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Abstract Throughout this work, we explored the dynam-
ics of test particles with magnetic dipole moment around
magnetized rotating Kerr black holes in scalar–vector–tensor
gravity theory (STVG), known as modified gravity theory
(MOG). We assume that the black hole is immersed in exter-
nal asymptotically uniform magnetic fields. We derive effec-
tive potential for circular orbits of the magnetized particles,
taking into account both the magnetic and STVG interac-
tions. We study profiles of the position of the innermost stable
circular orbits (ISCOs) of the magnetized particles. We show
that the MOG interaction is essentially, and the magnetic
interaction enhances its effects on the ISCO radius and the
angular momentum at ISCO. Also, we consider collisional
cases of magnetized particles and the maximum and mini-
mum limits of angular momentum that ensure the particle
colliding near the horizon. Finally, we analyze the center-of-
mass energy of colliding magnetized particles near the black
hole horizon.
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1 Introduction

Theories of gravity are fundamental in understanding the ori-
gins and development of our universe. They play a crucial
role in investigating the conduct of celestial phenomena such
as galaxies and stars, as well as the physics of dense gravita-
tional objects such as neutron stars and black holes (BHs).

Recently, several independent tests and observations have
shown that dark energy and dark matter dominate the Uni-
verse [1,2]. Currently, there is no complete theoretical foun-
dation to describe the behavior of such types of matter.
The general theory of relativity (GR) presents fundamen-
tal problems, including singularities in certain solutions and
inconsistencies with quantum field theory (QFT). Space-
time singularities challenge the fundamental principles of
physics due to their infinite curvature. It is widely accepted
in the scientific community that the singularity of a BH
is a point of infinite density. The presence of singularities
raises questions about the theory’s accuracy in extreme situ-
ations and calls for a more thorough explanation. The QFT
accurately describes quantum particles, electromagnetic and
strong nuclear forces, but not gravity. The unification of GR
with QFT, known as quantum gravity, poses significant chal-
lenges. Integrating the discrete nature of quantum particles
with GR’s spacetime framework poses conceptual and math-
ematical barriers in constructing a unified theory. To solve
these concerns, GR has been modified, and alternative grav-
ity theories have been introduced. The scalar–tensor–vector

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-024-12567-2&domain=pdf
http://orcid.org/0000-0001-9293-1838
mailto:saeedkhan.u@gmail.com
mailto:uktam.uktamov11@gmail.com
mailto:javlon@astrin.uz
mailto:ahmadjon@astrin.uz
mailto:i.ibragimov@kiut.uz
mailto:zmchen@szu.edu.cn


203 Page 2 of 10 Eur. Phys. J. C (2024) 84 :203

gravity (STVG) hypothesis developed by Moffat [3] is one
of several efforts to improve and broaden Einstein’s theory
of gravity. It may be seen as an alternative to GR in the cur-
rent universe in the absence of dark matter. This theory uses
scalar and massive vector fields to develop a unifying grav-
ity theory called the MOG theory. Moffat [4] formulated the
non-spinning and spinning BHs, respectively known as the
Schwarzschild-MOG and Kerr-MOG BHs.

Magnetic fields around BHs affect the accretion and
charged matter dynamics. The acceleration of a BH’s con-
ducting plasma accretion disk may create a continuous
magnetic field. Recent findings suggest that the correlation
between the presence of an accretion disk and the proximity
of a robust magnetic field to a supermassive BH in the galac-
tic core is not supported [5]. The latest discovery by the Event
Horizon Telescope team reveals that the net azimuthal linear
polarization structure could be attributed to well-structured
poloidal magnetic fields in the emission region [6]. Their
finding also provides insights into the accretion disk, accre-
tion rate, and magnetic field structures surrounding a super-
massive BH in the M87 galaxy. Hence, BHs can experience
the impact of an external magnetic field, resulting in the for-
mation of an intricate configuration near the BH horizon.

However, as the distance from the BH increases, the mag-
netic field configuration changes to a simple and consistent
structure [7]. In a study conducted by Kovar et al. [8], it
was found that a BH can potentially coexist with a uniform
magnetic field when positioned on the equatorial plane of a
magnetar, provided that the magnetar is situated at a con-
siderable distance. The investigation of both charged and
chargeless particle dynamics has been the subject of mul-
tiple scholarly articles [9–17]. In a study by Konoplya [18],
an analysis of the motion of particles surrounding a magne-
tized BH was performed. The findings revealed that the tidal
charge significantly influences the mobility of both massive
and massless particles. Studying the motion of charged parti-
cles around Kerr BH in split monopole magnetic fields, Khan
and Chen [19] explored the location of stable circular orbits
and observed that a positive magnetic field enhances the sta-
bility of the effective potential.

Collisions of particles near the horizon of a rotating and
charged BH are an important and exciting phenomenon that
may result in high-energy releases. As of now, several physi-
cal methods have been proposed for extracting energy from a
BH. Roger Penrose [20] was one of the first to describe a sim-
ple process for collecting energy from BHs. Such processes
related to the Penrose process have been examined by Piran et
al. [21,22]. Collisions, according to Banados, Silk, and West
(BSW) [23], may produce an enormous amount of center-of-
mass energy particles in the case of fast-revolving BHs. In
an ideal setup, this kind of energy might exceed Planckian
energy; hence, BHs could be identified as ultrahigh-energy
colliders. Over the last few years, a significant amount of

emphasis has been placed on investigating this issue [24–
37]. Even when the spin or charge of the particles is taken
into consideration, collisions near the revolving BH horizon
produce arbitrarily large center-of-mass energy [38,39]. This
property is absent in the case of non-spinning BHs as long
as collisions between particles sink into the BH from a large
axial distance [40].

The goal of this research work is to explore the spinning
BH magnetosphere in modified gravity with magnetic dipole
moment near magnetized Kerr BH. In Sect. 2, we review
the spacetime metric of Kerr-MOG BH. For the magnetiza-
tion purpose, we consider an external asymptotically uniform
magnetic field around our model. Section 3 of our article is
devoted to the investigation of magnetized particle dynamics
in the Kerr-MOG BH. In Sect. 4, by incorporating an exter-
nal magnetic field, we study the collisions of the magnetized
particles near Kerr-MOG BH. Lastly, in Sect. 5, we summa-
rize our findings with concluding remarks. In this paper, use
the geometric unit system and take GN = c = 1.

2 Rotating Kerr-MOG BHs in external magnetic fields

In this section, we briefly review magnetic fields surrounded
by Kerr-MOG BHs, which can be described in Boyer–
Linquist coordinates as [4]

ds2 = gttdt
2 +grr dr

2+gθθdθ2 +gφφdφ2 +2gtφdtdφ, (1)

where the metric components gαβ are functions of the radial
and angular coordinate, r and θ in the following form

gtt = −Δm − a2 sin2 θ

Σ
, grr = Σ

Δm
, gθθ = Σ,

gφφ = sin2 θ

Σ

[(
r2 + a2

)2 − Δm a2 sin2 θ

]
,

gtφ = a sin2 θ

Σ

[
Δm −

(
r2 + a2

)]
.

where

Δm = r2 − 2GMr + a2 + αGNGM2,

Σ = r2 + a2 cos2 θ.

Here, G = GN (1 + α) is the enhanced gravitational con-
stant, M is the mass of the BH, and GN is the gravitational
Newtonian constant. The dimensionless parameter α deter-
mines the gravitational field strength. For α = 0 and a = 0,
the Kerr-MOG BH reduces to the Kerr and Schwarzschild-
MOG BH, respectively.

The BH horizon can be found using Δm(r) = 0, as r± =
(1 + α)M ± √

(1 + α)M2 − a2. One may see that the max-
imum of the BH spin must be a/M <

√
(1 + α)M and the

corresponding minimum event horizon is rhmin/M = 1 + α.
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We suppose that the Kerr-MOG BH is chargeless and
immersed in an external asymptotically uniform magnetic
field, with asymptotic values B. One can find the electro-
magnetic four-vector potentials by setting timelike ξα

(t) and
spacelike ξα

(φ) axial Killing vectors, as obtained in Ref. [41]

Aα = aB

[
1 − (1 + α)α

M2

2r2 sin2 θ

]
ξα
(t)

+ B

2

[
1 − (1 + α)α

M2

r2

]
ξα
(φ). (2)

So, we have only two nonvanishing covariant components of
the four-vector potential Aα = gαβ Aβ .

If we consider the induced charge relatively small, then
using Eq. (2), we can write the electromagnetic tensor in the
form,

Frφ = −Br sin2 θ.

Thus, as a consequence, we can find magnetic fields using
the following expression:

Bα = 1

2
ηαβσγ Fσγ uα, (3)

where, uα is the four-velocity of the proper observer,
ηαβσγ , is the pseudo-tensorial form of the Levi-Civita
symbol, ηαβσγ = − 1√−g

εαβσγ , where the Levi-Civita
symbol εαβσγ = 1 for even permutations and for odd
ones, −1 while the determinant of the metric is g =(
gtt gφφ − g2

tφ

)
grr gθθ . The four-velocity satisfies the nor-

malization condition uαuα = −1. For ZAMO, ut �= 0, we
can write ut = 1√−gtt

. In addition, we have uα = gαβuβ ,

and finally, we can find the corresponding four-velocities in
the form

uα = √−gtt
(
1, 0, 0,−gtφ/gtt

)
. (4)

The orthonormal θ components of the magnetic field mea-
sured by ZAMO can be expressed using the electromagnetic
field tensor in the following form:

B θ̂ = Br√
grr gφφ

sin2 θ.

3 The motion of particles with magnetic dipole moment
near Kerr-MOG black holes in magnetized fields

The Hamilton–Jacobi equation that takes into account both
interactions between the magnetized particles with scalar and
magnetic fields has the form

gμν

(
∂S

∂xμ
− qΦμ

) (
∂S

∂xν
− qΦν

)
= −m2

(
1 − U

2m

)2
, (5)

where q = √
αm is gravitational test particle charge, and

qΦμ is the term that defines MOG interaction between the
particles and the scalar field. The product U = DμνFμν

corresponds to the magnetic interaction and is scalar. Dμν

and Fμν are the polarization electromagnetic field tensors.
The interaction term has been calculated in Refs. [42–53] as
U = μα̂B

α̂ . In our further analyses, we consider the magnetic
dipole of the particles to be perpendicular to the equatorial
plane (so it has components μα̂ = (0, 0, μ, 0)) and restricted
the particle’s motion in that plane. On the other hand, there
is an additional interaction with the particles and the scalar
field,

Φμ =
√

αMr

Σ

(
−1, 0, 0, a sin2 θ

)
. (6)

The Lagrangian of the magnetized particles near rotating
Kerr BHs in MOG has a form including electromagnetic and
MOG interactions,

L = 1

2
(m + U) gμνu

μuν − 1

2
κU + qΦμu

μ, (7)

where κ = 1 [9]. One may easily find integrals of motion of
magnetized particles (pφ = L = muφ and pt = −E = mut

denoting the total angular momentum and total energy of
the particle, respectively) using the above Lagrangian in the
following form,

− E = (1 + βF(r))
[
gtt ṫ + gtφφ̇

] + q

m
Φt , (8)

l = (1 + βF(r))
[
gφφφ̇ + gtφ ṫ

] + q

m
Φφ, (9)

where E = E/m and l = L/m are the specific energy and
angular momentum, while β = μB/m is the magnetic inter-
action parameter and the radial function can be expressed
as F(r) = r sin2 θ/

√
grr gφφ . On solving the above Eqs. (8)

and (9), we obtain

ṫ = gφφ(E + q
mΦt ) + gtφ(l − q

mΦφ)(
g2
tφ − gtt gφφ

)
(1 + βF(r))

, (10)

φ̇ = −gtφ(E + q
mΦt ) + gtt (l − q

mΦφ)(
g2
tφ − gtt gφφ

)
(1 + βF(r))

. (11)

The Hamilton–Jacobi action for the motion of magnetized
particles in the equatorial plane (θ = π/2) can be separated
as follows

S = −Et + Lφ + Sr (r). (12)

Using the Hamilton–Jacobi equation (5), we can easily obtain
the equation of radial motion of the magnetized particles:

grr ṙ
2 = −

[
gtt

(
E + qΦt

m

)2
+ gφφ

(
l − qΦφ

m

)2
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Fig. 1 Radial dependence of the effective potential for the selected
values of BH spin a, coupling parameter β, and MOG parameter α. For
simplicity, we choose M = 1. In the upper row, the effective potential

profiles are shown without taking into account the MOG interaction.
In the bottom row, the profiles are presented with the MOG interaction
term

−2gtφ
(
E + qΦt

m

) (
l − qΦφ

m

)
+

(
1 − βF(r)

)2
]

=
[
E − V+

eff (r)
] [

E − V−
eff (r)

]
. (13)

After some calculations, we get the following,

V±
eff = αM

r
+ gtφ

gφφ

(
l − αMa

r

)

±
√√√√

[
g2
tφ

gφφ

− gtt

][(
1 − βF(r)

)2 + gφφ

(
l − aMα

r

)2
]
.

(14)

We have plotted the radial dependence of the effec-
tive potential at various discrete values of the space-time
parameters a, β and l in Fig. 1. From our graphical illustra-
tion, we interestingly observe that in comparison with the
Schwarzschild and Kerr BHs, the Kerr-MOG BH have the
highest and minimum unstable circular orbits at α > 0, near
BH in the absence of an external magnetic field (for details,
see the upper left panel of Fig. 1). On the other hand, in the
magnetized case, the Schwarzschild BH has minimum unsta-
ble circular orbits near BH (for details, see the upper right and
bottom left panels of Fig. 1). Surprisingly, the interaction of
gravitational field strength α and magnetic field contributes
to the stability of circular orbits. One can also observe that
due to the interaction of the MOG interaction, in the β = 0
case, the effective potential in the bottom row behaves just as
shown in the top one, with an increase to the maximum of the
effective potential and the orbits where the effective potential

Fig. 2 The dependence of the unstable circular radii from MOG
parameter α. Here, we consider the MOG interaction. For simplicity,
we choose GN = 1, M = 1

takes maximum shifts towards the BH. In the case of β �= 0,
the magnetic interaction also enhances its maximum values.
In the sense that in both cases, the Schwarzschild BH has the
minimum unstable orbits. While the Schwarzschild BH has
more stable orbits in comparison with Kerr and Kerr-MOG
BHs.

We provide graphical analyzes of unstable orbits of neural
and magnetized test particles (with angular momentum l2 =
20) for different values of β and α in Fig. 2. It is observed
that the outer and inner unstable orbits of neutral test particles
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Fig. 3 Graphical illustration of the ISCO radius along α “with MOG”
and “without MOG”, where “with MOG” means that the interaction
with MOG is taken into consideration and “without MOG” means that
it is not considered

coincide at a critical value of α and the critic value increases
with the increase of the Kerr-MOG BH spin a. The outer and
inner unstable orbits increase with an increase in the values
of α. It is also seen that the increasing rate of outer unstable
orbits of magnetized particles with β = 0.3 is higher than
the inner one’s rate. Also, the radius of both inner and outer
unstable orbits slightly decreases with increasing the value
of β.

The stability of circular orbits can be located with the
help of effective potential minima. In short, V ′′

eff(r) < 0,
results in unstable circular orbits, while all circular stable
orbits satisfy the condition of ∂rr Veff(rISCO) > 0. On the
contrary, ISCO satisfies the condition V ′′

eff(rISCO) = 0. To
understand the influence of the MOG intersection and mag-
netic field, we have numerically plotted the behavior of the
ISCO radius in Fig. 3. We observe that the BH spin diminishes
the ISCO radius, whereas the MOG interaction contributes to
the ISCO in both rotating and non-rotating cases. Moreover,
one can observe the strong influence of the magnetic field
interaction parameter β on the ISCO radius in the presence

Fig. 4 Graphical illustration of the ISCO angular momentum along α

“with MOG” and “without MOG”, where “with MOG” means that the
interaction with MOG is taken into consideration and “without MOG”
means that it is not considered

of MOG interactions, as β contributes considerably to the
ISCO radius.

Figure 4 demonstrates the behavior of magnetized par-
ticles’ angular momentum in their ISCOs under the influ-
ence of BH spin and magnetic-field interactions. Our finding
reveals that both MOG interactions and the magnetic field
reduce the angular momentum at their ISCO. In other words,
the Schwarzschild and Kerr magnetized BHs have greater
angular momentum compared to the Schwarzschild-MOG
and Kerr-MOG magnetized BHs, respectively. Whereas, the
Schwarzschild magnetized BH has the greatest and Kerr-
MOG magnetized BH has the smallest angular momentum
at their respective ISCOs.

4 Magnetized particles’ collisions near the Kerr-MOG
BH immersed in magnetic field

The study of collisional processes near BHs remains a sig-
nificant and intriguing topic within the realm of general rel-
ativity. Energy extraction from a BH is a key aspect of these
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collisions, and various approaches can be employed to under-
stand the mechanisms involved, especially in the context of
spinning-charged BHs.

Exploring the total energy extracted through different
methods occurring in the vicinity of BHs could poten-
tially provide insights into why the luminosity of active
galactic nuclei (AGN) reaches magnitudes on the order of
1045erg/sec, possibly driven by supermassive BHs.

Penrose [20], who introduced a simple process in which a
particle entering the ergosphere of a spinning BH splits into
a pair of particles: one collides with the BH, while the other
escapes to infinity with more energy than the original particle.
This technique has been further explored in recent studies
found in the literature, with notable contributions discussed
in references such as [54–57].

Banados-Silk-West (BSW) [58,59] delved into the explo-
ration of particle collisions near BH horizons as a means of
extracting energy, an approach further investigated in subse-
quent works [37,47,49,59–71]. It has been observed that the
efficiency of energy extraction from the central BH is notably
higher in head-on collision scenarios.

In this section, we investigate the particle acceleration near
the BH of two colliding particles in the presence of an exter-
nal magnetic field. Also, we consider collision in two cases,
taking MOG interaction into account, and do not take this
effect.

Following Ref. [37,58], we also use the general expression
for the center-of-mass energy Ecm of colliding particles

{
1√−gtt

Ecm, 0, 0, 0

}
= m1u

μ
1 + m2u

ν
2, (15)

with uμ

(1) and uν
(2) are the four-velocities and m1,2 are rest

masses of the colliding particles. we obtain the expression
for Ecm as

E2
cm

m1m2
= m2

1 + m2
2

m1m2
− 2gμνu

μ
1 u

ν
2. (16)

For simplicity, we consider the masses of colliding particles
to be equal, i.e., m1 = m2 = m. In doing so, we study the
high-energy collisions of particles. As we are interested in
the collision energy of the two magnetized particles, Eq. (16)
can be expressed as:

E2
cm = 1 − (

gtt ṫ1 ṫ2 + gφφφ̇1φ̇2 + gtφ
(
ṫ1φ̇2 + ṫ2φ̇1

)
+grr ṙ1ṙ2

)
, (17)

where ṫ , φ̇ and ṙ are given in Eqs. (10), (11) and (13), respec-
tively.

Table 1 The limiting values of the angular momentum for different
non-extremal cases of a Kerr-MOG (a = 0.7) BH for magnetized par-
ticles. Here, we do not consider the effect of MOG interaction

α β lmin lmax

0 0.0 − 4.60768 3.0954

0 0.3 − 5.20767 3.17333

0 0.5 − 5.49567 3.21518

0.2 0.0 − 5.33869 3.78263

0.2 0.3 − 5.97823 3.89516

0.2 0.5 − 6.28829 3.95519

0.4 0.3 − 6.73726 4.61026

Table 2 The limiting values of the angular momentum for different
non-extremal cases of a Kerr-MOG (a = 0.7) BH for magnetized par-
ticles. Here, we consider the effect of MOG interaction

α β lmin lmax

0 0.0 − 4.60768 3.0954

0 0.3 − 5.20767 3.17333

0 0.5 − 5.49567 3.21518

0.2 0.0 − 4.92153 3.35578

0.2 0.3 − 5.60709 3.46789

0.2 0.5 − 5.9289 3.5269

0.4 0.3 − 5.97829 3.75318

4.1 Critical angular momentum

It is well known that the energy of the non-extremal BH col-
lision is finite [72]. However, in any way, we have to find the
limiting values of the angular momentum for the falling par-
ticles. This can be obtained by solving Vef f = 0, ∂r Vef f = 0
simultaneously.

In Tables 1 and 2, we have shown the allowed range
of angular momentum for magnetized particles, considering
and not considering the MOG interaction, respectively. We
should say that during this calculation we used an approxi-
mation to obtain values of the angular momentum.

4.2 Collision of two magnetized particles

Consider the two magnetized particles with rest masses m1

and m2 moving in the equatorial plane of the Kerr-MOG
BH. These particles come from infinity with the energies
E1 = E2 = 1, towards the BH and collide in the vicinity of
the event horizon. One may easily make graphical analyses
of Ecm using Eq. (17).

In Fig. 5, we illustrate the radial distribution of the center-
of-mass energy of magnetized particles for various values of
the MOG parameter α and BH spin parameter a. The top row
represents the scenario without considering the MOG impact,
while the bottom one includes the MOG effect. We observed
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Fig. 5 Graphical illustration of the center-of-mass energy resulting from the collision of magnetized particles with equivalent starting energies
E1 = E2 = 1, without considering MOG effect (top row) and taking into account the effects of MOG (bottom row)

from our graphical results that the magnetic-field interac-
tion considerably influences the center-of-mass energy. One
can note that the magnetic field diminishes while the MOG
parameter α contributes to the center-of-mass energy. More-
over, we also observed that, compared to the absence of the
MOG effect, in the case of the MOG effect, one can obtain
much more center-of-mass energy.

4.3 Collision of two magnetized and neutral particles.

Then, one can find the expression for the center-of-mass
energy of the collision of neutral and magnetized particles
using Eq. (17).

In Fig. 6, we have graphically illustrated how the center-
of-mass energy depends on the radius without considering
the MOG interaction (in the top row) and with consider-
ing the MOG interaction (see the bottom row), respectively.
Just like the previous case, our graphical analysis revealed
a significant impact of the magnetic field on the center-of-
mass energy. We observed that in the case of neutral parti-
cle collision, more center-of-mass could be released as com-
pared to the collision of magnetized particles (for details, see
the two panels at the bottom). As a result, the parameters
β1 = β2 > 0, as well as α < 0, decrease, while the positive
interactions of α, on the other hand, contribute to the center
of mass energy. The MOG effect is found to have a significant

impact on the energy release rate and results in a substantial
increase in the center-of-mass energy.

5 Conclusion

Since the general relativistic magnetohydrodynamic simula-
tions demonstrate that the genuine magnetic field around the
BHs may have a very complex nature [73–75]. Thus, in our
present study, we used asymptotic uniform magnetic fields as
the primary model for the massive-scale BH magnetosphere
having an axial nature.

In this study, we have investigated the dynamics of test
particles possessing a magnetic dipole moment as they
orbit around rotating Kerr-MOG BHs embedded in exter-
nal asymptotically uniform magnetic fields within the frame-
work of STVG theory, a form of MOG theory.
We have derived the effective potential governing the circular
orbits of these magnetized particles, considering the com-
bined influence of both magnetic and STVG interactions.
Our examination has focused on analyzing the characteris-
tics of the ISCOs for these magnetized particles. Our find-
ings indicate that the STVG interaction is crucial, and the
magnetic interaction amplifies its impact on both the ISCO
radius and the angular momentum at ISCO. Additionally,
we have explored collisional scenarios involving magnetized
particles, identifying the maximum and minimum values for
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Fig. 6 Graphical illustration of the center-of-mass energy resulting from the collision of magnetized and neutral particles with identical initial
energy E1 = E2 = 1, without considering the MOG effect (top row) and taking into account the MOG interaction (bottom row)

angular momentum that allow particles to collide near the
BH horizon. Finally, we have conducted an analysis of the
center-of-mass energy for colliding magnetized particles in
the vicinity of the BH horizon. Some key aspects of our
results are:

– The magnetic field interaction considerably influences
the center-of-mass energy and diminishes it while the
MOG parameter α contributes to the center-of-mass
energy.

– In comparison with the absence of the MOG effect, in the
presence of the MOG effect, one can obtain much more
center-of-mass energy.

– We found that in the case of neutral particle collision, BH
releases more center-of-mass as compared to the collision
of magnetized particles (for details, see Fig. 6).

– Negative values of the gravitational field strength α < 0
decrease, whereas its positive interactions α, contribute
to the center-of-mass energy.

– The MOG effect is found to have a significant impact on
the energy release rate and results in a substantial increase
in the center-of-mass energy.
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