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Abstract We study the soft theorems for photons and gravi-
tons at finite temperatures using the thermofield dynamics
approach. The soft factors lose universality at finite tempera-
tures as the soft amplitudes depend on the nature (or spin) of
the particles participating in the scattering processes. How-
ever, at low temperatures, a universal behavior is observed in
the cross-section of the soft processes. Further, we obtain the
thermal contribution to the electromagnetic and gravitational
memory effects and show that they are related to the soft fac-
tors consistently. The expected zero temperature results are
obtained from the soft factors and memories. The thermal
effects in soft theorems and memories seem to be sensitive
to the spin of the particles involved in scattering.
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1 Introduction

The infrared (IR) behavior of the scattering amplitudes in
gravity and other gauge theories provided many interesting
and simple structures. One of the earliest uses of such ampli-
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tudes was demonstrated in the bremsstrahlung processes in
quantum electrodynamics (QED) where the IR divergences
of diagrams like electron vertex correction and tree level dia-
grams involving a photon in the external legs cancel each
other in the limit when the photon’s energy tends to zero or
in the soft limit [1–4]. Later it was shown, such amplitudes
can be cast in terms of only the momenta of the massive scat-
terers and not involving the soft photons or gravitons. The
scattering amplitudes of such soft processes would be char-
acterized by a universal factor known as the soft factor which
is independent of the spin or any other details of the scatterers
except their charges and momenta. This fact that the IR ampli-
tudes are described by some universal factors and the fact they
are insensitive to the short distance details is known as the
(leading) soft theorem. This feature was further extended by
Low and others to include a zero-order term in the energy of
soft photons [5–7] to the amplitudes. This is known as the
subleading soft theorem. Later, Weinberg deduced the Ward
identity corresponding to the on-shell gauge invariance for
such soft amplitudes involving photons and showed it corre-
sponds to the charge conservation. For the case of scattering
involving infrared gravitons, the corresponding Ward iden-
tity becomes a statement for global energy-momentum con-
servation. As a byproduct, the gauge invariance for the soft
factor in the case of gravitons requires a universal coupling
between gravitons and all kinds of matter fields [8,9], known
as the equivalence principle.

Recently a remarkable relation between the soft theo-
rems and Asymptotic symmetries in asymptotically flat (AF)
spacetimes has been obtained [10]. The asymptotic sym-
metries are residual symmetries that preserve the bound-
ary structure of an AF spacetime asymptotically. They are
equivalent to the large gauge transformations that do not
vanish at infinity in gauge theories [11–17]. For AF space-
times the analyses by Bondi, Van der Burg, Metzner, and
Sachs revealed the emerging symmetries at the null bound-
ary of AF spacetimes are not just Poincare symmetries but a
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much larger group known as the BMS group [18–20]. This
BMS group contains the ‘supertranslations’, that constitute
an infinite dimensional abelian subgroup of it. Supertrans-
lations act non-trivially on the boundary data and give rise
to ‘memory’. It has been shown that a diagonal subgroup of
BMS+× BMS− becomes an exact symmetry of the scatter-
ing amplitudes involving soft gravitons in flat space [16]. In
fact, the soft photon and soft graviton theorems are just the
Ward identities corresponding to the large U (1) gauge sym-
metries in QED and supertranslation symmetries in gravity
[10,11,13]. Recently an extension of the BMS group has
been obtained in [21,22], where a new infinite dimensional
symmetry called ‘superrotation’ has been introduced. Super-
rotations lead to a subleading soft graviton theorem [23] and
the angular momentum conservation through the Ward iden-
tity. Further, it has been shown, the introduction of superro-
tation leads to a Ward identity for the gravitational S-matrix
corresponding to Virasoro symmetry [24]. For other devel-
opments on soft theorems including celestial holography, see
the reviews [25,26] and references therein.

The classical limits of the quantum gravity soft amplitudes
are recently studied and it has been shown that in that limit
the amplitudes are related to the low-frequency component
of gravitational waveforms produced by massive scatterers
[27,28]. In fact, the soft theorems have a connection with a
purely classical phenomenon known as the memory effect,
first proposed by Zeldovich and Polnarev [29] and further
developed by Braginsky and Thorne [30] in the context of
the scattering of gravitating bodies. The gravitational mem-
ory effect can be understood as a DC effect in which a perma-
nent shift takes place between two inertial detectors placed at
null infinity after the passage of gravitational waves through
them [10,31,32]. Recently it has been shown, this permanent
shift of relative position between the detectors is induced by a
supertranslation [24]. In fact, there is a triangular relationship
between Soft Theorem, Asymptotic Symmetry, and Gravita-
tional Memory Effect- all happening in deep infrared region
[10]. There is also an electromagnetic analog of the mem-
ory effect which can be understood in terms of the “velocity
kick.” When electromagnetic waves pass through a moving
charged particle, its radiated electric field exerts a kick to
the moving charges and produces a memory [33,34]. The
detection of the gravitational memory effect is expected to
be achieved at LIGO [35], LISA [36] or in the detector and
Pulsar Timing Array [37,38].

In this note, we study the soft theorems at a finite tempera-
ture. Cancellation of IR divergences in thermal QED for soft
bremsstrahlung processes had been shown in [39]. The next
thing one would be interested to check the soft theorems and
the thermal contributions to the soft factors. It is expected
that the soft factors in the soft amplitudes involving photons
and gravitons would receive thermal corrections. However, at
low or zero temperature limits, the expressions of soft factors

should reduce to the known results. This has been shown by
explicit calculations for soft photon and graviton theorems
using thermofield dynamics. These features could have some
indications of what we expect for such soft scatterings in a
Universe where a T = 2.7K ambient temperature exists as
a background heat bath. The universal feature of soft factors
in the thermal case does not hold because the propagators
of fermions and bosons contain Fermi and Bose distribu-
tions respectively and they get added to the zero temperature
amplitudes with different signs. However, in the limit where
the hard particles’ energy is much higher than the temperature
of the heat bath, both the distributions reduce to Maxwellian
and in the cross-section, one would be able to restore the
universality. It is also observed the gauge invariance remains
intact for the leading-order IR behavior of the soft processes.
We also calculate the contributions of thermal effects on elec-
tromagnetic and gravitational memories. Since the soft theo-
rem is not universal at finite temperature, we get two different
expressions for the memory effect operator, one corresponds
to the scattering of bosons and one corresponds to the scatter-
ing of fermions. However, here also we can find out a similar
limit where the expressions look the same. Unlike the stan-
dard soft theorems at zero temperatures, the soft processes
depend on the details of the scatterers at finite temperatures.
We also verify the fact that the asymptotic symmetries or
’large’ gauge symmetries are exact symmetries of scattering
matrices even at finite temperatures. One can establish the
soft theorems as a statement of Ward identities by a choice
of gauge parameter that contains a temperature dependent
part.

This paper is organized as follows: In Sects. 2.1 and 2.2,
we study the thermal effects on the leading order soft pho-
ton theorem and the soft graviton theorem respectively. In
Sect. 3.1, we determine the electromagnetic memory operator
and its action on the asymptotic out-state using the soft pho-
ton theorem in the thermofield dynamics formalism. Using
the same approach in Sect. 3.2, we determine the gravitational
memory operator and its action on the asymptotic out-state.
In Sect. 4 we have discussed the relation between the soft
theorems and the Ward identities corresponding to asymp-
totic symmetries. Finally, we conclude by summarizing our
results and discussing some outlooks.

2 Soft theorems at finite temperatures

2.1 Soft photon theorem

To determine the effect of finite temperatures, we study the
soft theorems in the thermofield dynamics formalism. In this
method, a fictitious system or a tilde system, which is an
identical copy of the original system, is introduced to define
a thermal vacuum such that the vacuum expectation value of
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Fig. 1 The above diagrams illustrate the scattering of fermions in
which a soft photon is emitted. In a, the soft photon is attached to
the external leg corresponding to a fermion in the out-state. In b, the
soft photon is attached to the external leg corresponding to a fermion
in the in-state

an operator is equal to its ensemble average. The total Hilbert
space of the combined system is defined as HT = H ⊗ H̃,
whose bases are |n〉 ⊗ |ñ〉. The operators become doublets
which are represented as a 2 × 1 matrix containing a non-
tilde operator and a tilde operator. The non-tilde operator
only acts on the non-tilde state |n〉 and the tilde operator only
acts on the tilde state |ñ〉. Thus, the propagator takes 2 × 2
matrix form consisting of G++, G+−, G−+, G−−, where +
and − corresponds to the non-tilde and tilde vertices respec-
tively. In our calculation, we consider only a non-tilde oper-
ator since it describes the physical part of the whole system.
The corresponding element of the matrix-propagator isG++,
which respectively takes the following form for fermions and
bosons [40]

(/p + m)

(
i

p2 − m2 + iε
− 2πNF (p0)δ

(
p2 − m2)), (2.1)

i

p2 − m2 + iε
+ 2πNB(p0)δ(p

2 − m2). (2.2)

Where NF (p0) = 1

eβ|p0| + 1
and NB(p0) = 1

eβ|p0| − 1
are

the respective thermal distribution functions. p is the four-
momentum of the particle.

We assume the calculation is done by choosing a thermal
bath at rest w.r.t. particles involving scattering. This may
lose manifest Lorentz-invariance of the calculation but could
have been avoided by replacing βpμuμ in place of βp0 in
the distribution function where uμ = (1, 0, 0, 0) denotes the
four-velocity of the bath [41,42].

First we consider the fermions as the scatterers. In the scat-
tering process, a soft photon is emitted as shown in Fig. 1.
First, we determine the scattering amplitude of the diagram
(Fig. 1a) in which a soft photon of four-momentum q is emit-
ted by one of the fermions of the four-momentum p and the
electric charge Q.

Using the Feynman rules, the scattering amplitude of the
process is written as

Mμ = ū(p)(−i Qγ μ)(/p + /q + m)

×
[

i

(p + q)2 − m2 + iε
− 2πNF (p0 + q0)

×δ
[
(p + q)2 − m2]] · Mhard(p + q). (2.3)

Where Mhard is the amplitude of the hard (energetic) part of
the process. Mhard(p+q) also depends on the four-momenta
of the scatterers not emitting a soft photon. Here, we have sup-
pressed the explicit dependence of Mhard on these momenta.

In the soft limit, q → 0, we drop the terms /q in the numer-
ator and q2 in the denominator and in the Delta function
argument. We also write

NF (p0 + q0) ≈ NF (p0),

Mhard(p + q) ≈ Mhard(p) ≡ Mhard.

Therefore,

Mμ = −i Qū(p)γ μ(/p + m)

[
i

2p · q + iε

−2πNF (p0)δ(2p · q)

]
Mhard, (2.4)

which can be written as

Mμ = Qū(p)(2pμ − /pγ μ + mγ μ)

[
1

2p · q + iε

+2π i NF (p0)
1

|2|δ(p · q)

]
. (2.5)

Using the identity ū(p)(/p − m) = 0, we obtain

Mμ = Qpμ

[
1

p · q + iε
+ 2π i NF (p0)δ(p · q)

]
Mhard.

(2.6)

Where ū(p) is absorbed into Mhard. Now, we can write down,
in a similar way, the amplitude of the second diagram (1b) in
which the soft photon of four-momentum q is emitted before
the scattering by a fermion of four-momentum p′ and the
electric charge Q′

M ′μ = Q′ p′μ
[ −1

p′ · q − iε
+ 2π i NF (p′

0)δ(p
′ · q)

]
Mhard.

(2.7)

We may generalize the above expression for m number of
fermions involved in the scattering process. Thus, there are
m possible ways to attach the soft photon to the external leg in
the Feynman diagram. In other words, there are m possibili-
ties of the emission of the soft photon since each fermion can
emit it. To determine the total scattering amplitude of the pro-
cess, we need to sum over all possible Feynman diagrams.
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Fig. 2 The above diagrams illustrate the scattering of bosons in which
a soft photon is emitted. In a, the soft photon is attached to the external
leg corresponding to a boson in the out-state. In b, the soft photon is
attached to the external leg corresponding to a boson in the in-state

Therefore, the total scattering amplitude of the process is
written as

Mμ
total =

m∑
n=1

[
Qnηn p

μ
n

pn · q + iηnε
+ 2π i Qn p

μ
n NF (pn0)δ(pn · q)

]

Mhard(p1, p2, . . . , pm). (2.8)

Where ηn = +1 if the nth charged particle is in the “out-
state”, and ηn = −1 if the nth charged particle is in the
“in-state”. p1, p2, . . . , pm are the four-momenta of the scat-
terers. The first term in the bracket is the universal soft factor
in the quantum field theory, and the second term is the finite
temperature contribution to the soft factor.

Next, we consider any arbitrary process which now
involves the scattering of scalar bosons as shown in Fig. 2.
We now write the scattering amplitude of the diagram (2a)
in which a soft photon of four-momentum q is emitted by
one of the bosons of four-momentum p and the scalar field
charge Q.

Mμ = −i(2Qpμ)

[
i

(p + q)2 − m2 + iε

+2πNB(p0 + q0)δ((p + q)2 − m2)

]
Mhard(p + q)

(2.9)

which, in the soft limit q → 0, reduces to

Mμ = Qpμ

[
1

p · q + iε
− 2π i NB(p0)δ(p · q)

]
Mhard.

(2.10)

Similarly, one can compute the amplitude of the second dia-
gram (2b) which involves the emission of a soft photon before
the scattering. We obtain the same expression as above except
for the additional minus sign that appears exactly at the same
place as in Eq. (2.7). Now, again suppose there are m scalar

bosons involved in the scattering. Each scalar boson can emit
a soft photon. Thus, adding contributions from all external
legs will give us the following expression:

Mμ
total =

m∑
n=1

[
Qnηn p

μ
n

pn · q + iηnε
− 2π i Qn p

μ
n NB(pn0)δ(pn · q)

]

Mhard(p1, p2, . . . , pm), (2.11)

where p1, p2, . . . , pm are the four-momenta of the scatterers.
It can be seen from Eqs. (2.8) and (2.11) that the univer-

sality of the soft factor is not maintained at finite tempera-
tures due to the thermal contributions. But, the universality is
restored when the hard part dominates over the thermal part
of the process. Suppose the energy of the particle associated
with the external leg is very high compared to the thermal

energy, i.e. |pn0| � 1

β
.

∴ NF (|pn0|) ≈ e−β|pn0| ≈ NB(|pn0|) (2.12)

Thus, we can approximate Eqs. (2.8) and (2.11) as

(
Mμ

total

)
F ≈

m∑
n=1

[
Qnηn p

μ
n

pn · q + iηnε
+ 2π i Qn p

μ
n e

−β|pn0|δ(pn · q)

]

Mhard(p1, p2, . . . , pm) (2.13)
(
Mμ

total

)
B ≈

m∑
n=1

[
Qnηn p

μ
n

pn · q + iηnε
− 2π i Qn p

μ
n e

−β|pn0|δ(pn · q)

]

Mhard(p1, p2, . . . , pm) (2.14)

The above expressions indicate the finite temperature contri-
butions to the soft factors are identical except for a sign. Since
the scattering cross section is proportional to |M |2 the sign
mismatch would go away and a universal behavior would be
obtained.

In the following section, we study the thermal effects on
the soft factor for gravitons.

2.2 Soft graviton theorem

For scattering involving soft gravitons we first consider
fermions as the scatterers. Let, a soft graviton of four-
momentum q is emitted by one of the fermions of the four-
momentum p; which is shown in Fig. 3a.

The coupling of the graviton with the fermion, i.e. the
vertex factor, is given by the following expression:

−iκ

4

[
(2pμ + qμ)γ ν − ημν(2/p + /q − 2m)

]
, (2.15)

where κ is the gravitational coupling constant. Thus, the scat-
tering amplitude is written as
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Fig. 3 These diagrams illustrate the emission of a soft graviton in the
scattering of fermions. In a, the soft graviton is attached to the external
leg corresponding to a fermion in the out-state. In b, the soft graviton is
attached to the external leg corresponding to a fermion in the in-state

Mμν = −iκ

4
ū(p)

[
(2pμ + qμ)γ ν

−ημν(2/p + /q − 2m)
]
(/p + /q + m)

·
(

i

(p + q)2 − m2 + iε
− 2πNF (p0 + q0)δ((p + q)2 − m2)

)

Mhard(p + q).

(2.16)

In the soft limit q → 0, this expression reduces to

Mμν = κ

2
pμ pν

(
1

p · q + iε
+ 2π i NF (p0)δ(p · q)

)
Mhard,

(2.17)

where ū(p) is absorbed into Mhard. The second term in the
vertex factor is dropped as the polarization tensors are trace-
less, i.e. εμνη

μν = 0.
Similarly, if the soft graviton of four-momentum q is emit-

ted by the fermion of four-momentum p′ before the scatter-
ing, i.e. Fig. 3b, the scattering amplitude takes the following
form:

M ′μν = κ ′

2
p′μ p′ν

( −1

p′ · q−iε
+2π i NF (p′

0)δ(p
′ · q)

)
Mhard.

(2.18)

Assuming the scattering ofm fermions, we can write the total
scattering amplitude as

Mμν
total =

m∑
n=1

κn

2
pμ
n pν

n

(
ηn

pn · q + iηnε
+ 2π i NF (pn0)δ(pn · q)

)

Mhard(p1, p2, . . . , pm),

(2.19)

where ηn = −1 if the nth fermion is in the in-state, and
ηn = +1 if the nth fermion is in the out-state. p1, p2, . . . , pm
are the four-momenta of the scatterers.

Now, we consider scalar bosons as the scatterers. A soft
graviton of four-momentum q is emitted by one of the bosons
as shown in Fig. 4. The vertex factor for the coupling of

Fig. 4 These diagrams illustrate the emission of a soft graviton in the
scattering of bosons. In a, the soft graviton is attached to the external
leg corresponding to a boson in the out-state. In b, the soft graviton is
attached to the external leg corresponding to a boson in the in-state

the graviton with the scalar boson is given by the following
expression:

−iκ

2

[
pμ(pν + qν) + pν(pμ + qμ) − ημν

(
p · (p + q) − m2)].

(2.20)

Thus, the amplitude of the diagram (4a) is written as

Mμν = −iκ

2

[
pμ(pν + qν) + pν(pμ + qμ)

−ημν
(
p · (p + q) − m2)]

·
(

i

(p + q)2 − m2 + iε

+2πNB(p0 + q0)δ((p + q)2 − m2)

)
Mhard(p + q).

(2.21)

Now, we take the soft limit q → 0. And we drop the third
term in the vertex factor as εμνη

μν = 0.

Mμν = κ

2
pμ pν

(
1

p · q + iε
− 2π i NB(p0)δ(p · q)

)
Mhard

(2.22)

Similarly, if the soft graviton is emitted by the boson of four-
momentum p′ before the scattering (Fig. 4b), we obtain

M ′μν = κ ′

2
p′μ p′ν

( −1

p′ · q − iε
− 2π i NB(p′

0)δ(p
′ · q)

)
Mhard

(2.23)

Now, for the scattering of m bosons, the total scattering
amplitude is written as

Mμν
total =

m∑
n=1

κn

2
pμ
n p

ν
n

(
ηn

pn · q + iηnε

−2π i NB(pn0)δ(pn · q)

)
Mhard(p1, p2, . . . , pm).
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Fig. 5 Conformal diagram of the Minkowski space. Blue lines repre-
sent constant-t hypersurfaces, red lines represent constant-r hypersur-
faces. i+ is future timelike infinity, i− is past timelike infinity, i0 is
spatial infinity, I+ is future null infinity, and I− is past null infinity. All
massive particles travel from i− to i+. Light rays travel from I− to I+

(2.24)

From Eqs. (2.19) and (2.24), we can see, like the soft photon
theorem, the universality of the soft factor is not maintained
at finite temperatures. However, the four-momentum conser-
vation remains intact as qμ.Mμν

total = 0. Consequently, the
four-momentum conservation requires the universal gravita-
tional coupling, i.e. κ1 = κ2 = · · · = κm , which is the state-
ment of the equivalence principle. The universal behaviour
is restored in the cross-section as described for the photon
case when the hard part of the scattering process dominates
over the thermal part.

In the following sections, we derive the memory operator
and its action on the asymptotic out-state by using the soft
theorems.

3 Memory effect at finite temperatures

3.1 Electromagnetic memory effect

To study the electromagnetic memory effect one needs to
consider the contribution of the electromagnetic gauge field
and its derivatives in the radiation using the asymptotic
boundary conditions. The memory is an artifact of a non-
trivial boundary condition on the gauge field near the future
null infinity of the Minkowski space (see Fig. 5).

It will be useful to consider the Minkowski metric in the
retarded coordinates (u, r, z, z̄):

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄ (3.1)

where

γzz̄ = 2

(1 + zz̄)2 . (3.2)

We have used stereographic coordinates (z, z̄) to parame-
terize the sphere. These stereographic coordinates are related
to the spherical coordinates (θ, φ) by

z = eiφ tan
θ

2
, z̄ = e−iφ tan

θ

2
. (3.3)

In this parameterization, the unit vector in the cartesian coor-
dinate system can be written as

x̂ = 1

1 + zz̄

(
z + z̄,−i(z − z̄), 1 − zz̄

)
. (3.4)

Now, we discuss about boundary conditions. We work in
the retarded radial gauge, Ar = 0, Au |I+ = 0. Thus, the
leading order term in the asymptotic expansion of Au has the
fall-off of O(r−1), and the Az has the fall-off of O(1) [12].
The asymptotic expansions of the gauge fields are

Au(u, r, z, z̄) =
∞∑
n=1

A(n)
u (u, z, z̄)

rn
,

Az(u, r, z, z̄) =
∞∑
n=0

A(n)
z (u, z, z̄)

rn
. (3.5)

Using the expression, Fμν = ∂μAν − ∂ν Aμ, we obtain the
following relations:

F (2)
ur (u, z, z̄) = A(1)

u (u, z, z̄), F (0)
uz (u, z, z̄) = ∂u A

(0)
z (u, z, z̄).

(3.6)

Where Fur corresponds to the radial electric field O(r−2),
and Fuz corresponds to the radiation field. The radiation fields
are responsible for the physical content of the electromag-
netic radiation and hence give the electromagnetic memory
effect. To understand the electromagnetic memory effect, we
consider the following simple example [33]. Suppose a test
particle of massm and electric charge Q is moving with small
enough velocity such that we can neglect the magnetic forces
acting on it at very large distances. The total electromagnetic
radiation reaching at infinity is the integration of the Poynt-
ing vector on the asymptotic sphere. The contribution of the
radial electric and magnetic field in the Poynting vector has
a fall-off of O(r−4). The term r2 from the Jacobian will can-
cel the fall-off of O(r−2) from the Poynting vector and the
resultant expression has the fall-off of O(r−2). And hence
at infinity, the radial electric field and magnetic field have
no contribution to electromagnetic radiation. The only terms
that survive at infinity are the contribution of the radiation
fields. Thus, the Lorentz force acting on the test particle is
given by
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F = Q Erad

∴ �v = Q

m

∫ +∞

−∞
Erad dt. (3.7)

The time integration of the radiation field gives the electro-
magnetic memory effect. Here, we can understand the mem-
ory effect on the test particle as the “velocity kick” given by
the above expression (3.7).

Now, we derive the memory effect operator as introduced
in [34], and study the finite temperature effects on it. In the
free Maxwell theory, the mode expansion of the field operator
can be written as [12,34]

Aμ(x) = e
∑
α=±

∫
d3q

(2π)3

1

2ω

[
εα∗
μ (q)aα(q)eiq·x

+εα
μ(q)a†

α(q)e−iq·x], (3.8)

where eiq·x = e−iωu−iωr(1−q̂·x̂). Since we are using ther-
mofield dynamics formalism, we work with the thermal field
operator which is defined as

Aμ(x;β) = e
∑
α=±

∫
d3q

(2π)3

1

2ω

[
εα∗
μ (q)aα(q;β)eiq·x

+εα
μ(q)a†

α(q;β)e−iq·x ]. (3.9)

The Lorenz gauge condition requires that the polarization
vectors are orthogonal to the four-momentum of the photon.
Now, we parameterize the four-momentum of the photon as

qμ = ω(1, q̂), (3.10)

where

q̂ = 1

1 + ww̄

(
w + w̄,−i(w − w̄), 1 − ww̄

)
. (3.11)

In this parameterization, the choice of the polarization vec-
tors is

ε+
μ (q) = 1√

2
(−w̄, 1,−i,−w̄) (3.12)

ε−
μ (q) = 1√

2
(−w, 1, i,−w) (3.13)

such that ε±
μq

μ = 0 and ε+
μ ε−μ = 1. From Eq. (3.9),

Aμ(x;β) = e

2(2π)3

∑
α=±

∫
dω ω

×
∫

d�q̂
[
εα∗
μ (q)aα(q;β)e−iωu−iωr(1−q̂·x̂)

+εα
μ(q)a†

α(q;β)eiωu+iωr(1−q̂·x̂)]. (3.14)

Next, we consider the asymptotic expansion of the above field
operator. In the r → ∞ limit, the above integral becomes
highly oscillatory. We use stationary phase approximation to

approximate the above integral [10]. The phase is stationary
at q̂ · x̂ = 1, yielding∫

d�q̂ f (q)e±iωr(1−q̂·x̂) −−−→
r→∞ ±2π i

ωr
f (ωx̂). (3.15)

Using the above expression (3.15) into Eq. (3.14), we obtain

Aμ(x;β) = −ie

8π2r

∑
α=±

∫
dω

[
εα∗
μ (ωx̂)aα(ωx̂;β)e−iωu

−εα
μ(ωx̂)a†

α(ωx̂;β)eiωu
]
. (3.16)

We transform the field operator Aμ into the retarded coor-
dinates (u, r, z, z̄). In the new coordinates, we write the z-
component as

Az(u, r, z, z̄;β) = ∂xμ

∂z
Aμ(x;β), (3.17)

where

ε+
z = ∂xμ

∂z
ε+
μ (ωx̂) = 0 (3.18)

ε−
z = ∂xμ

∂z
ε−
μ (ωx̂) =

√
2r

1 + zz̄
. (3.19)

Therefore,

Az(u, r, z, z̄;β) = −i
√

2e

8π2(1 + zz̄)

∫ ∞

0
dω

[
a+(ωx̂;β)e−iωu

−a†
−(ωx̂;β)eiωu

]
, (3.20)

where a†
− creates a photon of negative helicity, and a+ anni-

hilates a photon of positive helicity. The RHS of Eq. (3.20)
is the leading order term in the asymptotic expansion of Az ,

A(0)
z (u, z, z̄;β) = −i

√
2e

8π2(1 + zz̄)

∫ ∞

0
dω

[
a+(ωx̂;β)e−iωu

−a†
−(ωx̂;β)eiωu

]
. (3.21)

Now, we determine the memory effect operator. As indicated
in Eq. (3.7), the memory effect operator is the retarded-time
integration of the radiative electric field. Hence,∫ ∞

−∞
F (0)
uz du =

∫ ∞

−∞
∂u A

(0)
z du = �A(0)

z (z, z̄;β). (3.22)

From Eqs. (3.21) and (3.22), one can obtain

�A(0)
z (z, z̄;β) = −√

2e

4π(1 + zz̄)
lim
ω→0

ω

×[
a+(ωx̂;β) + a†

−(ωx̂;β)
]
. (3.23)

This is the electromagnetic memory operator at finite tem-
peratures. Let us now see the action of this memory operator
on the “out-state.” Considering a scattering process involving
bosons, and assuming that no soft photons are in the out-state,
we find,
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〈out|�A(0)
z S|in〉 = −√

2e

4π(1 + zz̄)
lim
ω→0

ω〈out|a+(ωx̂;β)S|in〉,
(3.24)

where S is the scattering matrix. From Eq. (3.24), we can see
that in the ω → 0 limit, the thermal memory operator acts
on the out-state and creates a soft photon of positive helicity
at finite temperatures. Recall the soft photon theorem

lim
ω→0

〈out|a+(ωx̂;β)S|in〉 = S(0)
+ 〈out|S|in〉 + O(ω0),

(3.25)

where S(0)
+ is the leading order soft factor which we have

already computed in Sect. 2.1

S(0)
+ =

∑
n

Qn(pn · ε+)

[
ηn

pn · q + iηnε
− 2π i NB(pn0)δ(pn · q)

]
.

(3.26)

Therefore,

〈out|�A(0)
z S|in〉

〈out|S|in〉 = −√
2e

4π(1 + zz̄)
lim

ω→0
ω

∑
n

Qn(pn · ε+)

·
[

ηn

pn · q + iηnε
− 2π i NB(pn0)δ(pn · q)

]
.

(3.27)

The second term in the above expression (3.27) contains a
Delta function which is non-analytic. This can be regularized
using:

δ(pn · q) = 1

2π i

(
1

pn · q − iε
− 1

pn · q + iε

)
, (3.28)

to get

〈out|�A(0)
z S|in〉

〈out|S|in〉 = −√
2e

4π(1 + zz̄)
lim
ω→0

ω
∑
n

Qnηn(pn · ε+)NB(pn0)

·
[

eβpn0

pn · q + iηnε
− 1

pn · q − iηnε

]
. (3.29)

We note that at zero temperature (β → ∞), the above expres-
sion reduces to the expression for the electromagnetic mem-
ory effect in zero temperature QED [34],

〈out|�A(0)
z S|in〉

〈out|S|in〉 = −√
2e

4π(1 + zz̄)
lim
ω→0

ω

×
∑
n

Qnηn
pn · ε+

pn · q + iηnε
. (3.30)

Similar calculations can be done in the case of the scattering
of fermions, we obtain the following expression:

〈out|�A(0)
z S|in〉

〈out|S|in〉 = −√
2e

4π(1 + zz̄)
lim

ω→0
ω

∑
n

Qnηn(pn · ε+)NF (pn0)

·
[

eβpn0

pn · q + iηnε
+ 1

pn · q − iηnε

]
. (3.31)

As expected, it depends on the fermionic distribution func-
tion and reduces to the universal expression for the memory
Eq. (3.30).

The memory expressions, (3.29) and (3.31), are formu-
lated in terms of scattering amplitudes. The classical mem-
ory expression can be understood as the expectation value of
the corresponding memory operator which is a cross-section-
like quantity [31]. Thus, to analyze the effect of temperature
in the memory, we determine the magnitude of the memory
expressions, (3.29) and (3.31). For the sake of simplicity, we
only consider the contribution from a single external leg in
the soft factor. The action of the memory operator on the
asymptotic out-state is the residue of the pole in soft factor,
thus, we can write

MF = Q(p · ε)NF (p0) lim
ω→0

ω

(
eβp0

p · q + iε
+ 1

p · q − iε

)
M0, (3.32)

MB = Q(p · ε)NB (p0) lim
ω→0

ω

(
eβp0

p · q + iε
− 1

p · q − iε

)
M0. (3.33)

Now, we determine the magnitude squared of the above
expressions and perform the polarization sum. We use the
reference frame in which pμ = (E, 0, 0, p3), qμ =
ω(1, sin θ, 0, cos θ), and hence p · q = Eω − p3ω cos θ .
Further, we consider the high energy limit, i.e. E � m,
p3 ≈ E . Therefore,

∑
pol

|MF |2 = −Q2m2

(4E2 sin4 θ/2 + δ2)2

(
4E2 sin4 θ/2

+δ2
(
eβE − 1

eβE + 1

)2)
|M0|2, (3.34)

∑
pol

|MB |2 = −Q2m2

(4E2 sin4 θ/2 + δ2)2

(
4E2 sin4 θ/2

+δ2
(
eβE + 1

eβE − 1

)2)
|M0|2. (3.35)

Where δ = ε/ω, and m is the mass of the particle. At zero
temperature, i.e. β → ∞, we obtain

∑
pol

|M |2 = −Q2m2

4E2 sin4 θ/2 + δ2
|M0|2. (3.36)

To understand the effects of temperature-dependent parts on
the memory or the soft factors, the expressions in Eqs. (3.34),
(3.35), (3.36) are plotted against the inverse of the temper-
ature in Fig. 6. The plot shows at finite temperatures, the
different scatterers (fermions and bosons) would make con-
tributions to the memory differently. Scattering involving
fermions would be having a decreasing contribution and the
same for bosons would be having an increasing contribu-
tion as the temperature lowers. Both these curves approach
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the zero temperature contribution of the memory at very low
temperatures. This low-temperature behaviour is also consis-
tent with the expressions given in (2.13) and (2.14). It seems,
by studying the memory signal at finite temperatures com-
pared to the zero temperature signal one may be able to tell
the nature of scatterers involved in the bulk.

3.2 Gravitational memory effect

In this section, we study the finite temperature effects on grav-
itational memory. We follow the same approach as in Sect. 3.1
and obtain a memory operator for gravitational memory.

The metric of the asymptotically flat spacetime in the
large-r expansion near future null infinity (I+) in retarded
Bondi coordinates is given by [10,11,31,43]

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄

+ 2mB

r
du2 + rCzzdz

2 + rCz̄z̄d z̄
2

+ DzCzzdudz + Dz̄Cz̄z̄dudz̄ + · · · , (3.37)

where mB(u, z, z̄) is the Bondi mass aspect, Czz(u, z, z̄)
describes the time dependence of the gravitational radiation,
and Dz is the γ -covariant derivative. The Bondi news ten-
sor is defined as Nzz = ∂uCzz , which determines the energy
flux of the radiation. Next, we define memory operator as the
retarded time integration of the Bondi news from past of the
future null infinity (I+− ) to future of the future null infinity
(I++ ):

∫ ∞

−∞
Nzzdu =

∫ ∞

−∞
∂uCzz(u, z, z̄) du = �Czz(z, z̄). (3.38)

The gravitational field becomes free at late times, t → ∞,
and we can approximate it by the mode expansion [11]

hμν(x) = κ
∑
α=±

∫
d3q

(2π)3

1

2ω

[
εα∗
μν(q)aα(q)eiq·x

+εα
μν(q)a†

α(q)e−iq·x ], (3.39)

where ε±
μν are the polarization tensors which are traceless,

i.e. ημνε±
μν = 0, and transverse to the four-momentum of the

graviton, i.e. qμε±
μν = qνε±

μν = 0. The four-momentum of
the graviton is parameterized as

qμ = ω

(
1,

w + w̄

1 + ww̄
,
−i(w − w̄)

1 + ww̄
,

1 − ww̄

1 + ww̄

)
. (3.40)

In this parameterization, the polarization tensors can be writ-
ten as ε±

μν = ε±
μ ε±

ν , where ε±
μ are given by Eqs. (3.13) and

(3.13). Let us define the thermal field operator as

hμν(x;β) = κ
∑
α=±

∫
d3q

(2π)3

1

2ω

[
εα∗
μν(q)aα(q;β)eiq·x

+εα
μν(q)a†

α(q;β)e−iq·x ], (3.41)

which can be written as

hμν(x;β) = κ

2(2π)3

∑
α=±

∫ ∞

0
dω ω

×
∫

d�q̂
[
εα∗
μν(q)aα(q;β)e−iωu−iωr(1−q̂·x̂)

+εα
μν(q)a†

α(q;β)eiωu+iωr(1−q̂·x̂)]. (3.42)

Now, we take the asymptotic expansion of hμν . As the inte-
grand becomes highly oscillatory in the limit r → ∞, we
approximate the above integral by using the stationary phase
method employed in (3.15). Then Eq. (3.42) reduces to

hμν(x;β) = −iκ

8π2r

∑
α=±

∫ ∞

0
dω

[
εα∗
μν(ωx̂)aα(ωx̂;β)e−iωu

−εα
μν(ωx̂)a

†
α(ωx̂;β)eiωu

]
. (3.43)

Next, we perform the following coordinate transformations

hzz(u, r, z, z̄;β) = ∂xμ

∂z

∂xν

∂z
hμν(x;β) (3.44)

∴ εα∗
zz = ∂xμ

∂z

∂xν

∂z
εα∗
μν(ωx̂) = ∂xμ

∂z
εα∗
μ (ωx̂)

∂xν

∂z
εα∗
ν (ωx̂)

= (
εα∗
z

)2
. (3.45)

Thus, from Eqs. (3.45), (3.19) and (3.19), we obtain

ε+∗
zz = ε−

zz = 2r2

(1 + zz̄)2 , ε−∗
zz = ε+

zz = 0. (3.46)

Under the coordinate transformation, Eq. (3.43) reduces to

hzz(u, r, z, z̄;β) = −iκr

4π2(1 + zz̄)2

∫ ∞

0
dω

[
a+(ωx̂;β)e−iωu

−a†
−(ωx̂;β)eiωu

]
. (3.47)

The time dependence of gravitational radiation is described
by

Czz = lim
r→∞

1

r
hzz . (3.48)

Therefore, at I+,

Czz(u, z, z̄;β) = −iκ

4π2(1 + zz̄)2

∫ ∞

0
dω

[
a+(ωx̂;β)e−iωu

−a†
−(ωx̂;β)eiωu

]
. (3.49)

The Bondi news is defined as Nzz = ∂uCzz , therefore

Nzz(u, z, z̄;β) = −κ

4π2(1 + zz̄)2

∫ ∞

0
dω ω

[
a+(ωx̂;β)e−iωu

+a†
−(ωx̂;β)eiωu

]
. (3.50)
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Fig. 6 Temperature
dependence of the memory
expressions ((3.34) in
dot-dashed line), ((3.35) in
dashed line), ((3.36) in solid
line) at E = 5.0, δ = 0.001,
θ = 0.25π

From Eqs. (3.38) and (3.50), we obtain the gravitational
memory operator,

�Czz(z, z̄;β) = −κ

2π(1 + zz̄)2 lim
ω→0

ω

×[
a+(ωx̂;β) + a†

−(ωx̂;β)
]
. (3.51)

Now, we act the operator �Czz on the asymptotic out-state
and obtain

〈out|�CzzS|in〉 = −κ

2π(1 + zz̄)2 lim
ω→0

ω〈out|a+(ωx̂;β)S|in〉.
(3.52)

The soft graviton theorem reads as

〈out|a+(ωx̂;β)S|in〉 = S(0)
+ 〈out|S|in〉 + O(ω0), (3.53)

where S(0)
+ is the leading order soft factor as determined in

Sect. 2.2. Therefore, from Eqs. (3.52), (3.53), and using the
regularized form of the delta function (3.28), we obtain the
following expression:

〈out|�CzzS|in〉
〈out|S|in〉 = −κ2

4π(1 + zz̄)2

× lim
ω→0

ω
∑
n

ηn(pn · ε+)2NB(pn0)

·
[

eβpn0

pn · q + iηnε
− 1

pn · q − iηnε

]
. (3.54)

Similarly, for the scattering of fermions we get,

〈out|�CzzS|in〉
〈out|S|in〉 = −κ2

4π(1 + zz̄)2

× lim
ω→0

ω
∑
n

ηn(pn · ε+)2NF (pn0)

·
[

eβpn0

pn · q + iηnε
+ 1

pn · q − iηnε

]
. (3.55)

In the zero temperature limit, β → ∞, both the expressions
(3.54) and (3.55) reduce to

〈out|�CzzS|in〉
〈out|S|in〉 = −κ2

4π(1 + zz̄)2 lim
ω→0

ω
∑
n

ηn(pn · ε+)2

pn · q + iηnε
,

(3.56)

which is equivalent to

〈out|�CzzS|in〉
〈out|S|in〉 = −κ2

4π(1 + zz̄)2 ε+
μν

( ∑
out

pμ
j p

ν
j

p j · k −
∑
in

p′μ
j p′ν

j

p′
j · k

)
.

(3.57)

Where, kμ = (1, q̂). The above expression is related to the
Braginsky-Thorne result for the gravitational memory [30,
31] which describes the change in the metric at large distances
due to the scattering of massive objects such as stars or black
holes.

4 Ward identity and soft theorems

The ward identity is the statement of the conservation of
charges which corresponds to the gauge invariance require-
ment of the theory. Recently it has been shown to have a
direct link with soft theorems. In fact, there can be infinite
number of conservation laws established for ’large’ gauge
transformations at null infinity. The soft theorem emerges
as one of the cases of such conservation laws [10]. Here
we describe the status of such a picture for soft theorems
at finite temperatures. We must note that Ward identities of
the form qμM

μ
total = 0 (see for example (2.11), lead to the

charge conservation. Thermal contributions seem to have no
effects on the gauge invariance of soft amplitudes. However,
one need to verify this scenario in the set up where asymp-
totic (gauge) symmetries emerge as an exact symmetry of
scattering matrix.
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The conserved charges commute with the Hamiltonian of
the theory and hence commute with the scattering matrix
since

S ∼ exp (i HT )|T→∞. (4.1)

Therefore, we can write

〈out|[Qε,S]|in〉 = 〈out|(Q+
ε S − SQ−

ε

)|in〉 = 0. (4.2)

Where Qε is the generator for the large gauge transformation
with the parameter ε [10], i.e.,

{Q+
ε , A(0)

z (u, z, z̄)} = ∂zε(z, z̄). (4.3)

Where

Q+
ε = −2

∫
d2z∂z N

+∂z̄ε +
∫
I+

dud2zεγzz̄ j
(2)
u , (4.4)

and

∂z N
+ = −√

2

8πe(1 + zz̄)
lim
ω→0

ω
[
aout+ (ωx̂) + aout− (ωx̂)†] (4.5)

is the soft photon mode. Similar expressions can be defined
for I−. Thus, Eq. (4.2) reduces to

−2
∫

d2z∂z̄ε〈out|(∂z N+(z, z̄)S − S∂z N
−(z, z̄)

)|in〉

=
[ m∑
k=1

Qin
k ε(zin

k , z̄in
k ) −

n∑
k=1

Qout
k ε(zout

k , z̄out
k )

]
〈out|S|in〉.

(4.6)

Where we have assumed m particles come from the asymp-
totic sphere at I− and after the scattering n particles go to
the asymptotic sphere at I+. The above expression indicates
an infinite number of Ward identities, one for every ε [10].
Now, for a particular choice of the large gauge parameter,
i.e.,

ε(w, w̄) = 1

z − w
, (4.7)

the Ward identity takes the form of the well-known soft pho-
ton theorem:

lim
ω→0

ω〈out|(aout+ (ωx̂)S − Sain−(ωx̂)†)|in〉

= √
2e(1 + zz̄)

[ n∑
k=1

Qout
k

z − zout
k

−
m∑

k=1

Qin
k

z − zin
k

]
〈out|S|in〉.

(4.8)

Can similar scenario holds for soft amplitudes at finite tem-
peratures? The answer seems to be affirmative.

To see this, let us introduce the thermal contributions into
Eq. (4.6)

−2
∫

d2w∂w̄ε(w, w̄;β)

×〈out|(∂wN+(w, w̄;β)S − S∂wN−(w, w̄;β)
)|in〉

=
[ m∑
k=1

Qin
k ε(zin

k , z̄in
k ;β) −

n∑
k=1

Qout
k ε(zout

k , z̄out
k ;β)

]

×〈out|S|in〉. (4.9)

Now, consider a choice of ε as

ε(w, w̄, β) = 1

z − w
+ C(β)

z̄ − w̄

1 + ww̄
δ

( |z − w|2
1 + ww̄

)
, (4.10)

where C(β) is some function of temperature. Thus, the Ward
identity (4.9) for this choice of ε takes the following form

4π〈out|(∂z N+(z, z̄;β)S − S∂z N
−(z, z̄;β)

)|in〉
+2C(β)

∫
d2w

z̄ − w̄

1 + ww̄
δ

( |z − w|2
1 + ww̄

)

×∂w̄〈out|(∂wN+(w, w̄;β)S − S∂wN−(w, w̄;β)
)|in〉

= −
m+n∑
k=1

ηk Qk

[
1

z − zk
+ C(β)

z̄ − z̄k
1 + zk z̄k

δ

( |z − zk |2
1 + zk z̄k

)]

×〈out|S|in〉. (4.11)

The integral on the LHS vanishes which one can simply
deduce using the integration by substitution, i.e., by con-

sidering t = |z − w|2
1 + ww̄

. Therefore, Eq. (4.11) reduces to

lim
ω→0

ω〈out|(aout+ (ωx̂;β)S − Sain−(ωx̂;β)†)|in〉

= √
2e(1 + zz̄)

m+n∑
k=1

ηk Qk

[
1

z − zk
+ C(β)

× z̄ − z̄k
1 + zk z̄k

δ

( |z − zk |2
1 + zk z̄k

)]
〈out|S|in〉. (4.12)

The above expression is the finite temperature soft theo-
rem which can be simply verified by comparing the RHS
of the above expression in momentum space with the soft
factor we obtained in Sect. 2. We note that the tempera-
ture dependent function C(β) must take the following form:
C(β) = ±2π i N (β), where N (β) is the respective thermal
distribution function.

5 Conclusion

The soft photon and graviton theorems both receive temper-
ature dependent contributions in the leading order soft fac-
tors. The factors also depend on the fact whether fermions
or bosons are participating in the scattering process, and the
universal character of the leading soft factors as known for
the zero temperature field theory is getting lost. However,
the thermal contributions to the soft factors do not alter the
Ward identities. For the soft graviton theorem, this means
the equivalence principle is not getting disturbed in a ther-
mal environment when we are in the IR regime. Further, it
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has been shown, in the low-temperature regime the soft fac-
tors will show a somewhat universal character, and the cross-
section of the scattering processes would have identical ther-
mal contributions for fermions and bosons. This feature has
further been analyzed for memory effects. Using the fact that
a time-integrated radiation field at a large distance acts as a
memory operator, we showed that memory can be consis-
tently related to the soft factors involving photons and gravi-
tons. The memory effect operator would generate a thermal
photon or graviton acting on an asymptotic state. Next, we
plotted the squared amplitudes of soft processes against the
inverse temperature to show the difference in contributions
of the thermal part for fermionic and bosonic scatterers. At
any finite temperature, the soft amplitudes (or cross-sections)
involving bosons and fermions contribute opposite to each
other and approach the zero temperature amplitude in dif-
ferent ways as it has been shown in Fig. 6. This may have
an interesting consequence in the context of soft amplitudes.
As it turns out the soft processes at finite temperatures would
be sensitive to the short-distance details since one in princi-
ple can see differences in the cross-section-like quantities for
bosonic and fermionic scatterers. We have also shown how
the soft theorems at finite temperatures are related to the
exact symmetries of scattering matrices through the Ward
identities. To establish this we have shown the ’large’ gauge
parameter needs to be augmented by a thermal part consistent
with the soft factor.

Our analysis indicates the thermal effects on soft factors
close to zero temperature would be negligible. Therefore, the
consequence of a low ambient temperature in the present Uni-
verse may not be significant for the soft theorems. However,
to draw a conclusion one needs to reformulate the soft theo-
rems for cosmological backgrounds. We have also analyzed
the subleading terms for soft theorems at finite temperatures
without getting any unexpected results. It will be interest-
ing to see if the loop corrections to soft amplitudes at finite
temperatures generate any unexpected deviation as the loop
effects may give rise to some conflicts with the soft limits at
finite temperatures.
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