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Abstract Recently, the worldwide pulsar timing array(PTA)
collaborations, such as the Chinese Pulsar Timing Array
(CPTA), the European PulsarTiming Array (EPTA), the
North American Nanohertz Observatory for Gravitational
Waves (NANOGrav) and the Parkers Pulsar Timing Array
(PPTA) published the analysis of PTA data, which is con-
sistent with the Hellings–Downs curve, thus provides evi-
dence for the existence of stochastic gravitational wave back-
grounds (SGWB). In this paper, we will show that such
SGWB signal observed by PTA can be explained by the grav-
itational waves (GWs) induced from double-inflection-point
inflationary model in the framework of supergravity with a
single chiral superfield. In this model, one of the inflection
points leads to a large peak in the scalar power spectrum at
small scales, and when this peak re-enters the horizon, it will
induce GWs with the frequencies around nanohertz. In addi-
tion, we show that the high-density regions corresponding
to the peak can collapse into planet-mass primordial black
holes (PBHs), thus act as a component of dark matter (DM).

1 Introduction

Recently, the worldwide pulsar timing array(PTA) collabo-
rations, such as the Chinese Pulsar Timing Array (CPTA)
[1], the European Pulsar Timing Array (EPTA) [2,3], the
North American Nanohertz Observatory for Gravitational
Waves(NANOGrav) [4–6] and the Parkers Pulsar Timing
Array (PPTA) [7,8] published their results, announced that
a common-spectrum signal consistent with the Hellings–
Downs spatial correlations [9] has been observed, which
is strong evidence for a stochastic gravitational wave back-
grounds(SGWB).

a e-mail: tjgao@xidian.edu.cn (corresponding author)

The nanohertz gravitational wave (GW) signals may orig-
inate from the early universe, such as a slight first-order
phase transition after the end of double field inflation [10],
or the QCD phase transition after inflation [11,12],etc. The
GW signals can also be induced by scalar perturbations dur-
ing inflation, if the scalar power spectrum has a large peak
at low scales, when the peak re-enters the horizon, it will
induce GWs. Such enhancement of the power spectrum can
be achieved from the ultra-slow-roll phase during inflation
[13–17], or the framework of effective field theory [18], or
the non-standard kinetic terms in string theory [19]. In this
work, we will focus on the ultra-slow-roll phase near the
inflection point from supergravity models.

Although the inflation of the early universe has been con-
firmed by a large number of observations, such as WMAP
[20] and Planck collaboration [21], but the physical origin of
inflation is not clear. A feasible model building scheme is to
study the inflationary models in the framework of supergrav-
ity [22–28]. However, since the F-term potential of super-
gravity contains the exponential factor e|�|2 , which will make
the slow-roll parameter η extremely large and thus destroy
the slow roll condition, this is called the η problem [28].
One solution to this problem is to introduce additional chi-
ral superfields [29,30]. Another way is to use a single chi-
ral superfield, and add a quartic term in the Kähler potential
[31,32]. So in this work, we will consider a double-inflection-
point inflationary model realized in the framework of super-
gravity with a single chiral superfield.

In this model, the inflation starts near the inflection point
at high scales, and the predictions of inflationary dynamics
are consistent with the observations of Planck 2018 [21].
And the inflation will last about 20 e-folding numbers before
the inflaton reach the second inflection point at low scales.
Since the potential is extremely flat near the inflection point,
the inflaton will go through an ultra-slow-roll phase [33–
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36], which will cause a large peak in the power spectrum at
low scales, which is about seven orders of magnitude higher
than the CMB scale power spectrum. When the peak re-
enters the horizon, it will induce GWs with the frequency
around nanohertz, which can explain the observations of
PTA. In addition, when the large peak re-enters the hori-
zon, the high-density regions will collapse into primordial
black holes(PBHs) [37–42]. We estimate the abundance of
the PBHs, and show that it can be an important component
of dark matter.

The paper is organized as follows. In the next section,
we setup the double-inflection-point inflationary model in
the framework of supergravity. And discuss the inflationary
dynamics in Sect. 3. In Sect. 4, we estimate the energy spec-
trum of induce GWs, and calculate the abundance of PBHs
in Sect. 5. The last section is devoted to summary.

2 Double-inflection-point inflation from supergravity

In this section, we will construct an inflationary model with
double-inflection-point using single chiral superfield in the
framework of supergravity. Following Ref. [43], we consider
a Kähler potential of the form

K = ic(� − �̄) − 1

2
(� − �̄)2 − ζ

4
(� − �̄)4, (1)

with the two constants c and ζ are real. Such Kähler potential
satisfies the shift-symmetric � → �+C . The complex field
� can be decomposed into (φ + iχ)/

√
2, where the real

component φ is taken as the inflaton. The quartic term with
the parameter ζ sufficient large is introduced to stabilize the
field at 〈χ〉 � 0 during inflation.

In order to get a scalar potential which can generate an
approximate scale invariant spectrum at CMB scales and
induce GWs to explain the PTA signal simultaneously, we
consider a superpotential as below

W = a0(1 + a1e
−b1� + a2e

−b2� + a3e
−b3�), (2)

where ai and bi are real constants. Similar potentials with
the form of summation of exponential functions have been
studied in many works, such as the racetrack model [44–46]
or in other models [43]. Here we assume that the SUSY is
preserved in vacuum(The small breaking of SUSY in vacuum
can be obtained by extending the Kähler potential with a
nilpotent superfield, which have been studied in the previous
work [25]), which results in the limitation W = ∂�W = 0,
thus the parameters a1 and a2 can be represented by other
parameters as

a1 → b2 + a3b2 − a3b3

b1 − b2
, a2 → −b1 − a3b1 + a3b3

b1 − b2
. (3)

Fig. 1 The scalar potential for the parameter set (7)

Using the superpotential (2) and the Kähler potential (1),
we can obtain the scalar potential V (φ) by

V = eK/M2
P

[
D�i W (K−1)i j

∗
D�∗

j
W ∗ − 3M−2

P |W |2
]
, (4)

where D� is defined as

D�W = ∂�W + M−2
P (∂�K )W, (5)

and (K−1)i j
∗

is the inverse of the Kähler metric

Ki j∗ = ∂2K

∂�i∂�∗
j
. (6)

By choosing the appropriate parameter space, a scalar poten-
tial with double-inflection-points can be obtained from the
superpotential and Kähler potential above. In the following,
we will choose the parameter set below as an example

a0 = 7.695 × 10−6, a3 = 1 × 10−6, c = 2.755,

b1 = 3.5, b2 = 5.180104, b3 = −4.08. (7)

The corresponding scalar potential is shown in Fig. 1, which
contains double-inflection-point.

As we will see in the following discussion, the inflection
point at the low energy scales can leads to a large peak in the
scalar power spectrum.

3 Inflationary dynamics

In the theory of slow-roll inflation, it usually uses the scalar
potential V to define the slow-roll parameters. However,
since the potential around the inflection point is extremely
flat, when the inflaton meets the second inflection point at
low scales, it will go through an ultra-slow-roll phase [33–
36]. Therefore, when estimates the power spectrum, we will
use the slow-roll parameters defined by the Hubble parame-
ters [47–49],

εH = − Ḣ

H2 ,
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Fig. 2 The slow-roll parameters εH and ηH with respect to Ne

ηH = − Ḧ

2H Ḣ
= εH − 1

2

d ln εH

dNe
. (8)

In Fig. 2, we show the corresponding curves of εH and ηH

with respect to the e-folding numbers Ne.
As shown in the figure, near the inflection point, the slow-

roll parameter |ηH | is greater than 3, which will lead to an
ultra-slow-roll phase, and the corresponding curve of param-
eter εH has a huge valley last more than 30 e-folding numbers,
which will lead to a high peak in the power spectrum.

In order to estimate the power spectrum during the ultra-
slow-roll phase, we must strictly solve the Mukhanov–Sasaki
(MS) equation of mode function [50]

d2uk
dτ 2 +

(
k2 − 1

z

d2z

dτ 2

)
uk = 0, (9)

where τ is the conformal time and z ≡ a
H

dφ
dτ

. And then get
the power spectrum using

PR = k3

2π2

∣∣∣uk
z

∣∣∣
2

k	H. (10)

The numerical results with parameter set (7) are shown in
Fig. 3.

As can be seen from the figure, the ultra-slow-roll phase
near the inflection point causes a peak in the power spec-
trum at the low energy scales, which is about seven orders of
magnitude higher than the CMB scale spectrum. As we will
see below, when this peak re-enters the horizon, it induces
GWs with the frequency around nanohertz that can be used
to interpret the PTA data.

At the CMB scale, the numerical results shows that the
scalar spectral index ns = 1 − 4εH + 2ηH = 0.9629, the
tensor-to-scalar ratio r = 1 − 4εH + 2ηH = 0.0087, the
amplitude of the scalar perturbations ln(1010As) = 3.0441
and the e-folding numbers during inflation Ne = 52.8. The
results are all consistent with the constraints ns = 0.9649 ±
0.0042, r < 0.064 and ln(1010As) = 3.044 ± 0.014 from
Planck 2018 [21].

4 Gravitational waves induced by scalar perturbations

Since at second order, the tensor perturbations and the scalar
perturbations are coupled, so when the scalar perturbations
corresponding to the peak of the power spectrum re-enter
the horizon, it will induce second-order GWs which can be
observed [52–57].

In cosmological perturbation theory, the metric can be
expressed under conformal Newtonian gauge as

ds2 = −a2(1 + 2�)dη2

+a2
[
(1 − 2�)δi j + 1

2
hi j

]
dxidx j , (11)

where � is the scalar perturbations, and the tensor pertur-
bations hi j can be expanded into Fourier modes by taking
the polarization tensors e+

i j (k) and e×
i j (k) as an orthogonal

normalized basis

hi j (η, x)=
∫

d3k
(2π)3/2 e

ik·x [
h+
k (η)e+

i j (k)+h×
k (η)e×

i j (k)
]
.

(12)

Then the second order equation of motion of tensor modes
hk(η) can be written as

h′′
k(η) + 2Hh′

k(η) + k2hk(η) = Sk(η), (13)

where we have omitted the polarization index for simplicity.
And Sk(η) on the right-hand side of the equation is the source
term in the Fourier space, which is given by

Sk(η) = 4
∫

d3 p

(2π)3/2 ei j (k)pi p j

×
(

2�p�k−p + 4

3(1 + w)H2

(
� ′

p + H�p

)

×
(
� ′

k−p + H�k−p

) )
. (14)

Fig. 3 The numerical results of the primordial power spectrum of
scalar perturbations. And the upper bound is the μ-distortion for the
steepest growth k4 power spectrum [51]
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If the mode corresponds to the peak that re-enter the horizon
during the radiation dominated(RD) era, the equation of state
in the above is taken ω = 1/3, and the energy spectrum of
the GWs can be expressed in terms of the oscillation average
of tenser power spectrum as

�GW(η, k) = 1

24

(
k

H
)2

Ph(η, k). (15)

Using the Green’s function method, and sum the two polar-
ization modes of GWs, one finally gets the expression of the
GW energy spectrum as follows

�GW(η, k) = 1

12

∫ ∞

0
dv

∫ 1+v

|1−v|
du

×
(

4v2 − (
1 + v2 − u2

)2

4uv

)2

PR(ku)PR(kv)

×
(

3

4u3v3

)2 (
u2 + v2 − 3

)2

×
{[

−4uv + (
u2 + v2 − 3

)
ln

∣∣∣∣
3 − (u + v)2

3 − (u − v)2

∣∣∣∣
]2

+π2 (
u2 + v2 − 3

)2
�(u + v − √

3)

}
, (16)

where u ≡ |k − p|/k, v ≡ |p|/k and x ≡ kη are three
dimensionless variables [58].

Using the energy spectrum above produced in the RD
period, one can get the current spectrum �GW,0 using [54]

�GW,0 = 0.83

(
g∗,0

g∗,p

)−1/3

�r,0�GW, (17)

with the density fraction of radiation at the present time is
�r,0 � 9.1 × 10−5, and the effective degrees of freedom at
the present time is g∗,0 � 106.75, and when the peak mode
crosses the horizon is g∗,p � 10.75.

Combine expressions (16), (17) and the power spectrum
PR obtained in the previous section, we calculate the GW
energy spectrum at the present time numerically, and show
the result in Fig. 4, with the horizontal axis is the frequency

f ≈ 0.03 Hz
k

2 × 107 pc−1 . (18)

The expected sensitivity curves for some current and planned
detectors such as LISA, EPTA, etc. are also shown there
[59–64]. Recently, the worldwide PTA collaborations found
strong evidence for the existence of SGWB [1–8], and the
constraints of NANOGrav and EPTA are also shown in Fig. 4.

We can see that the frequency of the peak of GW spectrum
predicted by the model is around nanohertz, and the curves
can explain the PTA data.

5 Production of primordial black holes

When the peak of the power spectrum re-enters the horizon, if
the amplitude of fluctuations is significantly large, the high-
density region can cause gravitational collapse, thus, form
PBHs. Assuming that the mass of the resulting PBHs is pro-
portional to the horizon mass when re-entry, and it can be
approximately written as [65,66]

M = γ
4

3
πρH−3 � 10−13M


( γ

0.2

) ( g∗
106.75

)−1/6

×
(

k

4.9 × 1012 Mpc−1

)−2

, (19)

where γ is the parameter related to the details of gravitational
collapse, and we take γ ∼ 0.2 here [67].

Using the Press–Schechter model of gravitational col-
lapse, and assuming the density perturbations are Gaussian,
the proportion of the PBH mass to the overall energy density
during its formation period is given by

β(M) ≡ ρPBH (M)

ρtot
= 1

2
erfc

(
δc√

2σ 2(M)

)
, (20)

where we choose the threshold for collapse as δc � 0.45
[68,69], and σ 2(M) is the variance of the comoving density
perturbations, which is evaluated as

σ 2(M(k)) = 16

81

∫
d ln q (q/k)4PR(q)W (q/k)2, (21)

with the Gaussian window function W (x) = exp(−x2/2).
The present factional abundance of PBHs in the DM is [65,
70].

�PBH

�DM
=

∫
f (M)d ln M, (22)

with

f (M) �
(

β(M)

1.04 × 10−14

) ( γ

0.2

)3/2

×
( g∗

106.75

)−1/4
(

0.12

�DMh2

) (
M

10−13M


)−1/2

.

(23)

The numerical results of PBHs production show that in
the model the peak mass of the PBHs is Mpeak

PBHs = 3.288 ×
10−3M
, the corresponding abundance is �PBH/�DM =
1.960×10−3, which can be an important component of DM.
The corresponding results and the observational constraints
from Ref. [71] are shown in Fig. 5.

6 Summary

In this paper, we try to explain the PTA data in the frame-
work of supergravity using a single chiral superfield. Con-
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Fig. 4 The numerical results of the energy spectrum of GWs at the
present time predicted by the model. The expected sensitivity curves
for some current or planned detectors are also shown in the upper part

[59–64]. The orange region shows the data of EPTA [2,3] and the green
region shows the PTA data of NANOGrav [4,5]. The panel on the right
is a partial enlargement

Fig. 5 The abundance of PBHs. The curves in the upper part are the
observational constraints [71]

sidering a shift symmetry Kähler potential and an exponen-
tial superpotential with three terms, we obtain an inflation-
ary potential with double-inflection-point by choosing the
appropriate parameter space(In order to explain the observa-
tions, the model parameters need to be finely tuned. So if one
add higher order terms, although a similar double-inflection-
point potential can still be obtained, the parameter space
needs to be changed). In this model, the inflation starts near
the first inflection point, and the predictions at the CMB scale
are in agreement with Planck 2018. After a little more than
20 e-folding numbers, the inflaton reaches the second inflec-
tion point and undergoes an ultra-slow-roll phase, which will
results in a large peak in the power spectrum. When this peak
re-enters the horizon, it will induce gravitational waves with
the frequency around nanohertz, thus can explain the PTA
data. At the same time, the high-density regions correspond-
ing to the peak when re-entering the horizon will collapse
into planet-mass PBHs. The numerical results show that the
peak mass is about 3.288 × 10−3M
, and the corresponding
abundance is about 1.960×10−3, which can be an important
component of DM.
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