
Eur. Phys. J. C (2024) 84:93
https://doi.org/10.1140/epjc/s10052-024-12434-0

Regular Article - Theoretical Physics

Synchronize your chrono-brane: testing a variable brane tension
model with strong gravitational lensing

Tomás Verdugo1,a , Mario H. Amante2,b , Juan Magaña3,c , Miguel A. García-Aspeitia4,d ,
Alberto Hernández-Almada5,e , Verónica Motta6,f

1 Instituto de Astronomía, Observatorio Astronómico Nacional, Universidad Nacional Autónoma de México, Apartado postal 106, C.P. 22800
Ensenada, Mexico

2 Unidad Académica de Física Universidad Autónoma de Zacatecas, Calzada Solidaridad esquina con Paseo a la Bufa S/Nt, C.P. 98060 Zacatecas,
Mexico

3 Escuela de Ingeniería, Universidad Central de Chile, Avenida Francisco de Aguirre 0405, 171-0164 La Serena, Coquimbo, Chile
4 Depto. de Física y Matemáticas, Universidad Iberoamericana Ciudad de México, Prolongación Paseo de la Reforma 880, 01219 Mexico, Mexico
5 Facultad de Ingeniería, Universidad Autónoma de Querétaro, Centro Universitario Cerro de las Campanas, 76010 Santiago de Querétaro,

Mexico
6 Instituto de Física y Astronomía, Universidad de Valparaíso, Avda. Gran Bretaña, 1111 Valparaíso, Chile

Received: 25 June 2023 / Accepted: 11 January 2024 / Published online: 29 January 2024
© The Author(s) 2024

Abstract Brane world models have shown to be promis-
ing to understand the late cosmic acceleration, in particular
because such acceleration can be naturally derived, mimick-
ing the dark energy behaviour just with a five dimensional
geometry. In this paper we present a strong lensing joint
analysis using a compilation of early-type galaxies acting
as a lenses, united with the power of the well studied strong
lensing galaxy cluster Abell 1689. We use the strong lensing
constraints to investigate a brane model with variable brane
tension as a function of the redshift. In our joint analysis
we found a value n = 7.8+0.9

−0.5, for the exponent related to
the brane tension, showing that n deviates from a Cosmo-
logical Constant (CC) scenario (n=6). We obtain a value for
the deceleration parameter, q(z) today, q(0) = −1.2+0.6

−0.8,
and a transition redshift, zt = 0.60 ± 0.06 (when the Uni-
verse change from an decelerated phase to an accelerated
one). These results are in contrast with previous work that
favors CC scenario, nevertheless our lensing analysis is in
agreement with a formerly reported conclusion suggesting
that the variable brane tension model is able to source a late
cosmic acceleration without an extra fluid as in the standard
one.
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1 Introduction

The accelerated expansion of the universe is one of the most
profound conundrums in modern cosmology, being firstly
evidenced by Type Ia Supernovae [SnIa [1,2]] and confirmed
independently by measurements of the Cosmic Microwave
Background Radiation anisotropies [CMB, [3,4]], among
other observations [5]. Under the general relativity theory,
the cosmological constant (CC), arising from quantum vac-
uum fluctuations, is the simplest explanation as source of this
acceleration because it is consistent with several cosmologi-
cal tests [6–8]. Nevertheless, there is an inconsistency (∼ 120
orders in magnitude) between the theoretical estimation and
astrophysical observations, [see 9]. Besides, this CC hypoth-
esis does not offer an explanation of why the Universe is
accelerating today (z ∼ 0.7) but not in another cosmic epoch
[see 9,10].

Braneworld models are plausible alternatives to the prob-
lem of the accelerated expansion of the universe [11–19]. In
these models, our four dimensional observable Universe is
a brane embedded in a five dimensional bulk and the cos-
mic acceleration has a geometric nature. Some authors [20]
investigated a dark energy (DE) component in a braneworld
geometry with constant brane tension using several cosmo-
logical data. They found a tension on the constraints obtained
from low and high redshift data which suggests that the evi-
dence for the existence of a brane is not significant. Later
on, in a further study [21] (hereafter GA2018), it was shown
that it is possible to drive the late-time cosmic acceleration
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with a five-dimensional geometry without a DE component
by considering a variable brane tension (hereinafter, VBT)
modeled with a polynomial function; the authors called it
the chrono-brane model. By combining several cosmolog-
ical data, SNIa, CMB, baryon acoustic oscillations (BAO),
and observational Hubble data (OHD) and their joint anal-
ysis, they constrained the exponent of the VBT function as
n = 6.19 ± 0.12 which provides an extra term in the Fried-
mman equation acting as a CC component at cosmic late
times. Nevertheless, the VBT model should be investigated
at both galactic and galaxy cluster scales. The last are the
largest structures in the Universe and they provide insights
into the transition of the linear and non linear cosmological
perturbations, i.e. in the late dynamics of the Universe. Thus,
it is necessary to consider more cosmological data to shed
light on the properties of the VBT model at these scales.

In this work we extend that study using observations from
strong gravitational lensing at galaxy and galaxy clusters sys-
tem scales, which in the last decade have been considered
more frequently in cosmological parameter estimation [see
22–25, and references therein]. In particular cluster strong
lensing cosmography has been used in the past in a success-
fully way, but it requires high-quality data, for example spec-
troscopy to measure redshifts of multiple images. However,
using a galaxy cluster to constraint cosmological models has
its caveats, many systematic effects can affect an individ-
ual strong-lensing model, for example intrinsic degeneracies
in the models, mass components external to the cluster, or
line-of-sight perturbers [24]. As comment by these authors,
a possible solution is to perform a combined cosmographical
analysis using several clusters. In the present work we pro-
pose a different approach which consist in combining two
lensing constraints at different scales: the power of the well
known lensing galaxy cluster Abell 1689 [26], and the capa-
bility of early-type galaxies acting as lenses [27].

This paper is organized as follows. In Sect. 2, we present
the theoretical model. In Sect. 3, we summarize our data and
methodology. In Sect. 4, we describe our results, and we dis-
cuss them in Sect. 5. Finally, we present our conclusions and
remarks in Sect. 6.

2 Theoretical model

The theoretical model that we are going to constrain, namely
the VBT model or chrono-brane model [GA2018], is a func-
tion of the scale factor (redshift), i.e. λ(a) or λ(z). In particu-
lar, the authors propose a polynomial function for the brane
tension which is dominant in later times in the Universe evo-
lution, but subdominant in the early Universe. We refer the
reader to such work for a rigorous description, here we dis-
cuss briefly the theoretical framework. We start with the VBT

field equation as

Gμν − 8πGTμν = 1

λ

[
48πG�μν + 3

4πG
ξμν

]
, (1)

with

ξμν = U
(
uμuν + 1

3
εμν

)
+ Pμν, (2)

�μν = −1

4
TμαT

α
ν + 1

12
T α

α Tμν

+ 1

24
gμν[3TαβT

αβ − (T α
α )2]. (3)

where Gμν is the standard Einstein tensor, G is the Newton
gravitational constant, λ is the brane tension, ξμν is a non-
local Weyl tensor decomposed in its irreducible form which
also contains U as the non-local energy density, Pμν is the
non-local anisotropic stress tensor, uμ is the four-velocity
and εμν ≡ gμν + uμuν , being gμν the metric tensor associ-
ated. In addition, Tμν and T = T α

α are the standard energy-
momentum tensor and scalar respectively; finally �μν con-
tains a quadratic form of the energy-momentum tensor.

The corrective term that come from brane world is related
to the brane tension that is given by λ, which in this model is
not a constant. Therefore, the low energy limit is considered
when λ → ∞, where the traditional field equation of General
Relativity is recovered, and for λ → 0 the extra term play a
preponderant role. Finally, notice that in this case we do not
consider extra fields onto the bulk, neglecting those terms
that come from the non local tensor and only taking those
fields that live in the brane.

To study the brane cosmological dynamics, we consider
the standard homogeneous and isotropic line element of
Friedmann–Lemaître–Robertson–Walker (FLRW) for a flat
geometry,

ds2 = −dt2 + a(t)2(dr2 + r2d
2), (4)

where d
2 ≡ dθ2 + sin2 θdϕ2 is the solid angle in spher-
ical coordinates and a(t) is the scale factor. Moreover, the
energy–momentum tensor will be written as

Tμν = pgμν + (ρ + p)uμuν, (5)

where p and ρ are the pressure and density of the fluid respec-
tively. Therefore, if we introduce the previously defined line
element in Eq. (1) together with the perfect fluid energy-
momentum tensor (Eq. (5)), in the VBT model the Friedmann
equation can be written in terms of the redshift as

E(z)2 = 
0m(z + 1)3 + 
0r (z + 1)4

+ M
(z + 1)n

[
2
0m(z + 1)6 + 
2

0r (z + 1)8], (6)

where E(z) ≡ H(z)/H0, H0 is the Hubble constant, 
m0

is the density parameter for matter (baryons plus dark mat-
ter), 
0r is the density parameter for radiation, and M ≡
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3H2
0 /16πGλ0. The free parameters, related to the brane ten-

sion, λ0 and n are coupled through the equation λ(z) =
λ0(z + 1)n which is the polynomial function proposed in
GA2018, being z the redshift.

Since 
0r ∼ 10−5, the radiation terms in Eq. (6) can be
neglected when it does not dominate the Universe dynamics,
and the Friedmann equation reads as

E(z)2 = 
m0(z + 1)3 + M
2
m0(z + 1)6−n . (7)

An interesting solution is obtained when n = 6, because
the second term in Eq. (7) will be a constant given by the
term M
2

m0, acting as a cosmological constant. Thus, the
interpretation of the cosmological constant will be in the five
dimensional context. Additionally to this, we have the fol-
lowing expression: M = (1 − 
m0)


−2
m0, assuming z = 0

and the flatness condition.
Moreover, the expression for the deceleration parameter

reads

q(z)= 
m0

2E2(z)

{
(z+1)3+(4−n)M
m0(z+1)6−n

}
, (8)

where E(z) is given by Eq. (7).

3 Data and methodology

We constrain the cosmological parameters of the VBT model,
by combining for the first time the strong lensing effect pro-
duced by elliptical galaxies acting as a lens, and in the galaxy
cluster Abell 1689. Here we present a short description of the
methods detailed in the works of [26–28], and how we com-
bine both methodologies.

3.1 Strong lensing in elliptical galaxies

We use the compilation of early-type galaxies acting as
lenses presented by [27]. Their fiducial sample consists of
NSL = 143 strong lensing systems (SLS), with four mea-
sured properties: spectroscopically measured stellar velocity
dispersions σ , the Einstein radius θE , the lens redshift zl and
the source redshift zs .

We can constrain cosmological parameters following the
steps provided by [29] minimizing the chi square function
given as

χ2
Gal =

NSL∑
i=1

[
Dth (zl , zs;�Cos) − Dobs(θE , σ 2)

]2

(δDobs)2 , (9)

where we define the ratio of two angular diameter distances
D ≡ Dls/Ds . Thus, the theoretical ratio Dth is calculated
from Eq. (6), using the definition of angular diameter dis-
tance.1 On the other hand, through the observationally mea-

1 D(z) = c
H0(1+z)

∫ z
0

dz′
E(z′) .

sured properties, we get the observed counterpart Dobs , and
δDobs as the error propagation of the Dobs function. The
vector �Cos is formed by the parameters n and 
m .

3.2 Strong lensing in Abell 1689 galaxy cluster

While different galaxy clusters have been used to test cos-
mology [e.g., 24,30], galaxy cluster Abell 1689 (A 1689) at
z=0.184, is still competitive to perform cosmological con-
straints, and it is a widely studied cluster [see 31]. A 1689 is
modeled as a bi-modal mass distribution, with one central,
dominant large-scale potential hosting the brightest cluster
galaxy (BCG) at its centre [see 32]. A second large-scale
potential is located at the north-east of the cluster. Addition-
ally, the model includes the galaxy scale dark matter haloes
associated with 58 cluster members.

Following [26], to reconstruct the A1689 mass model and
simultaneously constrain the cosmological parameters of the
VBT cosmology we use the ’family ratio’ which is defined
as the angular diameter distance ratios of two images from
different sources. In particular, we use the same image cat-
alog of [26], which contains 28 images from N f = 12 fam-
ilies, all with measured spectroscopic redshifts in the range
1.15 < zs < 4.86. For the present work, we adopt an error
�2 = 0.5” in the position of the images [see 23], and the
models are evaluated and optimized in the image plane.

In this case, the χ2 for a multiple image system i is defined
as

χ2
i =

ni∑
j=1

∣∣∣x j
obs − x j (�W)

∣∣∣2

�2 , (10)

where ni is the number of multiple images for the source i ,
x j

obs is the observed position corresponding to image j , and
x j (�W) is the position of image j predicted by the current
model, whose total parameters, i.e. the cosmological param-
eters and the cluster parameters (see below) are included in

the vector �W. Thus, χ2
Clu = ∑N f

1 χ2
i , is the total chi square

function in this case.

3.3 Combining data sets

The probability distribution function of the model parame-
ters is computed via LENSTOOL2 code. This code uses a
Bayesian Monte Carlo Markov chain algorithm to search for
the most likely parameters in the modeling, and it has been
used in a large number of clusters studies, and characterized
in [33]. For the present work we have incorporated a routine
into LENSTOOL in order to compute the likelihood for the

2 Publicly available at: https://git-cral.univ-lyon1.fr/lenstool/lenstool
LENSTOOL/.
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Table 1 Mean values for the model parameters, 
m0 and n, derived from each data set and the joint analysis. ρc is the standard critical density of
the Universe

Data set χ2
min χ2

red 
m0 n λ0/ρc

SLS 245.8 1.7 0.28+0.016
−0.017 7.9+0.9

−0.7 0.055+0.008
−0.007

Abell 1689 30.4 2.8 0.31 ± 0.017 8.0+1.5
−0.8 0.070+0.010

−0.008

Joint 282 1.8 0.28+0.016
−0.018 7.8+0.9

−0.5 0.056+0.008
−0.007

galactic systems in combination with the reconstruction of
the mass model for A1689.

Considering the Gaussian likelihood L ∝ e−χ2
Tot/2, the

total χ2 reads

χ2
Tot = χ2

Gal + χ2
Clu, (11)

being χ2
Tot the chi-square function constructed using the two

complementary approaches regarding strong lensing mea-
surements.

In our calculations we have assumed a 3σ Gaussian
prior in the 
m0 = 0.311 ± 0.0056 parameter accord-
ing to the observations from Planck [34], and we fix the
h = 0.7403 ± 0.0142 parameter (due to its independence
with the present method) to the value reported by [35] using
a model independent approach. We also assume a uniform
prior for the n parameter within the 0 < n < 10 region.

In addition to the cosmological parameters, for A 1689 we
have 19 parameters to be fit: the six parameters (the spatial
coordinates x , y; the ellipticity, e; angle position, θ ; rcore, and
the velocity dispersion, σ ) for each of the main and secondary
clumps, five parameters (x , y, rcore, rcut, σ0) for the dominant
BCG in the main clump, and two parameters (r∗

cut, σ
∗
0 ) for the

galaxy-scale clumps. The uniform priors in the parameters
were set defining regions around the best values reported
by [26,32], however we check that the boundaries were not
reached.

4 Results

Table 1 presents the mean values for 
m0 and n parameters
for the two data sets discussed in this work as well as those
for the joint analysis. In the Fig. 1 we show the PDFs and the
contours for these parameters. Note that strong lensing obser-
vations at different scales (galaxy cluster and galaxies) are
consistent at 1σ between both data sets. Although the result
of our joint model deviates more than 3-σ from those reported
in the joint model of GA2018, this trend of larger values for n
it is also obtained with other astrophysical data sets, e.g. with
H(z) or baryon acoustic oscillations (BAO) measurements
[GA2018]. The mean value n = 7.8+0.9

−0.5 points towards a

model that departs from �CDM, with λ(z) = λ0(1+z)7.8+0.9
−0.5 ,

we have a term in the Friedmman equation that takes the role

Fig. 1 1D marginalized posterior distributions and the 2D confidence
contours (1σ, 2σ, 3σ ) for the 
m0 and n parameters of the VBT model
for early-type galaxies (red) and galaxy cluster Abell 1689 (dark-blue)
assuming a Gaussian prior on 
m0 parameter. The star indicates the
mean value for the joint, and the triangle the mean value reported by
GA2018

of a DE component at cosmic late times. Furthermore, this
extra dimension VBT model with the joint constraints can
explain the mass distribution in the galaxy cluster A1689
and their strong lensing features without the existence of
dark energy fluid.

One of the advantages of using lensing cosmography,
when compared with other standard probes, is the indepen-
dence of the method with respect to the Hubble constant H0.
Thus, it is interesting to compare how the Hubble parameter
is recovered by employing the results of our lensing fit. Using
the result of the joint analysis we construct the function H(z)
and we compare it with the observational Hubble data mea-
sured using only differential age method compiled by [[36],
also see [37]]. The comparison is depicted in the top panel of
Fig. 2. As before, we note that it is not consistent with a CC
model. In the bottom panel of Fig. 2 we show the reconstruc-
tion of the deceleration parameter q(z) for the joint analysis.
We obtain that the Universe change from a decelerated phase
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Fig. 2 Comparison between the theoretical model and H(z) data (top
panel) and the reconstructed q(z) (bottom panel) using the results of
the joint analysis constraints. The �CDM dynamics is plotted for com-
parison

to an accelerated one at zt = 0.60 ± 0.06, and deviates from
CC, with q(0) = −1.2+0.6

−0.8 at z = 0.
The Fig. 3 illustrates the λ0/ρc − n confidence contours

(1σ, 2σ, 3σ, 4σ , and 5σ ) for the joint analysis; where ρc
is the critical density of the Universe. For comparison, we
show the mean values obtained from H(z) measurements,
BAO, CMB, SNIa data, and the joint reported by GA2018.
Note the clear deviation from �CDM, on each data set
viewed independently. On one hand, the departure from
n = 6 in our joint analysis it is not surprising, since it is
expected when using lensing as a cosmological test, both,
at galaxy scale [27,38] and using a galaxy cluster [24,30].
On the other hand, it is interesting that three mean val-
ues from independent cosmological constraints, falls inside
the 2σ region obtained from our joint analysis (see Fig. 3).
By considering ρc = 8.070 × 10−11h2 eV4, we estimate
λ0 ≈ 2.51+0.38

−0.33 × 10−12eV4 which is consistent with a ten-
sion compatible with the variable tension model where the
brane terms does not affect the early physics, such as Nucle-
osynthesis among others, and produce a late time acceleration
according to the observations. Our results are also consistent
with the expected value for the CC energy density which is
ρ < 10−10eV4. In our case, the brane tension mimics the CC

Fig. 3 The confidence contours (1σ, 2σ, 3σ, 4σ , and 5σ ) for the λ0/ρc
and n parameters of the VBT model from the joint analysis. The star
indicates the mean value for the joint of the present work. The square,
diamond, pentagon, plus, and triangle markers represent the mean val-
ues obtained from H(z), BAO, CMB, SNIa data, and the joint reported
by GA2018 respectively. The horizontal line represents n = 6, i.e., a
model with CC

behavior and the value of its energy density coincide with the
expected value of the CC.

5 Discussion

In the study by GA2018, they reported a VBT expression
with λ(z) = λ0(1 + z)6.2±0.12, proposing a brane that
mimics dark energy dynamics and consistent with CC. In
our current investigation, the strong lensing data provide

λ(z) = λ0(1 + z)7.8+0.9
−0.5 , suggesting that the cosmic accel-

eration may be driven by a phantom dark energy-like. It is
important to note that this effect stems from the dynamics of
extra dimensions rather than a fluid with an equation of state
(EoS) characterized by w < −1. Additionally, in the present
work, the observed deviation of the deceleration parameter
from its expected value in the CC cosmology, at z = 0, is note-
worthy. The deceleration parameter q(z = 0) = −1.2+0.6

−0.8,
and signals the potential influence of a phantom dark energy-
like component which contributes to an acceleration of the
Universe beyond what is conventionally anticipated in the
CC model.

To look deeper into the preceding paragraph, we can write
the Friedmann equation under our constraints,

E(z)2 = 
m0(z + 1)3 + M
m0(z + 1)−1.8, (12)
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thus, it is possible to notice that in the future, z → −1,
E(z)2 → ∞ (Big Rip), due to the second term in the right
side of Eq. (12), suggesting the presence of a phantom DE.
In this context, it is important to emphasize that observations
do not rule out phantom models in this context [34,39,40].

Moreover, we can write the effective EoS from [GA2018]
as

we f f (z) = 2q − 1

3[1 + 2
m0M(z + 1)3−n]
+
m0M(z + 1)3−n[2q − (4 − n)]

3[1 + 2
m0M(z + 1)3−n] , (13)

having for z = 0 we f f 
 0.013 a dust fluid, however the
acceleration is maintained because the condition

wacc < −1 + 
moM(4 − n)

3[1 + 2
m0M] , (14)

is satisfied, since the EoS for acceleration demands wacc <

0.47 at z = 0.
When we compare ourn constraints from the joint analysis

of strong lensing features with the previous one by GA2018,
we have a tension of �n ≈ 2.25σ that can be appreciated in
Fig. 3. Note that this can be written in terms of the parameter
λ0 as �λ0 ≈ 0.8σ and hence a tension of ∼ 3σ in the λ0/ρc-
n parameter space (see Fig. 3). For the 
m0 parameter, the
tension between the two works is �
m0 ≈ 1.59σ .

To highlight the differences among the joint constraints,
we calculated a combined set of constraints on the parameters
n and 
m0. This was achieved by multiplying the probability
distribution functions of the two works under consideration:
the joint analysis conducted by GA2018 and our own joint
analysis presented in this paper (see Fig. 4). Note that there
is a slight tension at the 2σ confidence level. The disparities
in the VBT (
m0, n) parameters from both joint analyses
could be attributed to various factors, such as errors in the
Einstein radius in the SLS, image-positional errors in the
strong lensing features in A1689, among others [see 23,27].
It is also worth noting that the joint constraints by GA2018
are influenced by CMB data, and the conflict between early
and late data emerges when we examine the data individually.
To shed some light on this, we calculate the Figure-of-Merit
(FoM, see [23] and references therein). This tool allows us to
assess the quality of constraints from different datasets and
is calculated as

FoM = 1√
det cov(p1, p2, p3, ...)

(15)

where cov(p1, p2, p3, ...) is the covariance matrix of the pi
parameters. Larger FoM values imply stronger bounds on the
parameters, as they correspond to smaller error ellipses. By
choosing the 
m0 and n parameters, we obtain the following
FoM values: 24.30, 29.92, 130.02, 672.22, 75.91, 56.29 for
OHD, SNIa, BAO, CMB, SLS, and A1689 data, respectively.
Note that the constraints of this work are stronger than those

Fig. 4 Comparison of confidence contours (1σ , and 2σ ) for 
m0 and
n parameters. Blue contours from the Joint analysis of this work. Gray
contours from the joint analysis by GA2018. The purple contours rep-
resents the joint analysis of the joints (see text)

obtained from OHD and SNIa but weaker than those from
BAO and CMB data.

Finally, it is important to bear in mind that the tech-
nique presented in this work is complementary to that of
GA2018. This approach could assist in breaking the degener-
acy between VBT parameters, obtaining stronger constraints,
and determining whether this model could account for the late
cosmic acceleration.

6 Conclusions and remarks

In this paper we propose a new approach combining for
the first time two lensing data sets at different scales: the
constraints provided by A1689 galaxy cluster and those that
come from early-type galaxies acting as lenses. In order to
test the capability of the method we study the VBT (chrono-
brane) model. This model is capable of reproducing a late
cosmic acceleration in a five dimensional scenario, without
assuming an extra fluid as in the standard one, and has been
study previously using different data sets. However, in the
present work, we use a different methodology which is inde-
pendent of H0, avoiding the problem of H0 tension presented
in other measurements [35,41].

We found that the joint strong lensing analysis provides,
within the errors, similar values of the parameters related to
the brane tension, as those reported previously by GA2018
using different observational data sets. This demonstrate that
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our method can be used to constrain cosmological parameters
as a complement to other standard probes. We found that
n = 7.8+0.9

−0.5, which shows that it deviates from a CC scenario
(n = 6) in the joint analysis at 3 σ . This result is in contrast
with the one reported by GA2018, because in the present
work, we found an indication of a DE that evolves as ∼ (z+
1)−1.8 with an origin of extra dimensions. Additionally, the
DE expression has a singularity in z = −1 which represents a
Big Rip in a finite value of z. This behavior is representative
of a Phantom DE normally driven by a scalar field with a
negative kinetic energy [42].

However, our lensing analysis is in agreement with
GA2018 in the sense that the VBT scenario is able to source
a late cosmic acceleration without an extra fluid, the five
dimensional geometry naturally produced it cosmic feature
considering a brane with variable tension embedded in an
extra dimension called the bulk. Thus, the VBT (chrono-
brane) scenario is a promising alternative to the problem of
the accelerated expansion of the Universe without consider-
ing extra fields like the cosmological constant.

In a future study it is necessary to implement a coupling of
the variable brane tension with the equation of state in order to
have a more general brane-world model. Besides, as the VBT
(chrono-brane) has shown to be consistent with different
observations at different scales, it should be investigated at
perturbative level. These further studies could be performed
using the lensing data presented here joined with other data
sets, as observational Hubble data, Type Ia Supernovae, BAO,
and CMB data. Moreover, our method has demonstrated to
be competitive with those cosmological probes. In the com-
ing years, high-quality imaging and spectroscopic data will
be obtained from different astronomical facilities and sur-
veys, driven remarkable progress in strong lensing modeling
of galaxy clusters [e.g. 43], and producing the discovery of
thousands of galaxy-scale lensing system [44,45]. The inclu-
sion of strong lensing systems along with other astrophysical
observations will allow a more robust analysis to comprehend
the dark sectors of the Universe.
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