2 My o Mgy + Mo Moy )
k2 '

And, it is well known [25] that the numerator of the previous
expression is the sum of two summands. One is the projector
onto the two dimensional space of physical polarizations, and
reads

Yo €D el (p). (3.5)

A=—t

A labels the two helicities of the physical graviton. The other
summand yields a vanishing contribution when contracted
with physical free graviton waves. Obviously, the expression
in (3.4) comes completely from the action on €., (p) eiry of
the projector in (3.5), as demanded by unitarity [25].

Notice that the result in (3.4) and the corresponding anal-
ysis are the same as in General Relativity. Also notice that
non-physical modes like

(Puev(p) + puen(p)) e'??,

where p*e, (p) = 0, do not propagate, by means of the uni-
modular propagator above, into the physical graviton modes
in (3.3).

We have exhibited that the unimodular theory defined by
the action in (2.40) is a theory of gravitons, which only have

two physical polarizations. Further, the analysis carried out
above indicates that the construction of the Fock space of the
free theory by using the BRST charge — say, Q — obtained
from the free action in (3.1) will lead to the conclusion that
the free graviton states in (3.3) will be annihilated by Q, and,
thus, they are physical sates, while all the other states will
be either Q-exact (i.e., physically irrelevant) or non-physical
(i.e., not annihilated by Q).

4 Obtaining Newton’s law

In this section we shall show that Newton’s law can be
obtained when matter is coupled to our unimodular gravity
theory, which is a check that we have a theory of gravitons
interacting with matter.

In unimodular gravity, the graviton field 4, couples to
the traceless part of the energy-momentum tensor TH =
TR — nv T) /4. This is equivalent to saying that it is the
traceless part of graviton field, fl,w = hyy —nuh/4, the one
which couples to the energy-momentum tensor 7*". Hence,
to retrieve the gravitational Newton’s potential from unimod-
ular gravity it is useful to compute the free two-point Green
function of wv- This Green function can be obtained from
Eq. (3.2) and it reads

Py (P gy (—p))

i 1

= ?{ ) My iz Morvy F My Moy = Mpeyvy Mpavy)
1

- p(nmumPVz + Ny Py Py

N =

1
+ p("umzpwpw F Ny Py Pz + Mg s Py Pra

1
+ Mvyvy Py Prua) +2F1)/tlpvlpuzpvz}- 4.1)

The Gravitational Newton’s potential can be obtained by
computing, in the non-relativistic limit, the amplitude, M, of
the process in which one graviton is exchanged between two
scalar particles with masses M1 y M>. The Feynman diagram
describing this process is in Fig. 1. The amplitude in question
is given by

i A -
M= =270 (pr. P WA (—k) T (pa. ph).

“4.2)

where p; y p; are the initial and final momenta, respectively,
of the i particle, i = 1, 2. Hence, the transferred momentum

k is given by k = pi -pi = p/z_PZYM,-z — _pi2 _ _P/i2~
In Eq. (4.2) T\ (pi, p}) denotes the on-shell lowest order

@ Springer
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P1 V41

M, ——— i M,
ky

My —— — M,
D2 p/2

Fig. 1 The exchange of one graviton

contribution of the energy-momentum tensor between the
states with momenta p; y p:. T,ﬁl,,) (pi, p;) is given by

: 1
Tl (pis P = AP T i) = PiPiy + PivPiy + 5K v,
which in the non-relativistic limit —hence k* = (0, l?) —reads

T,Elu) (pi, p}) = _2Mi2’7u077v0-

We thus conclude that, in the non-relativistic, limit the ampli-
tude M is equal to

Mronrel _iM%M%(ﬁoo(k)ilo()(_k))’

where (hoo(k)hoo(—k)) is givenin Eq. (4.1) and k* = (0, k).
Now, the Fourier transform of the Newton’s potential is
given by

. Mm)nrel i R R
Vk) = ——— = —= M My{hoo(k)hoo(—k)).
(k) 2020, M 2{hoo(k)hoo(—k))

From Eq. (4.1), we get (hoo(k)hoo(—k)) = —i/2k? so
that

‘7(];) _ 1 MM

=3
which precisely the Fourier transform of the Newton’s poten-
tial one finds in elementary textbooks, in the unit system
where G = 1/(327).

5 The Slavnov-Taylor equation and the linearized
Slavnov-Taylor operator

As was discussed by the authors of Ref. [16] the construc-
tion of their BRST formalism involving antisymmetric ten-
sor ghosts is such that the field content of the resulting BRST
invariant theory depends on the dimension of spacetime. We
have also analyzed this issue right below Eq. (2.16). It is
then clear that dimensional regularization does not provide a
BRST invariant regularization of the field theory in 4 dimen-
sional spacetime — nor in any other spacetime dimension.

@ Springer

Since no regularization method that preserves general covari-
ance, while keeping the spacetime dimension equal to 4, is
known, one is lead to the conclusion that one has to take
advantage of the algebraic renormalization techniques — see
Ref. [26] — to keep the BRST symmetry of the renormal-
ized theory under control. The implementation of algebraic
renormalization techniques begins with the derivation of the
formal Slavnov—Taylor equation, which is to be satisfied
by the 1PI functional, and continues with the formulation,
and solution, of a cohomology problem for the linearized
Slavnov—Taylor operator. In this section, we will just obtain
the Slavnov-Taylor equation for the 1PI functional and define
the linearized Slavnov—Taylor and its cohomology problem.
Since the theory is not renormalizable by power counting,
the solution of this cohomology problem will demand the
use of the highbrow algebraic cohomological and homolog-
ical methods reviewed in Ref. [27] and this lies quite outside
the scope of our paper.

Let us begin the derivation of the formal Slavnov-Taylor
equation. Let S be the action in Eq. (2.40). Let ® generically
denote the fields of our theory. These fields are

huv» Bu,v’ B;u Bv Cuv» C,u» C1 auv» 6;1,’ 6, Dua D’ 5;},7
D, T, T,R,Rand L.

Then, the generating functional of the complete Green func-
tions of our theory reads

Z[mw, ] = /Dq) [Dghost] ei8+ifd4xc, (5.1

where

C=J"hyy+ j*'Buy + j*By + jB+ fL+o""Cy,
+@"Cy +@C + C ™’
+Cuo" 4+ Co+qgR+Rqg+k Dy +kD
+ Dykt + Dk +XT + T x + " Bhy, + ¢BL
+ p*"BCpy + TBR 4+ 0BR + p"BD, + pBT.
Recall that B is the complete BRST operator in Eq. (2.37).

Notice that we have included external fields coupled to the
BRST variations

Bh,y, BL, BCyy, BR, BR, BD,, and BT,
for those variations are composite operators.
Taking into account that, by definition, the external fields

JHV, jHV ... are annihilated by B and so it is S, we conclude
that

< / d*x (J"'Bhyy + j*Cp + fBL —@""BCyy

— @D + i By,o™ +iBw
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—~gBR+gBR +K'BD,, + C k"

—XBT + iBX)> =0. (5.2)

where (A) = [ D® A-exp[iS + iC)]. The previous equation
is obtained by applying B to both sides of Eq. (5.1).
Equation (5.2) can be recast into the following form

5 8 8 8
[dts(0 s+ e g~
SEMY sao" 7 5¢ Sphv

.8
Sjm +’“’5_j_qg+

s 5
ot 7% iy 2|z =o.
TS T e T X5, +lX8k>}

- 15—_ + iw’“’

Let J be given by

J=J"hyy + j" Buy + j* By + jB+ fL+@""Cpy
+@"Cy +@C + Cppot’ + Cpo" + Co + gR
+Rq+kD, +kD + D, k" + Dk +XT +Tx.

Then, the 1PI functional of our theory is defined as usual:
T[@]=W[J*, ", ..] - /d4x 3,

where W [J#V, j#V...]is such that

Z[J*, ", L]/ ZI0 = exp (iW [J, ", .])

Using these definitions is not difficult to show that Eq. (5.3)
is equivalent to the following equation

L[ 60 60 4T ST 8T
d'x| 4 Cpt

Shyy 86" ' 8B, 5L 5
LT 8T D TeD T er
! 'sc. TG TSRt | SR o

5C7 " 5C,
s ér s — srér o' —

+——t+ —Cp+ ——
8Dy Sp* 5D, " 8T sp ST

5T 4T
5C,uy SpHY

B+

This is the Slavnov-Taylor equation. This equation governs
the BRST equation at the quantum level.

By expanding I" [®] in powers of 7z, one reaches the con-
clusion that the Slavnov-Taylor equation implies that the
one-loop contribution, I'y [®], to [" [®] must satisfy the lin-
earized Slavnov—-Taylor equation, which reads

AT [®] =0, (5.4)

where A is the so-called linearized Slavnov—Taylor operator:

4 [6Tg & 8Ty 6 8 8y 6
A= dx[ 4+ Gy 202
8hyy SEH 8&0 ShH 8B, 8L 8¢

sTg & 8Ty & 5Ty &

+ 8¢ SL ' 5Cyy SpHY T Spuy SCHY
+inl pig, L il 200
5C HY5C §C S8R 8t
sTg 8 o8Tg 8 oTg & 8Tg &
T 5t 3R T SR 50 5Dy opF | 3py sDR
+C $+@i+&i+i5i]
“sD, = ST 8p ' Sp OT 5T

where
=8+ f d*x [£"Bhyy + ¢BL + p""BCpy + TBR
+0BR + p"BD, + pBT].

and S is given in Eq. (2.40).
It can be shown that the linearized Slavnov—Taylor oper-
ator is nilpotent

A% =0.

and it has ghost number equal to 1. Hence, any one-loop
anomalous breaking, A, of the linearized Slavnov—Taylor
equation — thus breaking the BRST symmetry — must satisfy

AA=0, A#AE,

A being a (infinite) linear combination of monomials in the
fields and their derivatives which has ghost number equal to
1. B is also a linear combination of monomial of the fields
and their derivatives but it has got zero ghost number. The
solution to this problem is a very involved one and lies well
beyond the scope of paper. If the BRST symmetry can be
restored at one-loop — i.e, A = 0, one has to face the very
same type of cohomology problem at two loops, and so on.

6 Conclusions

The main conclusion of the paper is that a modification of the
BRST transformations of Ref. [16] can be combined with the
BRST transformations arising from the extra Weyl symmetry
of our unimodular theory into a set of transformations gener-
ated by a single BRST operator. In principle, that this combi-
nation be feasible is a non trivial fact, for it involves different
types of BRST transformations. We obtained the full gauge-
fixed action of the theory and use it to compute the Newton’s
potential and the Slavnov-Taylor equation, the latter gov-
erns full BRST symmetry of the theory at the quantum level.

@ Springer



209 Page 12 of 12

Eur. Phys. J. C (2024) 84:209

Let us point out that the derivation of the Slavnov-Taylor
equation is a must. Indeed, there is no known regulariza-
tion method that preserves the symmetries of the theory and
therefore non BRST invariant counterterms must be intro-
duced to compensate for the breaking of BRST invariance
due to the regularization and/or renormalization process one
uses. Recall that the ghost content of the theory depends on
the spacetime dimension: dimensional regularization does
not furnish a BRST invariant regularized theory. Also recall
that the construction of those non BRST invariant countert-
erms and the analysis of their consistency is guided by the
cohomology of the linearized Slavnov—Taylor operator.

A final comment, in Ref. [28] another way of fixing the
transverse gauge invariance of unimodular gravity is intro-
duced. In [28] the unimodularity condition of the gravity field
is introduced by using a Lagrange multiplier so that, again,
the linear splitting of the gravity field leads to a meaning-
less quantum theory — the exponential parametrization would
save the day. It is plain that the formalism developed in the
previous sections can be combined easily with the BRST for-
malism in [28] without the need of a Lagrange multiplier. In
other words the formalism of [28] can be adapted appropri-
ately to quantize unimodular gravity with Weyl invariace.
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