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Abstract Here, we study the generalized second law (GSL)
of thermodynamics in the framework of massive gravity. To
do this, we consider a FRW universe filled only with mat-
ter and enclosed by the apparent horizon. In addition, we
consider two models including generalized massive gravity
(GMQG) as well as dRGT massive gravity on de Sitter. For
both models, we first study the dynamics of background cos-
mology and then explore the validity of GSL. We conclude
that for the selected values of model parameters the GSL is
respected.

1 Introduction

Recent observational data from the type la supernovae
(SNela) [1,2], cosmic microwave background radiation [3,4]
and large-scale structure [5,6] provide ample evidence that
the current universe is expanding rapidly, and the reason
for this acceleration is still unknown. A group of cosmolo-
gists has tried to include the justification for this acceleration
through a strange substance called dark energy into the stan-
dard cosmology. Another group of cosmologists believes in
generalized gravity theories. These generalized theories are
thought to be gravitational substitutes for dark energy as well
as dark matter.

One of the generalized theories of general relativity in the
scope of field theory, describing the nonlinear interactions
of a spin-2 massive field, is the theory of massive gravity
[7-29]. Firstly, Fierz and Pauli in 1939 described an action
of a free-massive graviton with a second degree mass term
[10]. In addition, in 1970, Van Dam, Veltman and Zakharov
discovered that the predictions of linear theory differ from
the results of linear general relativity in the limit of zero
mass of the graviton. This difference is known as the vDVZ
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discontinuity [11,12]. The vDVZ discontinuity in 1972 was
rectified by Vainstein, who showed that supplementing the
non-interacting Fizir—Pauli theory with a non-linear interac-
tion theory could give rise to smooth this limit [13,14].

In 1972, Boulware and Deser studied some completely
non-linear massive gravity theories and showed that there is
a ghost instability in them. Although the linear theory has 5
degrees of freedom, it was found that their investigated non-
linear theories have 6 degrees of freedom. The extra degree
of freedom around non-flat background manifests itself as a
scalar field with a kinetic energy that has the wrong sign. This
scalar is known as the Boulware—Deser (BD) ghost [15].

Thereafter, in 2011, de Rham, Gabadadze and Tolley
(dRGT) founded the dRGT theory, which is free from the
sixth extra mode and the BD ghost [16,17]. This theory has
no closed and flat FRW cosmological solutions. The graviton
mass in the open solution, produces an effective cosmologi-
cal constant. If one consider the graviton mass of the order of
the current Hubble constant, the effective cosmological con-
stant of massive gravity can justify the current accelerated
expansion.

Besides, there are different generalizations of massive
gravity such as GMG theory [18-20], and dRGT massive
gravity on de Sitter spacetime [21-23]. The GMG model
is a generalized version of the constant mass dRGT theory
in which a slowly varying time dependent mass function is
considered for the graviton. This yields the background to
remain stable for the allowed region of the parameter space,
unlike the standard dRGT model [18]. Even with a small
change in the model parameters, the strong coupling issue in
the dRGT theory becomes more manageable [19]. In dRGT
massive gravity on de Sitter, the secondary Minkowski met-
ric is replaced by the de Sitter one. This results the model
to have a flat cosmological solution in addition to the open
solution in ordinary dRGT [21-23]. Gumrukcuoglu, Lin, and
Mukohyama [24] have derived a de Sitter solution with an
effective cosmological constant proportional to the mass of
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the graviton in the dRGT model of massive gravity. The same
solution was then obtained for a spatially flat universe in [25].
In [26], it was shown that for the specific values of dRGT
model parameters, the solution also exists for a universe with
arbitrary spatial curvature. Furthermore, in [27], inflation has
been studied in the dRGT massive gravity framework. In [28],
the background dynamics and the growth of matter perturba-
tions in the extended quasidilaton setup of massive gravity
have been investigated. Additionally, in [29], based on an
objective model of massive gravity, the linear growth of mat-
ter fluctuations has been studied.

One of another subjects of interest in the cosmology is
study of validity of the generalized second law (GSL) of
thermodynamics in the accelerating universe. The GSL like
the first law of thermodynamics is an accepted law in physics.
According to the GSL, the total entropy of the universe
including matter and the entropy of horizon should not be
reduced over time. The GSL of thermodynamics has been
studied in different theories of gravity [30-36]. The GSL
was first formulated by Bekenstein in 1973 for black holes.
With the studies done, it was found that the ordinary second
law of thermodynamics is violated for black holes. To pre-
vent this violation, the entropy of horizon should be added to
the entropy of matter and this is called the generalized second
law of thermodynamics. According to that the total entropy
of black hole and entropy of the black hole horizon cannot
be decreased by increasing the time.

All mentioned in above motivate us to study the GSL
of thermodynamics in massive gravity. To this aim, within
the framework of massive gravity we consider two models
including GMG as well as dRGT on de Sitter and explore
the validity of GSL for both of them. The rest of paper is
organized as follows: Sect.2 is devoted to universal thermo-
dynamics in modified gravity. In Sects. 3 and 4, the dynamics
of background cosmology and validity of GSL are investi-
gated for the GMG and dRGT on de Sitter models, respec-
tively. At last, the results of our study are summarized in
Sect. 5.

2 Universal thermodynamics

For a universe filled with matter and enclosed by the horizon,
the GSL is as follows [37,38]

Stot = Sa + Sw = 0, M
wherein S4 and S, denote the horizon and matter entropy,
respectively. Also the dot indicates derivative with respect to
the cosmic time. To determine S4 one can use the Clausius

relation as

8304 =TadSs = —dE,, (2)

@ Springer

where E,4 is the energy flow across the horizon, and Ty
implies the apparent horizon temperature defined as

Ty =—— (1 Ry 3)
A7 2rRa 2HR, )"

Here H = a/a is the Hubble parameter, a is the scale factor
for expanding universe, and the radius of the apparent horizon
R 4 is as follows

1
JH + &

in which k is the spatial curvature. Additionally, the entropy
of matter is obtained by the Gibbs equation as follows [39]

Ra = “

deSm = dEm + Pde, (5)

in which E,, = p,,V is the total energy of the matter inside
the horizon, p,, is the matter pressure, V = %n Ri is the
volume of the universe and 7}, is the matter temperature.

In most generalized gravity theories, the Friedmann equa-
tions governing the FRW universe can be written as

k 87 G
2 _
H" + =3 P (6)
. k
H — o =4 G(pr + p1), @)

wherein p;, = p,+ppE and p; = p,,+ pp indicate the total
energy density and pressure. Here (p,,, p,) are related to the
distribution of matter and (popg,ppE) can be considered as
effective density and pressure of dark energy.

Applying the Clausius relation § Q 4 = T4d S4, the appar-
ent horizon entropy is computed as follows [40]

S1.= 56— 87 [ HE oz + poryar, ®)
in which A = 471Ri denotes the horizon area. Equation
(8) shows that the apparent horizon entropy is the standard
Bekenstein entropy with a modified term (in integral form).

From Egs. (3), (5) and using 0, + 3H (0 + pm) = O,
the entropy of matter inside the universe can be computed as
follows

TaSn =47 RS (o + pu)| Ba — HR4 . ©)

where we have assumed the horizon and fluid temperature
are equivalent to each other 7,, = Tj4.

From Eq. (8) one can calculate the entropy of the apparent
horizon as

L, R4
27TRA ZHRA

|:27TRARA
X —
G

TASA =

— 872 HR (opE + pDE)} . (10)
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Using Eqgs. (4) and (7), the time derivative of the apparent
horizon radius is obtained as follows

Ry= —HE} (H - %)
a
= 4w GHR}[pm + pm + (pDE + PDE)]- (10

Replacing Eq. (11) into (9) and (10) one can get
TuS, = 167>GHR(om + pm)

X[pm + pm + (pDE + PDE)]

—4m HR} (o + Pm) - (12)
TaSa = 4T HR3 (pm + pm)

~87°GH R (pm + pm)

*[pm + pm + (opE + PDE)]- (13)
Adding Egs. (12) and (13), the GSL of thermodynamics in
modified gravity can be obtained as
TaSior = TaSa + TaSy = 872 GHR (o + pm)

X[om + Pm + (pDE + PDE)]- (14)
Note that in the Einstein gravity, where S4 = ﬁ from Eq.

(8) we have ppr + ppe = 0 and consequently, Eq. (14)
reduces to

TaSiot = 872G HR (om + pm)* > 0, (15)

which shows that the GSL is always respected in the Einstein
gravity [41].

In the next sections, within the framework of massive
gravity, we consider the two models including the GMG and
dRGT on de Sitter and examine the validity of the GSL for
both models.

3 Generalized massive gravity

The action of GMG model including the Einstein—Hilbert
action and the generalized dRGT takes the form [42]

S = M%/d“xa/—g

4
x [§ +m22an<¢“¢a>0n[m} + S, (16)

n=0

in which Mp = 1/+4/87 G is the reduced Planck mass, g is
determinant of the metric tensor, R is the Ricci scalar, m is
the graviton mass and S, is the action of matter. Also the free
parameters o, (¢p“¢,) are functions of the Lorentz invariant
term 1,5¢%$” in which ¢ is the Stiickelberg field.

Also the functions U, in the action (16) denote the dRGT
potential terms which are defined as

Uo(K) =1,

U1 (K) = (K],
1
U2(K) = 5([1612 — K%,

1
Us(K) = 5([1613 — 3[KIIK] + 2[K%)),

1
Us(K) = E([K]“ — 6[KCIP K]
+ 81T + 3[K%1% — 6[K*)), (17)

where the square brackets denote the trace operation on the
tensor K defined as

Kt =8t — (g ' ). (18)

v

Also f,, is the fiducial metric which is defined in terms of
four Stiickelberg fields ¢“ as f,, = 140,60 3,0,
Here, we consider an open FRW background as

guvdx"dx’ = —dt* + a(t)*Q;dx'dx’ (19)
which €;; is the spatial metric given by
Qijdx'dx! = dx* +dy? + d7*
 k(xdx + ydy + zdz)?
L+ k(x2+y2+22)
and k = |K| = —K is the negative absolute value of the
constant spatial curvature.
For the above background, the configuration of the Stiick-

elberg field corresponding to the conditions of homogeneity
and isotropy takes the form [19,43]

(20)

80 = FO1+kG2 +92 +22),

o' = f(OVkx,
¢ = fVky,
¢* = f)Wkz, 1)

where the field configuration (21) satisfy the relation ¢, =
— (0

Using Eq. (21), the fiducial metric fj,, = 17453,,$“,¢"
corresponding to the Minkowski spacetime 17,5 in an open
universe reads

fuvdxtdx” = — f(O)%dr?® + kf (1)*Q;dx"dx, (22)

where f(¢) is the Stiickelberg field function.
For the matter part, we consider the energy-momentum
tensor of the perfect fluid as

T/w = PpmUyty + pm(g/w + IAMMU), (23)

where u,, is the four velocity field. In what follows, we con-
sider the pressureless matter (p,, = 0) throughout the paper.
Therefore, the continuity relation p,, +3 H p,, = 0 governing

the pressureless matter yields p,, = pmoa_3.

@ Springer
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Varying the action (16) with respect to the physical metric
&uv» Eq. (19), one can get the modified Friedmann equations

k
3(H2——2> —m’L+ 2, (24)
a M3
: k 2 Pm
2<H+a—2> —m J(r—l)é—M—%, (25)

where

L=—ap+ (B —da; — 3 — 1)(E —2)az
+ (& — DX(E — Doz + (¢ — Dy,
J=o1+ G —28a

+ (& — DE =Dz + (€ — D3ay, (26)
and
Vkf af
= , = . 27
& P r N 27

Taking variation of the action (16) in terms of the fiducial
metric f},,, Eq. (22), one can obtain the background Stiick-
elberg equation

3HJ (r— 1) —L=0. (28)

Following [18,19] for the minimal model of GMG, the func-
tions « take the forms

@0(¢“¢a) = a1 (¢ ¢pa) = O,

@0 (¢¢a) = 1+ m*as ¢ b,

a3 (9% da) = a3,

24(¢da) = s, (29)

where oz%, a3 and a4 are the free model parameters.
Using the following dimensionless parameters

m = Hyu,
H = Hyh,
k= a%HngO,
o = 10_‘2‘Q’
n
o = 3aHI M3 Qmo’ @0)

a3

and with the help of Eq. (27), the first Friedmann equation
(24) and the Stiickelberg equation (28) can be recasted in the
following form

2 B\ o3 —DE D0 0a%E? — aj )
’ o s azQ
0>%ko

3a3Qm
+a3<s—1>2(s—4>+a4(s—1>3]= “‘23 56D
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—4 252
3<h_ Qkoa0) [(3_29 (1_ 10 2Qas )
a ag 2,

a3 —3)(E — 1) +aq(€ — 1%}

_ 6(107*Q)a(t —2)(& — )&

(32)
ao+/ S,

The evolution of 4 and & can be determined by solving the
above equations. Using the Stiickelberg equation (32), we
obtain a solution for /. Replacing this into the first Friedmann
equation (31) yields a tenth order polynomial equation for &
and to select the physical solution with positive real values,
we compare the roots of the equation to the value of §grgT =
2.80902 at early times. The results are shown in Fig. 1.

Figure 1 shows that: (i) with decreasing Q, § H/H goes to
zero and the GMG model behaves like ACDM one. (ii) For a
given z when 24, increases, both |6 H/H | and £ (z) increase.
(iii) For a given z, when Q decreases, £(z) increases and
goes to EgrgT = 2.80902. This shows that the GMG model
for O — 0 recovers the result of standard dRGT massive
gravity.

In the next, comparing the Friedmann Eqgs. (24) and (25),
respectively, with Egs. (6) and (7) one can obtain

ppE = Mpm®L, (33)
PpE + ppE = —Mpm*J (r — 1)E. (34)

Using Eqgs. (33) and (34), the effective equation of state
parameter of dark energy can be written as follows
PDE

J(@r — 1)
wpg=—=—1——""".

PDE L (33)

From Eq. (27), the quantity r can be expressed in terms of
H and & as

a £
-4 ). 6
= (143 0

With the help of Egs. (29) and (30) and using ¢%¢, =
— £ (1), the dimensionless parameter o takes the form
() = 1 — L HE F )2, (37)
104
Note that the parameter oy shows the departure of GMG
model from the dRGT one and for the case of Q — 0 we
have oo = 1 and consequently the GMG model reduces to
the standard dRGT massive gravity as shown in Fig. 1.
From Eq. (33) and using Egs. (26), (27), (30), (37), the
effective density parameter of dark energy arising from the
mass term in the GMG model can be obtained as follows

_ PDE M2

Qpp=-—12E_ _ P
PEZ 3m2E? T k2
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Fig. 1 Evolutions of the fractional deviation of the Hubble parameter

%" = H;Hw in GMG model from ACDM as well as the quantity
ACDM

&(z) for different values of Q (with fixed Q;, = 3 x 10~3)and Qp, (with

2
M
=21

X |:0l3($ —1)(E —4) +aaE —1)?

Q%-ZaZ
+3¢ - 2) (—mmkoag - 1)] ,

where we have used o9p = a1 = 0 from Eq. (29). Here,
the value of i parameter can be determined by applying the
constraint Q, + 2,,, + QpEg, = 1 at the present time.
With the help of results of 4 and £ obtained from numeri-
cal solving of Egs. (31) and (32), one can get the evolutions of
wpE, 2pE, Qm = Qmoa_3/h2 and the deceleration param-
eter g(z) = —1 — H/H? versus the redshift z = ’Z—" — 1 for
different set of model parameters. The results are illustrated
in Fig. 2 which shows that (i) the equation of state param-
eter of GMG model behaves like phantom dark energy, i.e.
wpg < —1, for different Q and £24,. (ii) For the case of

(3%)

0.00
-0.01
— Qy=2%1073
0H —0.02 — Q=310
H — Qy=4%1073
—0.03 — yy=5+107
— ﬂk0=6=s<10_3
-0.04
0 1 2 3 4
Z
(b)
2.8F"
2.6
— Oyo=2%10"3
— Qy=3%10"3
£(z) 2.4 =
— =4x10"3
— Qy=5%1073
2.2 — Oyo=6x10"3
2.0k .
0 1 2 3 4
z

(d)

fixed Q = 1). Auxiliary parameters are 2,,, = 0.3, 3 = 0 and oy =
0.8 [19]. Here Hacpm = Hov/Qumy (1 +2)3 + Qu, (1 + 2)2 + Q4

QO — Owehave wprg — —1 and the model behaves like the
ACDM one. (iii) The density parameter of matter €2, and
dark energy Q2pg start, respectively, from 1 and zero and
then tend to their values at the present time. (iv) The deceler-
ation parameter ¢ (z) begins from matter dominated universe,
i.e. ¢ = 0.5, and then shows a transition from decelerating
(g > 0) to accelerating (¢ < 0) universe in the recent past.
(v) Both ©(z) and ¢ (z) for Q — 0 behave like the ACDM
model.

3.1 Generalized second law of thermodynamic in GMG
model

Here, we are interested in examining the validity of GSL of
thermodynamics for the GMG model. To do this, we first
replace Eq. (34) into (12) and (13) to obtain evolutions of
the pressureless matter entropy T4 S, (with p,, = 0) and
entropy of the apparent horizon T4 S4 as

@ Springer
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(e)
Fig. 2 Variations of the equation of state parameter of dark energy

wpE, the density parameters (£2,,, Q2 pg) and the deceleration parame-
ter g (z) versus the redshift z for GMG model with different values of

@ Springer
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O (with fixed €, =3 x 1073) and Ry, (with fixed Q = 1). Auxiliary
parameters are $2,,, = 0.3, o3 = 0 and oy = 0.8 [19]
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TaSy = 160°GHR, pm

x[om — Mpm*J(r — DE| — 4w HR} pm,  (39)
TaSa = 4w HR3 ppy — 872G HR o

x[pm — Mpm*J (r — DE], (40)

where p;,, = ,omoa_3. Finally, the GSL (14) in GMG theory
takes the form

TaSior = 8T*GHR pm[om — Mpm*J(r — DE].  (41)

In Fig. 3, using Eqs. (39), (40) and (41) we plot evolutions
of T Sm, Ta S A and Ty S‘,,,, for different values of the GMG
model parameters. Figure 3 shows that although the entropy
of matter does not satisfy the second law of thermodynamics
(i.e. T4S, < 0)in the near past, but when we add the entropy
of horizon to the matter entropy, the GSL in GMG model is
respected for different values of Q and €2, during history of
the universe.

According to [18], it was pointed out that in the general-
ized massive gravity model due to having a positive cosmo-
logical constant and stable perturbations, the region of the
parameter space o4 — a3 (for the case aé > 0 in our model)
should satisfy the following constraints

a3 > —1,

l 2 2

I 34203 +3a35 ) <oag <1+ a3+ a3,

a3 —ag+1>0. 42)

The region where all conditions are satisfied has been plotted
in Fig. 2 (left panel) of [18]. Following [35,36], we probed
the validity of the GSL, T4 Sm, > 0, for the allowed region
(42) and found that the GSL is respected. In Fig. 3, we plot
only the result for the case w3 = 0 and o4 = 0.8.

Regrading the Q parameter, it should be noted that we
only consider the values Q < 1. This selection yields the
cosmological solutions to be stable against linear perturba-
tions [19].

4 dRGT massive gravity on de Sitter

In this section, the second model of generalized massive
gravity namely dRGT massive gravity on de Sitter has been
inspected. In this model, the secondary (fiducial) Minkowski
metric in the standard dRGT is replaced by the de Sitter met-
ric. The action of dRGT massive gravity on de Sitter is given
by [44]

R
S =M / d*xv/=g (5 + sz> + S (43)

wherein m denotes the graviton mass and the dRGT potential
terms have the following form

U =U; +a3Usz + aqUy, (44)

in which U,, U3z and Uy are given by Eq. (17). Also a3 and
a4 are the free model parameters.

Following Langlois and Naruko [21], we take the de Sitter
metric f; for the reference metric as follows

fapdd®dp® = —dT* + b3(T)y;jd X d X/, (45)

where y;; is the spatial metric and the de Sitter functions
by (T) (with & = 0, £1) have the following form

bo(T) = T b_1(T) = H7 ' sinh(H,T),
b1(T) = H ' cosh(H,.T). (46)

Note that for the case of H. — 0, the Minkowski metric
is recovered for the flat bo(T) = 1 and open b_(T) = T
universe and the latter case reduces to the Milne metric in the
flat geometry.

The Stiickelberg fields ¢“ are determined from the homo-
geneity and isotropy conditions as follows [21]

' =T=f@1), ¢ =X =x'. (47)

Therefore, the fiducial metric f,, corresponding to the de
Sitter spacetime f;, yields

fuv = fapdu9®d,¢” = Diag[ — f2, b2(F(0)yij].  (48)

Taking the variation of action (43) with respect to the phys-
ical FRW metric g, the modified Friedmann equations in
the dRGT massive gravity on de Sitter can be obtained as

k 1
H2 - = 9 49
1
2H +3H* + = = ———(pm + PDE). (50)
a MP

where ppr and ppg are the effective energy density and
pressure of dark energy associated with the massive graviton
term defined as

2M2
2 (be(f) = ] (6 + 405 + ar)a®

a

— 3+ Sa3 4 2a4)abi (f)

+ (@ +anbi(H), (5D)

sz% . 2
poe = "2 {[6+4as + s — B+ 303 +ap) fa

PDE =

—2[3+ 303 + a4 — (1+ 205 + ) f [abi(f)

+ [1+2a3+a4— (3 +a4)f']b,3(f)}. (52)

Varying the action (43) with respect to the fiducial metric
Sfuv, Eq. (48), one can get the equation of motion governing
the Stiickelberg field f(¢) as follows

@ Springer
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Fig. 3 Evolutions of the matter entropy T4 S‘m, entropy of the apparent horizon T4 S 4 and the GSL of thermodynamics T4 S'm, for GMG model
with different values of Q (with fixed €, = 3 x 1073) and Qy, (with fixed Q = 1). Auxiliary parameters are 2,,, = 0.3, @3 = 0 and a4 = 0.8

[19]

[+ 3as + aa)a® = 21 + 205 + ag)abi(f)

Muﬁ)zo

df (53)

Hm+m%uﬂG—w

@ Springer

where ey denotes the sign of f. The Stiickelberg field Eq.
(53) has the three solutions, the first two ones by ( f (t)) =
X 1a(t) represent the effective cosmological constant and are
independent of the specific form of b; (f). Here,
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1+2a3+a4:|:\/1+a3+a§—a4
XL = . (54)
a3 + oy

The third solution of the Stiickelberg equation (53) satisfy
the following relation

o, 20 _
df

For the case of flat FRW universe (k = 0) which we focus

on it in what follows, substituting the de Sitter function

bo(f (1)) = efe/® into Eq. (55) and assuming f > 0 (i.e.

e = 1), the result yields the following Stiickelberg function

aH
. ) . (56)

Replacing the solution (56) into Egs. (51) and (52) one can
get

(55)

f)y=H! 1n<

H
opE = —m? (1 — F) |:6+4a3 + oy

c

B+ 503 +2 )H+( + )H2 (57)

c c

ppE = m? [6 +daz + oy

H H
—(3+4+3a3 +054)E 34 m

1 3+2H
H? H?

H3 H
—(o3 + a4)H—C3 (1 + H2) ] (58)

Adding Egs. (57) and (58) one can get

(1 + 203 + as)

H H
PDE + PDE =M mg[— B4+ 3a3 + aq)
+ (2 +4daz + 2064)£ — (3 + 054)H—2]-
H, H?
(59)
Substituting Egs. (57) and (58) into the Friedmann Eqs. (49)

and (50) and using p,, = pmoa’3 for the pressureless matter
(pm = 0), in the case of flat universe (k = 0) one can obtain

1 H?
——(a3 +0(4)H + (1423 +ot4)—

c C

m? H
H} H.
—(3 4+ 3a3 + ag)]

2 2

B a0+ —2" (14204 ]
=—— —-2— —a3+-o4 ),
Hg mo Z H02 3 3 6 4

(60)
H {_ H?> m? H

G+ 305 + o) 1
H? Hy w ey

2(1 + 23 + )H
_ o 4 ) ——
3 4H0

2

+ (a3 + aq) N

“ = 3Qu, (1 +2)°, (61)

where Quy = pmy/(BMEH?).

From Egs. (57), (58), (60) and (61), the effective equation
of state parameter wpg for the dRGT massive gravity on de
Sitter reads

PDE 2(
WDE = — = -1 —

PDE 3

/—\ §|E
l
~—

) = Q1+ 2]

Here, to obtain the dynamics of the Hubble parameter H (z)
we need to solve Eq. (60). To do this, we concentrate on the

special case including o3 = —a4.
For the case a3 = —ay4, from Eq. (60) one can get
203\ A1
HE _ —3(1+ %) 8+ VA
, (63)
Hy 2[1 —(1+a3)’3—£]
B3
where
20[3 ,31
A=9 1+T ,3 +4 ,81(2+(x3)+S2m0(1+Z)
[1 — —;<1+a3>], (64)
B3
and B; and B, are the free model parameters defined as
2
m H,
=——, = —. 65
B 12 B2 Ho (65)
Here, setting H(z = 0) = Hj into Eq. (63) yields
Bao(1 — Q)
B = e (66)

(1 +a3)g — G +2) +28(1 + 33)

Here, we have only three free parameters including €2,,,,, o3
and B,. From Eq. (61), the deceleration parameter ¢(z) =
-1 - I-'I/H2 for the case of o3 = —a4 can be obtained as
follows

3Qp,(1 +2)°
2H—2+ﬂ—£[3(1+2‘“>ﬁ 2 (a3 +1) '
Hg 62 H 2= 3
(67)

q(z) =—1+

Using Egs. (62), (63) and (67) we plot the evolutionary
behaviors of H(z), wpg(2), @m(z) = Q@ (1 +2)3HZ /H?,
QpEe(z) =1 — Qp(z) and g(z) in Fig. 4.

Figure 4 shows that: (i) fractional deviation of the Hubble
parameter of dRGT model on de Sitter from ACDM is in
order of @(1073). (ii) The equation of state parameter of
dark energy behaves like phantom dark energy (i.e. wpg <
—1) and tends to ACDM (i.e. wpg — —1) in the future.

@ Springer
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0.000F
—0.001}
—0.002}
sm —0-003F
H —0.004}
—0.005}
—0.006}

-0.007¢

1.0

0.8

0.6
Q@)

0.4

0.2

0.0

(c)

Fig. 4 Variations of the fractional deviation of the Hubble parameter
from ACDM, where ’%H = ngfﬁ, the equation of state parameter
of dark energy wpp, the density parameters (£2,,,S2p£) and the decel-

(iii) The density parameters €2, and Q2 p g, respectively, start
from 1 and O at early times and go toward their values at the
present time. (iv) The deceleration parameter ¢g(z) begins
from matter dominated era (g = 0.5) and shows a transition
from decelerating (¢ > 0) to accelerating (g < 0) phase in
the near past.

4.1 Generalized second law of thermodynamic in dRGT
massive gravity on de Sitter

Here, similar to what we did for the GMG model we try to
check validity of the GSL of thermodynamics in the dRGT
massive gravity on de Sitter. To this aim, substituting Eq. (59)
into (12) and (13) one can get

TaS, = 167>GHR pm i p +m2££
m AFm m H2 Hc

H
X |:—(3+30t3 +Ot4)+(2+4a3+2a4)?

C

@ Springer

OFT
-20f
—40f
WDE
_60 L
_80 L
0 1 2 3 4
Z
(b)
0.4
0.2
q(z) 0.0
-0.2
-0.4
0 1 2 3 4
Z
(d)

eration parameter ¢ (z) versus the redshift z for the dRGT theory on de
Sitter. Auxiliary parameters are ,,, = 0.3, 82 = 20.1 and a3 = 0.95
(22]

H2
— (a3 +064)—21|} — 47 HR3 pp, (68)
HC
d 3 2 5 2 H H
TaSa =4nHRypm —8T"GHR L pmy o +m oA

H
X |:—(3+3oz3 +ot4)~|—(2+4ot3+2014)g

c

H2
— (a3 + 064)H—C2} } (69)

where p,; = pmya~>. Finally, the GSL (14) in dRGT theory
on de Sitter takes the form

TS t:SnZGHRS,o 0, —i—mzii
tol APm m H2 Hc

H
x [—(3+3a3+a4)+(2+4a3 +20) -

c

;2
— (o3 + 014)?} } (70)
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Fig. 5 Variations of the matter entropy T4 Sm, entropy of the apparent horizon 74 S 4 and the GSL of thermodynamics T4 Sm, versus the redshift
z for the dRGT massive gravity on de Sitter. Auxiliary parameters are £2,,, = 0.3, 2 = 20.1 and a3 = 0.95 [22]

Using Egs. (68), (69) and (70) we plot the evolution of
matter, horizon and total entropy in dRGT model on de Sitter
for the case of w3 = —ay in Fig. 5. This figure shows that the
entropy of matter violates the second law of thermodynamics
(.e. TaS, < 0) for the region of z < 1. But when we add
the horizon entropy to the matter entropy, the total entropy
of the universe in dRGT massive gravity on de Sitter satisfies
the GSL of thermodynamics.

5 Conclusions

Here, we investigated the GSL of thermodynamics within
the framework of massive gravity. According to the GSL,
the time evolution of matter entropy and horizon entropy
must be increasing function of time. To this aim, we consid-
ered a FRW universe filled with the pressureless matter and
enclosed by the apparent horizon. In addition, we obtained
a generalized formula for the GSL which is applicable for
modified gravity theories. In the next, we considered two
massive gravity models including the generalized massive
gravity and dRGT theory on de Sitter. The GMG model is a
generalized version of the standard dRGT in which the mass
graviton is slow varying time dependent. In dRGT on de Sit-

ter, the secondary (fiducial) Minkowski metric in standard
dRGT is replaced by the de Sitter reference metric. In the
next, we first studied the cosmological background for the
GMG and dRGT on de Sitter models and then we examined
the GSL for both of them with different model parameters.
Our results show that:

e For the GMG model, § H/H shows deviation from the
ACDM for different model parameters Q and €2,. Also
for the case of Q — 0, the result of standard dRGT model
is recovered (i.e. £ — &grgT = 2.80902).

e For the GMG and dRGT on de Sitter models, the
fractional deviation of the Hubble parameter 6 H/H
from ACDM, respectively are in order of O(1072) and
O(1073).

e For the both GMG and dRGT on de Sitter: (i) the equation
of state parameter behaves like phantom dark energy (i.e.
wpg < —1). (ii) The density parameters €2, and Qppg
start from 1 and O at early time and reach to their values
at the present. (iii) The deceleration parameter begins
from matter dominated epoch (¢ = 0.5) and shows a
transition from decelerating (¢ > 0) to accelerating (¢ <
0) phase near the past. (iv) The entropy of matter violates
the second law of thermodynamics (i.e. Ty Sm < 0) but

@ Springer
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when we add the horizon entropy to the matter entropy,
the total entropy satisfies the GSL for both models.
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