
Eur. Phys. J. C          (2024) 84:246 
https://doi.org/10.1140/epjc/s10052-024-12569-0

Regular Article - Theoretical Physics

Unitarity bounds on the massive spin-2 particle explanation of
muon g − 2 anomaly

Da Huang1,2,3,a , Chao-Qiang Geng2,3,b, Jiajun Wu2,3,4,c

1 National Astronomical Observatories, Chinese Academy of Sciences, Beijing 100012, China
2 School of Fundamental Physics and Mathematical Sciences, Hangzhou Institute for Advanced Study, UCAS, Hangzhou 310024, China
3 International Centre for Theoretical Physics Asia-Pacific, Beijing/Hangzhou, China
4 CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, China

Received: 8 June 2023 / Accepted: 18 February 2024
© The Author(s) 2024

Abstract Motivated by the long-standing discrepancy
between the Standard Model prediction and the experimental
measurement of the muon magnetic dipole moment, we have
recently proposed to interpret this muon g − 2 anomaly in
terms of the loop effect induced by a new massive spin-2 field
G. In the present paper, we investigate the unitarity bounds
on this scenario. We calculate the s-wave projected ampli-
tudes for two-body elastic scatterings of charged leptons and
photons mediated by G at high energies for all possible ini-
tial and final helicity states. By imposing the condition of
the perturbative unitarity, we obtain the analytic constraints
on the charged-lepton-G and photon-G couplings. We then
apply our results to constrain the parameter space relevant to
the explanation of the muon g − 2 anomaly.

1 Introduction

One of the greatest puzzles in the Standard Model (SM) is
the discrepancy between the SM theoretical prediction and
experimental data on the muon magnetic dipole moment
(g−2)μ [1], which is regarded as a hint towards new physics
beyond the SM (BSM). Currently, by combining the data
from Brookhaven [2] and Fermilab [3], the muon g − 2
anomaly is given by

�aμ = aexp
μ − aSM

μ = (25.1 ± 5.9) × 10−10, (1)

where the latest SM calculation leads toaSM
μ = (116591810±

43)×10−11 [4–24] (see e.g. Ref. [25] for a recent review and
references therein). Already, many BSM models have been
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proposed in order to resolve this muon g−2 discrepancy (for
a recent review see e.g. [26] and references therein).

In Ref. [27], we have demonstrated that the muon g − 2
anomaly can be explained by the one-loop effects induced
by a new spin-2 particle G, which can be identified as the
first Kaluza–Klein (KK) graviton in the generalized Randall–
Sundrum (RS) model [28–44]. By calculating all relevant
one-loop Feynman diagrams, we have obtained the analytic
expression of the leading-order G-induced contribution to
the muon g − 2. Although the loop integrals are highly
power-law divergent, we applied the Loop Regularization
method [45,46] to maintain both the gauge invariance of the
quantum electrodynamics and the correct divergence struc-
ture of loop integrals. As a result, the divergent integrals
become well-behaved analytical expressions depending on
the UV cutoff scale. With a given value of the UV cutoff, the
theory becomes predictable. We have also taken into account
theoretical bounds from perturbativity and experimental con-
straints from LEP-II and LHC. It turns out that there is a large
amount of allowed parameter space to explain the muon g−2
anomaly without conflicting the theoretical and experimental
bounds.

Note that we have only considered the perturbativity limit
on the massive spin-2 particle model in Ref. [27]. However,
another criterion to determine if the perturbative calculation
remains under control is the perturbative unitarity bound,
which has a long history to restrict parameters in a given
model [47,48]. Perhaps the most famous application was to
limit the mass of the SM Higgs boson in Refs. [49–51]. An
incomplete list of the use of unitarity bounds to restrict the
BSM models includes Refs. [39,52–62].

In the present work, we would like to derive the unitarity
bounds for the spin-2 particle model in Ref. [27]. Note that
the interpretation of the muon g − 2 anomaly involves G
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couplings to charged leptons � and photons γ. Thus, in order
to constrain these two kinds of interactions, one needs to
consider the 2-to-2 elastic scatterings of charged leptons and
of photons via the mediation of G, with all possible initial
and final helicity states. By yielding the s-wave projected
amplitudes for all scattering processes, we can impose the
unitarity bounds on the model parameters. As a result, it will
be shown that the obtained unitarity bounds have significant
impacts on the parameter space to explain the muon g − 2.

The paper is organized as follows. In Sect. 2, we briefly
summarize the main results in Ref. [27], including the
Lagrangian of the spin-2 particle model and the leading-
order expression of the muon g − 2 contribution induced by
G. Section 3 is devoted to the calculation of amplitudes for
elastic scattering processes, �−�+ → �−�+ and γ γ → γ γ,

with all possible initial and final helicity states. From these
amplitudes, we derive the unitarity bounds on the charged-
lepton- and photon-G couplings. We then make advantage
of the obtained unitarity bounds to constrain the muon g− 2
preferred parameter space in Sect. 4. Finally, we conclude
and comment on the collider constraints in Sect. 5.

2 A spin-2 particle model and its explanation to lepton
g − 2

The Lagrangian for the spin-2 particle G explanation to the
lepton g − 2 is given by [63]

LG = − 1

�
Gμν

[
cγ T

μν
γ +

∑
�=e,μ,τ

c�T
μν
�

]
, (2)

where the stress–energy tensors, Tμν
� and Tμν

γ , of charged
leptons and photons are defined by

Tμν
� = i

4
�̄(γ μ∂ν + γ ν∂μ)� − i

4
(∂μ�̄γ ν + ∂ν�̄γ μ)�

−iημν

[
�̄γ ρ∂ρ� + im��̄� − 1

2
∂ρ(�̄γρ�)

]
,

Tμν
γ = 1

4
ημνFρσ Fρσ − FμρFν

ρ

−1

ξ

[
ημν

(
∂ρ∂σ Aσ Aρ + 1

2
(∂ρ Aρ)2

)

− (
∂μ∂ρ Aρ A

ν + ∂ν∂ρ Aρ A
μ
) ]

, (3)

respectively, with ξ the gauge parameter for the photon field.
This Lagrangian can be viewed as a part of the low-energy
effective action in the generalized Randall–Sundrum model
where the massive spin-2 particle is the first KK excitation
of the conventional graviton [28–32,39].

In the light of the effective interactions between G and
charged leptons/photons in Eq. (2), we have drawn and cal-
culated in Ref. [27] the one-loop Feynman diagrams con-

tributing to the muon g − 2, with the dominant contribution
given by

�aGμ =
(
m2

μ

�

)2 (
�

mG

)4
(

c2
μ

48π2 − cμcγ

24π2

)
. (4)

When deriving this leading-order result, we have applied the
loop regularization [45,46] method to regularize the quar-
tic divergences of loop integrals, which has been shown to
maintain the gauge invariance of quantum electrodynamics
and the correct divergence structure simultaneously. Note
that Graesser also calculated exactly the same Feynman dia-
grams in Ref. [64], and claimed that the loop integral for each
Feynman diagram was logarithmically divergent. In the case
with a universal coupling, even the logarithmically diver-
gence was found to be cancelled out identically. It was argued
in [64] that such a cancellation or the reduction of loop inte-
gral divergences was caused by the gravitational Ward iden-
tities. However, from our point of view, such the cancellation
is accidental. Indeed, the Ward identities which are derived
from the diffeomorphism invariance inherent to the mass-
less graviton cannot be directly applied to the massive spin-2
particle. Technically, the calculation in Ref. [64] was per-
formed with the dimensional regularization, which has been
well known to be unable to respect the divergence structure
of loop integrals, i.e., it would distort a power-law divergence
into a logarithmic one. Thus, it is not appropriate to apply
the dimensional regularization to the present situation with
such high power-law divergent integrals.

Moreover, by requiring the validity of the perturba-
tive expansion, i.e., the one-loop contributions to the lep-
ton g − 2 should dominate over the two-loop ones, we
obtain novel constraints from the perturbativity on our non-
renormalizable spin-2 particle interactions as follows

|c�| < 4π
(mG

�

)2
, |cγ | < 4π

(mG

�

)2
, (5)

which are obviously natural but non-trivial generalizations of
perturbativity constraints on renormalizable operators [65].

3 Unitarity bounds

In this section, we apply the tree-level unitarity bounds as our
criterion to determine whether our perturbative calculations
remain under control, which can give extra constraints to
our spin-2 particle model. Concretely, the unitarity of the S-
matrix imposes the following bound to the s-wave projected
amplitude a0(

√
s) [50,59,62]

Re(a0)(
√
s) ≤ 1

2
, (6)

123



Eur. Phys. J. C           (2024) 84:246 Page 3 of 13   246 

where a0(
√
s) is defined as

a0(
√
s) =

√
4|pi ||p f |
2δi+δ f s

1

32π

∫ 1

−1
d(cos θ)M(i → f )

=
√

4|pi ||p f |
2δi+δ f s

1

16π

∫ 0

−s

dt

s
M(i → f ), (7)

in which the indices δi, f = 1 if the two particles in the initial
or final states are identical to each other, otherwise δi, f =
0. In our model, we have two kinds of effective vertices:
the photon and lepton couplings to the spin-2 particle G, so
we need to compute the amplitudes for �−�+ → �−�+ and
γ γ → γ γ of various helicity assignments to determine their
respective bounds.

3.1 �−�+ → �−�+

We begin by considering the perturbative unitarity bounds
for the lepton-G couplings c� with � = e, μ and τ, which
can be derived from the amplitudes of �−�+ → �−�+ of
different �± helicity configurations. Given the Lagrangian
in Eq. (2), there are two Feynman diagrams contributing to
this process, which are shown in Fig. 1 with left and right
panels corresponding to the s- and t-channels, respectively.
Note that the lepton-G interaction in Eq. (2) is P-invariant,
i.e., if the two scatterings of different helicity configurations
are related by the parity P transformation, then they would
be equal in amplitude. For example, we have the following
relations

M(�−
R�+

L → �−
R�+

L ) = M(�−
L �+

R → �−
L �+

R ),

M(�−
R�+

R → �−
R�+

R ) = M(�−
L �+

L → �−
L �+

L ). (8)

Also, we will work in the high-energy limit in which the lep-
ton masses can be ignored compared with the external parti-
cle momenta. In what follows of this subsection, we shall
present the detailed calculations of independent non-zero
�−�+ → �−�+ helicity amplitudes. By applying the uni-
tarity bound on these amplitudes, we can obtain constraints
on c�.

3.1.1 �−
R�+

L → �−
R�+

L

Let us begin by computing the amplitude of �−
R�+

L → �−
R�+

L .

In the massless limit, the momenta of external particles in
the center-of-mass (com) frame are given by:

Incoming : �−
R : p1 = (E, 0, 0, E),

�+
L : p2 = (E, 0, 0,−E)

Outgoing : �−
R : k1 = (E, E sin θ, 0, E cos θ),

�+
L : k2 = (E,−E sin θ, 0,−E cos θ), (9)

while the polarization vectors are denoted as

Incoming : uR(p1) = √
2E

⎛
⎜⎜⎝

0
0
1
0

⎞
⎟⎟⎠ ,

vL(p2) = √
2E

⎛
⎜⎜⎝

0
0
0

−1

⎞
⎟⎟⎠ ,

Outgoing : uR(k1) = √
2E

⎛
⎜⎜⎝

0
0

cos θ
2

sin θ
2

⎞
⎟⎟⎠ ,

vL(k2) = √
2E

⎛
⎜⎜⎝

0
0

sin θ
2− cos θ

2

⎞
⎟⎟⎠ . (10)

The total amplitude is composed of the s- and t-channel
ones. The s-channel amplitude is given by

iMs(�
−
R�+

L → �−
R�+

L )

= − ic2
�

32�2 v̄L(p2)[γ μ(pν
1 − pν

2) + γ ν(pμ
1 − pμ

2 )

−2ημν(/p1 − /p2 − 2m�)]uR(p1)

×ū R(k1)[γ ρ(kσ
1 − kσ

2 ) + γ σ (kρ
1 − kρ

2 )

−2ηρσ (/k1 − /k2 − 2m�)]vL(k2)
Bμν,ρσ

Q2 − m2
G

.

(11)

By using the external particles’ equations of motion /p1uR(p1) =
m�uR(p1) � 0 and /p2vL(p2) = −m�vL(p2) � 0 where the
symbol � represents the massless limit, the above s-channel
amplitude can be simplified to

iMs(�
−
R�+

L → �−
R�+

L )

= − ic2
�

8�2

{
(p1 − p2)(k1 − k2)[ū R(k1)γ

μvL(k2)]
×[v̄L(p2)γμuR(p1)]
+[ū R(k1)(/p1 − /p2)vL(k2)][v̄L(p2)(/k1 − /k2)uR(p1)]

}
× 1

Q2 − m2
G

. (12)

Now we turn to compute the fermion current in this s-channel
�−
R�+

L → �−
R�+

L process. Note that

γ 0γ μ =
(

0 1
1 0

) (
0 σμ

σ̄μ 0

)
=

(
σ̄ μ 0
0 σμ

)
. (13)

Thus, for a vector-like current there are only two kinds of
nonzero chirality configurations for (�−, �+) pairs: (L , R)

and (R, L), while other two configurations like (L , L) and
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Fig. 1 Feynman diagrams
which give rise to the scattering
process �−�+ → �−�+

(R, R) are zero. Hence, for a �−
R�+

L pair, the corresponding
current given by

v̄L(p2)γ
μuR(p1) = (2E)(0,−1)σμ

(
1
0

)

= (2E)(0,−1,−i, 0),

v̄L(k2)γ
μuR(k1) = (2E)

(
sin

θ

2
,− cos

θ

2

)
σμ

(
cos θ

2
sin θ

2

)

= (2E)(0,− cos θ,−i, sin θ), (14)

so that

[ū R(k1)γ
μvL(k2)][v̄L(p2)γμuR(p1)]

= −(2E)2(1 + cos θ) = 2u, (15)

v̄L(p2)(/k1 − /k2)uR(p1) = (2E)2 sin θ = s sin θ,

ū R(k1)(/p1 − /p2)vL(k2) = −(2E)2 sin θ = −s sin θ. (16)

Consequently, the s-channel amplitude can be given by

iMs = − 4ic2
�

32�2

(
2u(u − t) − s2 sin2 θ

)
s − m2

G

= − ic2
�

4�2

u(u − 3t)

s − m2
G

= − ic2
�

4�2

(s + t)(s + 4t)

s − m2
G

, (17)

where in the last equality we have used the following relations

s(1 + cos θ) = −2u, s(1 − cos θ) = −2t,

4ut = s2 sin2 θ. (18)

Now we come to compute t-channel contribution, with the
amplitude given by

iMt (�
−
R�+

L → �−
R�+

L )

= − ic2
�

32�2 v̄L(p2)[γ μ(−pν
2 − kν

2 ) + γ ν(−pμ
2 − kμ

2 )

−2ημν(−/p2 − /k2 − 2m�)]vL(k2)

×ū R(k1)[γ ρ(pσ
1 + kσ

1 ) + γ σ (pρ
1 + kρ

1 )

−2ηρσ (/p1 + /k1 − 2m�)]uR(p1)
Bμν,ρσ

q2 − m2
G

. (19)

By using the lepton on-shell conditions, the t-channel ampli-
tude can be reduced into

iMt (�
−
R�+

L → �−
R�+

L )

= 4ic2
�

32�2

1

q2 − m2
G

{
(k1 + p1)(k2 + p2)

×[ū R(k1)γ
μuR(p1)][v̄L(p2)γμvL(k2)]

+[ū R(k1)(/k2 + /p2)uR(p1)]
×[v̄L(p2)(/k1 + /p1)vL(k2)]

}
. (20)

In the center of mass frame, the t-channel amplitude can be
further simplified to

iMt (�
−
R�+

L → �−
R�+

L ) = ic2
�

4�2

u(u − 3s)

t − m2
G

= ic2
�

4�2

(t + s)(t + 4s)

t − m2
G

. (21)

Therefore, the total amplitude is given by summing over the
s- and t-channel amplitudes:

iM(�−
R�+

L → �−
R�+

L )

= − ic2
�

4�2

[
u(u − 3t)

s − m2
G

− u(u − 3s)

t − m2
G

]

= − ic2
�

4�2

[
(s + t)(s + 4t)

s − m2
G

− (t + s)(t + 4s)

t − m2
G

]
. (22)

Here the minus sign between the two terms in the bracket can
be understood to come from the interchange the two external
fermion particles of momenta k1 and p2.

3.1.2 �−
R�+

L → �−
L �+

R

Now we consider another kinematic configuration �−
R�+

L →
�−
L �+

R , in which the four momenta are denoted by

pμ
1 = (E, 0, 0, E), pν

2 = (E, 0, 0,−E),

kρ
1 = (E, E sin θ, 0, E cos θ),

kσ
2 = (E,−E sin θ, 0,−E cos θ), (23)

123
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while their polarization spinors are given by

uL(k1) = √
2E

(
ξL
0

)
= √

2E

⎛
⎜⎜⎝

− sin θ
2

cos θ
2

0
0

⎞
⎟⎟⎠ ,

vR(k2) = √
2E

(
ηL

0

)
= √

2E

⎛
⎜⎜⎝

cos θ
2

sin θ
2

0
0

⎞
⎟⎟⎠ . (24)

For the s-channel, the amplitude after taking into account the
on-shell condition can also be reduced to Eq. (12), so that by
using the explicit expressions for momenta and polarization
spinors of external particles, we have

v̄L(p2)γ
μuR(p1) = (2E)(0,−1)σμ

(
1
0

)

= (2E)(0,−1,−i, 0),

ūL(k1)γ
μvR(k2) = (2E)

(
− sin

θ

2
, cos

θ

2

)
σ̄ μ

(
cos θ

2
sin θ

2

)

= (0,− cos θ,−i, sin θ),

(25)

and
[
ūL(k1)γ

μvR(k2)
] [

v̄L(p2)γμuR(p1)
] = (2E)2(1 − cos θ)

= −2t,

ūL(k1)(/p1 − /p2)vR(k2) = −(2E)2 sin θ,

v̄L(p2)(/k1 − /k2)uR(p1) = (2E)2 sin θ. (26)

Therefore, the s-channel amplitude is given by

iMs(�
−
R�+

L → �−
L �+

R ) = − ic2
�

4�2

t (t − 3u)

s − m2
G

. (27)

Note that the bi-spinor forms like ūL(k1)γ
μuR(p1) = 0

or v̄L(p2)γ
μvR(k2) = 0 vanish, so that we cannot write

down the t-channel amplitude. Thus, the total amplitude of
�−
R�+

L → �−
L �+

R is given by its s-channel one, with the fol-
lowing final result

iM(�−
R�+

L → �−
L �+

R ) = iMs(�
−
R�+

L → �−
L �+

R )

= − ic2
�

4�2

t (t − 3u)

s − m2
G

. (28)

3.1.3 �−
R�+

R → �−
R�+

R

Since we cannot write the bi-spinors, such as v̄R(p2)γ
μuR(p1)

or ū R(k1)γ
μvR(k2), the s-channel diagram cannot provide

any contribution to this kinematic configuration. However,
the t-channel Feynman diagram does contribute, and in the
following we would like to compute it. By using the on-shell
conditions, we can simplify the t-channel amplitude into the

following form

iMt (�
−
R�+

R → �−
R�+

R ) = ic2
�

8�2

1

q2 − m2
G

×
{
(k1 + p1)(k2 + p2)[ū R(k1)γ

μuR(k2)]
×[v̄R(p2)γμvR(k2)]
+[ū R(k1)(/p2 + /k2)uR(p1)][v̄R(p2)(/p1 + /k1)vR(k2)]

}
.

(29)

Here by taking the explicit form of momenta and spinors in
the com frame, we can obtain

ū R(k1)γ
μuR(p1)

= (2E)

(
cos

θ

2
, sin

θ

2

)
σμ

(
1
0

)

= (2E)

(
cos

θ

2
, sin

θ

2
, i sin

θ

2
, cos

θ

2

)
,

v̄R(p2)γ
μvR(k2) = (2E)(1, 0)σ̄ μ

(
cos θ

2
sin θ

2

)

= (2E)

(
cos

θ

2
,− sin

θ

2
, i sin

θ

2
,− cos

θ

2

)
, (30)

so that

[ū R(k1)γ
μuR(p1)][v̄R(p2)γμvR(k2)] = 2(2E)2 = 2s,

ū R(k1)(/p2 + /k2)uR(p1) = 2(2E)2 cos
θ

2
,

v̄R(p2)(/p1 + /k1)vR(k2) = 2(2E)2 cos
θ

2
.

(31)

It turns out that the final expression for the amplitude of
�−
R�+

R → �−
R�+

R is given by

iM(�−
R�+

R → �−
R�+

R ) = iMt (�
−
R�+

R → �−
R�+

R )

= ic2
�

4�2

s(s − 3u)

t − m2
G

.

(32)

3.1.4 Unitarity bounds for �−�+ → �−�+

In the above discussion, we obtains all of the nonzero
�−�+ → �−�+ amplitudes of different helicity configura-
tions, which are summarized again as follows

M(�−
R�+

L → �−
R�+

L ) = M(�−
L �+

R → �−
L �+

R )

= − c2
�

4�2

[
u(u − 3t)

s − m2
G

− u(u − 3s)

t − m2
G

]
,

M(�−
R�+

R → �−
R�+

R ) = M(�−
L �+

L → �−
L �+

L )

= c2
�

4�2

s(s − 3u)

t − m2
G

,

123



  246 Page 6 of 13 Eur. Phys. J. C           (2024) 84:246 

M(�−
R�+

L → �−
L �+

R ) = M(�−
L �+

R → �−
R�+

L )

= − c2
�

4�2

t (t − 3u)

s − m2
G

, (33)

where the two amplitudes in a single line are P-symmetric to
one another, while other helicity configurations would lead
to vanishing amplitudes. By using the definition of a0(

√
s)

in Eq. (7), we can obtain the s-wave projected amplitudes,
given by

a0(�
−
R�+

L → �−
R�+

L ) = a0(�
−
L �+

R → �−
L �+

R )

= − 1

16πs

c2
�

4�2

[
− s(28s2 − 21m2

Gs − 6m4
G)

6(s − m2
G)

+(4s + m2
G)(s + m2

G) ln

(
s + m2

G

m2
G

)]

≈ c2
�

16π

s

4�2

(
14

3
− 4 ln

s

m2
G

)
∼ c2

�

16π

(
14

3
− 4 ln

4�2

m2
G

)
,

a0(�
−
R�+

R → �−
R�+

R ) = a0(�
−
L �+

L → �−
L �+

L )

= 1

16π

c2
�

4�2

[
3s − (4s + 3m2

G) ln

(
s + m2

G

m2
G

)]

≈ c2
�

16π

s

4�2

(
3 − 4 ln

s

m2
G

)

∼ c2
�

16π

(
3 − 4 ln

4�2

m2
G

)
,

a0(�
−
R�+

L → �−
L �+

R ) = a0(�
−
L �+

R → �−
R�+

L )

= 1

16π

c2
�

4�2

s2

6(s − m2
G)

≈ 1

16π

c2
�

6

s

4�2 ∼ c2
�

96π
, (34)

where the symbol ∼ denotes the high energy limit with s →
4�2. By requiring the s-wave projected amplitudes to satisfy
the unitarity bound Re[a0(

√
s)] ≤ 1/2, we can obtain the

following constraints on the Wilsonian coefficient c�

�−
R�+

L → �−
R�+

L : c� ≤
√√√√√

8π∣∣∣∣ 14
3 − 4 ln 4�2

m2
G

∣∣∣∣
, (35)

�−
R�+

L → �−
L �+

R : c� ≤ √
48π, (36)

�−
R�+

R → �−
R�+

R : c� ≤
√√√√√

8π∣∣∣∣3 − 4 ln 4�2

m2
G

∣∣∣∣
. (37)

In Fig. 2, we plot the upper limits on c� derived from differ-
ent helicity states, which are functions of the spin-2 particle
mass mG when � = 1 TeV. It is seen that the most stringent
constraint on c� is given by the channel �−

R�+
R → �−

R�+
R

(�−
L �+

L → �−
L �+

L ) in the spin-2 particle mass range from
100 GeV to 500 GeV, which is of great interest to in the
interpretation of the muon g − 2 anomaly.

Fig. 2 The unitarity bounds on the lepton-G Wilsonian coefficients
c� for the three independent helicity configurations: �−

R�+
L → �−

R�+
L ,

�−
R�+

L → �−
L �+

R and �−
R�+

R → �−
R�+

R , which are labeled as RL, LR, and
RR in the legend

3.2 γ γ → γ γ

In order to obtain the unitarity bounds on the photon-G cou-
pling cγ , we have to calculate the γ γ → γ γ amplitudes of
various polarization configurations. The relevant Feynman
diagrams are shown in Fig. 3, which correspond to the s-,
t-, and u-channels, respectively. As the photon-G vertex in
Eq. (2) preserves the spatial parity P symmetry, the ampli-
tudes of different photon polarizations are the same to each
other when they are related by parity transformation, which
greatly reduces the number of independent photon 2-to-2
scattering amplitudes. In this subsection, we compute these
independent nonzero photon scattering amplitudes, based on
which we can yield the associated unitarity bounds on cγ .

3.2.1 γRγR → γRγR

Firstly, we consider the amplitude of γRγR → γRγR, where
the four external photons are all right-handed. In the com
frame, the two incoming photons are specified by

pμ
1 = (E, 0, 0, E), ε

μ
R(p1) = 1√

2
(0,−1,−i, 0),

pν
2 = (E, 0, 0,−E), εν

R(p2) = 1√
2
(0, 1,−i, 0), (38)

while the two outgoing photons are represented by

kρ
1 = (E, E sin θ, 0, E cos θ),

ε∗
R(k1) = 1√

2
(0,− cos θ, i, sin θ),

kσ
2 = (E,−E sin θ, 0,−E cos θ),

ε∗
R(k2) = 1√

2
(0, cos θ, i,− sin θ). (39)
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Fig. 3 Feynman diagrams for
the photon–photon scattering
process of γ γ → γ γ

The amplitude constitutes three Feynman diagrams shown in
Fig. 3, corresponding to s-, t- and u-channels, respectively. In
the following, we shall calculate them one by one. According
to the Feynman rules, the s-channel amplitude is given by

iMs(γRγR → γRγR)

= − ic2
γ

2�2 ε
μ
R(p1)ε

ν
R(p2)ε

∗
R(k1)ε

∗
R(k2)[(p1 · p2)Cαβ,μν

+Dαβ,μν(p1, p2)]
× Bαβ,λδ(Q)

Q2 − m2
G

[(k1 · k2)Cλδ,ρσ + Dλδ,ρσ (k1, k2)]. (40)

Note that, by using the relation Q = p1 + p2 = k1 + k2,

we find that terms proportional to four- and two-powers of
1/mG are canceled. By further making use of the specific
momenta and polarization vectors of the four external parti-
cles in Eqs. (38) and (39), the s-channel amplitude vanishes,
while the t- and u-channel amplitudes are given by

iMt (γRγR → γRγR)

= − ic2
γ

2�2 ε
μ
R(p1)ε

ν
R(p2)ε

∗
R(k1)ε

∗
R(k2)[(−p1 · k1)Cαβ,μρ

+Dαβ,μρ(p1,−k1)]
× Bαβ,λδ(q)

q2 − m2
G

[(−p2 · k2)Cλδ,νσ + Dλδ,νσ (p2,−k2)]

= − ic2
γ

2�2

2s2

t − m2
G

, (41)

iMu(γRγR → γRγR)

= − ic2
γ

2�2 ε
μ
R(p1)ε

ν
R(p2)ε

∗
R(k1)ε

∗
R(k2)[(−p1 · k2)cαβ,μρ

+Dαβ,μρ(p1,−k2)]
× Bαβ,λδ(q ′)

q ′ 2 − m2
G

[(−p2 · k1)Cλδ,νσ + Dλδ,νσ (p2,−k1)]

= − ic2
γ

2�2

2s2

u − m2
G

, (42)

where q ≡ p1 − k1 = k2 − p2 and q ′ = p1 − k2 = k1 − p2,

so that q2 = t and q ′ 2 = u. Therefore, the total amplitude
of γRγR → γRγR is written as

iM(γRγR → γRγR) = − iC2
γ

2�2

(
2s2

t − m2
G

+ 2s2

u − m2
G

)
.

(43)

3.2.2 γRγL → γRγL

We now turn to the process of γRγL → γRγL . In the com
frame, we can define the polarization vectors of the incoming
particles as follows

ε
μ
R(p1) = 1√

2
(0,−1,−i, 0), εν

L = 1√
2
(0,−1,−i, 0),

(44)

while those of the outgoing particles are given by

ε∗
R(k1) = 1√

2
(0,− cos θ, i, sin θ),

ε∗
L(k2) = 1√

2
(0,− cos θ, i, sin θ). (45)

By taking the above expressions of the polarization vectors
and momenta of the external particles into formulas for the s-
, t- and u-channels, we can easily obtain the following partial
amplitudes

iMs(γRγL → γRγL) = − ic2
γ

2�2

2u2

s − m2
G

,

iMt (γRγL → γRγL) = − ic2
γ

2�2

2u2

t − m2
G

,

iMu(γRγL → γRγL) = 0. (46)

Thus, the total amplitude is the summation over the s-, t- and
u-channels

iM(γRγL → γRγL) = − ic2
γ

2�2

(
2u2

s − m2
G

+ 2u2

t − m2
G

)
.

(47)

3.2.3 γRγL → γLγR

In the case of γRγL → γLγR, the polarization vectors for
the external photons in the com frame are given by

εR(p1) = 1√
2
(0,−1,−i, 0),

εL(p2) = 1√
2
(0,−1,−i, 0),

ε∗
L(k1) = 1√

2
(0, cos θ, i − sin θ),
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ε∗
R(k2) = 1√

2
(0, cos θ, i,− sin θ). (48)

Following exactly the same procedure in the previous sub-
sections, we can derive the following amplitudes for the s-,
t- and u-channels of γRγL → γLγR :

iMs(γRγL → γLγR) = − ic2
γ

2�2

2t2

s − m2
G

,

iMt (γRγL → γLγR) = 0,

iMu(γRγL → γLγR) = − ic2
γ

2�2

2t2

u − m2
G

. (49)

It turns out that the total amplitude of γRγL → γLγR is given
by

iM(γRγL → γLγR) = − ic2
γ

2�2

(
2t2

s − m2
G

+ 2t2

u − m2
G

)
.

(50)

3.2.4 Unitarity bounds for γ γ → γ γ

Here we summarize the nonzero independent γ γ → γ γ

amplitudes of different polarizations as follows

iM(γRγL → γRγL) = iM(γLγR → γLγR)

= − ic2
γ

2�2

(
2u2

s − m2
G

+ 2u2

t − m2
G

)
,

iM(γRγL → γLγR) = iM(γLγR → γRγL)

= − ic2
γ

2�2

(
2t2

s − m2
G

+ 2t2

u − m2
G

)
,

iM(γRγR → γRγR) = iM(γLγL → γLγL)

= − ic2
γ

2�2

(
2s2

t − m2
G

+ 2s2

u − m2
G

)
,

(51)

while all other polarization amplitudes vanish identically.
According to the definition of a0(

√
s) in Eq. (7), the s-wave

projected amplitudes for the nontrivial polarization assign-
ments are given by

a0(γRγR → γRγR) = a0(γLγL → γLγL )

= c2
γ

4π

s

4�2 ln
s + m2

G

m2
G

≈ c2
γ

4π

s

4�2 ln
s

m2
G

∼ c2
γ

4π
ln

4�2

m2
G

,

a0(γRγL → γRγL ) = a0(γRγL → γLγR)

= a0(γLγR → γLγR) = a0(γLγR → γRγL )

= − 1

32πs

c2
γ

�2

[
s(11s2 − 3m2

Gs − 6m4
G)

6(s − m2
G)

−(s + m2
G) ln

s + m2
G

m2
G

]

Fig. 4 The unitarity bounds on the photon-G Wilsonian coefficient
cγ for two independent helicity configurations: γRγR → γRγR and
γRγL → γRγL , which are labeled as RR and RL in the legend

≈ − c2
γ

8π

s

4�2

(
11

6
− ln

s

m2
G

)
∼ − c2

γ

8π

(
11

6
− ln

4�2

m2
G

)
,

(52)

where we have taken the high-energy limit with s ∼ 4�2 �
m2

G . Therefore, the unitarity bounds for these channels are
given by

γRγR → γRγR : cγ �
√√√√√

2π∣∣∣∣ln 4�2

m2
G

∣∣∣∣
, (53)

γRγL → γRγL : cγ �
√√√√√

4π∣∣∣∣ 11
6 − ln 4�2

m2
G

∣∣∣∣
. (54)

In Fig. 4, we make plots for these unitarity bounds, which
are set on the coupling cγ as a function of the spin-2 particle
mass mG with a fixed cutoff scale � = 1 TeV. It is clear
that the constraint from the channel γRγR → γRγR is much
stronger than that from γRγL → γRγL for mG > 100 GeV.
Hence, we will apply the upper limit from γRγR → γRγR as
our unitarity bound in the following numerical analysis.

4 Numerical studies

In this section, we study the constraints on the model param-
eter space by exploiting the unitarity bounds in Eqs. (37) and
(53), which sets upper limits on the massive spin-2 parti-
cle couplings c� and cγ . Note that the spin-2 particle model
in Ref. [27] has been proposed to explain the long-standing
lepton g − 2 anomaly. Currently, the most precise value of
the muon g − 2 is provided by the combined data from
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Fig. 5 The parameter space in the c�-cγ plane for the cutoff scale fixed
at � = 1 TeV and the spin-2 particle mass atmG = 200 GeV (left panel)
and 500 GeV (right panel). The blue shaded region shows the parameter

space that can explain the �aμ anomalies in 2σ range, while the areas
colored in red and gray are excluded by the theoretical constraints from
perturbativity and unitarity, respectively

Brookhaven and Fermilab, which deviates the SM predic-
tions by 4.25 σ CL. In the following discussion, we will only
focus on the muon g − 2 anomaly so that c� is taken to be
cμ.

In Fig. 5, the parameter spaces explaining the Muon
(g − 2)μ data at 2σ CL are plotted as the blue shaded
region in the c�–cγ plane, where the cutoff scale is fixed
to be � = 1 TeV and the massive graviton mass to be
mG = 200 GeV (left panel) and 500 GeV (right panel). In the
same plots, we also lay out the constraints of the perturbativ-
ity and unitarity, and the excluded regions are colored in red
and gray, respectively. As a result, it is seen from Fig. 5 that,
in spite of the strong theoretical perturbativity and unitarity
bounds, there is still a substantial portion of parameter space
in both plots to explain the �aμ discrepancies. Furthermore,
the comparison of the two plots in Fig. 5 indicates that, as the
mass of G increases, the unitarity bounds becomes more and
more important than the perturbativity ones in limiting the
parameter space. Especially, when mG = 500 GeV, the uni-
tarity bounds dominate the theoretical constraint, and shrink
the muon (g − 2) preferred region to be in a small corner
with 1 < c� < 2 and −1.5 < cγ < 0.

We can also show the relevant parameter space in themG–
c� plane as in Fig. 6, when the cutoff scale is still fixed to
be � = 1 TeV and the photon-G coupling is chosen as
cγ = 0.5, 0.3, 0, and −1, respectively. From these plots,
it is clear that the unitarity bounds give the stronger con-
straint than the perturbativity ones in the large spin-2 mass
regions. Remarkably, when cγ � 0.5, the muon g − 2 sig-

nal regions with large mG values which were open under the
perturbativity constraints are now ruled out by the unitarity
bounds. However, as the photon-G coupling cγ decreases,
more parameter spaces are now allowed by the unitarity. In
one special case with cγ = 0 where the Barr-Zee-type dia-
grams [66,67] give a vanishing contribution to the lepton
g − 2, it is shown in the lower-left panel that the pertur-
bative requirement does not constrain the muon g − 2 pre-
ferred region at all, while the spin-2 particle mass is limited
to be below 500 GeV by perturbative unitarity. When cγ fur-
ther drops to take negative values, more allowed parameter
regions now open with mG extending to even larger values
beyond 500 GeV, as displayed in the lower-right panel.

5 Conclusions and discussions

In Ref. [27], we explain the long-standing discrepancy
between the experimental measurements and the SM pre-
diction of the muon g − 2 in terms of a new massive spin-2
particle, which can be easily derived in the generalized RS
models. Note that we have only considered the perturbativ-
ity constraints in Ref. [27] on the model parameter space.
In the present paper, we have further investigated unitarity
bounds on this spin-2 particle model. We have obtained the
bounds by computing the s-wave projected amplitudes for
two-body elastic scatterings of charged leptons and photons
in the high-energy limit for all possible initial and final helic-
ity states. As a result, we have found that the most stringent

123



  246 Page 10 of 13 Eur. Phys. J. C           (2024) 84:246 

100 200 300 400 500
0

1

2

3

4

5

mG/GeV

c μ

Λ=1 TeV, cγ=0.5

100 200 300 400 500
0

1

2

3

4

5

mG/GeV

c μ

Λ=1 TeV, cγ=0.3

100 200 300 400 500
0

1

2

3

4

5

mG/GeV

c μ

Λ=1 TeV, cγ=0

100 200 300 400 500
0.0

0.5

1.0

1.5

2.0

2.5

3.0

mG/GeV

c μ
Λ=1 TeV, cγ=- 1

Fig. 6 The parameter space in the mG -cl plane with � = 1 TeV and cγ = 0.5 (top-left panel), 0.3 (top-right panel), 0 (bottom-left panel), and −1
(bottom-right panel). The color coding is the same as that in Fig. 5

constraints on the lepton-G coupling c� and on the photon-G
coupling cγ are yielded via the processes �−

R�+
R → �−

R�+
R and

γRγR → γRγR, respectively. We have numerically applied
the obtained unitarity bounds to the spin-2 particle interpreta-
tion of the muon g−2 anomaly. It turns out that the tree-level
S-matrix unitarity gives useful constraints on the muon g−2
preferred parameter regions, which is complementary to the
perturbativity. In particular, it is seen that the unitarity bounds
give the strongest limits on cμ and cγ in the large mG region.
Nevertheless, despite the stringent constraints imposed by
the perturbativity and unitarity, there is still a considerable

portion of parameter spaces which can explain the muon g−2
anomaly.

As shown in Figs. 5 and 6, the bounds from perturbativ-
ity and unitarity constrain the spin-2 particle to be relatively
light with its mass mG � 500 GeV. Such a light particle
has already been tested by the existing collider searches,
such as LEP-II and LHC. LEP-II is an electron-positron col-
lider which has probed the quantum gravity models with
the highest sensitivity in the channels of γ γ, e+e− and
μ+μ− [68–70]. If we parametrize the relevant couplings of
G as ε ≡ λ/M4

s following the conventions in Ref. [70] with
λ ∼ O(1), all these channels have constrained Ms to be
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higher than around 1 TeV under the condition that the spin-2
particle has a universal coupling to photons and leptons. As
illustrated in Fig. 7 of Ref. [27], the LEP-II constraints are
so strong that most parameter space has been excluded for
the model with ce = cμ = c�. However, if we relax the latter
condition but assume that the G-electron coupling ce is of
O(0.1) and is much smaller than those for photons cγ and
for muons cμ, then the above LEP-II data cannot give rise to
any useful constraints on the model of a massive spin-2 par-
ticle, so that the parameter space keeps the same as in Figs. 5
and 6.

As for the LHC, the searches for the massive spin-2 par-
ticle G with the dilepton and diphoton channels at both
ATLAS [71–73] and CMS [74–76] have placed stringent
limits on the G-lepton and G-photon couplings. In partic-
ular, In the case of the RS model with a universal coupling
to all SM particles, the lower limits on the cutoff scale, as
derived from the �� andγ γ channels, were found to be around
� ∼ O(100 TeV) [42] for mG � 1 TeV and cSM ∼ 1, which
is so strong that the explanation of the muon g − 2 anomaly
has been excluded in this model. Nevertheless, this conclu-
sion cannot hold for generalized RS models featuring non-
universal SM particle couplings. Note that the constraints at
the LHC are placed on the upper limits on the massive gravi-
ton production cross section times the branching fractions
for these two channels. Concretely, Ref. [73] presented the
search by ATLAS for the diphoton channel, with the best
constraint as σ(pp → G) × B(G → γ γ ) � 2 fb for mG =
500 GeV as shown in the right plot of Fig. 5, while CMS
in Ref. [76] provided the most stringent upper limit on the
dimuon final state as σ(pp → G)×B(G → μ+μ−) � 1 fb
for mG = 500 GeV as shown in the upper right plot of
Fig. 3. Both constraints are given at the 95% confident level.
But, when the massive graviton couplings to gluons and top
quarks are cg,t ∼ O(1) for � = 1 TeV, the constraints from
the above two channels are so strong that the muon g − 2
preferred parameter space of the massive graviton model has
been excluded. The only way out is to tune cg and ct to be
very small, so that the production of the massive graviton
G is severely suppressed and the LHC constraints can be
avoided. Even in the latter case, this massive graviton can
still be produced at the LHC by the photon fusion [77,78]
due to the large G-photon coupling. However, a further anal-
ysis of constraints from the photon fusion process is beyond
the scope of the present paper, and we would like to leave it
for a future work.
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