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Abstract Heterodyne cavity experiments for gravitational
wave (GW) detection experience a rising interest since recent
studies showed that they allow to probe the ultra high fre-
quency regime above 10 kHz. In this paper, we present a con-
cise theoretical study of the experiment based on ideas from
the former MAGO collaboration which already started exper-
iments in turn of the millenium. It extends the former results
via deriving an additional term originating from a back-action
of the electromagnetic field on the cavity walls, also known
as Lorentz Force Detuning. We argue that this term leads to a
complex dependence of the signal power Psig on the coupling
coefficient between the mechanical shell modes and the elec-
tromagnetic eigenmodes of the cavity. It turns out that one
has to adapt the coupling over the whole parameter space
since the optimal value depends on the mechanical mode ωl

and the GW frequency ωg . This result is particularly relevant
for the design of future experiments.

1 Introduction

Since the first detection of gravitational waves (GWs) in 2016
by the LIGO and Virgo collaboration [1], there is a rising
interest on GW experiments probing the ultra high frequency
regime beyond 10 kHz [2]. Because no source in this regime
is known in the standard model of particle physics and cos-
mology, a detection would point towards new physics. Recent
studies [3] showed that heterodyne experiments using super-
conducting radio frequency (SRF) cavities are able to push
the sensitivity towards a promising window for new sources.
In particular, black hole superradiance would produce a very
suitable signal for this approach [4]. The idea was initially
worked out in the 1970s by several studies [5–10]. First exper-
iments began in 1984 [11] which led to further efforts by

a e-mail: robin.loewenberg@desy.de (corresponding author)

the MAGO collaboration at INFN in the late 1990s [12–16].
The concept is based on two eigenmodes of an electromag-
netic cavity which are nearly degenerate. One eigenmode is
excited by an external oscillator (pump mode) whereas the
other (signal mode) is coupled to a readout system that mea-
sures the electromagnetic field power. When a GW passes
by, it can induce a transition of photons from the pump mode
into the signal mode, leading to an enhanced power loss at
the readout. The signal reaches a maximum when the GW
is resonant to the frequency difference between both levels.
This allows using superconducting radio frequency (SRF)
cavities to scan over a wide frequency range from 1 kHz to
several GHz. Measurements in the superconducting state of
the cavity allow for very high electromagnetic quality factors
(Q ∼ 1010) [17–19] which are mandatory to distinguish the
levels at small frequency differences.

For the coupling of a GW to the EM field of the cav-
ity, there are two possible channels. One is a direct coupling
via the Gertsenshtein effect [20,21], the other is an indirect
mechanical coupling where the GW leads to a deformation
of the cavity boundaries inducing an overlap between the
initial eigenmodes. In previous studies, the direct coupling
was neglected since it is much weaker than the mechanical
coupling at low frequencies. However, it becomes dominant
at high frequencies above 1 GHz, which was already investi-
gated in detail in [19] for static B-field setups used in Axion
experiments [22,23]. Although our main interest focuses on
the lower frequency regime between 1 kHz and 10 MHz, we
add it for a complete picture of the coupling phenomena.
For simplicity, we apply the long wavelength approximation
which allows to describe the coupling by two distinct cou-
pling constants ηB

01 and ηE
01 where 0 and 1 refer to the pump

and signal mode respectively. The mechanical coupling via
the l-th mechanical eigenmode consists of a mechanical-EM
part with constant ηl01 and a GW-mechanical part. In the
monochromatic case, the latter decomposes into two con-
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stants ηl+ and ηl×. They correspond to the two possible polar-
isations of a GW. A sketch explaining the principle of the
heterodyne approach is shown in Fig. 1.
Although the theoretical details were already worked out by
the MAGO collaboration [12,16] as well as in recent studies
[3], one goal of our research is to provide a concise and
full description of the experiment from first principles. This
allows us to point out an important difference between the
old and new publications. In [3], the field back-action of
the EM-modes to the mechanical modes was not taken into
account. This effect is commonly known as Lorentz force
detuning and can be made plausible because the EM field
counteracts the external changes induced by the GW, which
is comparable to Lenz’s law. In particular, it leads to a signal
damping which depends on ηl01 and becomes dominant in the
sub-MHZ regime and close to the resonance ωl = ωg . Thus,
optimising the coupling to |ηl01| ∼ 1 as it was suggested in
[3] does in general not provide the strongest signal in the
cavity.

It is important to point out that the MAGO approach is very
similar to other optomechanical systems, in particular Weber
Bar antennas. In the past, numerous research has been carried
out focusing on this type of detector, see e.g. [24–28]. This
includes also detailed studies of noise sources such as oscil-
lator phase noise and thermal noise as well as several ways
to reduce them [29–31]. However, there are some important
differences. For instance, the weight of Weber Bar detectors
is in the order of several tons, whereas MAGO has a mass in
the order of (M ∼ O(1 kg)). Moreover, it was pointed out
in [3] that the EM thermal noise of the RLC circuits used
as electromechanical transducer has a parametrically larger
thermal noise than superconducting cavities. We do not focus
on noise sources in this paper, which can also lead to addi-
tional back-action effects in the system. The back-action we
discuss here is an intrinsic property of the detector concept
and is particularly important for lightweight detectors like
MAGO, as it goes with 1/M .

The paper is organised as follows: in Sect. 2, we intro-
duce our implementation of the Gertsenshtein effect using the
long-wavelength approximation. In Sects. 3 and 4, we intro-
duce concepts from elasticity theory to describe the mechan-
ical coupling via wall deformation, i.e. the cavity boundaries.
The change of the EM-modes due to the change of bound-
aries can be described with cavity perturbation theory, which
is introduced in Sect. 5. With these ingredients, we can derive
the equations of motion in Sect. 6 which are solved for a
monochromatic GW in z-direction in Sect. 7. Finally, we
provide a detailed analysis of the damping term in Sect. 8.
This study has grown out of a Master’s thesis [32], where
more details can be found.

2 The Gertsenshtein-effect

Gravitational waves (GW) are usually described in the frame-
work of linearised theory of general relativity [33–35]. In this
regime, the metric decomposes into a minkowskian part and
a small strain tensor hμν , i.e. gμν = ημν +hμν . In particular,
we assume that |hμν | � 1 and |∂αhμν | � 1. Throughout
this study, we use the convention (−,+,+,+) for ημν .
The coupling between a GW and the electromagnetic field is
governed by the Einstein–Maxwell action given by [19]

SEM =
∫

d4x
√−g

( − 1

4
gμαgνβFμνFαβ − gμν jμAν

)
.

In vacuum, where jμ = 0, this equation leads to a Lagrangian
of the form

L = −1

4
FμνF

μν − jμeffAμ, (1)

where the effective current jeff is induced by the strain hμν .
Considering the explicit form [19]

jμeff = ∂ν

(
hα

α

2
Fμν + hν

αF
αμ − hμ

αF
αν

)
(2)

of this current, we see that it does not transform covariantly
like a four-vector. Hence, it is not invariant under coordinate
transformations and we must therefore carefully think about
the reference frame when evaluating the strain. It turns out
[19,36] that the best choice is given by the proper detector
frame. It is an example for a local Lorentz frame and therefore
encodes the physical change of the detector due to a passing
GW. Since we focus on GWs in the kHz-MHz regime, we
apply the long-wavelength approximation which allows us
to use the relatively simple metric

ds2 = −dt2
(

1 − 1

2
ḧTT
i j (g)xi x j

)
+ dxidx jδi j , (3)

where hTTi j is the strain in the Transverse Traceless (TT)
and g denotes the reference geodesic, i.e. the worldline of
the detector. More details can be found in [36–39] and in
Appendix A.
For simplicity, we will often refer to a monochromatic GW
with frequency ωg travelling in z-direction. In TT gauge and
using complex notation, it can be written as

hTTi j (t) =
⎛
⎝h+ h× 0
h× −h+ 0
0 0 0

⎞
⎠ eiωgt , (4)

where the spatial dependence are neglected in the long wave-
length approximation. From Eq. (3) we can obtain the only
non-vanishing component h00 of the strain in the proper
detector frame. It yields
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Fig. 1 This sketch shows the two different channels of the GW inter-
action with the electromagnetic field. On the left, the direct coupling
via the inverse Gertsenshtein effect is illustrated governed by two cou-
plings ηB

01 and ηE
01 in the long wavelength regime. Note that hμν denotes

the strain of the GW, which is supposed to be monochromatic through-
out this study. On the right, the indirect coupling of the GW over a

mechanical mode �ul is shown. It can be understood as a graviton–
phonon–photon interaction in the particle picture. The GW-mechanical
coupling can be described by two coupling coefficientsηl+ and ηl×, while
the mechanical-EM coupling is governed by ηl01. In both pictures, �E0,
�B0 and �E1, �B1 are the fields of the pump and signal mode, respectively

h00(t, �x) = −ω2
g

2
(h+(x2 − y2) + 2xyh×)

eiωgt =: −H0(�x)eiωgt , (5)

where we have defined the function H0(�x) := ω2
g/2(h+(x2−

y2) + 2xyh×).
Finally, we can derive the equations of motion from Eqs. (1)
and (2). The resulting modified Maxwell equations have the
form

∇ · �E = ρeff,

∇ × �B − ∂t �E = �jeff,
(6)

with the effective charge density ρeff and current density �jeff.
In the long wavelength regime, they yield

ρeff := 1

2
∇(h00), (7)

�jeff := −1

2
∂t (h00 �E0) − 1

2
∇ × (h00 �B0), (8)

where �E0 and �B0 are the electromagnetic fields of the pump
mode.

3 Wall deformation

Since GWs change the spacetime metric, the cavity bound-
aries get modified. A GW couples to the mechanical modes
of the resonator which shifts the EM eigenmodes inside the
cavity. In order to describe this effect properly, we need to
apply the framework of classical elasticity theory [40,41].
A concise formalism was already derived in [16,42] and we
only give a short review here.

The starting point is the equation of motion for an isotropic
elastic solid under the influence of an external force density
�f (t, �x), i.e.

ρ(�x)∂
2 �u(t, �x)
∂t2 − (λ + μ)∇(∇�u(t, �x)) − μ∇2 �u(t, �x)

= �f (t, �x). (9)

Here, ρ(�x) denotes the material density and λ and μ are
the materials first and second Lamé parameters [42]. For the
initial conditions �u(�x, 0) = 0 = ∂ �u

∂t (�x, 0), we can use the
ansatz

�u(�x, t) =
∞∑
l=1

�ξl(�x)ql(t). (10)

This leads to a set of equations of motion for the ql(t) of the
form

q̈l(t) + ω2
l qk(t) = fl(t)

M
, (11)

where M is the cavity mass and fl(t) the generalised force
density. It is defined via the integral

fl(t) :=
∫
Vcav

d3x �f (t, �x)�ξl(�x) (12)

over the cavity volume Vcav. Finally, we note that the spatial
modes �ξl(�x) are the eigensolutions of the equation

ω2
l ρ(�x)�ξl(�x) + (λ + μ)∇(∇�ξl(�x)) + μ∇2�ξl(�x) = 0

and are therefore independent of �f (t, �x). They are nor-
malised as∫
Vcav

d3x�ξk(�x)�ξl(�x)ρ(�x) = Mδkl .
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In general, those modes have to be determined numerically.
An analytic solution for a spherical geometry can be found
in [42].

4 Tidal force density for monochromatic gravitational
waves

Here, we want to state a simple example of the tidal force
density �f (t, �x) induced by a passing GW. It can be derived
from the equation of geodesic deviation [35] and yields [16,
42]

�f (t, �x) = −ρ(�x)R0i0 j (t)x j �ei ,
where ρ(�x) is again the material density and R0i0 j the Rie-
mann curvature tensor. In case of a monochromatic GW in
z-direction (Eq. 4), we can further evaluate this expression
and plug it into the generalised force density in Eq. (12). We
get

fl(t) = −1

2
ω2
gMV 1/3

cav

(
h+ηl+ + h×ηl×

)
eiωgt =: Fl(t)eiωgt .

(13)

The dimensionless coupling coefficients ηl+ and ηl× encode
the coupling strength between the GW and the mechanical
mode l. They are defined by

ηl+ := V−1/3
cav

M

∫
Vcav

d3xρ(�x)(xξl,x (�x) − yξl,y(�x)
)
,

ηl× := V−1/3
cav

M

∫
Vcav

d3xρ(�x)(xξl,y(�x) + yξl,x (�x)
)
.

5 Mode decomposition and cavity perturbation theory

The electromagnetic field in an evacuated cavity is, without
any perturbation, given by the wave equations

� �E = 1

c2

∂2 �E
∂t2 � �B = 1

c2

∂2 �B
∂t2 . (14)

with the boundary conditions [17]

�n × �E |S = 0, �n · �B|S = 0, (15)

where �n is the normal vector of the cavity shell S. The eigen-
solutions of this boundary value problem can be separated
into a dimensionless time-dependent part en(t), bn(t) and a
spatial part �En(�x), �Bn(�x). The general solution can then be
decomposed as

�E(t, �x) =
∑
n

en(t) �En(�x), �B(t, �x) =
∑
n

bn(t) �Bn(�x).

(16)

The normalisation of the spatial modes is chosen accordingly
to [43],∫
Vcav

d3xε0 �En �Em = 2Unδnm =
∫
Vcav

d3x
1

μ0

�Bn �Bm, (17)

where Un is the average energy in mode n. Correspondingly,
the time-dependent modes are given by

en(t) = ε0

2Un

∫
Vcav

d3x �E(t, �x) �En(�x),

bn(t) = 1

2μ0Un

∫
Vcav

d3x �B(t, �x) �Bn(�x). (18)

When a GW is passing through the cavity, the geometry and
therefore the boundary conditions for the electromagnetic
field change. In particular, that means we have to change the
set of eigenfunctions. However, since the GW strain is very
small (� O(10−21)), cavity perturbation theory (CPT) can be
applied. That means, the perturbed modes can be expanded
in terms of the unperturbed modes.
It should be noted that there are some pitfalls when applying
CPT to the spatial modes. The main problem is that such
a series expansion would generally not fulfill the boundary
conditions

�n × �E(�x)|S′ = 0 �n · �B(�x)|S′ = 0.

Hence, in order to obtain a consistent theory, a perturbation
theory is used only for time dependent modes. Applying CPT
to the spatial modes in Eq. (16) leads to wrong signs in the
final result [16]. The CPT method we use has been derived
in [44]. Further details can be found in Appendix B. Note
that we consider GWs with frequencies much smaller than
the mode frequencies, so we can treat the shell displacement
in adiabatic approximation. Applying the CPT formalism for
the time-dependent modes en(t) and bn(t) leads to

e′
n(t) = en(t) +

∑
m 	=n

Um

Un
αnmem, (19)

b′
n(t) = bn(t) − 1

2
Cnnbn +

∑
m 	=n

Um

Un
βnmbm, (20)

ω′
n = ωn − 1

2
ωnCnn . (21)

The expansion coefficients are given by

αnm = ωnωm

ω2
m − ω2

n

Um

Un
Cnm, βnm = ω2

n

ω2
m − ω2

n

Um

Un
Cnm,

where Cnm encodes all geometric and electromagnetic prop-
erties of the cavity. In a heterodyne setup, we can decompose
this factor as

Cnm = V−1/3
cav

√
Un

Um

∑
l

ql(t)η
l
nm, (22)
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where the symmetric dimensionless coupling coefficient ηlnm
can shown to be [16]

ηlnm = V 1/3
cav

2
√
UnUm

∫
∂Vcav

d�S�ξl(�x)
[ 1

μ0

�Bn �Bm − ε0 �En �Em

]
.

(23)

6 The equations of motion

In order to derive the equations of motion (EoM), we use a
similar formalism as in [16], however adding the direct cou-
pling to the EM field via the Gertsenshtein effect. Although
this coupling is subdominant at low frequencies, it becomes
important at frequencies beyond 1 GHz. Since it could be
necessary to extend the experimental search into this regime
in the future, we include it already in this study. Our starting
point is the extended Lagrangian

L =
∫
Vcav

dV

[
− 1

4
F ′

μνF
′μν − 1

2
jμeffA

′
μ

]

+
∑
l

(
1

2
Mq̇2

l (t) − 1

2
Mωlq

2
l (t) + ql(t) fl(t)

)
, (24)

where the prime denotes the perturbed fields and jμeff is given
in Eqs. (7) and (8).
We can now split the Lagrangian into two parts, L = Lem +
Lmech, where Lem describes dynamics of the EM-field and
is given by

Lem =
∫
Vcav

dV
[

− 1

4
F ′

μνF
′μν − 1

2
jμeffA

′
μ

]
. (25)

The Lagrangian Lmech governs the physics of the mechanical
displacement field and yields

Lmech =
∑
n

2Un
(
e′2
n (t) − b′2

n (t)
)

+
∑
l

(
1

2
Mq̇2

l (t) − 1

2
Mωlq

2
l (t) + ql(t) fl(t)

)
.

(26)

Note that both jμeff and the corrections to A′
μ are of order

O(h), so we can drop the prime of the vector field in lead-
ing order and neglect the term here. With the techniques
described in Sects. 2–5, it is straightforward to derive the
equations of motion. For simplicity, we will assume that only
one mechanical mode l contributes to the dynamics through-
out this study. Then, adding dissipative terms to account for
the energy losses through the walls and by the external oscil-
lator driving the pump mode, we find from Eq. (25) that

b̈0 + ω0

Q0
ḃ0 + ω2

0b0 = ω2
0V

−1/3
cav ql

×
(
ηl00b0 +

√
U1

U0
ηl01b1

)
+ J0 + ω0

Q0

√
Ud

U0
ḃd , (27)

b̈1 + ω1

Q1
ḃ1 + ω2

1b1 = ω2
1V

−1/3
cav ql

×
(
ηl11b1 +

√
U0

U1
ηl01b0

)
+ J1 + ε

ω1

Q1

√
Ud

U1
ḃd , (28)

where n = 0 refers to the pump mode and n = 1 to the
signal mode. Here, Q0 and Q1 are the quality factors [17] of
the eigenmodes and bd denotes the oscillator which is also
coupled to the signal mode with a constant1 ε. The Gertsen-
shtein current shows up as a projected current Jn which can
be expressed as

Jn(ω) := Hω2
g

√
U0

Un

(
κnη

E
0n + λnη

B
0n

)
2πδ(ω − (ω0 + ωg))

(29)

under the assumption that �n× �jeff(t, �x)|S = 0. Here we have
introduced another two coupling coefficients

ηE
0n := 1

H
√
U0Un

∫
Vcav

d3xH0(�x)ε0 �E0(�x) �En(�x) (30)

ηB
0n := 1

H
√
U0Un

∫
Vcav

d3xH0(�x) 1

μ0

�B0(�x) �Bn(�x). (31)

for the E-field and the B-field respectively. The parameters
κn and λn are given by

κn := i
ωn

8c2 (ω0 + ωg), (32)

λn := ω2
n

8c2 . (33)

Note that they are different in the long wavelength regime. If
ω0 + ωg < ωn , the GW couples stronger to the B-field than
to the E-field, and vice versa for ω0 + ωg > ωn . Since we
work with ω0 ≈ ω1 and ωg � ω0, ω1 throughout this study,
we assume |κn| ≈ |λn|, i.e. that the couplings are equally
strong. If ωg becomes comparable to ω0 and ω1, the long
wavelength approximation may break down and Eq. (29) is
no longer valid. Finally, we have defined the normalised GW
strain as

H :=
√

1

Vcav

∫
Vcav

d3xH2
0 (�x). (34)

For a MAGO-like cavity, we found that a reasonable value
for the normalised strain is given by H ∼ h0 ×10 m2, where
h0 is the characteristic strain strength of the GW.

1 For the MAGO cavity, this coupling could be reduced to ε ∼ 10−7.
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(a) Signal without damping (b) Signal with damping

Fig. 2 This plot displays how the signal power depends on the
mechanical-em coupling ηl01. The curves were calculated for different
values of ωg between 100 Hz and 10 MHz assuming a scanning experi-
ment (i.e. ω1 = ω0 +ωg). a Calculations without the damping term. As

expected, the highest possible signal is always achieved for |ηl01| = 1. b
Calculations including the damping term, Eq. (46). A remarkable result
is that, in particular for ωg below ∼ 1 MHz and close to the resonance
ωg = ωl (green curve), the best signal power is achieved for |ηl01| < 1

Similarly, we can find the EoM for the mechanical modes
from Eq. (26). Adding again a dissipative term, we end up
with

q̈l + ωl

Ql
q̇l + ω2

l ql = 1

M

(
fl + f ba

l

)
, (35)

where Ql is the mechanical quality factor. In contrast to [3],
we automatically obtain the field back-action

f ab
l (t) := V−1/3

cav

(
U0η

l
00b

2
0(t)

+U1η
l
11b

2
1(t) + 2

√
U0U1η

l
01b0(t)b1(t)

)
,

which is responsible for an additional deformation of the cav-
ity walls, commonly known as Lorentz Force Detuning. The
first two terms lead to a constant shift that can be absorbed
into the definition of the eigenmodes. However, the last term
leads to a damping of the signal strength which is particularly
strong close to the resonances. Effectively, we therefore get

f ab
l (t) = 2V−1/3

cav

√
U0U1η

l
01b0(t)b1(t). (36)

Note that this term already appeared in the studies of the
MAGO collaboration, see e.g. [12,16]. However, in Sect. 8,
we will investigate its impact on the detector sensitivity in
greater detail.

7 Solution for monochromatic gravitational waves

In general, the coupled differential equations (27), (28) and
(35) can only be solved by numerical methods. However, if
we assume a monochromatic GW travelling in z-direction,
i.e.

ql(t) = Re
(
Ql(t)e

iωgt
)
,

fl(t) = Re
(
Fl(t)e

iωgt
)
,

J1(t) = Re
(
K1(t)e

i(ω0+ωg)t
)
,

it is possible to find an analytic expression for the sig-
nal power. We further assume that the pump mode can be
stabilised to be monochromatic. Therefore, an appropriate
ansatz for the fields is

b0(t) = bd(t) = Re
(
eiω0t

)
, (37)

b1(t) = Re
(
A1(t)e

i(ω0+ωg)t
)
. (38)

The remaining calculation is greatly inspired by [16]. If Ql(t)
and A1(t) are small such that only leading terms in these
functions are relevant, the EoM (Eqs. 28, 35) can be written
as

Ä1(t) + α1 Ȧ1(t) + β1A1(t)

=
√
U0

U1
γ1Ql(t) + K1(t) + εiω0

ω1

Q1

√
Ud

U1
e−iωgt , (39)

Q̈l(t) + αl Q̇l(t) + βlω
2
l Q(t) = Fl(t)

M
+

√
U1

U0
γl A1(t),

(40)

where we also neglected all fast oscillating terms. That
means, we assumed that terms containing eiω0t or eiω1t van-
ish in the time average compared to terms containing eiωgt .
The constants introduced in Eqs. (39) and (40) are given by

αl := 2iωg + ωl

Ql
,

βl := ω2
l − ω2

g + iωg
ωl

Ql
,
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γl = 1

M
V−1/3

cav U0η
l
01,

α1 := ω1

Q1
+ 2i(ω0 + ωg),

β1 := ω2
1 − (ω0 + ωg)

2 + i
ω1

Q1
(ω0 + ωg),

γ1 := V−1/3
cav ω2

1η
l
01.

We can now perform Fourier transformations to solve Eqs.
(39) and (40) for A1(t). By again neglecting fast oscillating
terms, the time average of b1(t), Eq. (38), can be expressed
as 〈b2

1(t)〉 = 1
2 〈|A1(t)|2〉. Thus, we can write the signal in

terms of a power spectral density (PSD)

Ssig(ω) := 2U1ω1/QcplSb1(ω),

where 〈b2
1(t)〉 = (2π)−2

∫
dωSb1(ω). Note that the coupling

quality factor Qcpl has to be used here, since it parameterises
the energy transfer into the readout system. It is related to the
full quality factor Q1 via

1

Q1
= 1

Qcpl
+ 1

Qint
,

where Qint is the internal quality factor neglecting the readout
loss. More details on that can be found in [3,18].
The final result for the signal PSD is then given by

Ssig(ω) = ω1

Qcpl
ω4
gU0

×
∣∣∣∣ 1

2

ω2
1η

l
01(h+ηl+ + h×ηl×)

�1(ω − (ω0 + ωg))︸ ︷︷ ︸
Mechanical Coupling

− H(κ1η
E
01 + λ1η

B
01)

�2(ω − (ω0 + ωg))︸ ︷︷ ︸
Gertsenshtein Coupling

∣∣∣∣
2

×4π2δ(ω − (ω0 + ωg)). (41)

where we have introduced two functions �1(ω) and �2(ω)

in the denominators which we call resonance functions. They
are given by

�1(ω) := (
β1 − ω2 + iωα1

)(
βl − ω2 + iωαl

) − γ1γl ,

(42)

�2(ω) := �1(ω)
(
βl − ω2 + iωαl

)−1
. (43)

For completeness, we note that an additional term appears
from Eq. (39) describing the coupling to the external oscil-
lator. It yields

Sosc(ω) = ε2 Q1

Qcpl

ω3
1

Q3
1

ω2
0

UdSbd (ω)

|�2(ω − (ω0 + ωg))|2 , (44)

where we have defined Sbd (ω) := 4π2δ(ω − ω0). For a
monochromatic oscillator, this PSD can be well separated
from the signal. However, there is some irreducible phase
noise which leads to a power leakage into frequency range
of the signal mode. It turns out that, for ε ∼ 10−7, the oscil-
lator phase noise is negligible compared to more dominant
sources such as mechanical or thermal noise. For a detailed
discussion, see e.g. [3,43].

Finally, we can integrate Eq. (41) to obtain the total signal
power. It yields

Psig = 1

(2π)2

∫
dωSsig(ω) = ω1

Qcpl
ω4
gU0

×
∣∣∣∣1

2

ω2
1ηl01(h+ηl+ + h×ηl×)

β1βl − γ1γl
− βl H(κ1ηE

01 + λ1ηB
01)

β1βl − γ1γl

∣∣∣∣
2

.

(45)

This is the main result of our study. In contrast to the results
of [3], it shows an additional damping factor

γ1γl = 1

M
V−2/3

cav U0(ω1η
l
01)

2 (46)

in the denominator. It is parametrically suppressed for large
and massive detectors, but becomes important for lightweight
cavities like MAGO which operate at high frequencies. In
the following, we will investigate its impact on the detector
sensitivity.

8 Impact of the damping term

In this section we want to investigate the effects of the damp-
ing term γ1γl which follows from the back-action f ab

l (t), Eq.
(36). The main reason is that recent studies, such as [3], do
not consider this term, although it has an important influence
on the results, as explained in the following. The MAGO col-
laboration, however, mentioned it, but without investigating
it in greater detail.

We found that the term has a great influence on the sig-
nal since it depends quadratically on the mechanical cou-
pling. Therefore, we propose that a mechanical coupling of
|ηl01| = 1, cf. Eq. (23), does not always lead to the strongest
signal. To show this, we calculate Eq. (45) explicitly and take
ωl , ωg and ηl01 as free parameters. In order to fix the remain-
ing values, we mostly follow [3,12]. That means, concerning
the cavity parameters, we choose M = 5 kg, Vcav = 10 L,
ω0 = 1.8 GHz and Q0 = Qcpl = Qint = 1010. The elec-
tromagnetic field in the cavity and the temperature of the
boundaries should not exceed the quenching limit of nio-
bium, which was used for MAGO. According to [3], we
therefore assume a typical E-field of 30 MV/m which cor-
responds to a total pump mode energy of U0 ∼ 40 J. For the
GW, we assume a typical strain of h0 = h+ = h× = 10−20

and a GW-mechanical coupling of ηl+ = ηl× = 1, which
are both rather optimistic.2 The calculations are conducted
for a scanning experiment where ω1 = ω0 + ωg . Broadband
detection is in principle possible as well [3,18], but typically
leads to a low sensitivity far from the resonance.

2 For MAGO-like cavities, we found values of ηl+, ηl× ∼ O(10−2).
Note, however, that our qualitative results do not depend on these values.
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Fig. 3 This plot shows the coupling strength leading to the highest
signal power in the ωg-ωl -plane. Some examples for fixed ωg and ωl
are shown in Fig. 2. An important result of this plot is that the highest
signal is not always reached for |ηl01| = 1 as proposed by [3]. For
ωg in the sub-MHz regime, the optimal coupling can be much lower.
In particular close to the resonance ωg = ωl , the coupling should be
optimised to values of order |ηl01| ∼ O(10−6)

In the first analysis, we assume a lowest mechanical quad-
rupole mode at ωl = 5 kHz which is in good agreement with
numerical simulations of MAGO-like cavity spectra. We then
investigated how the signal power depends on |ηl01| for eight
different frequencies ωg between 100 Hz and 10 MHz. For
larger frequencies, the long wavelength approximation may
break down and Eq. (45) has to be adjusted. The results are
shown in Fig. 2 both with and without the damping term.
When the term is neglected (Fig. 2, left panel), it is obvious
that the highest signal is achieved for the maximum coupling
constant |ηl01| = 1. However, in case it is included (Fig. 2,
right panel), |ηl01| = 1 leads to the strongest signal only for
high frequencies in the MHz-regime. Below, we find that the
best coupling is achieved for |ηl01| < 1. In particular close to
the resonance ωg = ωl , the damping term leads to an ideal
coupling of |ηl01| ∼ O(10−6). The results therefore clearly
show that SRF cavity experiments should in general not be
optimised to |ηl01| ∼ O(1). This is particularly important for
low frequencies and frequencies close to the resonance.
We also provide a more general analysis of the best choice
for |ηl01| in Fig. 3. It shows the value of |ηl01| with the largest
signal powers in the ωg-ωl -plane. The result could be used
as a template for optimising future gravitational wave exper-
iments. We point out that the parameters ωl , ωg and ηl01 can
be controlled via the cavity geometry.

Finally, we note that the optimal coupling does also
depend on the noise sources which determine the cavity sen-
sitivity. Applying a qualitative analysis of the sources dis-

cussed in [3] using the damping term showed that the cou-
pling still has to be optimised similar to Fig. 3. However,
the results largely depend on the noise parameters and we
postpone a more detailed study to future work.

9 Conclusion

Heterodyne cavity experiments provide a promising tool for
detecting or excluding new sources of GWs in the future.
Recent studies showed that the sensitivity of modern cavities
can already approach the regime for new physics. A promis-
ing candidate in the measurable regime is, for instance, black
hole superradiance. In this study, we refined the theoreti-
cal formalism proposed by the former MAGO collaboration
[12,16] and added another signal source from the Gertsen-
shtein effect. The resulting signal power for a monochro-
matic GW in z-direction is shown in Eq. (45). We note that
the Gertsenshtein effect is subdominant in the considered
kHz–MHz-regime. At higher frequencies above MHz, how-
ever, the effect becomes dominant and the coupling has to be
taken into account. In that case, the long wavelength approx-
imation breaks down and the full metric expansion should be
used (see appendix A). First studies can be found in [3,19].
An important difference to the recent results [3] is that we
included the back-action of the EM field, leading to Lorentz
Force Detuning and causing a damping term γ1γl , Eq. (46),
which depends on the coupling ηl01 of the EM field to the
mechanical cavity modes. This term was already described
in [12,16], but its influence was not investigated further. We
found that an important consequence is that choosing |ηl01| ∼
O(1) does in general not lead to the strongest signal power.
In particular close to the resonance ωg = ωl , the maximum
signal is achieved for much lower couplings of order |ηl01| ∼
O(10−6).

Altogether, we recommend that future heterodyne cavity
experiments do not choose a design where always |ηl01| ∼ 1.
Instead, the coupling constant should be adjusted such that
it matches the optimal coupling for the values ωl and ωg of
the experiment.
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Appendix A: The proper detector frame

The proper detector frame (PDF) is a coordinate system
that describes the local Lorentz frame of an observer in
curved spacetime [38]. With respect to the cavity, it prop-
erly describes the response of the EM-field to a small metric
perturbation in its local lorentz frame. We therefore need it
to describe the gauge-dependent Gertsenshtein current of a
passing GW.
In general, the PDF is a combination of Fermi Normal Coor-
dinates (FNC) [35,45] and the acceleration and rotation of
the observer [46]. As shown by Marzlin in 1994 [38], the
metric can be then written as

g00 = −(1 + �a · �x)2 + ( �ω × �x)2 − γ00

− 2( �ω × �x)iγ0i − ( �ω × �x)i ( �ω × �x) jγi j ,
g0i = ( �ω × �x)i − γ0i − ( �ω × �x) jγi j ,
gi j = δi j − γi j , (47)

where the coefficients are given by the series expansions

γ00 =
∞∑
n=0

2

(n + 3)! x
k xl xk1 · · · xkn (∂k1

· · · ∂kn R0k0l )(g) ·
[
(n + 3) + 2(n + 2)�a�x + (n + 1)(�a�x)2

]
,

γ0i =
∞∑
n=0

2

(n + 3)! x
k xl xk1

· · · xkn (∂k1 · · · ∂kn R0kil)(g) ·
[
(n + 2) + (n + 1)�a�x

]
,

γi j =
∞∑
n=0

2

(n + 3)! x
k xl xk1

· · · xkn (∂k1 · · · ∂kn Rik jl)(g) ·
[
n + 1

]
,

where �a and �ω are the acceleration and rotation and g the
geodesics of the observer (reference geodesic). Note that the
Riemann tensor is gauge independent. For GWs, it is there-
fore possible to compute it in the more convenient TT-gauge.
With SRF experiments, the goal is to measure GWs with fre-
quencies in the range ∼ O(kHz–MHz), which is much above
the typical variations of the gravitational field on earth with

values of f � 0.1 Hz [37]. We can therefore well separate
the GWs from the background field and set �a = 0 and �ω = 0.
The resulting simplified expansion for the GW strain reads

h00 = −2
∞∑
n=0

n + 3

(n + 3)! x
kxl xk1 · · · xkn (∂k1 · · · ∂kn R0k0l)(g),

(48)

h0i = −2
∞∑
n=0

n + 2

(n + 3)! x
kxl xk1 · · · xkn (∂k1 · · · ∂kn R0kil)(g),

(49)

hi j = −2
∞∑
n=0

n + 1

(n + 3)! x
kxl xk1 · · · xkn (∂k1 · · · ∂kn Rik jl)(g).

(50)

We refer the reader to [36] for a more detailed discussion of
FNC. In our case where the expected GW frequency is below
the GHz-regime, we can apply the long wavelength approx-
imation. That means, the Riemann tensor is independent of
the spatial coordinates and the expansion can be cut off at
second order. This leads to a vastly simplified metric (Eq.
3), which can be used for calculating the Gertsenshtein cur-
rent. Note, however, that the full expansion is needed in the
GHz-regime and above. More details can be found in [3,19].

Appendix B: Cavity perturbation theory

When a GW propagates through a cavity, it changes the
boundary conditions of the electromagnetic field. The eigen-
modes of the deformed cavity are in general different from
the eigenmodes of the unperturbed one. However, the GW
strains are very small (� O(10−21)), so cavity perturbation
theory can be applied. That means, we can express the per-
turbed modes as series expansions of the unperturbed modes.
We are then interested in the resulting overlap given by the
coefficients of the expansion. An important result of this pro-
cedure is that the perturbed mode �E ′

n appears to be strongly
coupled to its unperturbed counterpart �En , but also has con-
tributions from other modes �Em with m 	= n.

There are several approaches to construct such an expan-
sion. We will use the method given in [44] as it is consistent
with the method applied in [16]. The main idea is to find an
expression for the deformed boundary conditions at the posi-
tion of the unperturbed shell. The advantage of this approach
is that we do not have to deal with a perturbed volume V ′

cav
and can therefore work with Vcav throughout the calculation.
We discuss the formalism in detail here, since [44] contains
some inconsistencies. We further present the arguments in a
new and improved way using a modern notation.
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B.1 The perturbed boundary condition

The unperturbed shell has surface S while S′ denotes the
surface of the perturbed shell. We note that the electromag-
netic field in both cavities is described by the boundary value
problem (BVP)

∇ × �En = ckn �Bn, ∇ × �E ′
n = ck′

n
�B ′
n,

∇ × �Bn = kn
c

�En, ∇ × �B ′
n = k′

n

c
�E ′
n,

�n × �En|S = 0, �n′ × �E ′
n|S′ = 0. (51)

We will use ωn = ckn instead of kn from now on. Our goal is
to find the equivalent of the boundary condition �n′ × �E ′

n|S′ =
0 on S. Since S is supposed to be a (at least piecewise) smooth
manifold, we can parameterise it with two variables λ1 and
λ2. We then define two differentiable curves

�u1 := �uλ2(λ1) := �S(λ1, λ2)|λ2 fixed,

�u2 := �uλ1(λ2) := �S(λ1, λ2)|λ1 fixed,

such that the tangential vectors

�t1 := ∂ �u1

∂λ1
, �t2 = ∂ �u2

∂λ2

define a right-handed orthonormal system (�t1, �t2, �n), where �n
is the surface normal. The displacement is described by �(�x),
which gives the absolute value of the shell deformation at a
point �x on the surface. We set� < 0 for inward and� > 0 for
outward deformations. Throughout the following discussion,
we will assume that |�(�x)| � 1.

We start by going the infinitesimal distances

d�u1 = �t1dλ1, d�u2 = �t2dλ2

on the unperturbed surface S. We then move along a closed
path using �n� to jump on the perturbed surface S′. In Fig. 4,
it is shown for inward and outward deformation. We consider
the surface elements within the path, which are given by

d �A1 = ±�t2dλ1�, d �A2 = ∓�t1dλ2�.

Note that the upper sign corresponds to the inward direction
and the lower sign to the outward direction. The key idea
now is to apply Stokes theorem. It is useful to look at Fig. 4
to track the signs correctly. Weighting the surface elements
d �A1 and d �A2 with ∇ × �E ′

n leads to

∇ × �E ′
n · d �A1 = ±∇ × �E ′

n · �t2�dλ1

= ± �E ′
n��n ∓ �E ′

n��n ∓ dλ1
∂

∂λ1
( �E ′

n �n�) ∓ �E ′
n�t1dλ1

= ∓ �E ′
n�t1dλ1 ∓ dλ1

∂

∂λ1
( �E ′

n �n�),

∇ × �E ′
n · d �A2 = ∓∇ × �E ′

n · �t1�dλ2

= ± �E ′
n��n ∓ �E ′

n��n ∓ dλ2
∂

∂λ2
( �E ′

n �n�) ∓ �E ′
n�t2dλ2

= ∓ �E ′
n�t2dλ2 ∓ dλ2

∂

∂λ2
( �E ′

n �n�),

where we expanded ( �E ′
n �n�)(�u1,2+dλ1,2�t1,2) up to first order

and used that �E ′
n|′S = 0 on the perturbed surface (see Fig. 4).

By eliminating dλ1 and dλ2, we find

�E ′
n · �t1 = −∇ × �E ′

n · �t2� − ∂

∂λ1
( �E ′

n �n�),

�E ′
n · �t2 = ∇ × �E ′

n · �t1� − ∂

∂λ2
( �E ′

n �n�).

These results can be now combined to

�E ′
n = ( �E ′

n�t1) · �t1 + ( �E ′
n�t2) · �t2 + ( �E ′

n �n) · �n
= −(∇ × �E ′

n�t2�) · �t1 + (∇ × �E ′
n�t1�) · �t2

− ∂

∂λ1
( �E ′

n �n�) · �t1 − ∂

∂λ2
( �E ′

n �n�) · �t2 + ( �E ′
n �n) · �n.

On the shell of the unperturbed cavity, this expression reads

�E ′
n|S = �n × (∇ × �E ′

n)�|S − ∇( �E ′
n �n�)|S + ( �E ′

n �n) · �n|S,
where we used the standard gradient in the coordinate system
(�t1, �t2, �n) together with the identity �a × (�b × �c) = �b · (�a ·
�c) − �c · (�a · �b). Inserting Eq. (51) finally yields the perturbed
version of the boundary condition �n × �En|S = 0. The result
is

�n × �E ′
n|S = �(ωn �Bn × �n) × �n|S + ∇( �En �n�) × �n|S,

so the perturbed electric field does not vanish in the unper-
turbed shell. This will now help us to find a series expansion
for �E ′

n (or �B ′
n) in terms of �En (or �Bn). Note that we have

dropped the primes on the right hand side as we assumed �

to be small. It is therefore sufficient to consider leading order
terms only.

B.2 Solving the Boundary Value Problem

According to the general idea of perturbation theory, we can
decompose the perturbed eigenmodes as [16]

�E ′
n = �En + σ �E (1)

n + O(σ 2),

�B ′
n = �Bn + σ �B(1)

n + O(σ 2),

ω′
n = ωn + σω(1)

n + O(σ 2).

Substituting this into the perturbed BVP and using the unper-
turbed BVP (see Eq. 51), we obtain a BVP for the first order
corrections σ �E (1)

n and σ �B(1)
n . It can be written as
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Fig. 4 Construction of the
boundary conditions for the
perturbed mode. The idea is to
use the area elements d �A1,2,
Stoke’s theorem and that �E ′

n
vanishes on the perturbed shell
to find an expression for
�n × �E ′

n |S on the unperturbed
shell. This sketch should help to
track the correct signs for
inward/outward deformation
and �t1/�t2-direction respectively

∇ × σ �E (1)
n − ωnσ �B(1)

n = σω(1)
n

�Bn, (52)

∇ × σ �B(1)
n − ωn

c2 σ �E (1)
n = σω

(1)
n

c2
�En, (53)

�n × σ �E (1)
n |S = ωn �Vn|S, (54)

where we again consider leading order terms in � and σ only.
In order to abbreviate notation, we have defined

�Vn := �( �Bn × �n) × �n|S + 1

ωn
∇( �En �n�) × �n|S (55)

here. We can now expand the first order corrections in terms
of the unperturbed modes, i.e.

σ �E (1)
n =

∑
m

αnm �Em, (56)

σ �B(1)
n =

∑
m

βnm �Bm, (57)

σω(1)
n =

∑
m

κnmωm . (58)

The remaining task then is to find the coefficients αnm , βnm

and κnm . We start by integrating equation 52 over �Bm such
that

∫
Vcav

d3x �Bm · ∇ × σ �E (1)
n − ωn

∫
Vcav

d3x �Bm, ·σ �B(1)
n

= σω(1)
n δnm

∫
Vcav

d3x �B2
n . (59)

Equivalently, we can integrate equation 53 over �Em which
leads to a similar expression with �B and �E exchanged. Using
standard nabla identities and Gauss’s law, we can rewrite the
first integral of Eq. (59) as

∫
Vcav

d3x �Bm · ∇ × σ �E (1)
n

= −
∫

∂Vcav

d�S( �Bm × σ �E (1)
n )

+
∫
Vcav

d3xσ �E (1)
n ∇ × �Bm .

To evaluate the surface integral, we can use the boundary
conditions in 51 and 54. Note that there is now a difference
between the E-field and B-field because

d�S( �Bm × σ �E (1)
n ) = �n · ( �Bm × σ �E (1)

n )d

S = �Bm · (σ �E (1)
n × �n)dS = −ωn �Bm · �VndS

d�S( �Em × σ �B(1)
n ) = �n · ( �Em × σ �B(1)

n )d

S = σ �B(1)
n · (�n × �Em)dS = 0.

With these results and using Eq. (51), we can write Eq. (59)
as

ωm

c2

∫
Vcav

d3xσ �E (1)
n

�Em − ωn

∫
Vcav

d3xσ �B(1)
n · �Bm

= σω(1)
n δnm

∫
Vcav

d3x �B2
n − ωn

∫
∂Vcav

dS �Bm · �Vn,

ωm

∫
Vcav

d3xσ �B(1)
n

�Bm − ωn

c2

∫
Vcav

d3xσ �E (1)
n

�Em

= σω
(1)
n

c2 δnm

∫
Vcav

d3x �E2
n ,

where we also gave the corresponding expression for the B-
field. The next step is to insert the expansions Eqs. (56) and
(57). We can use Eq. (17) to simplify the notation and arrive
at

ωm

c2 αnm
2Um

ε0
− ωnβnm2μ0Um

= δnmσω(1)
n 2μ0Um + 2Um

ε0

ωn

c2 Cnm, (60)

ωmβnm2μ0Um − ωn

c2 αnm
2Um

ε0
= σω

(1)
n

c2 δnm
2Un

ε0
, (61)

where a new coupling coefficient is defined by

Cnm := − c2

2Um

∫
∂Vcav

dSε0 �Bm �Vn . (62)

To find the coefficients αnm , βnm and κnm , we have to solve
Eqs. (60) and (61). Therefore, we have to distinguish between
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the cases n = m and n 	= m. We start with the latter, which
yields

αnm = ωmωn

ω2
m − ω2

n
Cnm, (63)

βnm = ω2
n

ω2
m − ω2

n
Cnm . (64)

The case n = m needs a bit more work. From Eqs. (60) and
(61), we directly find

σω(1)
n = −1

2
ωnCnn .

This leads to a solution for κnm and an expression for αnn

and βnn , which read

κnm = −1

2
δnmCnm,

αnn = βnn + 1

2
Cnn .

However, we have to fix another degree of freedom to get a
final result for the remaining coefficients. That is because we
have not yet chosen a normalization for the perturbed fields.
An appropriate choice is to define∫
Vcav

d3x �E ′2
n := 2Un

ε0
=

∫
Vcav

d3x �E2
n . (65)

By observing that

2Un

ε0
=

∫
Vcav

d3x( �En + σ �E (1)
n )2 = (1 + 2αnn)

2Un

ε0
,

we find that the diagonal coefficients are asymmetric and
given by

αnn = 0, βnn = −1

2
Cnn . (66)

Finally, we write the perturbed solutions in terms of the time
modes en(t) and bn(t). By substituting the expansions 56–58
into Eq. (18), we end up with

e′
n(t) = en(t) +

∑
m 	=n

αnm
Um

Un
em(t),

αnm = ωnωm

ω2
m − ω2

n
Cnm, (67)

b′
n(t) = bn(t) − 1

2
Cnnbn(t) +

∑
m 	=n

Um

Un
βnmbm(t),

βnm = ω2
n

ω2
m − ω2

n
Cnm, (68)

ω′
n = ωn − 1

2
ωnCnn . (69)

The remaining task is to determine the connection coeffi-
cients Cnm .

B.3 The connection coefficient

We return to Eqs. (55) and (62), which define the connection
coefficient Cnm . The full expression reads

Cnm = − c2

2Um

∫
∂Vcav

dSε0 �Bm

×
[
(� �Bn × �n) × �n + 1

ωn
∇(�n �En�) × �n

]
.

We can write this in a shorter form by using the boundary
condition �Bn · �n|S = 0 for the unperturbed cavity. The left
integral can be then written as∫

∂Vcav

dS · �Bm( �Bn × �n) × �n� = −
∫

∂Vcav

dS · �Bm �Bn�.

For the right integral, we use that d�S = �ndS and Eq. (51) to
find

∫
∂Vcav

dS · ε0 �Bm∇(�n �En�) × �n

= ωm

∫
∂Vcav

dS · ε0

c2 �(�n �En)(�n �Em)

−
∫

∂Vcav

d�S · ∇ × ((�n �En) �Bm�).

Using the boundary condition �En,m × �n|S = 0, we can write

(�n · �En)(�n · �Em)|S = �En · �Em |S .
in the first integral. The second integral vanishes due to
Stoke’s law. Combining all results leads to the relation

Cnm = 1

2Um

∫
∂Vcav

dS · �
[ 1

μ0

�Bn �Bm − ωm

ωn
ε0 �En �Em

]
.

Note that in cases where ωm ≈ ωn like in heterodyne cavity
experiments, we can write the simplified form

Cnm ≈ 1

2Um

∫
∂Vcav

dS · �
[ 1

μ0

�Bn �Bm − ε0 �En �Em

]
. (70)
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