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Abstract Weinvestigate scalarized black holes in new mas-
sive gravity dressed by a nonminimally coupled scalar. For
this purpose, we find the Gregory—Laflamme (GL) and tachy-
onic instability bounds of bald BTZ black hole expressed
in terms of m? a massive spin-2 parameter and « a scalar
coupling parameter to Ricci scalar by making use of the lin-
earized theory around black hole. On the other hand, we
obtain a solution bound of 0.161 < « < 3/16 for achiev-
ing non-BTZ black holes with scalar hair analytically and a
thermodynamic bound of 1/8 < o < 13/80 for obtaining
consistent thermodynamic quantities. Without imposing the
GL instability bound (m? < 1/2¢?), we find a very narrow
bound of 0.161 < o < 0.1625 which is located inside tachy-
onic instability bound of « > 1/8 + méﬂz /6 for obtaining

scalarized black holes where mé is a scalar mass parameter.

1 Introduction

Recently, there was a significant progress on obtaining black
holes with scalar hair called as spontaneous scalarization
[1]. This corresponds to an explicit example for evading
no-hair theorem. In this direction, the tachyonic instability
of bald black holes is regarded as the onset of scalarized
black holes when introducing a scalar coupling f(¢) to the
source term: the Gauss—Bonnet (GB) term for Schwarzschild
black hole with mass M [2—-4] and Kerr black hole [5] or
Maxwell term for Reissner—Nordstrom (RN) black hole with
mass M and charge Q [6] and Kerr—Newman black hole
[7]. For the GB coupling, the coupling function was usu-
ally chosen to be either f(¢) = (1 — e_6¢’2)/6 or ¢ which
leads to the same form when linearizing equations. Explic-
itly, the tachyonic instability for a scalar perturbation can
be found when the negative region of potential is devel-
oped in the near horizon by including a negative mass term
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= 2 . .
pE = —2aR%; = —96‘;‘(5"1 with a positive scalar coupling

parameter « in the Einstein—-Gauss—Bonnet-scalar (EGBS)
theory or uzy = aF%/2 = —“(1:1—4’1)2 with ¢ = Q/M
in Einstein—-Maxwell-scalar theory. Another source terms
might be geometric invariant sources of Ricci scalar (R)
and Chern-Simons term (*RR). The first branch of scalar-
ized black holes crosses the Schwarzschild black hole at the
threshold («;, = 0.363 for M = 1) of tachyonic instabil-
ity, while the first branch of scalarized charged black holes
crosses the RN black hole at the threshold («;, = 8.45 for
g = 0.7) of tachyonic instability. However, it is worth noting
that most of scalarized black hole solutions were constructed
numerically because their analytic solutions are hardly found.
This implies that a completely thermodynamic study of these
scalarized black holes is handicapped. For this purpose, it is
desirable to find an analytic black hole solution with scalar
hair.

On the other hand, a fourth-order gravity [Einstein—Weyl
theory: R — ﬁ (wa — R?/3)] with a massive spin-2 param-

eter m% has provided the non-Schwarzschild solution which
crosses the Schwarzschild solution at the threshold point
(m’zh = 0.876 for r = 2M = 1) [8]. This numerical solu-
tion represents a black hole with Ricci tensor hair, compar-
ing to Schwarzschild with zero Ricci tensor. Even though its
approximate analytic solutions were found by making use
of the continued-fraction expansion [9], one could not find
any analytic form of non-Schwarzschild solution. At this
stage, we note that the instability of Schwarzschild black
hole was found in the dRGT massive gravity [10,11] and the
instability bound of Schwarzschild black hole was found as
my < 0.876/r4 when solving the Lichnerowicz equation for
the linearized Ricci tensor 6 R, [12]. It corresponds exactly
to the linearized Einstein equation for h,(fv) afour-dimensional
metric tensor around a five-dimensional black string where
the Gregory—Laflamme (GL) instability was firstly observed
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[13]. More recently, it was shown that the long-wave length
instability bound for non-Schwarzschild solution is given by
my < 0.876/r4 [14], which is the same bound as the GL
instability for Schwarzschild solution. However, this insta-
bility bound is not consistent with that predicted by thermo-
dynamic analysis of non-Schwarzschild solution [15].

Now, it is very interesting to note that the new massive
gravity with a positive massive spin-2 parameter m? [16] is
considered as a three-dimensional version of Einstein—Wey]l
gravity with a negative cosmological constant. In this case,
the GL instability bound was found to be m? < # with £
the AdSs3 curvature radius [17]. Also, it indicates a clear con-
nection (CSC: correlated stability conjecture) between ther-
modynamic instability and GL instability for the BTZ black
hole regardless of the horizon radius r [18]. On later, ana-
lytic black hole solutions were found in new massive gravity
dressed by a nonminimally coupled scalar to Ricci scalar
R [19]. However, an interpretation of asymptotically AdS
black hole solutions is not still clear as well as their ther-
modynamic analysis is incomplete. Furthermore, these solu-
tions have received less attention than asymptotically Lifshitz
black hole solutions in three dimensions [20,21].

In the present work, we wish to revisit these AdS black
hole solutions as non-BTZ black holes with scalar hair
and find all thermodynamic quantities. Without imposing
the GL instability bound, we find a very narrow bound of
0.161 < a < 0.1625 which is located inside tachyonic
instability bound of & > oy, with o, = 1/8 + m% €2 /6 for
obtaining scalarized black holes by analyzing both solution
and thermodynamic bounds. On the other hand, imposing
the GL instability bound, one could not find any consistent
bound.

2 BTZ black holes

We start with the new massive gravity dressed by a nonmin-
imally coupled scalar (NMGdbs) [19]

SNMGdbs = SNMG + So, (D
1
SNMG = E/d3x«/—g [R —2A
1 3
s (Roo R = R, @

1
Se = _E/d%/_—g [(acp)2 + aRD?

A
tmdd? —c1>4], 3)
12
where m? is a positive massive spin-2 parameter, « is a pos-

itive scalar coupling to Ricci scalar R, and m%p is a scalar
mass parameter [m, mg, o € (0, 00)]. Here, itis important to
note that we introduce a quadratic scalar coupling ¢ to Ricci

@ Springer

scalar R but not to fourth-order term K = R,, R** —3R?/8.

The reason for this choice is that the former is easy to find an

analytic black hole solution with scalar hair than the latter.
The Einstein equation is given by

1 [}
G/w + Agu.v - mK/w - T;w =0, “4)
where
1 1 00
K, = ZDRMU - EVMVVR — EDRgm} + 4R,wwR
3 3
_ERR/,LV - R,ooRpUguv + ngg;w (5)

and the stress tensor for a scalar ® is defined by

A
TS = 3,09, — %[(3@)2 +m3 P2 + qu‘]

+a(g,wm — VY, + G,w><l>2. 6)
On the other hand, the scalar equation takes the form as
2 A3
|:|<I>—aR<I>—mq,d>—g<D =0. @)

Our primary concern is the non-rotating BTZ black hole solu-
tion to Egs. (4) and (7) given by

dr?

dse, = gudx"dx’ = — f(r)dt* + —— + r2dg?,
BTZ ny f(r)
r2
fr)y=-M+ 7 (8)

=0

under the condition of 1/£% 4+ A + 1/(4m?¢*) = 0. Here
M is an integration constant related to the ADM mass of
BTZ black hole and ¢ denotes the curvature radius of AdS;
spacetimes. The horizon radius ;. = /M is determined by
the condition of f(r) = 0. Its Hawking temperature is found
to be

flre) _ ry
47 2%

Using the Abbott—Deser—Tekin method [22,23], one can

derive all (m>-dependent) thermodynamic quantities of its

mass, heat capacity (C = d%ﬁ? T), entropy, and Helmholtz
free energy as [18]

Ty(ry) =

©)

2 2
Mapr = —5M(ry), Capr = —5C(ry),
m m
2 MZ
SADT = WSBH(’"Jr), Fapr = WF(H), (10)

where M? is defined by

1
20,2 2
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Here, thermodynamic quantities in Einstein gravity are given
by

2
.
M(ry) = E_; C(ry) =4nry, Spu(ry) =dmry,
r2
F(ry) =M — TuSpy = —Z—; (12)

We note that these quantities are positive regardless of the
horizon size r4 except that the free energy is always negative.
This means that the BTZ black hole is thermodynamically
stable in Einstein gravity. Also, it is easy to check that the
first-law of thermodynamics is satisfied as

dMapt = TudSapT (13)
as the first-law is satisfied in Einstein gravity
dM = Tyd SgH (14)

where ‘d’ denotes the differentiation with respect to the hori-
zon size r only. It is interesting to observe that in the limit
of m?> — oo one recovers thermodynamics of the BTZ black
hole in Einstein gravity, while in the limit of m?> — 0 we
recover the black hole thermodynamics in purely fourth-
order gravity.

We are in a position to discuss the linear stability of BTZ
black hole in NMGdbs by considering metric perturbation
h,,» and scalar perturbation ¢ in g, = g,v + hyy and © =
0 + ¢. Firstly, the linearized Einstein equation to (4) upon
choosing the transverse-traceless gauge (V4h w = 0 and
h* . = 0) leads to the fourth-order equation for the metric
perturbation /4,

[AL+ ;2 = MEon)) | (Ar + %)hﬂ —0, (15)

where A} denotes the Lichnerowicz operator defined as

- - _ 2
Aphyy = —0hyy — Rppevh® — g_zhl“‘ (16)
This might imply the two second-order linearized equations
- 2
(B + 5 )hu =0, (a7)
- 2
[AL+ 5 = M) k! = 0. (18)

Here, the mass squared M? of a massive spin-2 is given by
Eq. (11). Importantly, Eq. (17) describes a massless spin-2
(gauge degrees of freedom), whereas Eq. (18) describes a
massive spin-2 with 2 DOF propagating around the BTZ
black hole under the transverse-traceless gauge. Solving
a coupled first-order equations for s(n = 0)-mode H;,
and H. = Hy/f(@r) — f(r)H, derived from Eq. (18)
with i1, = €™ H,,,, the classical instability (Gregory—
Laflamme instability) bound of the BTZ black hole on m?

was found by

0.7
M2 <0—m? < M <My, My = = (19)

202
regardless of the horizon radius r [17].

It is well known that the local thermodynamic stability
is determined by the positive heat capacity (Capt > 0) in
NMGdbs. For M? > 0(m> > m?,), all thermodynamic
quantities have the same property as those for Einstein grav-
ity, whereas for M? < 0(m> < mtzh), all thermodynamic
quantities have the same property as those for fourth-order
term. We observe that for M2 > 0, the BTZ black hole is
thermodynamically stable, regardless of the horizon radius
r4 because of Capt > 0. The case of M? = 0(m? = mtzh)
corresponds to the critical gravity where all thermodynamic
quantities are zero and logarithmic modes appear. For M? <
0, the BTZ black hole is thermodynamically unstable because
of Capt < 0 as well as it is classically unstable against met-
ric perturbation. Hence, it shows a clear connection (CSC:
correlated stability conjecture) between thermodynamic and
classical instability for the BTZ black hole regardless of the
horizon radius r; in NMGdbs. However, it is important to
note that there is no such connection in Einstein gravity.

Finally, let us study the tachyonic instability for scalar
perturbation. By linearizing Eq. (7), one finds a linearized
scalar equation with R = —6/¢2

- 6
D¢—(—€—2+m§>)¢=0. (20)
Considering the separation of variables as

lwt+ing

one finds the Schrodinger equation with a tortoise coordinate
defined by dr, = dr/f(r) as

d>y

2
drs

¢(t, o, 1) xe

+ [a)2 - v,p,o,(r)]xp —0, (22)

where the scalar potential is given by

2

The appearance of negative region in the far region indicates
tachyonic instability because the last term of Eq. (23) plays
the role of an effective mass term.

Observing Fig. 1, one finds that the tachyonic instability
bound for s(n = 0)-mode scalar is determined by

1 m3 02
=— 4+ )

Ath 3 6
Consequently, we find two instability bounds (19) and (24)
from stability analysis of BTZ black holes in NMGdbs.

(24)

o > Oy,
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1.0

10 15

— Viy.a=1/8+1/6-0.0001(r)
— Viya=1/841/6(r)

— Viya=1/8+1/640.0001(r)

-0t

Fig. 1 Scalar potential Vy, o(r € [r4 = 1, 30]) for s(n = 0)-mode
¢ with M = ¢ = m% = land e = 1/8 + 1/6 — 0.0001 (stable),
a = 1/8 4+ 1/6(= oyp) (threshold of tachyonic instability), and @ =
1/8 + 1/6 + 0.0001 (unstable). The negative region increases as «
increases because the last term of Eq. (23) plays the role of an effective
mass term

3 Scalarized black holes

One finds an analytic solution for scalarized black holes by
solving (4) and (7) as [19]

2 2 dr? 2,2
dssbhz—F(r)dl‘ +—+r d(p,

F(r)
3205 2
I\ T6a—3 r
rio=w(;)
(r) 7 + 7

0.5
7'\ Toa—3 = = 8M (320 — 5)
() = (- o, by=,/——>—"7"7"—, (25
a(r) <£> o T \/256a2—32a—1 (25)

where M denotes the ADM mass of scalarized black hole.
We regard Eq. (25) as non-BTZ black holes with scalar hair
in three dimensions. One finds that 25602 — 320 — 1 =

256(x — 1+%ﬁ)(ot — %ﬁ). Importantly, we observe that a

case of @ = 35—2 recovers the BTZ black hole Eq. (8) with
® = 0. Imposing a vanishing &, (r) at infinity and a positive
finite scalar hair on the horizon, we find two bounds for «

40
30
20

10

-10

Fig. 2 (Left) ®,, as a function of o with M = 1. The shaded region
represents &, > 0, it blows up at « = 1.151 (dotted line) and it is
zero at « = 0.156, 0.1875. (Right) Scalar hairs ®,(r) as function

@ Springer

(see Fig. 2)
O<a< Lt ﬁ(: 0.151),
16
i(— 0.156) i(— 0.1875) (26)
=0 <a< AR .

For this solution, other parameters take the forms as

25602 — 320 — 1

20y —
Mm@ = lbw =32
(160 — D)(48a —7)

A = = 56a? — 320 — D"

2 oy = 8% 1)(7680% — 192a + 11)
Mole) = 4160 — 3)202 :

3(8a — 1)(25602 — 320 — 1)(768a2 — 1520 + 9)
Ma) = — .
16(16a — 3)2(32a — 5)¢2
(27)

Taking a positive m*(«), one has a bound of « > %

[see (Left) Fig. 3]. For a negative A(«), one has two bounds:
(= 0.063) < a < L(= 0.146) and @ > Y2 [see
(Right) Fig. 3]. Two roots of 768> — 1920 + 11 = 0 are
given by = 0.089, 0.161. For a positive mé(a), we find
two bounds: 0.089 < a < %(: 0.125) and o > 0.161 (see
Fig. ??). However, there is no restriction on A(¢). A common
bound from m?(a) > 0, A(a) < 0, and mé(a) > 0 leads
to

o > 0.161. (28)

Finally, combining Eq. (28) with Eq. (26), one finds a
solution bound for obtaining scalarized black hole solutions

sol 3
0.161 <™ < E(= 0.1875). (29)
Here, we obtain three isolated points for positive o: ajso =
—1“:%/5, 3% % because of ¢ = l_l—gﬁ < 0. These all are

excluded from the allowed parameter space.

q’c(=0 (r)

— Dg-0.16(r)

— ®g=0.18(r)

" L r
1 2 3 4 5

ofr € [ry =1,5]with¢ = 1and @ = 0, 0.15, 0.16, 0.18. The
forbidden region is between o = 0.151 and o = 0.156
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()

15}

10}

0.2 0.3 0.4

Fig. 3 (Left) Mass m?(«) as a function of o with £ = 1. The shaded region represents m2(«) > 0 and it blows up at & = 0.1875 (dotted line).
(Right) Cosmological constant A(«) as function of o with £ = 1. The shaded region represents A(x) < 0 and it blows up at « = 0.151 (dotted

line)

4 Complete analysis for thermodynamics of scalarized
black holes

First of all, the («x-dependent) Hawking temperature is
defined by

F'(ry) _ ry
4 47023 — 16a)

Other («-dependent) thermodynamic quantities are found to
be

Ta(ry, a) = (30)

r e 1 e\ 1653
M(r+,a)=£—2(7) , C(r+,a)=4nr+<7> ,
160 — 3\ /7y 163
s =2, (=2) ()
B (r, ) =2mry Fy— ;

32a-5

Fu(ry) = M — TuSgy = ﬁ(M)(EVT 31)

2\ 160 —2 £

In deriving the entropy Spx, we use the first-law of thermo-
dynamics as

dM = TudSgp. (32)

For an isolated point (o = %), we observe that the above
reduces to those in Eq. (12) for BTZ black hole exactly. For
an isolated point (@ = 1%), any thermodynamic quantities
are not defined properly because they blow up. Requiring that
THr+, o) >0—->0<a < %, Spr(r4,a) >0 — % <
o < 13_6’ and F,(ry) <0 — % <a< é—g, one finds a ther-
modynamic bound for obtaining appropriate thermodynamic
quantities for scalarized black hole as

1 13
g(= 0.125) < o < @(= 0.1625). (33)

We note that in view of having appropriately thermodynamic
quantities, two cases of ¢ = % and % (stealth black hole) are
isolated points which are excluded from the allowed param-
eter space o.

Consequently, combining Eq. (29) with (33), one has a
very specific bound for obtaining scalarized black hole with

ma(a)
02

01}

Fig. 4 (Left) Mass of scalar m(zp(a) as a function of & with £ = 1.
Two shaded regions denote mé(a) > ( and it blows up at « = 0.1875
(dotted line)

r

-1

2F === Fa=0.1625(r+)

Fa=0.162(r+)

I Faco.1615(r+)
S e Fa=0.161(r+)

Fa=0.156(r+)

b Fa=0.126(r+)
4L

Fig. 5 Helmbholtz free energy Fy (r4+ € [0, 10]) with 2 =lando =
0.1625 (zero: ry-axis), « = 0.162 (within bound (34)), « = 0.1615
(within bound (34)), @ = 0.161, « = 0.156 (BTZ), and o = 0.126
(Fy-axis)

appropriate thermodynamic quantities as
0.161 < o < 0.1625, (34)

which is regarded as our key result. We note that this bound
belongs to the tachyonic bound (24). However, if the GL

@ Springer
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instability bound (19) is imposed, the mass bound on m? i

modified as %ﬁ <o < 3% In this case, we have no such
bound like as Eq. (34). In this sense, the GL instability bound
might have noting to do with constructing scalarized black
holes.

Finally, we observe the Helmholtz free energy depicted in
Fig. 5 to study phase transition between BTZ and scalarized
black holes since all specific heats C(r4., ) are positive def-
inite. We find that phase transition from BTZ black hole to
scalarized black holes within the bound Eq. (34) is unlikely
to occur. The BTZ black hole is always favored than scalar-
ized black hole because of Fa:()4156(BTZ) < F0.161<a<0.625-
It needs to perform stability analysis of scalarized black holes

within the bound Eq. (34).

S

5 Discussions

We have investigated the new massive gravity dressed by
a nonminimally coupled scalar (NMGdbs) in Eq. (1). In
this case, a quadratic scalar coupling to Ricci scalar R
was included, instead of a quadratic scalar coupling to
fourth-order term K = R, R — 3R%/8: Sxmas =
1 [dPx =g [R—2A — (3®)% — (1 — ®})K /m? with m?
a single massive spin-2 parameter. We note that K plays a
role of the Gauss—Bonnet term in four dimensions because
the Gauss—Bonnet term is identically zero in three dimen-
sions. Even though the former coupling does not belong to
the general setup like the latter coupling, we have considered
the former coupling because it may admit an analytic black
hole solution with scalar hair.

From the NMGdbs, we have found the non-rotating BTZ
black hole as the bald black hole without scalar hair. We
have made the linearized theory around the BTZ black hole
to find the condition for instability and to trigger the spon-
taneous scalarization. Linearizing two equations (4) and (7)
leads to two linearized equations: one is the linearized Ein-
stein equation and the other is the linearized scalar equation.
The linearized scalar equation (20) differs from the four-
dimensional linearized scalar equation. The mass term of the

NMGdbs is a constant term like as ‘—6a /€% + m%b’, whereas

the mass term of the EGBS theory is given by ,u% =— 96‘:—6M2.

The former induces negative potential in the far region, while
the latter provides negative potential in the near horizon.
Also, the linearized Einstein equation (18) in NMGdbs is
the same form as in NMG, whereas the linearized Einstein
equation in the EGBS theory is the same as that for Einstein
theory. We have obtained the Gregory—Laflamme instability
bound (m < my;, = 0.7/¢) and tachyonic instability bound
(@ > amp = 1/8 + m3%£2/6) of bald BTZ black hole by
making use of the linearized theory around BTZ black hole.

@ Springer

Solving two full equations (4) and (7) directly, one has
found an analytic (w-dependent) scalarized black hole (25)
with four parameters mz(a), A(), m%b (), and A(a). We
have obtained a solution bound of 0.161 < «*' < 3/16
for achieving black holes with scalar hair analytically and a
thermodynamic bound of 1/8 < o™ < 13/80 for finding
consistent thermodynamic quantities. Without imposing the
GL instability bound (m < %), we have found a very narrow
bound of 0.161 < o < 0.1625 which is located inside tachy-
onic instability bound of o > o, with o, = 1/8 +m3€%/6
for obtaining scalarized black holes. However, if the GL
instability bound is imposed, the mass bound on m?(«) is

modified as lﬁgﬁ <a< 3% In this case, there is no such
bound like Eq. (34). In this sense, it seems that the GL insta-
bility bound has noting to do with constructing scalarized
black holes.

On the other hand, the GL instability supports correlated
stability conjecture (CSC) between thermodynamic instabil-
ity and classical instability for bald BTZ black hole regardless
of the horizon radius r4 in NMGdbs.

Consequently, the scalarized («-dependent) black hole
exists within a very narrow band of 0.161 < o < 0.1625

in NMGdbs.
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