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Abstract A new concept of moderate non-locality in
higher-spin gauge theory is introduced. Based on the recently
proposed differential homotopy approach, a moderately non-
local scheme, that is softer than those resulting from the
shifted homotopy approach available in the literature so
far, is worked out in the mixed ηη̄ sector of the Vasiliev
higher-spin theory. To calculate moderately non-local ver-
tices ϒηη̄(ω,C,C,C) for all ordering of the fields ω and C
we apply an interpolating homotopy, that respects the moder-
ate non-locality in the perturbative analysis of the higher-spin
equations.
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1 Introduction

Higher-spin (HS) gauge theory describes interacting systems
of massless fields of all spins, resulting from a nonlinear
deformation of the Fronsdal theory of free HS fields [1]. Such
theories play a role in various contexts from holography [2] to
cosmology [3]. A useful way of description of HS dynamics
in AdS4 is provided by the generating Vasiliev system of HS
equations [4]. The latter contains a free complex parameter
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η. Reconstructing on-shell HS vertices order by order one
obtains vertices proportional to various powers of η and η̄.

Since the HS gauge theory contains infinite tower of gauge
fields of all spins and the number of space-time derivatives
increases with the spins of fields in the vertex [5–8], the
theory exhibits certain degree of non-locality. The level of
non-locality of HS gauge theory is debatable in the literature.

In the papers [9–15] vertices in the holomorphic (anti-
holomorphic) sector up to η2 (η̄2), were reconstructed from
the generating Vasiliev system in the spin-local form. (See
also [16] for a higher-order extension of these results.) The
shifted homotopy approach used in [9–14] demands careful
choice of the homotopy scheme compatible with the spin-
locality of the vertices (for more detail on the notion of spin-
locality see Sect. 4.1).

Being efficient in the lowest orders, the original shifted
homotopy approach turns out to be less powerful at higher
orders. This way, it has not been yet possible to find spin-
local vertices in the so called mixed ηη̄ sector of equations
for zero-form fields.

From the perspective of HS theory in the bulk it is hard
to identify the minimal level of non-locality of the theory
unless a constructive scheme that supports some its specific
level is presented. The aim of this paper is to present such
a scheme that supports a moderate non-locality of the HS
theory in the mixed ηη̄ sector, that is less non-local than those
resulting from the shifted homotopy approach available in
the literature so far. Specifically, we will use the differential
homotopy approach proposed recently by Vasiliev in [17]
to obtain moderately non-local vertices ϒηη̄(ω,C,C,C) for
the zero-form equations in the mixed sector.

Since the moderately non-local vertices obtained in this
paper minimize the level of non-locality of the known HS
vertices, it would be interesting to compare it with the level of
non-locality of the vertices obtained in [18] via holographic
duality based on the Klebanov–Polyakov conjecture [2] (see
also [19–21]). A priori, there are two options:

(i) Moderately non-local vertices may have the same (or
even worse) level of nonlocality than that deduced in [18].

(ii) Moderately non-local vertices of this paper may be
less nonlocal than those of [18].

The option (i) is in fact inconclusive since it is not guaran-
teed that there is no better scheme allowing to soften further
the level of vertex non-locality. On the other hand, the option
(ii) would imply that the HS holographic duality has to be
modified one way or another, for instance along the lines of
[22]. Though the analysis of this issue is very interesting,
it is not straightforward because of the difference between
the formalisms underlying the space-time analysis of [18]
and the unfolded analysis of this paper in terms of auxiliary
spinor variables. Hence it is postponed for the future study.

The paper is organized as follows. In Sect. 2 we recall
the form of HS equations. In Sect. 3 the Vasiliev concept of

differential homotopy and the Ansatz for the linear in η defor-
mations of [17] are recalled. In Sect. 3.3 the Ansatz for the
linear in ηη̄ deformations is introduced, as a straightforward
generalization of that of [17]. In Sect. 4.1 we briefly discuss
a locality issue and introduce a notion of ’moderate spin-
non-locality’ (MNL), also introducing ’interpolating homo-
topy’ (IH) that respects MNL. In Sect. 5 the derivation of
the MNL B3 is considered in detail. In Sect. 6 the resulting
MNL vertices ϒηη̄(ω,C,C,C) are introduced. Conclusions
are summarized in Sect. 7. Appendices A–C collect previ-
ously known results of the lowest-order computations while
Appendices D and E contain vertex ϒωCCC and ϒCωCC cal-
culation details, respectively.

2 Higher-spin equations

2.1 Original form

The nonlinear HS equations of [4]

dxW + W ∗ W = 0 , (2.1)

dx S + W ∗ S + S ∗ W = 0 , (2.2)

dx B + [W, B]∗ = 0 , (2.3)

S ∗ S = i(θ AθA + B ∗ (ηγ + η̄γ̄ )) , (2.4)

[S, B]∗ = 0 (2.5)

reproduce field equations on dynamical HS fields in any
gauge and choice of field variables. The field B(Z; Y ; K |x)
is a zero-form, x are space-time coordinates, ZA = (zα, z̄α̇),
YA = (yα, ȳα̇) are auxiliary commuting spinor variables
(α, β = 1, 2; α̇, β̇ = 1, 2), η is a free complex parameter
(η̄ is its complex conjugate) and K = (k, k̄) are involutive
Klein operators obeying

{k, yα} = {k, zα} = 0, [k, ȳα̇] = [k, z̄α̇] = 0,

k2 = 1, [k, k̄] = 0. (2.6)

Analogously for k̄.
The field W (Z; Y ; K |x) is a space-time one-form, i.e.,

W = dxνWν , while S(Z; Y ; K |x) is a one-form in Z spinor
directions, i.e., S = θαSα + θ̄ α̇Sα̇ , θα := dzα, θ̄ α̇ := dz̄α̇ .
The wedge symbol is implicit in this paper since all products
are exterior.

The star product is

( f ∗ g)(Z ,Y ) = 1

(2π)4

∫
dUdV f (Z +U ; Y +U )g

×(Z − V ; Y + V ) exp(iUAV
A). (2.7)

Indices are raised and lowered by the symplectic formCBA =
(εβα, εβ̇α̇),

X A = CAB XB, XA = XBCBA. (2.8)
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Elements γ and γ̄ ,

γ = exp(i zα y
α)kθαθα, γ̄ = exp(i z̄α̇ ȳ

α̇)k̄θ̄ α̇ θ̄α̇ , (2.9)

are central with respect to the star product since θ3 = θ̄3 = 0.
Following [4], to analyse Eqs. (2.1)–(2.5) perturbatively

one starts with the vacuum solution

B0 = 0, S0 = θ AZA = θαzα + θ̄ α̇ z̄α̇ . (2.10)

Plugging this into (2.1)–(2.5) and using that

[S0, ]∗ = −2idZ , dZ := θ A ∂

∂Z A
, (2.11)

one finds thatW0 should be Z -independent,W0 = ω(Y ; K |x),
and satisfy (2.1). Similarly, at the next order one gets B1 =
C(Y ; K |x) from [S0, B1] = 0 and that C satisfies (2.3).
This way one reconstructs the first terms on the r.h.s.’s of the
unfolded equations of the form originally proposed in [23]

dxω + ω ∗ ω = ϒη(ω, ω,C)

+ϒη̄(ω, ω,C) + ϒηη(ω, ω,C,C)

+ϒη̄η̄(ω, ω,C,C) + ϒηη̄(ω, ω,C,C) . . . , (2.12)

dxC + [ω,C]∗ = ϒη(ω,C,C) + ϒη̄(ω,C,C)

+ϒηη(ω,C,C,C) + ϒη̄η̄(ω,C,C,C)

+ϒηη̄(ω,C,C,C) . . . . (2.13)

As in [23], the resulting perturbative expansion is in powers
of the zero-forms C .

To obtain dynamical Eqs. (2.12), (2.13) one should plug
obtained Bi ,Wi into Eqs. (2.1), (2.3). For instance, Eq. (2.3)
up to the third order in C-field is

dxC + [ω,C]∗ = −DB2 − [W1,C]∗
−DB3 − [W1, B2]∗ − [W2,C]∗,

(2.14)
where

DA := dx A + [ω, A]∗. (2.15)

For more detail we refer the reader to the review [24].

2.2 Free equations in AdS4

AdS4 vacuum one-form connection W0 is

W0 = 1

2
wAB(x)YAYB, dwAB + wACCCDwDB = 0,

(2.16)

where CAB is the sp(4) invariant form, wAB = (ωαβ,

ω̄α̇β̇ , eαα̇) describes Lorentz connection, ωαβ, ω̄α̇β̇ , and vier-
bein, eαα̇ . The unfolded system for free massless fields
ω(y, ȳ; K |x) and C(y, ȳ; K |x) reads as [23]

R1(y, y; K | x) = i

4

(
ηH

α̇β̇
∂̄α̇ ∂̄β̇C(0, y; K | x)k n

+η̄Hαβ∂α∂βC(y, 0; K | x)k̄) , (2.17)

D̃0C(y, y; K | x) = 0, (2.18)

where

∂α := ∂

∂yα
, ∂̄α̇ := ∂

∂ ȳα̇
, (2.19)

Hαβ := eαα̇eβ
α̇, H α̇β̇ := eαα̇e

α
β̇ , (2.20)

R1(y, ȳ; K | x) := Dad
0 ω(y, ȳ; K | x)

Dad
0 = DL − eαβ̇

(
yα∂̄β̇ + ∂α ȳβ̇

)
, (2.21)

DL = dx −
(
ωαβ yα∂β + ω̄α̇β̇ ȳα̇ ∂̄β̇

)
,

D̃0 = DL + eαβ̇
(
yα ȳβ̇ + ∂α∂̄β̇

)
. (2.22)

The massless fields obey

ω(y, ȳ;−k,−k̄ | x) = ω(y, ȳ; k, k̄ | x),
C(y, ȳ;−k,−k̄ | x) = −C(y, ȳ; k, k̄ | x). (2.23)

System (2.17), (2.18) decomposes into subsystems of
different spins, with a spin s described by the one-forms
ω(y, ȳ; K |x) and zero-forms C(y, ȳ; K |x) obeying

ω(μy, μȳ; K | x) = μ2(s−1)ω(y, ȳ; K | x),
C(μy, μ−1 ȳ; K | x) = μ±2sC(y, ȳ; K | x), (2.24)

where + and − correspond to helicity h = ±s selfd-
ual and anti-selfdual parts of the generalized Weyl tensors
C(y, ȳ; K |x).

We consider Eq. (2.18) on the gauge invariant zero-forms
C

C(Y ; K |x) =
1∑

A=0

∞∑

n,m=0

1

2n!m!C
A 1−A
α1...αn ,α̇1...α̇m

(x)yα1

. . . yαn ȳα̇1 . . . ȳα̇m kAk̄1−A.

Spin-s zero-forms are CA 1−A
α1...αn ,α̇1...α̇m

(x) with

n − m = ±2s. (2.25)

Eq. (2.18) rewritten in the form

DLC = eαβ̇ ∂2

∂yα∂ ȳβ̇
C

+ lower-derivative and nonlinear terms (2.26)

(discarding indices A) implies that higher-order terms in
y and ȳ in the zero-forms C(y, ȳ|x) describe higher-
derivative descendants of the primary components C(y, 0|x)
and C(0, ȳ|x) relating second derivatives in y, ȳ to the x
derivatives of C(Y ; K |x) of lower degrees in Y . Generally,
Cα1...αn ,α̇1...α̇m (x) contains n+m

2 − {s} space-time derivatives
of the spin-s dynamical field. As a result, the zero-forms C
in the HS vertices may induce infinite towers of derivatives
and, hence, non-locality.
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3 Vasiliev’s differential homotopy approach

Here we recall the concept of differential homotopy of [17]
and the Ansatz for (anti)holomorphic deformation linear in
(η̄)η and discuss its ηη̄ generalization used in this paper.

3.1 Differential homotopy

Shifted contracting homotopy �q and cohomology projector
hq act as follows [10]

�qφ(Z ,Y, θ)=
∫ 1

0

dt

t
(Z+q)A

∂

∂θ A
φ(t Z − (1 − t)q, t θ),

hqφ(Z ,Y, θ) = φ(−q,Y, 0) (3.1)

obeying the standard resolution of identity
{
dZ ,�q

}+ hq = I d . (3.2)

Here a shift q must be independent of Z and t but can
depend on some parameters and/or integration variables.
Moreover, further contracting homotopies lead to multiple
integrals

∫
dt1

∫
dt2 . . .. All of these parameters were inter-

preted in [17] as additional coordinates ta of some manifold
M with the total differential

d = dZ + dt , (3.3)

dZ = θ A ∂

∂Z A
, dt = dta

∂

∂ta
, (3.4)

where θ A and dta are anticommuting differentials and the
homotopy coordinates ta belong to a unite hypercube con-
fining integration to a compact M,

0 ≤ ta ≤ 1. (3.5)

In these terms, perturbative equations to be solved acquire
the form

d f (Z , t, θ, dt) = g(Z , t, θ, dt), dg(Z , t, θ, dt) = 0,

(3.6)

where the second one expresses the compatibility of the first
with dd = 0.

Functions like f and g contain theta and delta functions
like θ(ta)θ(1 − ta) restricting the t integration to a locus
inside a unit hypercube. Physical fields and equations in HS
theory are supported by dt cohomology carried by the inte-
grals over ta .

Differential homotopy is based on the removal of the inte-
grals. Namely, following [17] let

dZ fint = gint , fint =
∫

M
f (Z , θ, t, dt),

gint =
∫

M
g(Z , θ, t, dt), (3.7)

where M is a manifold with homotopy variables like t as
local coordinates, resulting in

dZ f = g + dt h + gweak, (3.8)

where gweak is any differential form of a degree different
from dim M, which therefore does not contribute to the inte-
gral. Setting gweak = dZh − dt f (taking into account that
deg h = dim M − 1 and deg f = dim M) and replacing
f → f − h, we obtain (3.6).
M can be treated as R

n . Following [17], for
∫
M we

use notation
∫
t1 . . .

∫
tk := ∫

t1...tk with the convention that
it is totally antisymmetric in ta . Though the integrals are
removed from the equations, to avoid a sign ambiguity due
to (anti)commutativity of differential forms, every differen-
tial expression is accompanied with integrals

∫
t1...tk that can

be written anywhere in the expression for the differential
form to be integrated with the convention

d
∫

t1...tk
= (−1)k

∫

t1...tk
d. (3.9)

3.2 Differential homotopy Ansatz for the η deformation

As shown in [17] direct computation within the differential
homotopy approach gives the following form for the lowest
order holomorphic deformation linear in η in the perturbative
analysis

fμ = η

∫

u2v2τσβρ

μ(τ, σ, β, ρ, u, v)

d�2E(�)Gl(g(r))
∣∣
r=0, (3.10)

d�2 := d�αd�α, (3.11)

E(�) := exp i
(
�β(yβ + pβ

+ + uβ) + uαvα

−
∑

k≥ j>i≥1

piβ p
β
j

)
(3.12)

Gl(g) := g1(r1) . . . gl(rl)k, (3.13)

p+α =
k∑

i=1

piα, p jα = −i
∂

∂r jα
, (3.14)

gi (y) are some functions of yα (e.g., C(y) or ω(y)) (anti-
holomorphic variables ȳα̇ , Klein operators K = (k, k̄) and
the antiholomorphic star product ∗̄ are implicit).

d = dZ A ∂

∂Z A
+ dτ

∂

∂τ
+ dρ

∂

∂ρ

+dσi
∂

∂σi
+ dβ

∂

∂β
+ duα ∂

∂uα
+ dvα ∂

∂vα
(3.15)

and

μ(τ, σ, β, ρ, u, v) = μ(τ, σ, β, ρ)d2ud2v, (3.16)

where duα and dvα are anticommuting differentials,
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d2u = duαduα, d2v = dvαdvα,

×
∫

d2ud2v exp iuαvα = 1, (3.17)

�α has the form

�α := τ zα − (1 − τ)(pα(σ )

−βvα + ρ(yα + p+α + uα)), (3.18)

where

pα(σ ) =
k∑

i=1

piασi (3.19)

with some parameters σi . We use the convention of [17] that
it does not matter where the symbol of integral is situated;
the integration over d2u and d2v in (3.10) also accounts for
the u, v–dependent measure factor d�2.

The measure μd�2 may contain so called weak terms
that do not contribute under the integration if the number of
integrations does not match the number of respective differ-
entials. This issue plays important role in the computations
of [17].

Due to the identity (d�)3 = 0 being a consequence of
the anticommutativity of d�α and two-componentness of the
spinor indices α, formula (3.10) has the following remarkable
property [17]

d[d2ud2vd�2E(�)] = d

(
d2ud2vd�2 exp i

(
�β(y + p+ + u)β

+uαvα −
∑

k≥ j>i≥1

piβ p
β
j

))
= 0.

(3.20)

As a result,

d fμ = (−1)N fdμ, (3.21)

where N is the number of the integration parameters
τ, σi , β, ρ. By virtue of (3.21), Eq. (3.6) amounts to

fdμ f = gμg . (3.22)

This demands

dμ f ∼= μg, (3.23)

where∼=denotes the weak equality up to possible weak terms,
that do not contribute under the integrals in fdμ f and gμg .
Since g in (3.6) is d closed

dμg ∼= 0. (3.24)

In most cases this implies that

μg ∼= dhg (3.25)

allowing to set

μ f = hg. (3.26)

3.3 Ansatz for the ηη̄ deformations

In this paper we use a particular case of Vasiliev’s Ansatz
(3.10) with ρ = β = 0 allowing to discard the dependence
on u and v, that trivializes at β = 0.

Firstly, recall that HS equations remain consistent with
the fields W and B valued in any associative algebra [23]. As
a result, the components of W and B do not commute and
different orderings of the fields can be considered indepen-
dently. Hence, functions Gl(g, K ) under consideration with
l = 3 and l = 4, being at least linear in ω, can be represented
as a sum of expressions with different positions of ω. For the
future convenience we denote arguments of ω as r0, r̄0 for
any ordering. Namely, for l = 3, 4

Gl(g) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C(r1, r̄1)C(r2, r̄2)C(r3, r̄3)kk̄,

ω(r0, r̄0)C(r1, r̄1)C(r2, r̄2)C(r3, r̄3)kk̄,

C(r1, r̄1)ω(r0, r̄0)C(r2, r̄2)C(r3, r̄3)kk̄,

C(r1, r̄1)C(r2, r̄2)ω(r0, r̄0)C(r3, r̄3)kk̄,

C(r1, r̄1)C(r2, r̄2)C(r3, r̄3)ω(r0, r̄0)kk̄.

(3.27)

To simplify formulae we will use shorthand notations ωCCC
instead of
ω(r0, r̄0)C(r1, r̄1)C(r2, r̄2)C(r3, r̄3)|r i=r̄ i=0 etc.

In this paper, we introduce Ansatz in the bilinear ηη̄ defor-
mation with

F =
∑

i

Fi where

Fi = ηη̄

∫

τ τ̄σ (n)

μi (τ, τ̄ , σ )E(�i |�̄i )Gl(g) (3.28)

with the some compact measure factors μi (τ, τ̄ , σ ), Gl(g)
(3.27),

E(�i , �̄i ) = (d�i )2(d�̄i )2E(�i )Ē(�̄i ) (3.29)

with

E(�) := exp i

(
�β(yβ + pβ

+)

−
∑

3≥ j>i≥1

piβ p
β
j −

∑

3≥ j≥1

s j p0β p
β
j

)
, (3.30)

Ē(�̄) := exp i

(
�̄β̇ (ȳ + p̄+)β̇ −

∑

3≥ j>i≥1

p̄i β̇ p̄
β̇
j

−
∑

3≥ j≥1

s̄ j p̄0β̇ p̄
β̇
j

)
, (3.31)

�i
α := τ zα − (1 − τ)ai j (σ ) p jα,
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�̄i
α̇ := τ̄ z̄α̇ − (1 − τ̄ )a i j (σ ) p̄ j α̇, (3.32)

where s j , s̄ j are sign factors that depend on the order-
ing of fields C and ω (3.27), σ are integration parameters
and ai j (σ ), āi j (σ ) are some rational functions that satisfy
inequalities |ai j (σ )| ≤ 1, |āi j (σ )| ≤ 1. The notation σ(n) at
the integral symbol is used for the ordered string of variables
σ1, σ2, . . . σn .

Introducing additional integration parameters σ ′i j and
new measure factors

μ′i (τ, σ, σ ′) = μi (τ, σ )

l∏

j=0

dσ ′i jδ(σ ′i j − ai j (σ )) ,

(3.33)

one brings �i
α to the form (3.18). Note that in [17] it was pro-

posed to consider polyhedra as integration domains, while
Eq. (3.33) provides some variety embedded into a polyhe-
dron. In this paper it is more convenient to use (3.28) with
�, �̄ (3.32) with some polyhedra as integration domains.

Another difference compared to the approach of [17] is
that in this paper we discard the weak terms, reconstructing
the final results from the compatibility conditions. Though
we agree with the idea of [17] that it is useful to keep the weak
terms inducing non-zero contribution at the further stages of
the computations preserving the form of the Ansatz we find
it simpler to discard the weak terms in this paper since our
aim is just to illustrate how moderately non-local vertex can
be obtained in the mixed sector without going too much into
the computation details.

4 Moderate spin-non-locality

4.1 Spin-locality and moderate spin-non-locality

To check whether Fi (3.28) is spin-local or not we consider
the coefficients in front of pkα p j

α and p̄k α̇ p̄ j
α̇ in the expo-

nents of E(�i |�̄i ), which yield, schematically,

exp i

(
τ zα y

α + · · ·+ 1

2
Pkj pk

α p jα + τ̄ z̄α̇ ȳ
α̇

+ · · ·+ 1

2
P̄k j p̄k

α̇ p̄ j α̇

)
. (4.1)

By the Z -dominance Lemma of [10] (see also [25]), only the
coefficients at τ = τ̄ = 0 matter.

• Spin-locality
Space-time spin-locality demands [10] that truncation of all
vertices to any finite subset of fields be local at any given
order of the perturbation expansion, containing at most a
finite number of space-time derivatives. By virtue of (2.26)
and taking into account that, by virtue of (2.25), for any given
spin s the degree in yα is limited once that in ȳα̇ is, this

can be reformulated in terms of spinor variables yα , ȳα̇ as
a condition that any vertex represented as a power series in
y j , ȳ j -derivatives p j , p̄ j contains at most a finite power of
(p j p̄ j )

n for any j . To check whether Fi (3.28) with Gl(g)
(3.27) is spin-local or not one has to analyse coefficients in
front of the terms bilinear in spinor derivatives piα p j

α and
p̄i α̇ p̄ j

α̇ with respect to arguments of the zero-forms Ci (i.e.,
with with i, j > 0) in the exponents of E(�) and Ē(�̄) in
(3.29). To achieve spin-locality it is enough to demand that

Pi j P̄i j |τ=τ̄=0 = 0 ∀ i, j > 0. (4.2)

Being formulated in terms of spinor derivatives p j and
p̄ j this condition is referred to as spinor spin-locality. Note
that, being equivalent at a given order of the perturbative
expansion, space-time and spinor definitions of spin-locality
may differ when the lower-order contributions are taken into
account. For more detail on this issue we refer to [26] where
the concept of projectively-compact spin-local vertices has
been introduced for which spinor spin-locality implies space-
time spin-locality at all orders of the perturbative expansion.

• Spin-non-locality
Violation of this condition for at least one pair of i, j > 0
implies spin-non-locality,

∃ i, j > 0 Pi j P̄i j |τ=τ̄=0 �= 0. (4.3)

• Moderate spin-non-locality
Here we introduce the concept ofmoderate spin-non-locality
(MNL) with the coefficients Pi j and P̄i j obeying the condi-
tions

(|Pi j | + |P̄i j |)|τ=τ̄=0 ≤ 1 ∀i, j > 0 . (4.4)

Note, that the concept of spin-locality simply demands
that power series in y, ȳ does not contain an infinite number
of (p j p̄ j )

n for any j . Hence, its formal definition does not
demand (4.4). Indeed, e.g., the case of P̄ = 0 and P = 2
is also spin-local. Nevertheless, all known examples of spin-
local perturbative contributions to Vasiliev nonlinear equa-
tions obey the moderately spin non-locality condition (4.4). It
is this property that induces the inequality (4.4) hence playing
the key role in the construction of this paper of the moderately
non-local vertex ϒηη̄(ω,C,C,C).

For instance, the lower-order computations for vertices
bilinear in C in the (anti)holomorphic sectors [11,12,27,28]
imply that they satisfy both condition (4.2) and (4.4),

P12 P̄12|τ=τ̄=0 = 0, (|P12| + |P̄12|)|τ=τ̄=0 = 1.

(4.5)

It is not hard to find Pi j and P̄i j (4.1) for the Ansatz (3.28).
For instance, for

�α|τ=0 = −(a0 p0 + a1 p1 + · · · + an pn
)α

,

�̄α̇|τ̄=0 = −(ā0 p̄0 + ā1 p̄1 + · · · + ān p̄n)
α̇ (4.6)

123
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one obtains

Pi j |τ=τ̄=0 = ai − a j + 1, P̄i j |τ=τ̄=0

= āi − ā j + 1 ∀ ≤ i < j ≤ n. (4.7)

Note that the star product C(y, ȳ) ∗ C(y, ȳ) (2.7) yields
|P12| + |P̄12| = 2.

4.2 Moderate non-locality compatible interpolating
homotopy

Consider equation of the form

dA = F , dF = 0. (4.8)

Let F be (i) of the form (3.28) and (ii) MNL. To proceed
we need a scheme allowing to solve (4.8) within the same
class. This is achieved by a MNL compatible interpolating
homotopy (IH) introduced in this section.

Let two expressions Fa and Fb be of the form (3.28) and

Fa + Fb = ηη̄

∫

τ τ̄σ (n)

{
μa(τ, τ̄ , σ )E(�a |�̄a )

−μb(τ, τ̄ , σ )E(�b |�̄b)
}
Gl(g, K ). (4.9)

Suppose that there exists such a measure μ(ν, τ, τ̄ , σ )

depending on an additional parameter ν, that

μ(ν, τ, τ̄ , σ )|ν=1 = μb(τ, τ̄ , σ ),

μ(ν, τ, τ̄ , σ )|ν=0 = μa(τ, τ̄ , σ ).

Since

d[θ(ν)θ(1 − ν)] = dν(δ(ν) − δ(1 − ν)), (4.10)

Fa + Fb = ηη̄

×
∫

τ τ̄σ (n)ν

μ′(ν, τ, τ̄ , σ )E(�ν |�̄ν)Gl(g, K ), (4.11)

where

μ′(ν, τ, τ̄ , σ ) = d[θ(ν)θ(1 − ν)]μ(ν, τ, τ̄ , σ ), (4.12)

�ν = ν�b + (1 − ν)�a ,

�̄ν = ν�̄b + (1 − ν)�̄a . (4.13)

In these terms, the total differential d (3.3) acquires the form

d = θα ∂

∂zα
+ θ̄ α̇ ∂

∂ z̄α̇
+ dτ

∂

∂τ

+d τ̄
∂

∂τ̄
+ dσi

∂

∂σi
+ dν

∂

∂ν
. (4.14)

Since the property (3.20) is still true,

d
[
E(�ν |�̄ν)

]
= d

[
(d�ν)2(d�̄ν)2E(�ν)Ē(�̄ν)

]
= 0,

(4.15)

(4.12) allows us to represent Fa,b (4.11) in the form

Fa + Fb = dGa,b + Fa,b, (4.16)

Ga,b = ηη̄

∫

τ τ̄σ (n)ν

μ′ (ν, τ, τ̄ , σ )E(�ν |�̄ν)Gl(g, K ) ,

(4.17)

Fa,b = −ηη̄

∫

τ τ̄σ (n)ν

θ(ν)θ(1 − ν)d
[
μ(ν, τ, τ̄ , σ )

]

×E(�ν |�̄ν)Gl(g, K ). (4.18)

If Fa and Fb (4.9) are MNL, i.e., Pai j and P̄ai j of
E(�a |�̄a ) as well as Pbi j and P̄bi j of E(�b |�̄b ) obey
(4.4),

(|Pai j | + |P̄ai j |)|τ=τ̄=0 ≤ 1,

(|Pbi j | + |P̄bi j |)|τ=τ̄=0 ≤ 1, i, j > 0, (4.19)

this is also true for Pν i j and P̄ν i j of E(�ν |�̄ν) with
�ν , �̄ν(4.13) for any ν ∈ [0, 1]. Indeed, according to (4.13),
(3.30), (3.31) and (3.29)

E(�ν, �̄ν) = d(�ν)2d(�̄ν)2 exp i

[
ν

{
�a

β(yβ + pβ
+)

−
∑

l≥ j>i≥1

piβ p
β
j −

∑

l≥ j≥1

s j p0β p
β
j

}

+(1 − ν)

{
�b

β(yβ + pβ
+) −

∑

l≥ j>i≥1

piβ p
β
j

−
∑

l≥ j≥1

s j p0β p
β
j

}]

× exp i

[
ν

{
�̄a

β̇
(ȳ + p̄+)β̇ −

∑

l≥ j>i≥1

p̄i β̇ p̄
β̇
j

−
∑

l≥ j≥1

s̄ j p̄0β̇ p̄
β̇
j

}

+(1 − ν)

{
�̄b

β̇
(ȳ + p̄+)β̇ −

∑

l≥ j>i≥1

p̄i β̇ p̄
β̇
j

−
∑

l≥ j≥1

s̄ j p̄0β̇ p̄
β̇
j

}]
. (4.20)

Rewriting exponents in the form (4.1), one obtains

Pν i j = νPai j + (1 − ν)Pbi j ,

P̄ν i j = ν P̄ai j + (1 − ν)P̄bi j . (4.21)

Since ν ∈ [0, 1], (4.19) and (4.21) imply (|Pν i j | +
|P̄ν i j |)|τ=τ̄=0 ≤ 1. The essence of the idea is that if the
coefficients ai j (σ ) for any i, j on the r.h.s. of (3.32) satisfy

|ai j (σ )| ≤ 1 (4.22)

123
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then

|νaa j (σ ) + (1 − ν)ab j (σ )| ≤ 1 (4.23)

as well. In the sequel it will be shown, that inequality (4.22)
holds true for a set of functions �, �̄ under consideration,
thus forming a convex set.

Picking up an appropriate pair Fa and Fb on the r.h.s. of
(4.8) we apply IH to single out the corresponding d-exact
part setting A = Ga,b + A′ we are left with the equation

dA′ =
∑

i �=a,b

Fi + Fa,b, (4.24)

with Fa,b (4.18). The r.h.s. of (4.24) is evidently (i) d-closed,
(ii) of the form (3.28) and (iii) MNL as the r.h.s. of (4.8).

To arrive at the final result we repeat this procedure as
many times as needed for the leftover MNL terms until all of
them cancel. Note that, at every step, the choice of a proper
pair is to large extent ambiguous and it is not a priory guar-
anteed that the process ends at some stage. For instance, the
choice μb = 0 can unlikely yield a reasonable result.

Nevertheless, for some reason to be better understood, it
works. Let us stress that in this paper we manage to choose
all appropriate pairs of the r.h.s.’s under consideration with
the same measure factors μa = μb, that simplifies the cal-
culations making μ(ν, τ, τ̄ , σ ) ν-independent.

This interpolating homotopy approach underlies the con-
struction of MNL solutions. Specifically, it is used below to
solve for S2 the following consequences of (2.2)

2idSηη̄
2 = −

{
i η̄Bη

2 ∗ γ̄ + iηB η̄
2 ∗ γ − {Sη̄

1 Sη
1 }∗
}

(4.25)

in such a way that the r.h.s.’s of the following consequences
of (2.1), (2.3)

2idW ηη̄
2 =

{
dx S

η
1 + dx S

η̄
1 + {W η

1 , Sη̄
1 }∗ + {W η̄

1 , Sη
1 }∗

+dx S
ηη
2 + {ω, Sηη̄

2 }∗
}

, (4.26)

2idBηη̄
3 =

{
[Sη

1 , B η̄
2 ]∗ + [Sη̄

1 , Bη
2 ]∗ + [Sηη̄

2 ,C]∗
}

(4.27)

as well as [dW ηη̄
2 ,C]∗ be MNL.

This allows us to find by IH such Bηη̄
3 that the r.h.s. of

ϒηη̄(ω,C,C,C) =−[W ηη̄
2 ,C]∗ − [W η̄

1 , Bη
2 ]∗

−[W η
1 , B η̄

2 ]∗ − dx B
ηη̄
3

−[ω, Bηη̄
3 ]∗ − dx B

η
2 (ϒη̄(ω,C,C))

−dx B
η̄
2 (ϒη(ω,C,C)) (4.28)

in its turn becomes MNL, allowing to eliminate step by
step manifest Z -dependence using IH. Namely, choosing an
appropriate pair from the r.h.s. of (4.28) we apply IH to drop
the d-exact part since it does not contribute in the Z , dZ -
independent sector. Then this procedure is repeated as many
times as needed until all leftover MNL terms cancel except

for the cohomological terms producing MNL physical ver-
tices (see Sect. 6).

Note that the interpolating homotopy can be treated as
certain generalization of the general homotopy of [17].

5 Moderately non-local Bηη̄
3

To compute the MNL form of ϒηη̄(ω,C,C,C) vertex we
have to find a MNL B3. This is the aim of this section. In the
sequel we use notations of [17]

�(τ, τ̄ ) = l(τ )l(τ̄ ), l(ν) = θ(ν)θ(1 − ν),

D(ν) = dνδ(ν),

∇(α(n)) :=
n∏

i=1

θ(αi )D

(

1 −
n∑

i=1

αi

)

. (5.1)

Equation for Bηη̄
3 in the mixed sector resulting from (2.5)

has the form (4.27). To obtain MNL B3 we need the r.h.s.
of (4.27) to be of that class. Straightforwardly, using S1,2

and B2 of [12], one can make sure that this is true for
[Sη

1 , B η̄
2 ]∗ + [Sη̄

1 , Bη
2 ]∗, while [Sηη̄

2 ,C]∗ is not MNL. The
key observation of this paper is that, as we show now, there
exists an alternative Sηη̄

2 such that [Sηη̄
2 ,C]∗ is MNL.

5.1 Sηη̄
2

dSηη̄
2 is determined by (4.25). One can make sure straight-

forwardly that [dSηη̄
2 ,C]∗ is both spin-local and MNL. The

problem is that all spin-local terms of [dSηη̄
2 ,C]∗ have differ-

ent structure and it is not clear how to find such a solution for
Sηη̄

2 that [Sηη̄
2 ,C]∗ be spin-local. However, since [dSηη̄

2 ,C]∗
is MNL, the interpolating homotopy of Sect. 4.2 allows us to
find such Sηη̄

2 that [Sηη̄
2 ,C]∗ is MNL as well.

Indeed, one can see that

− {Sη̄
1 , Sη

1 }∗ = ηη̄

4

∫

τ τ̄

�(τ, τ̄ )[E(�1|�̄1) − E(�2|�̄2)]

CCkk̄, (5.2)

�1
α = τ zα − (1 − τ)[−p1]α,

�̄1
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[ p̄2]α̇, (5.3)

�2
α = τ zα − (1 − τ)[p2]α,

�̄2
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[− p̄1]α̇ . (5.4)

Applying IH to the r.h.s. of (5.2) one finds S2 in the form
(3.28). Namely, one can see that

−{Sη̄
1 , Sη

1 }∗ = d

⎡

⎢
⎣

ηη̄

4

∫

τ τ̄σ (2)

∇(σ (2))�(τ, τ̄ )E(�|�̄)

⎤

⎥
⎦

CCkk̄ (5.5)

123
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−ηη̄

4

∫

τ τ̄σ (2)

d[�(τ, τ̄ )]∇(σ (2))E(�|�̄)CCkk̄, (5.6)

�α = τ zα − (1 − τ)[−σ1 p1 + σ2 p2]α,

�̄ α̇ = τ̄ z̄α̇ − (1 − τ̄ )[−σ2 p̄1 + σ1 p̄2]α̇ . (5.7)

Differentiation of �(τ, τ̄ ) in (5.6) yields

ηη̄

4

∫

τ τ̄σ (2)

∇(σ (2))
[
D(1 − τ)l(τ̄ )E(�′|�̄)

+D(1 − τ̄ )l(τ )E(�|�̄′)
]
CCkk̄, (5.8)

where �′
α = zα , �̄′

α̇ = z̄α̇ , while the (weak) terms with
D(τ ) or D(τ̄ ) vanish because, e.g.,

D(τ )D(1 − σ1 − σ2)d�αd�α

∼ dτd(σ1 + σ2)dσ2dσ1δ(τ )δ(1 − σ1 − σ2)p1α p2
α = 0.

As a result, (5.8) just equals to −i η̄Bη
2 ∗ γ̄ − iηB η̄

2 ∗ γ while
Eq. (4.25) acquires the form

2idSηη̄
2 =−d

[ηη̄

4

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))E(�|�̄)
]
CCkk̄

(5.9)

allowing to set

Sηη̄
2 = iηη̄

8

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))E(�|�̄)CCkk̄. (5.10)

By construction, Sηη̄
2 (5.10) is spin-local, while [Sηη̄

2 ,C]∗
is MNL. Indeed, consider for instance the exponent of Sηη̄

2 ∗C
in the form (4.1), i.e.,

exp i
(
...+ 1

2
Pi j pi

α p jα+ 1

2
P̄i j p̄i

α̇ p̄ j α̇
)
. (5.11)

Equation (5.10) straightforwardly yields by virtue of Eq. (5.7)

P12|τ=τ̄=0 = 0, P13|τ=τ̄=0 = σ1,

P23|τ=τ̄=0 = −σ2,

P̄12|τ=τ̄=0 = 0, P̄13|τ=τ̄=0 = σ2,

P̄23|τ=τ̄=0 = −σ1. (5.12)

Thanks to�(1−σ1−σ2)on the r.h.s.of Eq. (5.10) inequalities
(4.4) hold true.

5.2 dBηη̄
3

Substituting S1,W1, B2 (A.1)–(A.9), S2 (5.10) we obtain
using (5.1)

1

2i
S2

ηη̄ ∗ C =−ηη̄

16

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))

E(� |�̄)CCCkk̄, (5.13)

�α = τ zα−(1−τ)[−σ1(p1 + p2) + p3 + p2]α,

�̄α̇ = τ̄ z̄α̇−(1−τ̄ )[−σ2( p̄1 + p̄2) + p̄3 + p̄2]α̇, (5.14)

− 1

2i
C ∗ S2

ηη̄ = ηη̄

16

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))

E(� |�̄)CCCkk̄, (5.15)

�α = τ zα−(1−τ)[−p1− p2 + σ2(p3 + p2)]α,

�̄α̇ = τ̄ z̄α̇−(1−τ̄ )[−p̄1− p̄2 + σ1( p̄3 + p̄2)]α̇, (5.16)

− 1

2i
Bη

2 ∗ S̄η̄
1 = ηη̄

16

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))

E(� |�̄)CCCkk̄, (5.17)

�α = τ zα−(1−τ)[−σ1(p1 + p2) + p2 + p3]α,

�̄α̇ = τ̄ z̄α̇−(1−τ̄ )[−p̄1− p̄2]α̇, (5.18)
1

2i
S̄η̄

1 ∗ Bη
2 = −ηη̄

16

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))

E(� |�̄)CCCkk̄, (5.19)

�α = τ zα−(1−τ)[−p1− p2 + σ2(p3 + p2)]α,

�̄α̇ = τ̄ z̄α̇−(1−τ̄ )[ p̄2 + p̄3]α̇, (5.20)

− 1

2i
B̄ η̄

2 ∗ Sη
1 = −ηη̄

16

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))

E(� |�̄)CCCkk̄, (5.21)

�α = τ zα−(1−τ)[−p1− p2]α,

�̄α̇ = τ̄ z̄α̇−(1−τ̄ )[−σ1( p̄1 + p̄2) + p̄2 + p̄3]α̇, (5.22)
1

2i
Sη

1 ∗ B̄ η̄
2 = ηη̄

16

∫

τ τ̄σ (2)

�(τ, τ̄ )∇(σ (2))

E(� |�̄)CCCkk̄, (5.23)

�α = τ zα−(1−τ)[p2 + p3]α,

�̄α̇ = τ̄ z̄α̇−(1−τ̄ )[−p̄1− p̄2 + σ2( p̄3 + p̄2)]α̇ . (5.24)

As mentioned in Sect. 5.1, the r.h.s.’s of Eqs. (5.13) and
(5.15) are MNL. Straightforwardly one can check that the
r.h.s.’s of Eqs. (5.17), (5.19), (5.21) and (5.23) are also MNL.
Indeed, consider for instance the r.h.s. of (5.23). According
to Eqs. (3.29)–(3.32) the exponent is

exp i

(
(τ z − (1 − τ)[p2 + p3])β(y + p+)β

−
∑

3≥ j>i≥1

piβ p
β
j

)

× exp i

(
(τ̄ z̄ − (1 − τ̄ )[− p̄1 − p̄2

+σ2( p̄3 + p̄2)])β̇ (ȳ + p̄+)β̇ −
∑

3≥ j>i≥1

p̄i β̇ p̄
β̇
j

)
.

(5.25)
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Discarding the τ , τ̄ , y and ȳ-dependent terms one is left with

i
(
... − p2β p3

β − σ2 p̄3β̇ p̄1
β̇ + (1 − σ2) p̄2β̇ p̄

β̇
1

)
.

Since the coefficients in front of piβ p
β
j and p̄i β̇ p̄

β̇
j satisfy

inequalities (4.4) Sη
1 ∗ B̄ η̄

2 is MNL. Note that it is also spin-
local.

That the r.h.s.’s of Eqs. (5.17), (5.19) and (5.21) are MNL
can be checked analogously. Once dBηη̄

3 is shown to be MNL
one can look for MNL B3 applying IH.

5.3 Solving for moderately non-local Bηη̄
3

Applying IH to the sum of (5.17) and (5.21) and then of (5.19)
and (5.23), using (4.16) one can see that the terms (5.13) and
(5.15) cancel out and (4.27) yields using notation (5.1)

dBηη̄
3 = ηη̄

16

∫

ν(2)τ τ̄σ (2)

{
d
[
�(τ, τ̄ )∇(ν(2))∇(σ (2))

]
(5.26)

−d[�(τ, τ̄ )]∇(ν(2))∇(σ (2))
}

[
E(�1 |�̄1) − E(�2 |�̄2)

]
CCCkk̄, (5.27)

where

�α
1 := τ zα − (1 − τ)[−ν2(p1 + p2)

α

+(1 − ν2σ1)(p3 + p2)
α],

�̄α̇
1 := τ̄ z̄α̇ − (1 − τ̄ )[−ν1( p̄1 + p̄2)

α̇

+(1 − ν1σ1)( p̄3 + p̄2)
α̇], (5.28)

�α
2 := τ zα − (1 − τ)[−(1 − ν2σ2)(p1 + p2)

α

+ν2(p3 + p2)
α],

�̄α̇
2 := τ̄ z̄α̇ − (1 − τ̄ )[−(1 − ν1σ2)( p̄1 + p̄2)

α̇

+ν1( p̄3 + p̄2)
α̇]. (5.29)

Since it is shown that Eqs. (5.17), (5.19), (5.21) and (5.23)
are MNL, by the reasoning of Sect. 4.1 all terms on the r.h.s.’s
of (5.26) and (5.27) are MNL as well.

Equation (5.26) determines a part of Bηη̄
3 with the inte-

grand containing �(τ, τ̄ ) without derivatives. Following
[17], such terms will be referred to as ’bulk’ in contrast to
thouse with d�(τ, τ̄ ) referred to as ’boundary’,

d�(τ, τ̄ ) = [D(τ ) + D(1 − τ)]l(τ̄ ) + c.c. (5.30)

The terms proportional to D(1 − τ) or D(1 − τ̄ ) do not
contribute to (5.27) (are weakly zero in terminology of [17])
because of the lack of differentials. Indeed, consider for
instance the �1-dependent term with ∼ D(1 − τ̄ ). Due to
(3.29) along with (5.28), (5.1) it yields

. . . d τ̄ δ(1 − τ̄ )l(τ )∇(ν(2))∇(σ (2))(d�1)2

(θ̄α̇ θ̄ α̇)2E(�1)Ē(�̄1) . . . . . . (5.31)

Since non-weak terms of (d�1)2 must contain dτ , modulo
weak terms it equals to

2d τ
{
z + [−(1 − ν2σ2)(p1 + p2) + ν2(p3 + p2)]

}

α{
τdz − (1 − τ)[d(ν2σ2)(p1 + p2)

+dν2(p3 + p2)]
}α

. (5.32)

To be non-weak it must contain a factor of dσ2dν2 which is
absent in (5.32).

Hence non-zero ’boundary’ terms are those proportional
to either D(τ ) or D(τ̄ ). Firstly, consider the terms with D(τ̄ ).
To see, that the sum of such terms is d−closed, it is useful to
make the following change of variables:

ν1σ1 := ξ1, ν1σ2 := ξ2, ν2 = ξ3,
∑

ξi = 1

(5.33)

with �1, �̄1 (5.28). To change variables in the �2, �̄2 part
(5.29) we use the following cyclic permutation of (5.33)

ν1σ1 := ξ2, ν1σ2 := ξ3, ν2 = ξ1,∑
ξi = 1. (5.34)

As a result, using notations (5.1), theD(τ̄ )−proportional part
of (5.27) acquires the form

ηη̄

16

∫

τ τ̄ ξ(3)

∇(ξ(3))D(τ̄ )l(τ )
[
E(�1 |�̄1) − E(�2 |�̄2)

]
CCCkk̄ ,

(5.35)

where

�α
1 := τ zα − (1 − τ)[−ξ3(p1 + p2)

α

+
(

1 − ξ1ξ3(1 − ξ3)
−1
)

(p3 + p2)
α],

�̄α̇
1 := −[−(1 − ξ3)( p̄1 + p̄2)

+(1 − ξ1)( p̄3 + p̄2)]α̇, (5.36)

�α
2 := τ zα − (1 − τ)[−

(
1 − ξ1ξ3(1 − ξ1)

−1
)

(p1 + p2)
α + ξ1(p3 + p2)

α],
�̄α̇

2 := −[−(1 − ξ3)( p̄1 + p̄2)

+(1 − ξ1)( p̄3 + p̄2)]α̇ . (5.37)

Analogously, changing the variables in the D(τ ) part of
(5.27) with �1, �̄1 (5.28)

ν2σ1 := ξ1, ν2σ2 := ξ2, ν1 = ξ3,∑
ξi = 1 (5.38)

and the cyclically transformed change of variables ξ3 →
ξ1 → ξ2 → ξ3 in �2 and �̄2 (5.29), we obtain
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ηη̄

16

∫

τ τ̄ ξ(3)

∇(ξ(3))D(τ )l(τ̄ )
[
E(�1 |�̄1) − E(�2 |�̄2)

]

CCCkk̄, (5.39)

where

�α
1 := τ zα − (1 − τ)[−(1 − ξ3)(p1 + p2)

α

+(1 − ξ1)(p3 + p2)
α],

�̄α̇
1 := τ̄ z̄α̇ − (1 − τ̄ )[−ξ3( p̄1 + p̄2)

α̇

+(1 − ξ3ξ1(1 − ξ3)
−1)( p̄3 + p̄2)

α̇], (5.40)

�α
2 := τ zα − (1 − τ)[−(1 − ξ3)(p1 + p2)

α

+(1 − ξ1)(p3 + p2)
α],

�̄α̇
2 := τ̄ z̄α̇ − (1 − τ̄ )[−(1 − ξ1ξ3(1 − ξ1)

−1)

( p̄1 + p̄2)
α̇ + ξ1( p̄3 + p̄2)

α̇] . (5.41)
One can easily make sure that the expressions (5.35) and
(5.39) are d-closed. For instance, applying d to (5.39) one
can see that the only potentially non-zero term is that with

D(1 − τ̄ ). However, Eqs. (5.40), (5.41) yield
[
E(�1 |�̄1) −

E(�2 |�̄2)
]∣∣∣

τ̄=1
= 0. The case of (5.35) is analogous.

Application of IH of Sect. 4.2 to the MNL pairs of (5.35)
and (5.39) brings the ’boundary’ part of Eq. (5.46) to the
form

ηη̄

16
d

{ ∫

α(2)τ τ̄ ξ(3)

∇(α(2))∇(ξ(3))

[
− D(τ̄ )l(τ )E(�3 |�̄3)

+D(τ )l(τ̄ )E(�4 |�̄4)

]
CCCkk̄

}
, (5.42)

where
�α

3 := τ zα − (1 − τ)
[
−
{
α1ξ3 + α2(1 − ξ1ξ3(1 − ξ1)

−1)
}

(p1 + p2)
α

+
{
α1(1 − ξ3ξ1(1 − ξ3)

−1) + α2ξ1

}
(p3 + p2)

α
]
,

�̄α̇
3 := −[−(1 − ξ3)( p̄1 + p̄2)

+(1 − ξ1)( p̄3 + p̄2)]α̇ , (5.43)
�α

4 := −[−(1 − ξ3)(p1 + p2)
α + (1 − ξ1)(p3 + p2)

α],
�̄α̇

4 : =τ̄ z̄α̇−(1−τ̄ )[−
{
α1ξ3+α2(1−ξ1ξ3(1−ξ1)

−1)
}

( p̄1 + p̄2)
α̇

+
{
α1(1 − ξ3ξ1(1 − ξ3)

−1) + α2ξ1

}
( p̄3 + p̄2)

α̇].
(5.44)

Equations (5.26) and (5.42) yield the following final result
for MNL B3:

Bηη̄
3 = Bηη̄

3 |blk + Bηη̄
3 |bnd ,

Bηη̄
3 |blk = ηη̄

16

∫

ν(2)τ τ̄σ (2)

�(τ, τ̄ )∇(ν(2))∇(σ (2))

×
[
E(�1 |�̄1)−E(�2 |�̄2)

]
CCCkk̄, (5.45)

Bηη̄
3 |bnd = ηη̄

16

∫

α(2)τ τ̄ ξ(3)

∇(α(2))∇(ξ(3))

×
[
D(τ̄ )l(τ )E(�3 |�̄3)−D(τ )l(τ̄ )

E(�4 |�̄4)
]
CCCkk̄ (5.46)

with �1, �̄1 (5.28), �2, �̄2 (5.29), �3, �̄3 (5.43) and �4, �̄4

(5.44). Bηη̄
3 |blk (5.45) and Bηη̄

3 |bnd (5.46) are MNL by
construction. This allows us to construct the MNL vertex
ϒηη̄(ω,C,C,C).

6 Moderately non-local vertex ϒηη̄(ω,C,C,C)

According to Eq.(3.27) the vertex ϒηη̄(ω,C,C,C) in the
zero-form sector can be represented in the form

ϒηη̄(ω,C,C,C) = ϒ
ηη̄
ωCCC + ϒ

ηη̄
CωCC

+ϒ
ηη̄
CCωC + ϒ

ηη̄
CCCω (6.1)

with the subscripts referring to the orderings of the product
factors.

As a consequence of consistency of the HS equations,
though having the form of the sum of Z -dependent terms,
the r.h.s. of (4.28) must be Z , dZ -independent. Hence in the
vertex analysis we discard the dZ -dependent terms which
are weakly zero anyway.

In this section we present the final form of the MNL ver-
tices ϒ

ηη̄
ωCCC and ϒ

ηη̄
CωCC . Technical details are elaborated in

Appendices D and E, respectively. The vertices ϒ
ηη̄
CCωC and

ϒ
ηη̄
CCCω can be worked out analogously. (Note that these can

be obtained from the vertices ϒ
ηη̄
ωCCC and ϒ

ηη̄
CωCC by the HS

algebra antiautomorphism [23,29,30].)
The sketch of the calculation scheme is as follows.
Firstly, we write down the r.h.s. of Eq. (4.28) for

ϒηη̄(ω,C,C,C). To this end we use the previously known
W η

1 , W η̄
1 , Bη

2 and B η̄
2 rewritten in the form (3.28) in Appendix

A, MNL Bηη̄
3 of Sect. 5 , W ηη̄

2 obtained in Appendix B in such

a way that [W ηη̄
2 ,C]∗ is MNL, and the spin-local vertices

ϒη(ω,C,C) written in the form (3.10) with ρ = β = 0 in
Appendix C, and their conjugated.

Plugging these terms into the r.h.s. of (4.28) one can make
sure that the resulting expressions have the form of Ansatz
(3.28) and are MNL for every ordering of ω and C’s.

Let us emphasize that the full expression for ϒηη̄(ω,C,C,

C) (4.28) must be Z -independent for each ordering. In prin-
ciple, one could find manifestly Z -independent expression
by setting for instance Z = 0. The result would not be man-
ifestly MNL, since τ and τ̄ would not be zero. According to
Z -dominance Lemma, the Z dependence can be eliminated
by adding to the integrand d-exact expressions giving zero
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upon integration in the sector in question so that τ = τ̄ = 0
in the end. For this we will again use IH of Sect. 4.2.

Namely, for each ordering, picking up an appropriate pair
of terms from the r.h.s. of (4.28) we apply IH dropping the
corresponding d-exact part. For the leftover terms, that are
MNL, this procedure is repeated as many times as needed
until all of them cancel except for some cohomological ones
producing the physical vertices.

The resulting MNL vertices are presented in the next sub-
sections. Note that it may not be manifest that they are indeed
MNL. The easiest way to see this is to prove inequalities (4.4)
at the first step of calculations then using repeatedly the sim-
ple inequality

|αA + (1 − α)B| + |αA′ + (1 − α)B ′| ≤ α(|A| + |A′|)
+(1 − α)(|B| + |B ′|), α ∈ [0, 1].

6.1 ϒ
ηη̄
ωCCC

According to (4.28)

ϒηη̄|ωCCC = −(W ηη̄
2 |ωCC ) ∗ C − (W η̄

1 |ωC )

∗Bη
2 − (W η

1 |ωC ) ∗ B η̄
2

−ω ∗ Bηη̄
3 − dx B

ηη̄
3 |ωCCC − dx B

η
2 |ωCCC − dx B

η̄
2 |ωCCC .

(6.2)

Using IH and formulae (5.45), (5.46), (A.1), (A.3), (A.7),
(A.9), (B.1), (C.3) one obtains from Eq. (6.2) moderately
non-local ϒηη̄|ωCCC ,

ϒηη̄|ωCCC =−ηη̄

16

∫

τ τ̄ ν(2)α(2)ξ(3)

D(τ )D(τ̄ )μ1

×
[
E(�1 |�̄1) − E(�2 |�̄2)

]
ωCCCkk̄

+ηη̄

16

∫

τ τ̄β(2)α(2)ν(2)σ (2)

D(τ )D(τ̄ )μ2

×
[
E(�3 |�̄3) + E(�4 |�̄4)

]
ωCCCkk̄

(6.3)

where

μ1 = ∇(α(2))∇(ν(2))∇(ξ(3)),

μ2 = ∇(β(2))∇(ν(2))∇(σ (2))∇(α(2))

with ∇ (5.1), and

�1
α := −

[
−(ν2 + ν1{α2ξ2(1 − ξ1)

−1 + ξ3})p0

−{α2ξ2(1 − ξ1)
−1 + ξ3}(p1 + p2)

+{α1ξ2(1 − ξ3)
−1 + ξ1}(p3 + p2)]α,

�̄1
α̇ := −[−(1 − ν1ξ3) p̄0 − (1 − ξ3)

( p̄1 + p̄2) + (1 − ξ1)( p̄3 + p̄2)]α̇, (6.4)

�2
α := −[−(1 − ν1ξ3)p0 − (1 − ξ3)

(p1 + p2) + (1 − ξ1)(p3 + p2)]α,

�̄2
α̇ := −[−(ν2 + ν1{ξ3 + α1ξ2(1 − ξ1)

−1})
p̄0 − {ξ3 + α1ξ2(1 − ξ1)

−1}( p̄1 + p̄2)

+
{
α2ξ2(1 − ξ3)

−1 + ξ1

}
( p̄3 + p̄2)]α̇, (6.5)

�3
α := −β1[−(1 − ν2σ2α2)p0

−(1 − ν2α2)p1 + (−ν1 + ν2α2)p2

−ν1 p3]α − p3
α,

�̄3
α̇ := −[−(1 − σ2α1) p̄0 − α2( p̄1

+ p̄2) + ( p̄3 + p̄2)]α̇, (6.6)

�4
α := −[−(1 − σ2α1)p0

−α2(p1 + p2) + (p3 + p2)]α,

�̄4
α̇ := −β1[−(1 − ν2σ2α2) p̄0

−(1 − ν2α2) p̄1 + (ν2(α2 + 1) − 1)

p̄2 − ν1 p̄3]α̇ − p̄3
α̇ . (6.7)

6.2 ϒ
ηη̄
CωCC

According to (4.28),

ϒηη̄|CωCC = C ∗ (W ηη̄
2 |ωCC ) − (W ηη̄

2 |CωC )

∗C − (W η̄
1 ∗ Bη

2 + W η
1 ∗ B η̄

2 )|CωCC

−dx B
ηη̄
3 |CωCC − dx B

η
2 |CωCC − dx B

η̄
2 |CωCC . (6.8)

Using IH and formulae (5.45), (5.46), (A.1), (A.3), (A.5),
(A.7), (A.9), (B.1), (B.5) and (C.3), (C.4) one obtains from
Eq. (6.8) moderately non-local ϒCωCC ,

ϒ
ηη̄
CωCC = ηη̄

16

∫

τ τ̄ ν(2)α(2)ξ(3)

D(τ )D(τ̄ )μ1

×
[
E(�1 |�̄1) − E(�2 |�̄2)

]
CωCCkk̄

+ηη̄

16

∫

τ τ̄β(2)α(2)ν(2)σ (2)

D(τ )D(τ̄ )μ2

[
E(�3 |�̄3)

+E(�4 |�̄4) − E(�5 |�̄5) − E(�6 |�̄6)
]
CωCCkk̄

(6.9)

with

μ1 = ∇(α(2))∇(ν(2))∇(ξ(3)),

μ2 = ∇(β(2))∇(ν(2))∇(σ (2))∇(α(2))

and
�1

α := −
[
(ν1{α2ξ2(1 − ξ3)−1 + ξ1}

−{α1ξ2(1 − ξ1)−1 + ξ3})p0

−{α1ξ2(1 − ξ1)−1 + ξ3}(p1 + p2)

+{α2ξ2(1 − ξ3)−1 + ξ1}(p3 + p2)
]α

,
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�̄1
α̇ := −[(ν1(1 − ξ1) − (1 − ξ3)) p̄0

−(1 − ξ3)( p̄1 + p̄2) + (1 − ξ1)( p̄3 + p̄2)]α̇ , (6.10)

�2
α := −[(ν1(1 − ξ1) − (1 − ξ3))p0 − (1 − ξ3)

(p1 + p2) + (1 − ξ1)(p3 + p2)]α,

�̄2
α̇ := −[(ν1{α1ξ2(1 − ξ3)−1 + ξ1}

−{ξ3 + α2ξ2(1 − ξ1)−1}) p̄0

−{ξ3 + α2ξ2(1 − ξ1)−1}( p̄1 + p̄2)

+{α1ξ2(1 − ξ3)−1 + ξ1}( p̄3 + p̄2)]α̇ , (6.11)

�3
α :=−([ν2−σ1]p0−σ1 p1 + σ2 p2 + p3)α,

�̄3
α̇ :=−{β1(α1[σ1−ν1] p̄0−α1σ2 p̄1 + α1σ1 p̄2 + p̄3)

+β2(−α1 p̄0−α1 p̄1−α1 p̄2 + α2 p̄3)}α̇ , (6.12)

�4
α :=−{β1(α1[σ1−ν1]p0−α1σ2 p1 + α1σ1 p2 + p3)

+β2(−α1 p0−α1 p1−α1 p2 + α2 p3)}α,

�̄4
α̇ :=−([ν2−σ1] p̄0−σ1 p̄1 + σ2 p̄2 + p̄3)α̇, (6.13)

�5
α :=−[(ν2σ2−1)p0− p1−ν1 p2 + ν2 p3]α,

�̄5
α̇ :=−[(α1 + β2(−σ1−σ2α2ν2)) p̄0

−α2 p̄1 + {−β2α2ν2

+α1} p̄2 + {β2α2ν1 + α1} p̄3]α̇ , (6.14)

�6
α :=−[(α1 + β2(−σ1−σ2α2ν2))p0

−α2 p1 + {−β2α2ν2 + α1}p2 + {β2α2ν1 + α1}p3]α,

�̄6
α̇ :=−[(ν2σ2−1) p̄0− p̄1−ν1 p̄2 + ν2 p̄3]α̇ . (6.15)

6.3 ϒ
ηη̄
CCωC

According to (4.28),

ϒηη̄|CCωC = C ∗ (W ηη̄
2 |CωC ) − (W ηη̄

2 |CCω)

∗C + (Bη
2 ∗ W η̄

1 + B η̄
2 ∗ W η

1 )|CCωC

−dx B
ηη̄
3 |CCωC − dx B

η
2 |CCωC − dx B

η̄
2 |CCωC . (6.16)

Using IH and formulae (5.45), (5.46), (A.1), (A.3), (A.5),
(A.7), (A.9), (B.5), (B.11), (C.4), (C.5) one obtains from
Eq. (6.16) moderately non-local ϒCCωC ,

ϒ
ηη̄
CCωC = −ηη̄

16

∫

τ τ̄ ν(2)α(2)ξ(3)

D(τ )D(τ̄ )μ1

×
[
E(�1 |�̄1) − E(�2 |�̄2)

]
CCωCkk̄

−ηη̄

16

∫

τ τ̄β(2)α(2)ν(2)σ (2)

D(τ )D(τ̄ )μ2

×
[
E(�3 |�̄3) + E(�4 |�̄4) − E(�5 |�̄5)

−E(�6 |�̄6)
]
CCωCkk̄ (6.17)

with
μ1 = ∇(α(2))∇(ν(2))∇(ξ(3)),

μ2 = ∇(β(2))∇(ν(2))∇(σ (2))∇(α(2)),

�1
α := −

[
({α2ξ2(1 − ξ3)−1 + ξ1}

−ν1{α1ξ2(1 − ξ1)−1 + ξ3})p0

−{α1ξ2(1 − ξ1)−1 + ξ3}(p1 + p2)

+{α2ξ2(1 − ξ3)−1 + ξ1}(p3 + p2)
]α

,

�̄1
α̇ := −[((1 − ξ1) − ν1(1 − ξ3)) p̄0

−(1 − ξ3)( p̄1 + p̄2) + (1 − ξ1)( p̄3 + p̄2)]α̇ , (6.18)

�2
α := −[((1 − ξ1) − ν1(1 − ξ3))p0 − (1 − ξ3)

(p1 + p2) + (1 − ξ1)(p3 + p2)]α,

�̄2
α̇ := −[({α1ξ2(1 − ξ3)−1 + ξ1}

−ν1{ξ3 + α2ξ2(1 − ξ1)−1}) p̄0

−{ξ3 + α2ξ2(1 − ξ1)−1}( p̄1 + p̄2)

+{α1ξ2(1 − ξ3)−1 + ξ1}( p̄3 + p̄2)]α̇ , (6.19)

�3
α :=−[(−σ1 + ν2)

p0− p1−σ1 p2 + σ2 p3]α,

�̄3
α̇ :=−[α2(1−β2(σ2 + ν1) p̄0

−(1−α2β1) p̄1+α2(β1−σ2β2) p̄2+α2(1−σ2β2) p̄3
]α̇

,

(6.20)

�4
α :=−[α2(1−β2(σ2 + ν1)p0−(1−α2β1)p1

+α2(β1−σ2β2)p2 + α2(1−σ2β2)p3)
]α

,

�̄4α̇ :=−[(−σ1 + ν2) p̄0− p̄1−σ1 p̄2 + σ2 p̄3]α̇ , (6.21)

�5
α :=−[(1−σ1ν1)p0

−ν1(p1 + p2) + (p3 + p2)]α,

�̄5
α̇ :=−[(−α1 + β2σ2 + β2σ1α2ν1) p̄0+(−α1

−α2β2ν2) p̄1+{−α1+β2α2ν1} p̄2+α2 p̄3]α̇ , (6.22)

�6
α :=−[(−α1+β2σ2 + β2σ1α2ν1)p0

+(−α1−α2β2ν2)p1+{−α1+β2α2ν1}p2+α2 p3]α,

�̄6
α̇ :=−[(1−σ1ν1) p̄0−ν1( p̄1+ p̄2)+( p̄3 + p̄2)]α̇ . (6.23)

6.4 ϒ
ηη̄
CCCω

According to (4.28),

ϒηη̄|CCCω = C ∗ (W ηη̄
2 |CCω)

+Bη
2 ∗ (W η̄

1 |Cω) + B η̄
2 ∗ (W η

1 |Cω)

+Bηη̄
3 ∗ ω − dx B

ηη̄
3 |CCCω

−dx B
η
2 |CCCω − dx B

η̄
2 |CCCω. (6.24)

Using IH and formulae (5.45), (5.46), (A.1), (A.5), (A.7),
(A.9), (B.11), (C.5) one obtains from Eq. (6.24) moderately
non-local ϒCCCω

ϒCCCω = ηη̄

16

∫

τ τ̄ ν(2)α(2)ξ(3)

D(τ )D(τ̄ )μ1

×
[
E(�1 |�̄1) + E(�2 |�̄2)

]
CCCωkk̄

−ηη̄

16

∫

τ τ̄β(2)α(2)ν(2)σ (2)

D(τ )D(τ̄ )μ2

×
[
E(�3 |�̄3) + E(�4 |�̄4)

]
CCCωkk̄, (6.25)
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with

μ1 = ∇(α(2))∇(ν(2))∇(ξ(3)),

μ2 = ∇(β(2))∇(ν(2))∇(σ (2))∇(α(2))

and

�α
1 := −

[
(ν1 + ν2{α2ξ2(1 − ξ3)

−1 + ξ1})p0

−{α1ξ2(1 − ξ1)
−1 + ξ3}(p1 + p2)

α

+{α2ξ2(1 − ξ3)
−1 + ξ1}(p3 + p2)

α
]
,

�̄α̇
1 := −[(ν1 + ν2(1 − ξ1)) p̄0

−(1 − ξ3)( p̄1 + p̄2) + (1 − ξ1)( p̄3 + p̄2)]α̇,

(6.26)

�α
2 := −[(ν1 + ν2(1 − ξ1))p0 − (1 − ξ3)

(p1 + p2) + (1 − ξ1)(p3 + p2)]α,

�̄α̇
2 := −[(ν1 + ν2{α2ξ2(1 − ξ3)

−1 + ξ1}) p̄0

×{α1ξ2(1 − ξ1)
−1 + ξ3}( p̄1 + p̄2)

+
{
α2ξ2(1 − ξ3)

−1 + ξ1

}
( p̄3 + p̄2)]α̇, (6.27)

�3
α := −[(1 − σ1ν1)p0 − p1 − ν1 p2 + ν2 p3]α,

�̄3
α̇ := −(β2(1 − α1σ1ν2) p̄0 − (1 − α2β2) p̄1

+β2(α2 − α1ν2) p̄2 + β2(1 − α1ν2) p̄3
)α̇

, (6.28)

�4
α := −(β2(1 − σ1ν2α1)p0 − (1 − α2β2)p1

+β2(α2 − α1ν2)p2 + β2(1 − α1ν2)p3
)α

,

�̄4
α̇ := −[(1 − σ1ν1) p̄0 − p̄1 − ν2 p̄2 + ν1 p̄3]α̇ . (6.29)

7 Conclusion

In this paper we introduce the concept of moderate non-
locality and calculate moderately non-local vertices ϒηη̄

(ω,C,C,C) in the mixed ηη̄ sector of HS gauge theory in
AdS4 for all orderings of the fields ω and C . Our calcula-
tion is based on the differential homotopy Ansatz of [17] for
the lowest order holomorphic deformation linear in η of the
perturbative analysis of the holomorphic sector. To solve the
problem we use the interpolating homotopy that preserves
moderate non-locality in the process of perturbative analysis
of the HS equations.

The degree of non-locality of vertices is expressed by the
coefficients Pi j and P̄i j in front of, respectively, convolu-
tions piα p j

α and p̄i α̇ p̄ j
α̇ in the exponents E (3.29). Moder-

ately non-local vertices obey the inequalities |Pi j |+ |P̄i j | ≤
1, while the usual star product C1(y, ȳ)∗C2(y, ȳ)∗C3(y, ȳ)
yields |Pi j | + |P̄i j | = 2. At the moment, moderately non-
local vertices are minimally non-local among known vertices
in the mixed ηη̄ sector of the HS gauge theory. Note that the
usual spin-local vertices of [27] in the (anti)holomorphic sec-
tor form a subclass of moderately non-local vertices. Let us

also stress that our construction is manifestly invariant under
HS gauge symmetries.

The results of this paper raise a number of interesting
questions for the future study. The most important one is to
understand whether it is possible to improve further the level
of non-locality of HS theory by choosing appropriate field
variables. Another interesting problem is to compare the level
of non-locality of the moderately non-local vertices with that
deduced by Sleight and Taronna [18] from the Klebanov-
Polyakov holographic conjecture [2].

It is also important to extend the results of this paper to
the vertex ϒηη̄(ω, ω,C,C). Presumably, spin-local Sηη̄

2 and

W ηη̄
2 obtained in this paper lead to the special form of the

local bilinear ηη̄−current deformation in the one-form sec-
tor, originally obtained in [28] using conventional homotopy
supplemented by some field redefinitions, that leads to the
current contribution to Fronsdal equations [31] in agreement
with Metsaev’s classification [32,33].

Moreover, the IH approach of this paper makes it possi-
ble to obtain the spin-local vertex ϒηη̄(ω, ω,C,C) such that
[ϒηη̄(ω, ω,C,C),C]∗ is MNL. (Note that [ϒ̃ηη̄

(ω, ω,C,C),C]∗ is not MNL for the spin-local vertex
ϒ̃ηη̄(ω, ω,C,C) obtained in [12].) This property is impor-
tant for the analysis of the contribution of the vertices ϒηη̄

to Fronsdal equations.
The sketch of the calculation is as follows. Equation (2.3)

yields

ϒηη̄(ω, ω,C,C) = −(dxW1

+W1 ∗ W1 + dxW2 + ω ∗ W2 + W2 ∗ ω
)∣∣

ηη̄
.

(7.1)

Plugging W η
1 , W η̄

1 ((A.3), (A.5)), W ηη̄
2 ((B.1), (B.5) , (B.11))

into the r.h.s. of (7.1) along with Eqs. (C.3)–(C.5) and their
conjugated one can make sure that ϒηη̄(ω, ω,C,C) (7.1)
is spin-local and [ϒηη̄(ω, ω,C,C),C]∗ is MNL for every
ordering of ω and C’s. Hence, to eliminate Z -dependence in
a way preserving MNL, one can again use IH of Sect. 4.2.
This is work in progress.
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Appendix A: S1, W1, B2

We rewrite S1,W1 and B2 obtained in [11,12] via E(...)

defined in (3.12) and its conjugated Ē(...) (see also [17])

S1 = −η

2

∫

τ

l(τ )E(�)C ∗ k − η̄

2

∫

τ̄

l(τ̄ )Ē(�̄)C ∗ k̄,

(A.1)

�α = τ zα, �̄α = τ̄ z̄α̇, (A.2)

W1 |ωC = iη

4

∫

τ,σ

l(σ )l(τ )E(�)ωC ∗ k

+ i η̄

4

∫

τ̄ ,σ

l(σ )l(τ̄ )Ē(�̄)ωC ∗ k̄, (A.3)

�α = τ zα − (1 − τ)(−σ p0)
α,

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )(−σ p̄0)
α̇ , (A.4)

W1 |Cω = η

4i

∫

τ̄ σ

l(σ )l(τ )E(�)Cω ∗ k

+ η̄

4i

∫

τ,σ

l(σ )l(τ̄ )Ē(�̄)Cω ∗ k̄, (A.5)

�α = τ zα − (1 − τ)(σ p0)
α,

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )(σ p̄0)
α̇, (A.6)

Bη
2 = η

4i

∫

τσ (2)

l(τ )∇(σ (2))E(�)CC ∗ k, (A.7)

�α = τ zα − (1 − τ)(σ2 p2 − σ1 p1)
α, (A.8)

B η̄
2 = η̄

4i

∫

τ̄ σ (2)

l(τ̄ )∇(σ (2))Ē(�̄) CC ∗ k̄, (A.9)

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )(σ2 p̄2 − σ1 p̄1)
α̇. (A.10)

Appendix B: Wηη̄
2

Here we construct an appropriate W ηη̄
2 using Sηη̄

2 (5.10).

One can make sure straightforwardly that if dW ηη̄
2 satisfies

(4.26) with S2 (5.10) then [dW ηη̄
2 ,C]∗ is MNL by virtue of

Eqs (A.1)–(A.9) and (5.10). Hence, using the technique of

[17] and IH we obtain such W ηη̄
2 that [W ηη̄

2 ,C]∗ is MNL,

W ηη̄
2 ωCC = ηη̄

16

∫

τ,τ̄ ,σ (2) ν(2)

∇(σ (2))∇(ν(2))

×
[
�(τ, τ̄ )E(�1|�̄1) +

∫

α(2)

∇(α(2))

{
− D(τ )l(τ̄ )E(�2|�̄2)

−D(τ̄ )l(τ )E(�3|�̄3)
}]

ωCCkk̄, (B.1)

where

�1
α := τ zα − (1 − τ)[−(ν1 + ν2σ1)p0

−σ1 p1 + σ2 p2]α,

�̄1
α̇ := τ̄ z̄α̇ − (1 − τ̄ )[−(ν1 + ν2σ2) p̄0

−σ2 p̄1 + σ1 p̄2]α̇, (B.2)

�2
α := −[−(ν1 + ν2σ1)p0

−σ1 p1 + σ2 p2]α,

�̄2
α̇ := τ̄ z̄α̇ − (1 − τ̄ )α1[−(ν1 + ν2σ2) p̄0

−σ2 p̄1 + σ1 p̄2]α̇ , (B.3)

�3
α := τ zα − (1 − τ)α1[

−(ν1 + ν2σ1)p0 − σ1 p1 + σ2 p2]α,

�̄3
α̇ := −[−(ν1 + ν2σ2) p̄0 − σ2 p̄1 + σ1 p̄2]α̇, (B.4)

W ηη̄
2 CωC = ηη̄

16

∫

τ τ̄ ν(2)σ (2)

∇(ν(2))∇(σ (2))

[
�(τ, τ̄ )

(
E(�0|�̄0)+E(�1|�̄1)+E(�2|�̄2)

)

+
∫

α(2)

∇(α(2))
{
D(τ )l(τ̄ )E(�3|�̄3)

−D(τ̄ )l(τ )E(�4|�̄4)
}]

CωCkk̄, (B.5)

where

�0
α = τ zα − (1 − τ)[(−σ1ν1 + σ2ν2)p0

−σ1 p1 + σ2 p2]α,

�̄0
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[(−σ2ν1 + σ1ν2)

p̄0 − σ2 p̄1 + σ1 p̄2]α̇, (B.6)

�1
α = τ zα − (1 − τ)[−(σ1ν2 + ν1)p0 − p1]α,

�̄1
α̇ = τ̄ z̄1

α̇ − (1 − τ̄ )[(σ1ν1 + ν2) p̄0 + p̄2]α̇ , (B.7)

�2
α = τ zα − (1 − τ)[(σ2ν1 + ν2)p0 + p2]α,

�̄2
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[−(σ2ν2 + ν1) p̄0 − p̄1]α̇ , (B.8)

�3
α = −([ν2σ2 − ν1σ1]p0 − σ1 p1 + σ2 p2)

α,

�̄3
α̇ = τ̄ z̄α̇ − (1 − τ̄ )α1([ν2σ1 − ν1σ2]

p̄0 − σ2 p̄1 + σ1 p̄2)
α̇, (B.9)
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�4
α = τ zα − (1 − τ)α1([ν2σ1

−ν1σ2]p0 − σ2 p1 + σ1 p2)
α,

�̄4
α̇ = −([ν2σ2 − ν1σ1] p̄0 − σ1 p̄1 + σ2 p̄2)

α̇, (B.10)

W ηη̄
2 CCω = ηη̄

16

∫

τ τ̄ σ (2)ν(2)

∇(σ (2))∇(ν(2))

×
[
�(τ, τ̄ )E(�1|�̄1)

−
∫

α(2)

∇(α(2))
{
D(τ )l(τ̄ )E(�2|�̄2)+D(τ̄ )l(τ )

E(�3|�̄3)
}]

CCωkk̄, (B.11)

where

�1
α := τ zα − (1 − τ)[(ν2 + ν1σ2)

p0 − σ1 p1 + σ2 p2]α,

�̄1
α̇ := τ̄ z̄α̇ − (1 − τ̄ )[(ν2 + ν1σ1)

p̄0 − σ2 p̄1 + σ1 p̄2]α̇, (B.12)

�2
α := −[(1 − ν1σ1)p0 − σ1 p1 + σ2 p2]α,

�̄2
α̇ := τ̄ z̄α̇ − (1 − τ̄ )α2[(1 − ν1σ2)

p̄0 − σ2 p̄1 + σ1 p̄2]α̇ , (B.13)

�3
α := τ zα − (1 − τ)α2[(1 − ν1σ1)

p0 − σ1 p1 + σ2 p2]α,

�̄3
α̇ := −[(1 − ν1σ2) p̄0 − σ2 p̄1 + σ1 p̄2]α̇ (B.14)

with E (3.29) .

Appendix C: ϒη(ω,C,C)

Plugging Bη
2 (A.7) and W1 from (A.3) and (A.5) into the

equation

dxC + [ω,C]∗ = −dx B
η
2 − [ω, Bη

2 ]∗
−[W η

1 ,C]∗ + h.c. + · · · (C.1)

after some simple algebra one finds using IH and definitions
(3.30), (3.31)

dxC + [ω,C]∗ = ϒ
η
ωCC + ϒ

η
CCω

+ϒ
η
CωC + h.c. + · · · , (C.2)

where

ϒ
η
ωCC = iη

4

∫

τ,ρ(2)

D(τ )∇(σ (2))∇(ρ(2))E(�1)ωCCk, (C.3)

ϒ
η
CωC = iη

4

∫

τ,ρ(2)

D(τ )∇(σ (2))∇(ρ(2))E(�2)CωCk, (C.4)

ϒ
η
CCω = iη

4

∫

τ,ρ(2)

D(τ )∇(σ (2))∇(ρ(2))E(�3)CCωk (C.5)

with

�1 = −(ρ1 + σ1ρ2)p0 − σ1 p1 + σ2 p2, (C.6)

�2 = (−σ1ρ1 + σ2ρ2)p0 − σ1 p1 + σ2 p2, (C.7)

�3 = (ρ2 + ρ1σ2)p0 − σ1 p1 + σ2 p2. (C.8)

Complex conjugated vertices ϒη̄ are analogous.

Appendix D: Solving for ϒ
ηη̄

ωCCC in detail

Details of extraction of ϒCωCC (6.3) from Eq. (6.2) are pre-
sented in Sects. D.1–D.6.

D.1 W ηη̄
2 |ωCC ∗ C

Taking into account W2|ωCC (B.1) along with (B.2)–(B.4)
one obtains

− Wηη̄
2 ωCC ∗ C = ηη̄

16

∫

τ τ̄σ (2)ν(2)

∇(σ (2))∇(ν(2))

×
[

− �(τ, τ̄ )E(�1|�̄1)

+
∫

α(3)

∇(α(2))
{
D(τ )l(τ̄ )E(�3|�̄3)

+D(τ̄ )l(τ )E(�2|�̄2)
}]

ωCCCkk̄, (D.1)

�1
α = τ zα − (1 − τ)[−(ν1 + ν2σ1)

p0 − σ1 p1 + σ2 p2 + p3]α,

�̄1
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[−(ν1 + ν2σ2)

p̄0 − σ2 p̄1 + σ1 p̄2 + p̄3]α̇ , (D.2)

�2
α := τ zα − (1 − τ)(α1[−(ν1 + ν2σ1)

p0 − σ1 p1 + σ2 p2] + p3)α,

�̄2
α̇ := −[−(ν1 + ν2σ2) p̄0 − σ2 p̄1

+σ1 p̄2 + p̄3]α̇ , (D.3)

�3
α : = −[−(ν1+ν2σ1)p0−σ1 p1+σ2 p2+p3]α,

�̄3
α̇ := τ̄ z̄α̇ − (1 − τ̄ )

{
α1[−(ν1 + ν2σ2)

p̄0 − σ2 p̄1 + σ1 p̄2] + p̄3
}α̇

. (D.4)

The ’bulk’ term of −W2|ωCC ∗ C (D.1), that depends on
�1, �̄1 (D.2) is canceled by the term of (dx + ω∗)Bηη̄

3 |blk
(D.9) with �, �̄ (D.12) generated by d(θ(σ1)) .

The ’boundary’ terms of W2|ωCC ∗C (D.1) are considered
in Sect. D.6.

One can easily make sure that all terms in (D.1) do satisfy
(4.4) thus being MNL.
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D.2 (W η̄
1 ∗ Bη

2 +W η
1 ∗ B η̄

2 )|ωCCC

According to Eqs. (A.1)–(A.10), taking into account Eqs.
(3.30), (3.31), (3.29), (5.1) one gets

−(W η̄
1 ∗ Bη

2 + W η
1 ∗ B η̄

2 )|ωCCC
= −ηη̄

16

∫

τ τ̄ ν(2)σ (2)

∇(σ (2))∇(ν(2))�(τ, τ̄ )

×
[
E(�1 |�̄1) + E(�2 |�̄2)

]
ωCCCkk̄, (D.5)

�1
α = τ z − (1 − τ)[−p0 − p1 − σ1 p2 + σ2 p3]α,

�̄1
α̇ = τ̄ z̄α̇ − (1 − τ̄ )(−ν1 p̄0 + p̄2 + p̄3)

α̇, (D.6)

�2
α = τ zα − (1 − τ)(−ν1 p0 + p2 + p3)

α,

�̄2α̇ = τ̄ z̄α̇ − (1 − τ̄ )[− p̄0 − p̄1 − σ2 p̄2 + σ1 p̄3]α̇ .

(D.7)

Note, that the terms on the r.h.s. of (D.5) will be canceled
below by terms of (D.9) with �, �̄ (D.11) generated by
d(θ(α1)θ(α2)).

D.3 (dx + ω∗)Bηη̄
3 |blk |ωCCC

Using that dE = 0 one can see that Bηη̄
3 (5.45) yields

−(dx + ω∗)Bηη̄
3 |blk |ωCCC = −ηη̄

16

×
∫

τ τ̄α(2)σ (2)ν(2)

(
d
{
�(τ, τ̄ )∇(α(2))∇(σ (2))∇(ν(2))

}
(D.8)

−d
{
θ(α1)θ(α2)θ(σ1)θ(σ2)

}
D(1 − α1 − α2)

D(1 − σ1 − σ2)�(τ, τ̄ )∇(ν(2)) (D.9)

−d
{
�(τ, τ̄ )

}
∇(α(2))∇(σ (2))∇(ν(2))

)

×
[
E(�1 |�̄1) − E(�2 |�̄2)

]
ωCCCkk̄, (D.10)

where

�α
1 := τ zα − (1 − τ)[−(ν2 + ν1α2)

p0 − α2(p1 + p2) + (1 − α2σ1)(p3 + p2)]α,

�̄α̇
1 := τ̄ z̄α̇ − (1 − τ̄ )[−(ν2 + ν1α1)

p̄0 − α1( p̄1 + p̄2) + (1 − α1σ1)( p̄3 + p̄2)]α̇, (D.11)

�α
2 := τ zα − (1 − τ)[−(1 + ν1(−α2σ2))

p0 − (1 − α2σ2)(p1 + p2) + α2(p3 + p2)]α,

�̄α̇
2 := τ̄ z̄α̇ − (1 − τ̄ )[−(1 + ν1(−α1σ2))

p̄0 − (1 − α1σ2)( p̄1 + p̄2) + α1( p̄3 + p̄2)]α̇ . (D.12)

One can see that nontrivial ’bulk’ terms of (D.9) either cancel
each other or cancel −W η̄

1 ∗Bη
2 |ωCCC (D.6), −W η

1 ∗B η̄
2 (D.7)

and the ’bulk’ term of−W ηη̄
2 ∗C |ωCCC (D.2). Hence all ’bulk’

terms on the r.h.s. of (2.14) in the sector under consideration
vanish. The next step is to consider ’boundary’ terms.

Note that since Bηη̄
3 satisfies (4.4),DBηη̄

3 (ω,C,C,C) sat-
isfies it as well.

D.4 (dx + ω∗)Bηη̄
3 |bnd |ωCCC

From (5.46) along with (5.43), (5.44) it follows

−(dx + ω∗)Bηη̄
3 |bnd |ωCCC = ηη̄

16

∫

τ τ̄ ν(2)α(2)ξ(3)

d
{
μ1

×
[
D(τ̄ )l(τ )E(�3 |�̄3) − D(τ )l(τ̄ )E(�4 |�̄4)

]}

ωCCCkk̄ (D.13)

−ηη̄16
∫

τ τ̄ ν(2)α(2)ξ(3)

D(1−α1−α2)∇(ν(2))D(1−ξ1−ξ2−ξ3)

×d
{
θ(ξ1)θ(ξ2)θ(ξ3)θ(α1)θ(α2)

}

×
[
D(τ̄ )l(τ )E(�3 |�̄3) − D(τ )l(τ̄ )E(�4 |�̄4)

]

ωCCCkk̄ (D.14)

−ηη̄16
∫

τ τ̄ ν(2)α(2)ξ(3)

D(τ )D(τ̄ )μ1

×
[
E(�3 |�̄3) + E(�4 |�̄4)

]
ωCCCkk̄ (D.15)

with μ1 = ∇(α(2))∇(ν(2))∇(ξ(3)) and

�α
3 := τ zα − (1 − τ)

[
−(ν2 + ν1{α1ξ2(1 − ξ1)

−1 + ξ3})p0

−{α1ξ2(1 − ξ1)
−1 + ξ3}(p1 + p2)

+{α2ξ2(1 − ξ3)
−1 + ξ1}(p3 + p2)

]α
,

�̄α̇
3 := −[−(ν2 + ν1(1 − ξ3)) p̄0

−(1 − ξ3)( p̄1 + p̄2) + (1 − ξ1)( p̄3 + p̄2)]α̇,

(D.16)

�α
4 := −[−(ν2 + ν1(1 − ξ3))p0

−(1 − ξ3)(p1 + p2) + (1 − ξ1)(p3 + p2)]α,

�̄α̇
4 := τ̄ z̄α̇ − (1 − τ̄ )[−(ν2 + ν1{α1ξ2

(1 − ξ1)
−1 + ξ3}) p̄0

−{α1ξ2(1 − ξ1)
−1 + ξ3}( p̄1

+ p̄2) +
{
α2ξ2(1 − ξ3)

−1 + ξ1

}
( p̄3 + p̄2)]α̇ .

(D.17)

One can see that the terms of (D.14) generated by
d
{
θ(α1)θ(α2)

}
cancel against the respective ’boundary’

terms of (D.10) by (5.33)-like changes of variables. The rest
nontrivial terms of (D.14), namely dθ(ξ1)-dependent ones,
will be considered in Sect. D.6.

Note, that cohomology terms (D.15) are represented in
Eq. (6.3) of Sect. 6.1.
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D.5
(
dx B

η̄
2 + dx B

η
2

)|ωCCC

By virtue of (C.2), taking into account (C.3) and its conju-
gated, one obtains from (A.7) and (A.9)

−(dx B η̄
2 + dx B

η
2

)|ωCCC
= ηη̄

16

∫

τ τ̄ ν(2)σ (2)

∇(α(2))∇(σ (2))∇(ν(2))

[
− D(τ̄ )l(τ )E(�1 |�̄1) + D(τ )l(τ̄ )E(�2 |�̄2)

]

ωCCCkk̄, (D.18)

�1
α = −[−(1 − σ2ν2)p0 − σ2 p1 + σ1 p2 + p3]α

�̄1
α̇ = τ̄ z̄α̇

−(1 − τ̄ )[−α1( p̄0 + p̄1 + p̄2) + α2 p̄3]α̇, (D.19)

�2
α = τ zα − (1 − τ)[−α1

(p0 + p1 + p2) + α2 p3]α
�̄2

α̇ = [−(1 − σ2ν2) p̄0 − σ2 p̄1 + σ1 p̄2 + p̄3]α̇ . (D.20)

These terms are considered in Sect. D.6. One can easily make
sure that

(
dx B

η̄
2 + dx B

η
2

)|ωCCC (D.18) satisfies (4.4), thus
being MNL.

D.6 The rest cohomology terms

Here we consider the rest ’boundary’ terms at τ̄ = 0 depen-
dent on �, �̄ of the form (D.3), (D.16) at ξ1 = 0 and (D.20),
as well as the ’boundary’ terms at τ = 0 dependent on �, �̄

of the form (D.4), (D.17) at ξ1 = 0 and (D.19).
To obtain rest cohomology terms from those with τ̄ = 0

consider

ηη̄

16

∫

τ τ̄ ν(2)α(2)β(2)σ (2)

d
{
D(τ̄ )l(τ )∇(α(2))∇(σ (2))

∇(ν(2))∇(β(2))E(�|�̄)ωCCCkk̄
}

(D.21)

with

�α = τ zα − (1 − τ)
[
α2
{
β1[−(1 − ν2σ2)p0

−σ1 p1 + σ2 p2] + p3
}

−β1α1(p1 + p2 + p0) + α1β2 p3

]α

�̄α̇ = −[−(ν1 + ν2σ2)

p̄0 − σ2( p̄1 + p̄2) + ( p̄3 + p̄2)]α̇ . (D.22)

Expression (D.21) is in the dZ -independent sector and hence
gives zero as an integral of an exact form. (Recall, that in this
sector we discard dZ -dependent weak terms.)

Differentiation in (D.21) gives the cohomology term (with
a sign “–”) of (6.3) that depends on �3, �̄3 (6.6) along with
all the rest ’boundary’ terms with τ̄ = 0. Namely, the term
(∼ d(θ(β2))) equals to the term in (D.14) that depends on

�3, �̄3 (D.16) at ξ1 = 0, the term (∼ d(θ(α1))) equals to
a part of −W ηη̄

2 ∗ C |ωCCC (D.1) that depends on �, �̄ of
the form (D.3) while that (∼ d(θ(α2))) equals to the part of
−dx B

η
2 |ωCCC (D.18) that depends on �, �̄ (D.20). Note that

the term ∼ d(θ(β1)) is weak since �α|β1=0 = τ zα − (1 −
τ)pα

3 .
Analogously, differentiation in the following expression

−ηη̄

16

∫

τ τ̄ ν(2)α(2)β(2)σ (2)

d
{
D(τ )l(τ̄ )∇(α(2))∇(σ (2))

∇(ν(2))∇(β(2))E(�|�̄)ωCCCkk̄
}

(D.23)

with

�α = −[−(ν1 + ν2σ2)p0 − σ2(p1 + p2) + (p3 + p2)]α,

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )
[
α2
{
β1[−(1 − ν2σ2)

p̄0 − σ1 p̄1 + σ2 p̄2] + p̄3
}

−β1α1( p̄1 + p̄2 + p̄0) + α1β2 p̄3

]α̇
(D.24)

gives all the rest ’boundary’ terms with τ = 0 plus a cohomo-
logical one. Namely we obtain the cohomology term (with
a sign “-”) of (6.3), that depends on �4, �̄4 (6.7), along
with the term of (dx + ω∗)Bηη̄

3 |bnd |ωCCC that depends on
�4, �̄4 (D.17) at ξ1 = 0, the term of W2 ∗ C |ωCCC , that
depends on �3, �̄3 (D.4) and dx B

η̄
2 |ωCCC , that depends on

�1, �̄1 (D.19). Note that the expressions (D.24) result from
the application of MNL preserving IH to −W2 ∗C |ωCCC and
−dx B

η̄
2 |ωCCC , which are MNL (see (D.4), (D.19)).

Thus all cohomological terms in the sector ωCCC are
extracted from Eqs. (D.15), (D.21) and (D.23) yielding
ϒηη̄|ωCCC (6.3).

Appendix E: Solving for ϒ
ηη̄

CωCC in detail

Details of derivation of ϒCωCC (6.9) from Eq. (6.8) are pre-
sented in Sects. E.1–E.8.

E.1 C ∗ (W2|ωCC )

Using W2|ωCC (B.1) along with (B.2)–(B.4) one obtains

C ∗ (W2|ωCC ) = ηη̄

16

∫

τ τ̄σ (2)ν(2)

μ1�(τ, τ̄ )E(�1|�̄1)CωCCkk̄

(E.1)

−ηη̄

16

∫

τ τ̄σ (2)ν(2)α(2)

μ1μ2

{
D(τ )l(τ̄ )E(�2|�̄2)

+D(τ̄ )l(τ )E(�3|�̄3)
}
CωCCkk̄ (E.2)
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with μ1 = ∇(σ (2))∇(ν(2)) , μ2 = ∇(α(2)) ,

�1
α = τ zα − (1 − τ)[−(ν1 + ν2σ1)

p0 − p1 − σ1 p2 + σ2 p3]α,

�̄1
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[−(ν1 + ν2σ2)

p̄0 − p̄1 − σ2 p̄2 + σ1 p̄3]α̇, (E.3)

�2
α = −[−(ν1 + ν2σ1)p0 − p1 − σ1 p2 + σ2 p3]α,

�̄2
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[−α1(ν1 + ν2σ2)

p̄0 − p̄1 − α1σ2 p̄2 + α1σ1 p̄3]α̇, (E.4)

�3
α = τ zα − (1 − τ)[−α1(ν1 + ν2σ1)

p0 − p1 − α1σ1 p2 + α1σ2 p3]α,

�̄3
α̇ = −[−(ν1 + ν2σ2) p̄0 − p̄1 − σ2 p̄2

+σ1 p̄3]α̇ . (E.5)

Note that the term in C ∗ (W2|ωCC ), that depends on �1, �̄1

(E.3), is cancelled in Sect. E.4. The ’boundary’ terms depen-
dent on �2, �̄2 (E.4) and �3, �̄3 (E.5) are considered in
Sect. E.8.

E.2 W2|CωC ∗ C

Using W2|CωC (B.5) along with (B.6)–(B.10) one obtains

−W2CωC ∗ C = −ηη̄

16

∫

τ,τ̄ ,ρ(2),σ (2)

μ1�(τ, τ̄ )
{
E(�0|�̄0)

+E(�1|�̄1) + E(�2|�̄2)
}
CωCCkk̄, (E.6)

−ηη̄

16

∫

τ,τ̄ ,ν(2),σ (2),ξ(2)

μ1μ2

{
D(τ )l(τ̄ )E(�3|�̄3)

−D(τ̄ )l(τ )E(�4|�̄4)
}
CωCCkk̄ (E.7)

with μ1 = ∇(σ (2))∇(ν(2)) , μ2 = ∇(α(2)),

�0
α = τ zα − (1 − τ)[(−σ1ν1 + σ2ν2)

p0 − σ1 p1 + σ2 p2 + p3]α,

�̄0
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[(−σ2ν1 + σ1ν2) p̄0

−σ2 p̄1 + σ1 p̄2 + p̄3]α̇, (E.8)

�1
α = τ zα − (1 − τ)[(−σ1ν2 − ν1)p0 − p1 + p3]α,

�̄1
α̇ = τ̄ z̄1

α̇ − (1 − τ̄ )[(σ1ν1 + ν2) p̄0 + p̄2 + p̄3]α̇,

(E.9)

�2
α = τ zα − (1 − τ)

×[(σ2ν1 + ν2)p0 + p2 + p3]α,

�̄2
α̇ = τ̄ z̄α̇ − (1 − τ̄ )

×[−(σ2ν2 + ν1) p̄0 − p̄1 + p̄3]α̇, (E.10)

�3
α = −([ν2σ2 − ν1σ1]p0

−σ1 p1 + σ2 p2 + p3)
α,

�̄3
α̇ = τ̄ z̄α̇ − (1 − τ̄ ){ξ1([ν2σ1 − ν1σ2]

p̄0 − σ2 p̄1 + σ1 p̄2) + p̄3}α̇, (E.11)

�4
α = τ zα − (1 − τ){ξ1([ν2σ1 − ν1σ2]

p0 − σ2 p1 + σ1 p2) + p3}α,

�̄4
α̇ = −([ν2σ2 − ν1σ1] p̄0

−σ1 p̄1 + σ2 p̄2 + p̄3)
α̇. (E.12)

Note that the �0, �̄0 dependent term (E.8) cancels against
that proportional to d

[
θ(σ1)

]
of dBηη̄

3 |blk |CωCC (E.17) that
depends on �, �̄ (E.23), while the terms dependent on
�, �̄(E.9) and (E.10) are considered in Sect. E.7. The terms
dependent on �, �̄ (E.11) and (E.12) are considered in Sect.
E.8.

E.3
(
W η̄

1 ∗ Bη
2 + W η

1 ∗ B η̄
2

)
|CωCC

According to (A.5), (A.7) and (A.9)

−(W η̄
1 ∗ Bη

2 + W η
1 ∗ B η̄

2

)|CωCC

= −ηη̄

16

∫

τ τ̄ρ(2)σ (2)

μ �(τ, τ̄ )
[
E(�1|�̄1) − E(�2|�̄2)

]

×CωCCkk̄, (E.13)

with μ = ∇(σ (2))∇(ρ(2)),

�1
α = τ zα − (1 − τ)[−(p0 + p1) − ρ1 p2 + ρ2 p3]α,

�̄1
α̇ = τ̄ z̄α̇ − (1 − τ̄ )(σ1 p̄0 + p̄2 + p̄3)

α̇, (E.14)

�2
α := τ zα − (1 − τ)(σ1 p0 + p2 + p3)

α,

�̄2 α̇ = τ̄ z̄ − (1 − τ̄ )

×[−( p̄0 + p̄2 + p̄1) + ρ1( p̄2 + p̄3)]α̇ . (E.15)

The term (E.13) is considered in Sect. E.7.

E.4 dx B3|blk |CωCC

Using that dE = 0 one can see that Eq. (5.45) yields

−dBηη̄
3 |blk |CωCC = −ηη̄

16∫

τ τ̄ ν(2)σ (2)ξ(2)

(
d
{
�(τ, τ̄ )μ1μ2

}
(E.16)

−d
{
μ1

}
�(τ, τ̄ )μ2 (E.17)

−d
{
�(τ, τ̄ )

}
μ1μ2

)[
E(�1|�̄1) − E(�2|�̄2)

]

ωCCCkk̄, (E.18)

with μ1 = ∇(σ (2))∇(ν(2)) , μ2 = ∇(ξ(2)) ,

�α
1 := τ zα − (1 − τ)[(ξ1(1 − ν2σ1) − ν2)

p0 − ν2(p1 + p2) + (1 − ν2σ1)(p3 + p2)]α,

�̄α̇
1 := τ̄ z̄α̇ − (1 − τ̄ )[(ξ1(1 − ν1σ1) − ν1)

p̄0 − ν1( p̄1 + p̄2) + (1 − ν1σ1)( p̄3 + p̄2)]α̇, (E.19)
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�α
2 := τ zα − (1 − τ)[(−(1 − ν2σ2) + ξ1ν2)

p0 − (1 − ν2σ2)(p1 + p2) + ν2(p3 + p2)]α,

�̄α̇
2 := τ̄ z̄α̇ − (1 − τ̄ )[(−(1 − ν1σ2) + ξ1ν1)

p̄0 − (1 − ν1σ2)( p̄1 + p̄2) + ν1( p̄3 + p̄2)]α̇ . (E.20)

Non-zero terms of (E.17) are those that depend on

�α
1 |ν1=0 = τ zα − (1 − τ)[(ξ1σ2 − 1)p0 −

(p1 + p2) + σ2(p3 + p2)]α,

�̄α̇
1 |ν1=0 = τ̄ z̄α̇ − (1 − τ̄ )[(ξ1)

p̄0 + ( p̄3 + p̄2)]α̇ , (E.21)

�α
1 |ν2=0 = τ zα − (1 − τ)[(ξ1)p0 + (p3 + p2)]α,

�̄α̇
1 |ν2=0 = τ̄ z̄α̇ − (1 − τ̄ )[(ξ1σ2 − 1)

p̄0 − ( p̄1 + p̄2) + σ2( p̄3 + p̄2)]α̇, (E.22)

�α
1 |σ1=0 = τ zα − (1 − τ)[(ξ1 − ν2)

p0 − ν2(p1 + p2) + (p3 + p2)]α,

�̄α̇
1 |σ1=0 = τ̄ z̄α̇ − (1 − τ̄ )[(ξ1 − ν1)

p̄0 − ν1( p̄1 + p̄2) + ( p̄3 + p̄2)]α̇, (E.23)

�α
2 |σ2=0 = τ zα − (1 − τ)[(−1 + ξ1ν2)p0

−(p1 + p2) + ν2(p3 + p2)]α,

�̄α̇
2 |σ2=0 = τ̄ z̄α̇ − (1 − τ̄ )[(−1 + ξ1ν1)

p̄0 − ( p̄1 + p̄2) + ν1( p̄3 + p̄2)]α̇ . (E.24)

Note, that the sum of the terms on the r.h.s. of (E.17) depen-
dent on (�1 , �̄1)|σ2=0 and (�2 , �̄2)|σ2=0 gives zero. The
term of (E.17), that depends on �2|σ2=0 , �̄2|σ2=0 (E.24)
cancels the term of C ∗ (W2|ωCC ) (E.3), while the term
that depends on �1|σ1=0, �̄1|σ1=0 (E.23) cancels the term
of −W2CωC ∗ C (E.6), that depends on �, �̄ (E.8).

The non-zero ’boundary’ terms of (E.18) are cancelled by
the respective terms of (E.26) from d

{
θ(α1)θ(α2)

}
as can be

seen with the help of the (5.33)-like changes of variables.
The rest non-zero (�1, �̄1)|ν1,2=0-dependent terms of

(E.17) associated with (E.21), (E.22) are considered in Sect.
E.7.

E.5 dx B3|bnd |CωCC

From (5.46) along with (5.43), (5.44) it follows

dx B3|bnd |CωCC = −ηη̄

16∫

τ τ̄ ν(2)ρ(2)ξ(3)

d
{
∇(ρ(2))∇(ν(2))∇(ξ(3))

×
[
D(τ̄ )l(τ )E(�3|�̄3) + D(τ )l(τ̄ )E(�4|�̄4)

]}

×CωCCkk̄ (E.25)

−ηη̄

16

∫

τ τ̄ ν(2)ρ(2)ξ(3)

×D(1−ρ1−ρ2)∇(ν(2))D(1−ξ1−ξ2−ξ3)

×d
{
θ(ξ1)θ(ξ2)θ(ξ3)θ(ρ1)θ(ρ2)

}

[
D(τ̄ )l(τ )E(�3|�̄3) + D(τ )l(τ̄ )E(�4|�̄4)

]

×CωCCkk̄ (E.26)

−ηη̄

16

∫

τ τ̄ ν(2)ρ(2)ξ(3)

D(τ )D(τ̄ )∇(ρ(2))∇(ν(2))∇(ξ(3))

[
E(�3|�̄3) − E(�4|�̄4)

]
CωCCkk̄, (E.27)

�3
α = τ zα − (1 − τ)

[
(ν1{ρ2ξ2(1 − ξ3)−1 + ξ1}

−{ρ1ξ2(1 − ξ1)−1 + ξ3})p0

−{ρ1ξ2(1 − ξ1)−1 + ξ3}(p1 + p2)

+{ρ2ξ2(1 − ξ3)−1 + ξ1}(p3 + p2)
]α

,

�̄3
α̇ := −[(ν1(1 − ξ1) − (1 − ξ3))

p̄0 − (1 − ξ3)( p̄1 + p̄2) + (1 − ξ1)( p̄3 + p̄2)]α̇ ,

(E.28)

�4
α := −[(ν1(1 − ξ1) − (1 − ξ3))

p0 − (1 − ξ3)(p1 + p2) + (1 − ξ1)(p3 + p2)]α,

�̄4
α̇ = τ̄ z̄α̇ − (1 − τ̄ )[(ν1{ρ1ξ2(1 − ξ3)−1

+ξ1} − {ξ3 + ρ2ξ2(1 − ξ1)−1}) p̄0

−{ξ3 + ρ2ξ2(1 − ξ1)−1}( p̄1 + p̄2)

+{ρ1ξ2(1 − ξ3)−1 + ξ1}( p̄3 + p̄2)]α̇ . (E.29)

Since dZ -dependent terms do not contribute to this sector
(are weak), d-exact terms (E.25) do not contribute to the final
result as well.

As mentioned above, the terms of (E.26) generated by
d
{
θ(ρ1)θ(ρ2)

}
cancel against non-zero ’boundary’ terms of

(E.18) through (5.33)-like changes of variables. The rest non-
zero terms of (E.26) generated by d

{
θ(ξ1)θ(ξ3)

}
are consid-

ered in Sect. E.8.
Note that the cohomology terms (E.27) are presented in

Sect. 6.2 as those dependent on �, �̄ (6.10) and (6.11).

E.6 dx B2|CωCC

By virtue of (C.2), taking into account (C.3) and (C.4) and
their conjugates, one obtains from (A.7) and (A.9)

dx
(
B η̄

2 + Bη
2

)|CωCC = ηη̄

16

∫

τ τ̄ ξ(2)σ (2)ρ(2)

μ
[
D(τ̄ )l(τ )

{− E(�1|�̄1) + E(�2|�̄2)
}

+D(τ )l(τ̄ )
{
E(�3|�̄3) − E(�4|�̄4)

}]
CωCCkk̄

(E.30)

with μ = ∇(σ (2))∇(ρ(2))∇(ξ(2)) and

�α
1 = τ zα − (1 − τ)[σ2 p0 − σ1 p1

+σ2 p2 + σ2 p3]α,

�̄α̇
1 = −[−(ξ1ρ2 + ρ1) p̄0
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− p̄1 − ξ1 p̄2 + ξ2 p̄3]α̇, (E.31)

�α
2 = τ zα − (1 − τ)[−σ1 p0 − σ1 p1

−σ1 p2 + σ2 p3]α,

�̄α̇
2 = −[(−ξ1ρ1 + ξ2ρ2)

p̄0 − ξ1 p̄1 + ξ2 p̄2 + p̄3]α̇, (E.32)

�α
3 = −[−(ξ1ρ2 + ρ1)p0 − p1

−ξ1 p2 + ξ2 p3]α,

�̄α̇
3 = τ̄ z̄α̇ − (1 − τ̄ )

×[σ2 p̄0 − σ1 p̄1 + σ2( p̄2 + p̄3)]α̇, (E.33)

�α
4 = −[−(ξ1ρ1 − ξ2ρ2)p0

−ξ1 p1 + ξ2 p2 + p3]α,

�̄α̇
4 = τ̄ z̄α̇ − (1 − τ̄ )

×[−σ1 p̄0 − σ1 p̄1 − σ1 p̄2 + σ2 p̄3]α̇ . (E.34)

These terms are considered in Sect. E.8.

E.7 Rest ’bulk’ terms

Taking into account that the leftover non-zero ’bulk’ terms
of Sects. E.2–E.4 [(namely, those dependent on �, �̄ (E.9),
(E.14), (E.21) , (E.10) , (E.15) , (E.22)] are spin-local, one
can straightforwardly make sure that the sum of these terms
equals to a total differential that gives zero modulo the
’boundary’ terms (E.36):

ηη̄

16

∫

τ τ̄ρ(2)ξ(2)σ (2)

{
d
[
�(τ, τ̄ )∇(σ (2))∇(ρ(2))∇(ξ(2))

]

(E.35)

−d
[
�(τ, τ̄ )

]
∇(σ (2))∇(ρ(2))∇(ξ(2))

}

{
E(�1|�̄1) − E(�2|�̄2)

}
CωCCkk̄ , (E.36)

�α
1 := τ zα − (1 − τ)[(ξ2ρ2σ2 − 1)

p0 − p1 + p3 − σ1(p3 + p2)]α,

�̄α̇
1 := τ̄ z̄α̇ − (1 − τ̄ )

[(ξ1ρ1 + ξ2) p̄0 + ( p̄3 + p̄2)]α̇, (E.37)

�α
2 := τ̄ zα − (1 − τ)[(ξ1ρ1 + ξ2)p0 + (p3 + p2)

α],
�̄α̇

2 := τ zα − (1 − τ)

[(ξ2ρ2σ2 − 1) p̄0 − p̄1 + p̄3 − σ1( p̄3 + p̄2)]α̇ . (E.38)

Note, that the terms (E.35) and (E.36) are spin-local.
Hence, at this stage, all ’bulk’ terms cancel. We are left

with the ’boundary’ terms of (E.36). The non-zero ones are
proportional to D(τ ) or D(τ̄ ), namely those dependent on

�α
1 |τ=0 = −[(ξ2ρ2σ2 − 1)p0 − p1 + p3 − σ1(p3 + p2)]α,

�̄α̇
1 = τ̄ z̄α̇ − (1 − τ̄ )[(1 − ξ1ρ2) p̄0 + ( p̄3 + p̄2)]α̇ , (E.39)

�α
2 := τ zα − (1 − τ)[(1 − ξ1ρ2)p0 + (p3 + p2)]α,

�̄α̇
2 |τ̄=0 = −[(ξ2ρ2σ2 − 1) p̄0 − p̄1 + p̄3 − σ1( p̄3 + p̄2)]α̇ ,

(E.40)

are considered in the next section.

E.8 Rest cohomology terms

Now we are in a position to consider non-zero ’bound-
ary’ terms of Sects. E.1, E.2, E.5, E.6 and E.7 contained
in Eqs. (E.2), (E.7), (E.26), (E.30) and (E.36).

For instance, consider the terms with τ = 0, i.e.,

1. Eq. (E.2) with �, �̄ (E.4).

2. Eq. (E.7) with �, �̄ (E.11).
3. The term of Eq. (E.26), generated by �, �̄ (E.29) pro-

portional to D(1 − ξ1 − ξ2)D(ξ3) with

�α = −[(σ1(1 − ξ1) − (1))p0 − (p1 + p2)

+(1 − ξ1)(p3 + p2)]α,

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )[(σ1{−ρ2ξ2 + 1} − ρ2) p̄0

−ρ2( p̄1 + p̄2) + {ρ1ξ2 + ξ1}( p̄3 + p̄2)]α̇ . (E.41)

4. The non-zero term of Eq. (E.26), generated by �, �̄

(E.29) proportional to D(1 − σ1 − ξ2 − ξ3) ×D(ξ1) with

�α = −[(σ1 − ξ2)p0 − ξ2(p1 + p2) + (p3 + p2)]α,

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )[(σ1ρ1 − {ξ3 + ρ2ξ2}) p̄0

−{ξ3 + ρ2ξ2}( p̄1 + p̄2) + ρ1( p̄3 + p̄2)]α̇ . (E.42)

5. Eq. (E.30) with �, �̄ (E.33) .
6. Eq. (E.30) with �, �̄ (E.34) .
7. Eq. (E.36) with �, �̄ (E.39) .

I. Firstly, we observe that the sum of the terms Eq. (E.7)
with �, �̄ (E.11), Eq. (E.26) with �, �̄ (E.42) and Eq. (E.30)
with �, �̄ (E.34) acquires the form

ηη̄

16

∫

τ τ̄β(2)α(2)σ (2)ρ(2)

(
d[D(τ ) μ l(τ̄ )] − D(τ̄ )D(τ )μ

)
E(�|�̄)

]

CωCCkk̄, (E.43)

where μ = ∇(β(2))∇(ρ(2))∇(σ (2))∇(α(2)),

�α = −([ρ2 − σ1]p0 − σ1 p1 + σ2 p2 + p3)
α

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ ){β1(α1[σ1 − ρ1]
p̄0 − α1σ2 p̄1 + α1σ1 p̄2 + p̄3)

+β2(−α1 p̄0 − α1 p̄1 − α1 p̄2 + α2 p̄3)}α̇ . (E.44)

Since (E.44) was obtained by application of IH to (E.34)
and (E.11), the cohomology term of (E.43) satisfies the con-
dition (4.4), i.e., is MNL. It is represented on the r.h.s. of
Eq. (6.9) �3, �̄3 (6.12).
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II. Secondly, noticing that the following expression is
exact, thus giving zero in the dZ -independent sector upon
integration,

−ηη̄

16

∫

τ τ̄β(2)σ (2)α(2)ρ(2)

d
(
D(τ )μθ(τ̄ )θ(1 − τ̄ )E(�|�̄)

)
CωCCkk̄,

(E.45)

with μ = ∇(β(2))∇(ρ(2))∇(σ (2))∇(α(2)) and

�α = [−(−ρ2σ2 + 1)p0 − p1 − ρ1 p2 + ρ2 p3]α
�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )[β1α1 p̄0

−β1α2 p̄1 + β1α1( p̄2 + p̄3)

+β2(σ2 − σ2α2ρ2 − α2) p̄0 − {β2α2}( p̄1

+ p̄2) + β2{−α2ρ2 + 1}( p̄3 + p̄2)]α̇, (E.46)

we observe that the differentiation yields a sum of the terms
of Eq. (E.2) with �, �̄ (E.4), Eq. (E.26) with �, �̄ (E.41),
Eq. (E.30) with �, �̄ (E.33) plus the following one:

−ηη̄

16

∫

τ τ̄β(2)ξ(2)α(2)ρ(2)

D(τ )∇(β(2))∇(ρ(2))

∇(σ (2))l(τ̄ )E(�|�̄)
)
CωCCkk̄ (E.47)

with

�α = [−(−ρ2σ2 + 1)p0 − p1 − ρ1 p2 + ρ2 p3]α,

�̄α̇ = τ̄ z̄α̇ − (1 − τ̄ )[(1 − β2σ1) p̄0 + ( p̄3 + p̄2)]α̇
(E.48)

plus the cohomology term represented with the minus sign
in Eq. (6.9) with �, �̄ (6.14).

Note that to obtain (E.46) we apply IH to (E.33) and
(E.41), hence preserving MNL.

III. Finally, applying IH to the terms (E.47) with �, �̄

(E.48) and (E.36) with �, �̄ (E.39), we obtain the following
exact form that does not contribute to the vertex

ηη̄

16

∫

τ τ̄β(2)α(2)σ (2)ρ(2)

d
(
D(τ )μθ(τ̄ )θ(1 − τ̄ )E(�|�̄)

)

CωCCkk̄ (E.49)

with μ = ∇(β(2))∇(ρ(2))∇(σ (2))∇(α(2)) and

�α := −[(α1β2σ2ρ2 + α2ρ2σ2 − 1)

p0 − p1 + p3 − ρ1(p3 + p2)]α,

�̄α̇ := τ̄ z̄α̇ − (1 − τ̄ )[(1 − β2σ1) p̄0 + ( p̄3 + p̄2)]α̇ .

(E.50)

The sector of terms with τ̄ = 0 is considered analogously.
The final results are presented on the r.h.s. of Eq. (6.9) with
�, �̄ (6.13) and (6.15).
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