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Abstract In this note we present a solution to the question
of whether or not, in the presence of torsion, the topological
Nieh—Yan term contributes to chiral anomaly. The integral
of Nieh—Yan term is non-zero if topology is non-trivial; the
manifold has a boundary or vierbeins have singularities. Not-
ing that singular Nieh—Yan term could be written as a sum of
delta functions, we argue that the heat kernel expansion can-
not end at finite steps. This leads to a sinusoidal dependence
on the Nieh—Yan term and the UV cut-off of the theory (or
alternatively the minimum length of spacetime). We show
this ill-behaved dependence can be removed if a quantiza-
tion condition on length scales is applied. It is expected as the
Nieh—Yan term can be derived as the difference of two Chern
class integrals (i.e. Pontryagin terms). On the other hand, in
the presence of a cosmological constant, we find that indeed
the Nieh—Yan term contributes to the index with a dimension-
ful anomaly coefficient that depends on the de Sitter length
or equivalently inverse Hubble rate. We find similar result in
thermal field theory where the anomaly coefficient depends
on temperature. In both examples, the anomaly coefficient
depends on IR cut-off of the theory. Without singularities,
the Nieh—Yan term can be smoothly rotated away, does not
contribute to topological structure and consequently does not
contribute to chiral anomaly.

1 Introduction
There has been a long debate with conflicting results on
the contribution of torsion to chiral anomaly via the Nieh—

Yan term [1-10]. One suspects that in the presence of tor-
sion, the parity odd Nieh—Yan four-form could potentially
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result in non-conservation of chiral current.! However, as
the vierbein is chosen dimensionless and torsion has mass
dimension one, the anomaly coefficient of the Nieh—Yan
term is dimensionful. Naive computations imply that the
mass parameter in the coefficient is the UV cut-off of the
theory, namely the anomaly term is regulator dependent
which is not normally accepted. It is the source of confusion
that led some authors to completely abandon the Nieh—Yan
part.

In this short paper, we revisit this problem and we show
that depending on the underlying spacetime, the Nieh—Yan
term may or may not contribute to chiral anomaly. In fact
for smooth geometry, the Nieh—Yan contribution is com-
pletely rotated away. On the other hand, in geometries with
singularities in vierbein structure, it needs more elabora-
tion. In this case, in a locally flat gauge condition, the
Nieh—Yan term can be written as a sum of delta functions
about singular points. We will argue that, in the Fujikawa
method with a regulator, the Heat kernel expansion cannot
be truncated at finite steps. It gives a sinusoidal dependence
on the Nieh—Yan term as well as on the UV cut-off. This
ill contribution can be removed via applying a quantiza-
tion condition on the parameters. We argue that it is nat-
ural as the Nieh—Yan term can be written as a difference
between two Pontryagin terms. However, we find that in
the presence of cosmological constant, there is a residual
and indeed the Nieh—Yan term contributes to the index and
chiral anomaly. The anomaly coefficient is proportional to
the square of the Hubble rate or inverse de Sitter radius.
Similarly, we find that in a finite temperature field theory
there is a contribution to chiral anomaly through the Nieh—
Yan term. In this case, the anomaly coefficient is propor-
tional to temperature squared. In both scenarios, the anomaly

! We recall that in the presence of torsion, the Pontrygin term con-
structed from curvature is modified and includes axial part of torsion
[11]. In this note, we study the contribution from the Nieh—Yan term.
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is related to a mass scale, in fact the IR scale in the the-
ory.

In the next section, after a brief review of chiral anomaly
and torsional geometry we present the main results and finally
conclude in the Sect. 3.

2 Torsion and chiral anomaly

We briefly review the calculation of chiral anomaly using the
Fujikawa method. In this method one uses the invariance of
partition function under a chiral rotation, which is merely a
field redefinition, and uses the fact that the measure in field
space does not remain invariant under this redefinition. Con-
sidering an infinitesimal chiral rotation given by parameter

B(x) as

¥ (x) = POy (), (1)
¥ (x) = § ()P, )
the Dirac Lagrangian transforms as
L' =y iy’ =L —3"BYy.y . 3)

The partition function can be written as

S = /dwdlﬁ exp |:/ d4xLi| . 4)

Under the chiral transformation (1) the measure dvd is not
left invariant and transforms as

dy'dy’ = J(B)dydy, S

where we have
J(B) = exp [—21' / d*xB(x) Zw;l‘ﬁw] : (6)

and v, are the eigenmodes of the Dirac operator.
Invariance of partition function under this transformation
further implies

™ = Uiy Y, (7)

where J* = "y is the chiral current.

In general this sum is not well defined as it stands since
this is equal to try>.8%(0), therefore it is common to use a
regulator to make it well defined. The typical regulator that

one can use is exp[ — AA/[—'Z’Z] where 1, are the eigenvalues of
the Dirac operator and M is some UV cut-off that is sent to
infinity in the calculation.

On the other hand we can see that the integral of non-
conservation of chiral current is determined by a topological
quantity, namely the index of the Dirac operator i [} on a

@ Springer

manifold M. Considering the integral of (7) we see that only
the zero modes contribute to the integral and we can write

ind = /d“xauﬂ‘s =ny—n_, ®)

where n4 and n_ are respectively the number of positive and
negative chirality zero modes.

Using this background we can write the index of the Dirac
operator as

2
ind:/ d4leim lim Y "y (x)y e w y (x)
M P

—00 x'—>x

1
= —5/ d(xJs). ©))
M

where v, are the eigenstates of the Dirac operator and we
have used the Fujikawa method with a Gaussian cut-off fixed
by M to regularize the sum. Anomaly computations imply
that the chiral current non-conservation is proportional to
parity odd Pontryagin and Nieh—Yan [11-14] four forms

d(xj5) = (F A Fyp)

2472
MZ
+m(T” ATy — Rap A e Aed), (10

where the field strengths (curvature and torsion respectively)
are

Fap = DAgp = dAgzp + Agec A Alc)a
T9 = De =de” + A2 A e, (11)

which satisfy Bianchi identities D F,;;, = 0and DT, = F p A
eb. Here ¢ = e, dx" is the vierbein and A is a connection
1-form.

We note the appearance of a dimensionful coefficient M
in the second term which is also expected on dimensional
reasons as the vierbein is dimensionless. If we decompose
the Lorentz connection into spin-connection plus contorsion
1.e. Aap = wup + Kyp, then the curvature is written as Fy;, =
Rup + DKyp + Koo A K; where R,p = dwgp + wae A a)[C7
is Riemann curvature and torsion would be T, = K, A €”.
Then, the Pontryagin term is computed as

1
F A Fu =R ARy — st AdS
(12)

where the axial vector field S is the fully antisymmetric part
of torsion (a.k.a. H-torsion)

S =’ ATy, (13)

or in component form S,, = €, T"°. This is the part of
torsion that couples to fermions through the Dirac operator
[151 ) = Do— §$ ¥> (1D is the torsion-free operator). More-
over, the axial vector S can be decomposed into a transverse
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pseudo-vector Slf (namely BMSLM = 0) and a pseudo-scalar
o

Sy =S+ dy0. (14)

Finally, the Nieh—Yah term which only receives a contribu-
tion from the pseudo-scalar part of torsion is [9]

TOAT, — Rap Ae* AP =d (e AT,)
1
=dx*S) = —ZIDO, (15)
where 1 is the unit (volume) four-form.
On the other hand, the Nieh—Yan term can be written as the

difference of two Chern class integrals [3, 14]. We consider
two SO(1,4) connections

b 1 a ab
AB __ C()a 76 AB __ w 0
A _<—%eh 0) and  A{ —(0 0),

(16)
where / is a length scale. Then, the field strengths are
FAB: Rab_llzea/\eb %Tﬂ and

—17? 0
e Rab 0
F§° = < 0 0) . (17)

We find that the difference between corresponding Chern
class integrals is proportional to the Nieh—Yan term

F® A Fyp — F§? A Foab
2
= l—Z(T“ ATy — Rap A e® Aed). (18)

Since these are topological terms with integer integrals, this
leads to a quantization condition on the Nieh—Yan term that
has a dependence on the length scale /. We think a natural
choice for this length scale where we want to have dimen-
sionless geometry [16,17] is the Planck’s length considered
to be the minimum length of spacetime.

2.1 Manifolds with trivial topology

In this section we consider the contribution of non-singular
Nieh—Yan term to chiral anomaly. Pseudo-scalar o has a
non-singular behavior and using the redefinition ¥ (x) =

i 5 .
€577’ % (x) we can see that the index does not depend on
the total derivative part of axial torsion. In particular, we find

L=iy @) DY) =ip(x)Bod(x). (19)
By considering the Ward identity
(0" (x))
J DY )DP (x)el EX VPV i3 ()

= : _ ’ 20
fDl/f(x)Dll_f(x)e/ d4xiy (x) D (x") (20)

we note that the field redefinition is like a chiral transforma-
tion the measure in numerator and denominator is multiplied
by the same factor thus we find

(@I (X)) = (3, T (%)) .- 21)

We conclude the total derivative part of axial torsion doesn’t

contribute to chiral anomaly.
_n2
Moreover, if we consider the Gaussian regulator e 2 in

Fujikawa method with
DB = B+ iviSry® + 52
—2el'epo S, D)y + elle) o "V, Sy, (22)

v

where ) only has the Slf part, we find that the contribution
from torsion to chiral anomaly is

V' D a0V, S5 4 bV, (ST

1
+cVu (RS — ERS“‘) +dst AdSt. (23)
Using V,, S+# = 0 and the Bianchi identity

Vu (le -

we find

1
5Rg*‘“> —0, 24)

V, I D bV, SE 4 cRMYV, SE +dS AdS. (25)

Apparently, the first two terms depend on our choice of ¢ and
S /f There is aresidual symmetry transformation S lf ) lf —
0,C,0 — o+ C with[JC = 0, thus we can choose a gauge
such that the sum of first two terms vanishes. Therefore, the
chiral anomaly would be

(Vu "y = R A Ryp +dS A dS. (26)

We provide an explanation for why calculating anomaly
_p*

with the typical regulator e 42 does not lead to the expected

result. If we define a transformation

2

Y= e My, @7)
_p?
P = elPore (28)

using the partition function we can show that the anomaly of
this transformation is

] 2 . s 3
Oy y e W) =Y YiySe ul . (29)

So we see that using the regulator is equivalent to calculating
2

- _p-
the anomalous current (Bu(l/fy“yse m24)). We can show
that this current is not the same as the original current by

@ Springer
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looking at a symmetry that is present in the original calcula-
tion which is missing here. The transformation

Y= OOy 5 S, — 30, (30)

leaves (9, (Y y*y>)) invariant but the above current is not
left invariant under this transformation.

We note that even without the above explanation, we can
redefine the chiral current such that the total derivative con-
tributions like V, K* =V (S2S“) + ... are removed from
the anomaly w1thout changmg its topologlcal structure. This
is also true for the contribution of the non-singular part of
the Nieh Yan term as this part behaves like a total derivative
and is not a topological term.

2.2 Manifolds with non-trivial topology

We begin this section by an observation that on a manifold
with singularities in its vierbeins, the Nieh—Yan term can be
written as a sum of delta functions [9]

1
TOAT, — Ryp Ae® Ae? = —ZIDG

=1) 178*(x — xp), (31

where /; are some length scales and x; are singular points. In
the following, for the sake of simplicity, we ignore spacetime
curvature and only consider the contribution of torsion to
anomaly via the Nieh—Yan term. In the Fujikawa method,
the regulator has an extra piece due to the Nieh—Yan term

1
p* = ¢0——D oy +6—48M03“0+~-~ . (32)

Then, we find the torsion contribution to the index as

ind D hm/

Given the delta function form of Nieh—Yan term, we cannot
stop the sum at the first order term in o in the expansion and
we must consider all terms. Then, the torsion contribution to
the index is computed as

d>Di lim

4 iOo 7/5
im —= [ d'xtr|y esm?
M— o0 167t2

m* 3284 (x — x;
=— lim — [ d*xsin (M) (34)

e s (33)

M4

M—o00 47‘[2 ZMZ

In order to calculate this term we use a simple method. Using
the expansion of sine function we write

204
M4/d4x sin (list(j))
00 2n+1
i s (=D" (1784
=M /dxn;(znw)!( 2M?

@ Springer

1 (26|
Cn+ !\ 2m?

284 (x) | —
M4/d4x< 2 )2;
(35)

Using the definition of delta function [ d*x8*(x)f(x) =
f(0) and the approximation §4(0) = €l4 with € related to the
minimum length of spacetime (and therefore related to the
UV cut-off) we can write

M 2
ind > =—5sin -5 ). (36)

and considering M = 1;‘ with k some order 1 number we find

Kk 1?
ind D = sin 2/{;62 . (37)

Thus, in order to remove this term in the index, we demand
a quantization condition as

12
TareE = T (38)
where n; are integer numbers. We note that, if we had incor-
DU

rectly kept only the first order term in the expansion of e' 812 ,
then we would have found a contribution to the index as
2 12

ind D ym > (39)

which would be cut-off dependent and is not accepted. How-
ever, if we keep all terms in the expansion we find

Mt 12
27 sin <2Mlze4> , (40)

which is finite given that € ~ % and vanishing if the quan-
tization condition (38) is met.

Same result can be obtained via another approach. We
recall that the zero modes of the Dirac operator with torsion
w,‘g and the zero modes of the Dirac operator without torsion
¢ are related as

ind D

YO(x) = e8¢0 (x). (41)

With a finite torsion term, this simple reasoning states that
the total derivative part of pseudo-vector torsion does not
contribute to the index. However with singular point, the
outcome is different. Given (31) we write

12

o(x) = “@W’ (42)

as we have singular behavior at some points. Taking care of
the divergent behavior close to one of the singularities we
find

4 501 2275 30 (0T (o 2G5
ind O | d'x lim Ztr 57, (X)X, (x)e "8

x'—=x
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/d4x lim Ztr[ 3 _'U(X) U(X)stﬁn( )¢n'(x )i|

x'—x
(43)
Applying
.0 ,\'/ —0o (X 1
et 2ty cos <§(x’ — x)ﬂauo)
s (1
—iy” sin g(x —x)Ho,0 ), (44)
the index is computed as
1
ind D /d4x lim cos(—(x/ —x)“aua>
x'—x 8
x Yty gy (]
n
. . 1 / 4 /
—i sin g(x —x)H9,0 ) 8" (x — x'). (45)
Given a minimum length scale € we may write
1 2
/!
g(x —x)Ho0 ~ 21? (46)

The first term in (45) is proportional to the torsion-free Index.
The second part is divergent though. Again, if we demand a
quantization condition for /; as

(47)

_262 ~ Nn;m,

where n; are integers, then the divergent piece will be absent.
In passing, we emphasis that this quantization condition
is expected as the Nieh—Yan term could be seen as the dif-
ference between two Chern classes [2,14] where here we
replace the length scale in (18) with the minimum length of
spacetime. One might therefore conclude that adding torsion
to gravity has a close relationship with spacetime discretiza-
tion. In particular, if we choose [ to be the minimum length
of spacetime, we find the quantization condition
12

fz = 47’n;. (48)
Therefore, if in (38) we choose M = @ the sinusoidal
dependence of index to the Nieh—Yan term will be absent.

In the following we consider two cases both with a natural
IR scale and show that contrary to what previously expected
the coefficient of the Nieh—Yan term will be related to the IR
scale of the theory. In this context we use the IR cut-off as
the lower limit for the physical energy levels. In the case of
a positive cosmological constant this natural scale is given
by the cosmological constant. This can be expected if we
consider de Sitter spacetime as a compact Euclidean space
with effective radius /. In the presence of temperature we also
have a natural IR scale which is expected given the fermionic
Matsubara frequencies w, = 2n + 1)z T.

1. Adding a cosmological constant

In the absence of the cosmological constant, as the Nieh—Yan
term could be seen as the difference of two Pontryagin terms,
we considered two Lorentz connections in (16) and derive

2

L =47'[2ni,

5 (49)

where n; is an integer and we have chosen € = [.

In the presence of the cosmological constant A ~ [y 2
with de Sitter length [y, we propose to change the second
Lorentz connection in (16) as

ab 1 a
AB w —e
AfY = (—lleb 100 > (50)
0
Then, the field strengths are
Rab lea /\eb lTa
AB
FAP = ( —Z%Th 10 ) , (@28
R — Lea et Lra
AB _ 2 lo
FiP = ( i . ) (52)
0

We find that the difference between corresponding Chern
class integrals is proportional to the Nieh—Yan term as

F® A Fyp — F§" A Foab
11
=25 — = )| (T ATy — Rap Ae® A eP). (53)
22

Then, following the same line of reasoning we find the quan-
tization condition

(54)

In the previous section, we computed the torsion contribution
to anomaly

12
Upon using (54) we find
12
ind Dsin|mn; + ——
JTZO
2 12
=(—D"sin| |~ ()", 56
s 471} s 471} (50)

which is similar to the result suggested by [3]. Therefore, we
see from (40) that the coefficient of Nieh—Yan term in index
should be the cosmological constant as an IR cut-off of the
theory and we can write

ind > (=1)" A7 o(T* AT, — Rap A e A eP). (57)

@ Springer
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Note that the appearance of a potentially non-integer index
is a result of spacetime quantization and is evident from (9).
When we take the limit x" — x there is always a mismatch
due to discreteness of spacetime. On the other hand due to
the quantization condition (54) the final result for the index
is equivalent to replacing the UV cut-off in the calculation
with the IR scale % This is equivalent to summing over the
eigenmodes of the Dirac operator with eigenvalues less than
the IR scale in the index i.e. these modes effectively play the
role of zero-modes in a theory with an IR scale.

2. Finite temperature effect

Finally, we study the effect of finite temperature on chiral
anomaly in a background with torsion. It is in particular
interesting in condensed matter experiments where torsion
is realized as dislocations or defects in a sample [18-20]. In
the presence of temperature we use the concept of periodic
Euclidean time in the definition of delta function. We have

8t — 1) :Za(z+nl3—n), (58)

where f = % is inverse temperature. We can approximate

the delta function as

1 €

5() = — -
@ e 412

(59)

where € is related to the minimum length of spacetime. Then,
after calculating the sum in (58) we find

. fLi (i
Sg(t) = L (COt T tie) cot 7 le))
2p p B
| TE
N —— 60
T er+12 + 382 (60)
which is plotted in Fig. 1. Then, we find
S50t — 1) = € n e
T @+
me
=6(t—ti)+ﬁ. (61)
The torsion contribution to the index is computed as
128% (x — xi)
ind > si KR 62
ind D sin ZZ Ve (62)
Using (61) and M? = i—’{, we find
ind > (—1)" L (63)
l, 12

It is consistent with the results presented in [21,22] if we
require n; to be odd.

@ Springer
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Fig. 1 The approximated Dirac delta function with periodic argument
fore =0.06and 8 =1

3 Conclusions

In this short note, we argued that there could exist an extra
torsional contribution to chiral anomaly through Nieh—Yan
term if the manifold has singular points and the field theory
has anatural IR cut-off. Moreover for that to be a sound result,
we found that there must exist a quantization condition on
the minimum length scale in the present of torsion. We stud-
ied two scenarios which come with an IR cut-off; one with
a cosmological constant and one in a finite temperature. In
both cases we found a finite contribution to chiral anomaly
proportional to the IR cut-off. These scenarios are in par-
ticular interesting as they are respectively relevant in early
Universe cosmology and condensed matter experiments. The
latter has been already studied in literature (see for instance
[21,22]). In a future work, we will study the effect of this
new torsional contribution to chiral current anomaly during
inflation.
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Appendix A

In this appendix, we argue that we can subtract the effect
of non-topological terms like V,, (S25m), vV, (OS*) and the
non-delta function part of the Nieh—Yan term V,S* by
redefining the current or equivalently adding counter terms
to the Lagrangian. These counter terms include S*, SHOS,
and M?S? which correspond to redefining the chiral current
by adding terms proportional to S>S#, (JS* and M?*S*. This
subtraction is allowed as far as the topological behaviour of
chiral anomaly is not altered.

We explain how we can subtract the effect of the extra
terms using these counter terms. Considering the Lagrangian

L=iy(D+i$y°)¥ +aS* +bS'OS, +cM?S?,  (64)

where a, b, ¢ are some numbers and variating with respect
to S, we find

I = aS?S* + bOSH + cM?SH. (65)

Therefore we see that by an appropriate choice of a, b, ¢ we
can subtract the effect of the mentioned finite terms from
chiral anomaly.

In passing we note that the presence of a coupling S, C*
in the effective Lagrangian in [15], where C* is related to
Pontryagin as P = 2V, C#, is expected since we can write

SLefs S T
JI = 241 and the C* term in this variation is a confirma-
. " . L
tion of the presence of Pontryagin term in chiral anomaly.
In the case of delta-function type Nieh—Yan term we can
write

v, SH = Zz?a“u —X;). (66)
i

As an example we consider the case of a sphere as a compact
manifold with two such terms one at the north pole and one
at the south pole say x; and x,. We need to cover the sphere
with two patches each including one of these singularities.
We can write

/vusﬂ =/ Sidau—/ s"day,, (67)
+ —

where S and S_ are respectively defined in patch 1 and patch
2. So the integral depends on the difference of S defined in

the intersection of the two patches. Now given that S#* =~

12 (xt—x!) L .
N and considering the behaviour of da, as we take

the limit x — oo (that we assume to be the boundary of
each patch) we find as expected that this integral receives
a non-zero contribution from delta-function type Nieh Yan
term.

Using the same argument we can show that terms like
[ % S*da,, and [OS*da, receive no contributions from
delta-function type Nieh—Yan term and therefore can be sub-
tracted from anomaly by redefining the chiral current.

We show that this reasoning is in fact a result of our previ-
ous argument that a total derivative axial torsion should not
contribute to anomaly as far as the topological behaviour is
not altered. Our original Lagrangian is

L=iydy — Sy y v + kM3 S"S,,. (68)

Here the S? term appears from torsional Ricci scalar. We have
2

seen that when we use the regulatore” #? we are in fact calcu-
2

- _ b
lating the divergence of a different current ¥y y e M% .
This is effectively equivalent to changing the Lagrangian to

i, _ 2
L=iydy — S, hyly e w2y + kM3 SES,. (69)

Expanding to first order we find extra terms like

v Wy O+ SP 4y (70)

On the other hand if we solve for S, in (68) classically we
find

JHS = 2kM%, S*. (71)

Therefore, if we require M o M p; to be regarded as the UV

cut-off, the additional terms considering this identity will

be S*0S, and S* among other terms. This means that if
iy

we use the regulator e 2 we need to subtract the effect of

these extra terms which is equivalent to redefining the chiral
current.
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