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Abstract This paper investigates the self-similar solutions
of the Einstein-axion-dilaton configuration from type IIB
string theory and the global SL(2,R) symmetry. We consider
the Continuous Self Similarity (CSS), where the scale trans-
formation is controlled by an SL(2, R) boost or hyperbolic
translation. The solutions stay invariant under the combina-
tion of space-time dilation with internal SL(2,R) transfor-
mations. We develop a new formalism based on Sequential
Monte Carlo (SMC) and artificial neural networks (NNs)
to estimate the self-similar solutions to the equations of
motion in the hyperbolic class in four dimensions. Due to
the complex and highly nonlinear patterns, researchers typi-
cally have to use various constraints and numerical approx-
imation methods to estimate the equations of motion; thus,
they have to overlook the measurement errors in parameter
estimation. Through a Bayesian framework, we incorporate
measurement errors into our models to find the solutions to
the hyperbolic equations of motion. It is well known that the
hyperbolic class suffers from multiple solutions where the
critical collapse functions have overlap domains for these
solutions. To deal with this complexity, for the first time in
literature on the axion-dilaton system, we propose the SMC
approach to obtain the multi-modal posterior distributions.
Through a probabilistic perspective, we confirm the deter-
ministicα andβ solutions available in the literature and deter-
mine all possible solutions that may occur due to measure-
ment errors. We finally proposed the penalized Leave-One-
Out Cross-validation (LOOCV) to combine the Bayesian
NN-based estimates optimally. The approach enables us to
determine the optimum weights while dealing with the co-
linearity issue in the NN-based estimates and better predict
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the critical functions corresponding to multiple solutions of
the equations of motion.

1 Introduction

It is well known that all Black holes can be characterised
by their mass, their charge as well as their angular momen-
tum. Choptuik in [1] also showed that there is yet one more
parameter that explains the critical gravitational collapse
solutions and it is called the critical exponent. More specif-
ically, Christodolou in [2–4] first had revealed the spheri-
cally symmetric collapse of the real scalar field. Later on,
Choptuik [1] numerically showed that the real scalar field
gravitational collapse solution demonstrates the discrete self-
similarity property. Indeed, the gravitational solution shows
space-time self-similarity where the dilations can take place.
Therefore, the critical solution does provide an scaling law. If
we show the initial condition of the real scalar field by param-
eter p, which is called the field amplitude, then p = pcrit

defines the critical solution and hence, the black hole can be
formed once p chooses the values bigger than pcrit. Indeed,
for p > pcrit the mass of the black hole or the Schwarzschild
radius are given by a scaling law as follows

rS(p) ∝ Mbh(p) ∝ (p − pcrit)
γ . (1)

The following articles [1,5,6] found that the critical expo-
nent for a real scalar field is given by γ � 0.37 in four dimen-
sions. Notice that for dimensions bigger than four (d ≥ 4),
the black hole’s mass scaled by [7,8] as

rS(p) ∝ (p − pcrit)
γ , Mbh(p) ∼ (p − pcrit)

(D−3)γ . (2)

One may read some other numerical investigations for sev-
eral other matter content in [9–14]. The collapse solutions of
the perfect fluid had been studied in [7,15–17] and its critical
exponent γ � 0.36 was also found in [16]. The authors in
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[18] argued that γ might have a universal value for all matter
fields that can be coupled to gravity in four dimensions. As
discussed in [7,17,19] the critical exponent is explored by
using the perturbations of self-similar solutions.

The solutions with axial symmetry were investigated in
[20], while shock waves are studied in [21]. The authors in
[22] explored the value of the critical exponent γ � 0.2641
for the axion-dilaton configuration in four dimensions. Inter-
estingly, in [23] we have studied the perturbations and were
able to precisely generate the existing value [22] of γ ∼
0.2641 in four dimensions and other critical exponents have
been derived in [24] in four and five dimensions.

Albeit the authors in [5,25] investigated the entire analysis
for the elliptic case in four dimensions, it is worth mentioning
that their methods can also be examined in hyperbolic and
parabolic cases as well as other dimensions, where for further
results we refer to [24,26].

Let us provide various motivation for the study of the
critical collapse of the Einstein-axion-dilaton configuration.
The first motivation is related to the gauge-gravity duality
[27–30], corresponding the choptuik exponent, the imaginary
part of quasi-normal modes as well as the dual conformal field
theory that is pointed out in [31]. In fact, of the interest is to
study the spaces that approach asymptotically to AdS5 × S5,
where the simplest system is to consider in type IIB string
theory of the axion-dilaton system with the self-dual 5-form
field. Then, one can start to analyze the black hole solutions in
diverse dimensions. It is also important to highlight that this
system has also been related to the holographic description of
black hole formation, see [15,32]. Finally the implications of
this system to black hole physics have been carried out in [33–
36]. The key role of S-duality for these self similar solutions
has also been considered in [37]. In this paper, we are dealing
with the collapse of matter to form small mass black holes
and hence one considers a small space-time region just close
to where the singularity occurs. It has also been shown that
this event is independent of the asymptotic structure of the
space-time to which the collapse happens. In fact there is
already the numerical evidence in asymptotically AdS space-
times confirming that this is the case [10,38]. Therefore we
eliminate the cosmological constant and just analyse self-
similar solutions for the axion-dilaton system.

The self-similar solutions for all elliptic, hyperbolic and
parabolic classes of SL(2,R) have been discovered in [39] in
four and five dimensions for all classes of SL(2,R), which
are the extensions of the earlier results [40,41]. In [42] we
have also recently made use of the Fourier-based regression
models for obtaining the critical solutions. Consequently, the
challenges of [42] have been addressed in [43] where we
applied truncated power basis, natural spline and penalized
B-spline regression models accordingly in order to be able
to explore the non-linear functions. In [44] we applied arti-
ficial neural networks in order to address the instability of

the black hole solutions for the specific parabolic class in
higher dimensions. Lastly, in [45], we actually proposed a
new formalism to be able to model the complexity of ellip-
tic black hole solution in four dimension using hamiltonian
monte carlo with stacked neural networks.

In this paper, we propose a new formalism based on
Sequential Monte Carlo (SMC) and artificial neural networks
(NNs) to be able to model the hyperbolic class of the spherical
gravitational self-similar solutions in four dimensions. Due to
the nature of highly non linear equations of motions of hyper-
bolic black holes, various authors used a variety of numerical
calculations to simplify the equations of motions and parame-
ters of the theory, for instance one can see [26,43,44]. Hence,
due to this reason the authors must have overlooked the mea-
surement errors that are imposed in exploring the parameters
through various numerical methods.

Thus here we propose a new method to carry out the mea-
surement errors, involved in parameter estimation, into our
statistical models in exploring the solutions to the equations
of motion. Recently Hatefi et al. [45] applied the Hamilto-
nian Monte Carlo method to find solutions to the equations of
motion in the elliptic class of four dimensions in a Bayesian
framework. Unlike [45], the hyperbolic equations of motion
in four dimensions have multiple solutions and therefore the
collapse functions do have overlap domains under these solu-
tions. In order to deal with this challenge, for the first time
in the literature on the axion-dilaton system, we proposed
the SMC approach to derive the posterior distribution of the
parameters. The posterior distribution does provide all possi-
ble solutions in estimating the parameter of the equations of
motion. Interestingly, the posterior distribution confirms the
deterministic α and β solutions found in the literature for the
hyperbolic class in four dimensions. Unlike other methods in
the literature, in this paper, we impose the l2 penalized Leave-
One-Out Cross-validation (LOOCV) to optimally combine
the Bayesian NNs candidates. The advantage of this approach
is that it also enables us to determine the optimum weights
while dealing with the co-linearity issue in the NN-based esti-
mates and better predict the critical functions corresponding
to multiple solutions of the equations of motion in the hyper-
bolic class.

The organization of the paper is as follows. In Sect. 2 we
briefly explain the relevant effective action for the axion-
dilaton configuration, its equations of motion as well as
the initial conditions that come from the continuous self-
similarity requirement. We the describe our methodology to
actually model the complexity of Sequential Monte Carlo
with Cross-validated Neural Networks for hyperbolic black
hole solutions in four dimensions. In Sect. 4, we use SMC
samples from the posterior distribution and construct NN
estimates based on the posterior mean and LOOCV as well
as the 95% credible intervals in estimating the critical col-
lapse functions corresponding to multiple solutions of the
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equations of motion. Lastly, we present the results and con-
clude in the Sect. 5.

2 The Einstein-axion-dilaton system and its equations
of motion for hyperbolic class

The two real scalar fields of axion and dilaton can be com-
bined to construct a single complex scalar field τ ≡ a+ie−φ .
Its dynamics and coupling to the gravity or its effective
action for four-dimensional axion-dilaton (a,�) system is
described by

S = 1

16πG

∫
d4x

√−g

(
R − 1

2

∂aτ∂a τ̄

(Im τ)2

)
, (3)

where R is the scalar curvature. If we take variations from
the metric and τ then one would be able to find out all the
equations of motion as follows

Rab = 1

4(Imτ)2 (∂aτ∂b τ̄ + ∂a τ̄ ∂bτ), (4)

∇a∇aτ + i∇aτ∇aτ

Imτ
= 0. (5)

This effective action is classically invariant under SL(2,R)
transformations which means that if τ gets replaced by

τ → aτ + b

cτ + d
, (6)

where (a, b, c, d) ∈ R, ad − bc = 1 then gab and the
action remains invariant. As argued originally by [46–50])
this group gets broken to SL(2,Z) as an indication of duality
transformation.

The spherically symmetric metric is represented by [25]

ds2 = (1 + u(t, r))
(
−b(t, r)2dt2 + dr2

)
+ r2d
2

d−2.

(7)

If we take into account the time scaling for (7), (as shown
in [25]), one can set b(t, 0) = 1 and regularity condition indi-
cates u(t, 0) = 0. The so called continuous self-similarity
(CSS) means there exist a killing vector ξ that generates
global scale transformation, where in spherical coordinates,
we define ξ = t ∂/∂t + r ∂/∂r . The assumption of continu-
ous scale invariance for the metric gets related a scaling for
the line element under dilations as follows

(t, r) → (�t,�r), � > 0 (8)

then

ds2 → �2ds2. (9)

Now if we consider the scale invariant variable z = −r/t
then the self-similarity of the metric implies that the functions
u(t, r), b(t, r) must be expressed in terms of z, that is

u(t, r) = u(z), b(t, r) = b(z), (10)

The scalar τ must also be invariant up to an SL(2, R)

transformation, so that

τ(t, r) → M(�)τ(t, r). (11)

Hence a system of (g, τ ) that satisfies Eqs. (10), (11) to
be continuously self-similar (CSS). Hence, physically dis-
tinct cases are related to the different conjugacy classes of
dM
d�

∣∣
�=1.

The effective action in (3) is SL(2,R)-invariant, hence we
can consider a compensation of the scale transformation of
(t, r) by an SL(2,R) transformation. In fact in [40] we already
found out three different possible assumptions for this par-
ticular system. Those were called the elliptic, hyperbolic and
parabolic classes that are related to three classes of SL(2, R)

transformations which were used to compensate for a scaling
transformation in space-time. Let us describe the hyperbolic
ansätze for τ(t, z).

The general form of the ansatz for the hyperbolic class is
given by

τ(t, r) = 1 − (−t)w f (z)

1 + (−t)w f (z)
, (12)

where under a scaling transformation t → λ t , τ(t, r)
changes by a SL(2, R) boost or hyperbolic translation, which
means that all equations are invariant under the following
transformation

f (z) → eλ f (z), λ ∈ R. (13)

Note that under SL(2, R)-transformation the following

τ(t, r) → (−t)ω f (z) (14)

exactly produces the same equations of motion for hyper-
bolic case, where f (z) is a complex function satisfying
Im f (z) > 0, and ω is a real constant. Let us describe the
derivation of the equations of motion for the hyperbolic class
in four dimensions. If we apply continuous self-similarity
ansätze (12) to all the equations of motion (4) and (5) then
one would be able to explore the ordinary differential equa-
tions for u(z), b(z), f (z). However, if we make use of the
spherical symmetry then one reveals that u(z) and its first
derivation u′(z) can be expressed in all the equations in terms
of b(z), f (z) and their first derivatives as follows

u(z) = zb′(z)
b(z)

(15)

u′(z)
(1 + u(z))

= w f̄ (z) f ′(z) + w f (z) f̄ ′(z) − 2z f̄ ′(z) f ′(z)
( f (z) − f̄ (z))2

(16)
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All the ordinary differential equations (ODEs) are given
by

b′(z) = B(b(z), f (z), f ′(z)), (17)

f ′′(z) = F(b(z), f (z), f ′(z)). (18)

Finally, the equations of motion in the hyperbolic class in
four dimensions are represented by

b′ = z(b2 − z2)

b( f − f̄ )2
f ′ f̄ ′ − ω(b2 − z2)

b( f − f̄ )2
( f f̄ ′ + f̄ f ′) − ω2z| f |2

b( f − f̄ )2

(19)

f ′′ = − z(b2 + z2)

b2( f − f̄ )2
f ′2 f̄ ′ + 2

( f − f̄ )

(
1

f̄
+ ω(b2 + z2)

2b2( f − f̄ )

)
f̄ f ′2,

+ω(b2 + 2z2)

b2( f − f̄ )2
f f ′ f̄ ′ + 2

z

(
−1 + ωz2( f + f̄ )

(b2 − z2)( f − f̄ )

+ ω2z4| f |2
b2(b2 − z2)( f − f̄ )2

)
f ′ − ω2z

b2( f − f̄ )2
f 2 f̄ ′

+ 2ω

(b2 − z2)

(
−1

2
− ω( f + f̄ )

2( f − f̄ )
− ω2z2| f |2

2b2( f − f̄ )2

)
f. (20)

The equation of motion for b is a first-order linear in-
homogeneous equation with initial condition b(0) = 1.
The initial conditions for f (z), f ′(z) are also realised by
applying the smoothness of the critical solution. From (20),
we encounter five singularities at z = ±0, z = ∞ and
z = z±. One can readily show that the singularities z = ±0,
z = ∞ can be eliminated by the coordinate transformation
as shown in [41]. The last two singularities are demonstrated
by b(z±) = ±z±. They correspond with the horizon where
z = z+ is just a coordinate singularity as shown in [22,40].
Therefore by definition, τ must also be regular across it.

Hence f ′′(z) must also be finite as z → z+. Therefore,
one finds that the vanishing of the divergent part of f ′′(z)
produces a complex-valued constraint at z+, that is indicated
by G(b(z+), f (z+), f ′(z+)) = 0 where the explicit form of
the G function for the hyperbolic case in four dimension is
given in

G( f (z+), f ′(z+))

= f̄ (z+)
(
2z+

(
2ω2) f ′(z+) + 2(ω − 1)ω f̄ (z+)

)
+ f (z+)

(
2z+(−2 + 2ω + 2) f ′(z+) + 2ω f̄ (z+)

(
2 − ω2))

−2z+ f̄ (z+)2(2 + 2ω − 2) f ′(z+)

f (z+)
− 2 ω(ω + 1) f (z+)2.

(21)

One finds it convenient to make use of change of variables as
f (z) = u(z) + iv(z). Indeed, using regularity at z = 0 and
some residual symmetries one gets

b(0) = 1, f (0) = 1 + i x0 (x0 > 0) (22)

as well as

f ′(0) = u′(0) = v′(0) = 0 (23)

These equations are invariant under a constant scaling
f → λ f , therefore one has the freedom to choose either
the real value of f (z) or its imaginary part as one wishes at a
particular value of z, so we would like to set u(0) = 1. If one
require the regularity at the origin z = 0, then one explores
the following initial conditions for the hyperbolic class as

b(0) = u(0) = 1, u′(0) = v′(0) = 0 (24)

Therefore, the real and imaginary parts of G must van-
ish which determines ω, where (x0 > 0) and x0 is a real
parameter. The three discrete solutions in four dimensions
were explored in [23] where these solutions are found by
integrating numerically the equations of motion. The solu-
tions in hyperbolic class are identified by seeing the very
rapidly decreasing Im f (0). No solutions are explored with
Im f (0) > 1. The α and β solutions are evidently explored.
The α solution is given by

ω = 1.362, v(0) = 0.708, z+ = 1.440

The β solution is

ω = 1.003, v(0) = 0.0822, z+ = 3.29

However for the γ solution we notice that due to the fact
that Im f (0) is so small also the z+ root-finding gets effected
with numerical noise ( ω = 0.541, v(0) = 0.0059, z+ =
8.44), and hence the quality is not perfect because the
G ∼ 10−7 comparing to G ∼ 10−13−10−17 for the first
two solutions, hence we concentrate on α, β solutions.

It is also important to highlight the fact that in [24] we have
shown that the Choptuik exponent depends on the dimen-
sions, matter content as well as the different branches of the
unperturbed self similar solutions. Thus, we argue that the
conjecture about the universality of Choptuik exponent is
not satisfied. However, we also claim that there may exist
some other universal behaviours that could have been hid-
den in combinations of critical exponents or there might be
some other parameters of the given theory that have not been
considered yet in our understanding of current investigations.

3 Statistical methods

In this section, we investigate Bayesian solutions to the
parameters of the hyperbolic equations of motion using
sequential Monte Carlo methodology. Suppose x(t) =
(x1(t), . . . , xH (t)) represent the solutions to

d

dt
xi (t) = gi (x(t)|θ), (25)

where the system encompasses H differential equations
(DEs) in which t denotes the space-time, θ encodes the set
of all unknown parameters of the system and xi (t) denotes
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the solution to i-th DE, i = 1, . . . , H . Henceforth, we call
x(t) the DE variables.

As the equations of motion in black holes are highly non-
linear, typically there is no closed-form solution for the true
trajectory of the DE variables. Therefore, researchers often
apply a series of numerical methods and observe the tra-
jectory of the DE subject to measurement errors. Let yi j
denote the observed trajectory of the i-th DE variable at j =
1, . . . , ni space-time points. To take into account the uncer-
tainty involved in the observed DE variables, let yi j follow a
Gaussian distribution with mean xi (t j |θ) and standard devia-
tion σi for i = 1, . . . , H . Let � = (θ , σ ) denote the set of all
unknown parameters of the model where σ = (σ1, . . . , σH ).
Combing all information from the observed DEs, the likeli-
hood function of � is given by

p(�|y) =
H∏
i=1

ni∏
j=1

(
1

σ 2
i

)−1/2

exp

{
− (yi j − xi (t j |θ))2

2σ 2
i

}
.

(26)

In real-world scenarios, while the DE systems depend on
unknown parameters, researchers typically have prior knowl-
edge about the parameters of the DE model. To incorpo-
rate the prior information into our estimation, we propose
a Bayesian framework and treat the unknown parameters of
the DE system as random variables. This Bayesian estimation
approach enables us to find the statistical distribution of the
unknown parameters based on the set of observed data, given
prior information about the unknown parameters. The statis-
tical distribution of parameters given the observed data is
henceforth called the posterior distribution of the parameters
π(�|y) where � denotes the set of all unknown parameters
of the DE system. The posterior distribution then enables
us to make statistical inferences about the uncertainty in the
estimation procedure and quantify the characteristics of the
DE system.

3.1 Sequential Monte Carlo

When we face DE system (25), it is reasonable to take into
account the effect of space-time argument and the sequen-
tial process of the DE observations y1, . . . , yt . This facil-
itates updating the posterior distribution of the unknown
parameters sequentially as the DE variables are sequentially
observed in the system. Sequential Monte Carlo (SMC),
as a simulation-based approach, is a flexible technique in
Bayesian statistics to sequentially estimate the posterior dis-
tribution. Due to the advent of cheap and powerful computing
resources, the SMC appears a convenient tool to implement,
in a parallel fashion, sequential computation of the posterior
distribution in a general setting.

Let {�t , t ∈ N} denote the Markov process showing the
trajectory of unknown parameters over space-time with the
prior distribution π(�0). The Markov property of the process
indicates that the probability of process at space-time t only
depends on the previous step of the state; that is

p(�t |�0, . . . ,�t−1) = p(�t |�t−1),

where p(�t |�t−1) denotes the transition probability from
�t−1 to �t in the parameter space. Let {yt ; t ∈ N} denote
the sequence of the observations from the DE system where
they are conditionally independent given the observed status
of the parameter process with distribution p(yt |�t ) for t ≥ 1.
For the sake of convenience in notations, let �0:t and y1:t
represent the parameter and DE observation sequences up to
space-time t , respectively; That is, �0:t = (�0, . . . ,�t ) and
y1:t = (y1, . . . , yt ).

In this section, our focus is to employ the SMC properties
to obtain recursively the posterior distribution π(�0:t |y1:t )
at any space-time t . In order to do that, at space-time t , one
can apply the Bayes rule and write

π(�0:t |y1:t ) = p(y1:t |�0:t )π(�0:t )∫
p(y1:t |�0:t )π(�0:t )d�0:t

. (27)

From the joint distribution of �0:t andy1:t , one can also recur-
sively update the posterior distribution π(�0:t |y1:t ) based on
the posterior distribution of previous lags of the process by

π(�0:t |y1:t ) = π(�0:t−1|y1:t−1)
p(yt |�t )π(�t |�t−1)

p(yt |y1:t−1)
.

(28)

Accordingly, one can compute the posterior expectation of
any characteristic of the DE system by

Eπ(�0:t |y1:t ) [Ht (�0:t )] =
∫

Ht (�0:t )π(�0:t |y1:t )d�0:t
(29)

Due to the complex structure of the uncertainty and multidi-
mensional integration of the marginal distribution in the DE
system, there is no analytical form for the posterior distribu-
tions (27) and (28); thus the conditional expectation (29) is
not tractable too.

Importance sampling [51,52], as a practical solution to the
intractability problem, uses an instrumental distribution to
sample indirectly from the posterior distributionπ(�0:t |y1:t ).
Let q(�0:t |y1:t ) represent an instrumental distribution whose
domain includes the domain of the target posterior distribu-
tion (27). Accordingly, one can employ the importance sam-
pling and rewrite (29) as

Eπ(�0:t |y1:t ) [Ht (�0:t )]
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=
∫

Ht (�0:t )λ(�0:t )q(�0:t |y1:t )d�0:t∫
λ(�0:t )q(�0:t |y1:t )d�0:t

, (30)

where the non-normalized importance weights λ(�0:t ) are
given by

λ(�0:t ) = π(�0:t |y1:t )
q(�0:t |y1:t )

. (31)

Let {�(i)
0:t }; i = 1, . . . , n represent n independent and identi-

cally distributed particles from the instrumental distribution
q(�0:t |y1:t ). Thus, using the importance sampling method,
the Monte Carlo estimate of the quantity of interest Ht (·) is
given by

Ĥt (�0:t ) =
∑n

i=1 Ht (�
(i)
0:t )λ(�

(i)
0:t )∑n

i=1 λ(�
(i)
0:t )

=
n∑

i=1

Ht (�
(i)
0:t )�(�

(i)
t )

(32)

where �(�
(i)
0:t ), as normalized importance weights, are

obtained by

�(�
(i)
t ) = λ(�

(i)
0:t )∑n

i=1 λ(�
(i)
0:t )

. (33)

The importance sampling estimator (32), as a general frame-
work of Monte Carlo, is convenient to implement. Despite
this convenience, the iterative structure of the technique is
not adequate to sequentially incorporate the new status of
the process into estimating the π(�0:t |y1:t ). As the new sta-
tus of the sequence becomes available, one has to recompute
all the important weights on the entire parameter space. This
becomes computationally expensive for complex and non-
linear equations of motion.

Sequential Monte Carlo (SMC) [52,53], as a sequential
architecture of importance sampling, can be considered as a
solution to the iterative problem of general importance sam-
pling. As observed from (31)–(33), in importance sampling,
when a new status of the DE variable becomes available
yt , one has to re-compute the posterior distribution of the
entire trajectory �1:t given the sequence y1:t . Hence, one
requires re-computing even the importance weights of the
previous states of the trajectory given the new status of the
DE variable. Unlike the importance sampling method, the
SMC sampler does not require re-computing the importance
weights corresponding to the previous states of the trajec-
tory (�0, . . . ,�t−1), when the new status of the DE variable
becomes available. In other words, the importance weights
of the previous states of the trajectory stay the same, and we
no longer need to re-compute them. We only need to com-
pute the posterior distribution of the most recent state of the

trajectory, given the new data. Treating the instrumental dis-
tribution based on the previous states as the full marginal
distribution, the instrumental distribution is thus updated by

q(�0:t |y1:t ) = q(�0:t−1|y1:t−1)q(�t |�0:t−1, y1:t ). (34)

In a similar fashion as (34), one can recursively show that

q(�0:t |y1:t ) = π(�0)

t∏
k=1

q(�k |�0:k−1, y1:k). (35)

From the sequential representation (35), one can easily show
that the non-normalized importance weights (33) can be
sequentially updated by

λ(�
(i)
0:t ) = λ(�

(i)
0:t−1)

p(yt |�(i)
t )π(�

(i)
t |�(i)

0:t−1)

p(yt |y1:t−1)π(�
(i)
t |�(i)

0:t−1, y1:t )
,

(36)

and consequently, the normalized importance weights are
sequentially updated by

�(�
(i)
t ) ∝ �(�

(i)
t−1)

p(yt |�(i)
t )π(�

(i)
t |�(i)

0:t−1)

π(�
(i)
t |�(i)

0:t−1, y1:t )
. (37)

As a special case of (35), one can employ the prior distribu-
tion in the SMC framework [52,53]. In this case, the instru-
mental distribution is given by

q(�0:t |y1:t ) = π(�0)

t∏
k=1

π(�k |�k−1). (38)

In this case, from (38) and the fact that p(yt |y1:t−1) is con-
stant over the entire trajectory of �0:t , one can easily update
the importance weights of the i-th particle by

�(�
(i)
t ) ∝ �(�

(i)
t−1)p(yt |�(i)

t ). (39)

Although the SMC technique is well suited to accommodate
sequentially the new data into estimation, the posterior dis-
tribution of the particles very quickly becomes skewed after
only a few steps such that only a few particles will have a
non-zero probability [53,54]. Consequently, the Monte Carlo
chain will not be able to sample from all aspects of tar-
get π(�0:t |y1:t ). To deal with this degeneracy issue, a re-
sampling is added to SMC to eliminate sequentially particles
with low importance weights and at the same time augment
the particles from high-density areas. To implement the re-
sampling step, one can take n random draws with replace-
ment from the collection of the particles {�(1)

0:t , . . . ,�
(n)
0:t }

with probabilities corresponding to the important weights
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{�(�
(1)
t ), . . . , �(�

(n)
t )}. Let n(i)

t denote the number of off-
springs from the particle �

(i)
0:t , i = 1, . . . , n. It is easy to

see that the particle survives and contributes to the poste-
rior distribution when n(i)

t > 0; otherwise, the particle dies.
The important sampling and the re-sampling steps are finally
alternated to update the important weights and filter the par-
ticles sequentially to obtain the samples from the posterior
distribution.

3.2 Cross-validated neural networks

Neural networks (NNs), inspired by the human neural sys-
tem, comprise a network of connected neurons. These con-
nections enable the neurons to send information from one
layer to another. According to the flexibility and power of the
NNs, they have been increasingly exploited in recent years as
a reliable predictive model for solving differential equations.
The power of the NNs enables us to reformulate finding solu-
tions to the DE system to a parametric estimation of the DE
variables by minimizing the prediction errors. NNs consist
of a multi-layer perceptron whose layers include neurons
connecting the layers of the network to each other. These
connections enable the NN to estimate the functional form
of the DE variables. In this subsection, we describe how NNs
use the parameter estimates developed by the SMC method,
from Sect. 3.1, to predict the complex and nonlinear forms
of the DE variables in the hyperbolic class of 4d.

Let N (x(t |�), t,φ) denote the NN estimate, consisting
of L hidden layers, for the DE variable x(t) form DE system
(25). Each neuron of the NN is connected with another in the
next layer via a linear regression model

{
Zl

j = WlNNl−1(x(t), t,φ) + bl ,
NNl(x(t), t,φ) = a(Zl

j ), l = 1, . . . , L .
(40)

such that NNl−1(·) represents the response observed from
the l-th layer, φ = (W1, . . . ,WL ,b1, . . . ,bL) represents
the set of all unknown parameters, a denotes a non-linear
activation function, Wl and bl show the weight matrix and
bias vector of the l-th layer, respectively [55,56]. Finally,
the NN estimate of the DE variables x(t) are obtained as a
solution to the squared loss function

N̂ (x(t |�), t,φ) = arg min
�

(N (x(t |�), t,φ) − x(t))2 .

(41)

To handle the optimization (41), the NNs implement a series
of forward and backward propagation steps to find the final
solution to the DE system (25). For more details about the
theory and applications of the NNs, readers are referred to
[55–57] and references therein.

In this paper, we first plan to find the Bayesian esti-
mate for the parameters of the equations of motion. The
Bayesian proposals are then stacked into the equations of
motion to find the Bayesian stacked NN solvers. To this end,
as described in Sect. 3.1, we use the SMC method and find
the posterior distribution π(�|y). Let �∗

1, . . . ,�
∗
M denotes

M Bayesian SMC proposals for the parameters of the DE sys-
tem. Given the posterior candidate �∗

m , let N̂ (x(t |�∗
m), t,φ)

denote the NN-based estimate of the DE variable x(t) for
m = 1, . . . , M . From a probabilistic perspective, the esti-
mate N̂ (x(t |�∗

m), t,φ) will be the true solution to the DE
system (25) with probability π(�∗

m |y) for m = 1, . . . , M .
Recently, Hatefi et al. [45] proposed the Bayesian model

averaging to stack the NN-based estimates in predicting the
critical solution for the elliptic class of 4d. Following [45],
using the SMC candidates �∗

1, . . . ,�
∗
M and the training set

y of size n, the posterior distribution of the N̂ (x(t |�∗
m), t,φ)

at a fixed space-time t , is given by

P(N̂ (x(t |�), t,φ)|y) =
M∑

m=1

P(N̂ (x(t |�∗
m), t,φ)|y)π(�∗

m |y).

(42)

Using (42), Hatefi et al. [45] proposed the mean posterior of
the NN-based estimates to stack the NN candidates in pre-
dicting the DE variables in the elliptic class of equations of
motion. Despite the simplicity of the posterior mean, when
the posterior distribution has multiple high-density areas, the
posterior mean may not be able to capture the different solu-
tions of the DE system. To handle the problem, we propose
the idea of Leave-One-Out Cross-validation (LOOCV) to
combine information from all high-density areas of the poste-
rior and develop cross-validated NN-based estimates to more
accurately estimate the DE variables under various solutions
of the hyperbolic class equations of motion.

Let N̂ (x|�∗) =
[
N̂1(x(t |�∗

1), t,φ), . . . , N̂M (x(t |�∗
M ),

t,φ)
]�

represent the design matrix of the M estimates, cor-

responding to SMC candidates. As N̂1(x(t |�∗
1), t,φ), . . . ,

N̂M (x(t |�∗
M ), t,φ) are M estimates of the DE variable x(t)

at space-time t , the estimates may be linearly dependent.
This arises the co-linearity problem in the NN-based design
matrix N̂ (x|�∗). To this end, under squared error loss with
l2 penalty, we can stack the NN-based estimates using the
penalized linear regression model [55]. One can estimate the
coefficients of the regression model β = (β1, . . . , βM ) by

β̂ = arg min
β

[(
y − N̂ (x|�∗)

)� (
y − N̂ (x|�∗)

) + λβ�β
]
.

(43)

According to the properties of the least square under l2
penalty, one can easily show that the solution to (43) is given
by
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β̂ =
[
N̂ (x|�∗)�N̂ (x|�∗) + λI

]−1 N̂ (x|�∗)y (44)

When the posterior distribution has multiple modes, the least
square estimate (44) may assign unfair weights to some
complex NN candidates based on the training set. To deal
with this problem, we develop the LOOCV estimate of the
weights where leaving one observation out in each itera-
tive training step to find the best coefficient estimates. Let
N̂−i

m (x(t |�∗
m), t,φ) denote the NN-based estimate for the

DE variables at space-time t using the m-th SMC pro-
posal when the i-th observation in the training set has been
removed. From (43), the LOOCV estimate of the weights are
given by

β̂loocv = arg min
β[

M∑
i=1

(
y − N̂−i (x|�∗)

)� (
y − N̂−i (x|�∗)

)
+λβ�β

]
.

(45)

From (45), the LOOCV-based NN estimate of the DE vari-
ables at space-time t , using the SMC estimates �∗

1, . . . ,�
∗
1

is given by

x̂(t) =
M∑

m=1

β̂loocv N̂m(x(t |�∗
m), t,φ) (46)

The LOOCV-based NN estimates (46) cross-validates itera-
tively the NN candidates on N̂−i (x|�∗); thus the final esti-
mates avoid giving unfair weights to spurious SMC pro-
posals for the training set. It takes better into account the
multiple high-density areas of the posterior distribution and
consequently, it is expected to more efficiently estimate the
DE variables of the system (25), giving the SMC estimates
�∗

1, . . . ,�
∗
1.

4 Numerical studies

The equations of motion for hyperbolic class in four dimen-
sions have five singular points; however, the relevant range
for z, that contains the proper information lies between the
two singularities

z = 0, (47)

z = z+, b(z+) = z+. (48)

In particular, z = z+ is an event horizon, which is the homo-
thetic horizon. Thus, it is a coordinate singularity, and τ must
be regular across it, which is equivalent to the finiteness of
f ′′(z) as z → z+. In fact the vanishing of the divergent part

of f ′′(z) leads to a complex-valued constraint at z+ as

C � G(b(z+), f (z+), f ′(z+)). (49)

From time scaling, the regularity of τ , and the residual sym-
metries in the equations of motions, one can show the initial
boundary conditions as

b(0) = 1, f (0) = 1 + i x0, x0 > 0, f ′(0) = 0, (50)

where x0 is a real parameter as the initial value of the equa-
tions of motion. Thus, the system results in one parameter ω

and two constraints which are the real and imaginary parts
of G. Therefore, the system is handled by discrete solutions
where the CSS solutions are numerically investigated.

Here we plan to estimate the self-similar solutions using
the Bayesian framework for the hyperbolic class in 4d. In this
framework, we treat the parameter of the equations of motion
ω as a random variable and then use the SMC approach to find
the posterior distribution. The posterior distribution allows
us to take into account the numerical measurement errors in
estimating the critical collapse functions of the the system.

The equations of motion of the axion-dilaton system have
already been studied in various dimensions and also for dif-
ferent ansatz [23,44]. Hatefi et al. [42,43] applied the statisti-
cal regression models using Fourier-based and spline smoth-
ers to estimate the critical collapse functions. In a recent
publication, Hatefi et al. [44] constructed a solver based on
NNs and showed there was no solution in higher dimen-
sions for the parabolic class of black holes. Particularly [23]
employed a root-finding method to numerically determine
all the parameters of the equations of motion.

Due to the highly nonlinear equations of motion, researchers
typically have to use a series of numerical approaches to sim-
plify the equations and also to keep track of the parameters of
the models. For instance, these techniques include imposing
non-trivial constraints on the equations of motions such as
finiteness of f ′′(z) as z → z+. One might also point out one
more constraint, namely, the vanishing of the divergent part
of f ′′(z) that generates the complex-valued constraint at z+.
This implies that the real and imaginary parts of G must van-
ish at z → z+. The equations in the hyperbolic case are not
solvable analytically, hence [39] used the profile-root finding
method and applied the discrete optimization on the coordi-
nates of the extended parameter space of the equations. More
specifically, the equations are approximated by the first two
orders of the Taylor expansions to make the root-finding step
for the parameters of the equations tractable. Next, [39] could
clearly estimate the parameters of the equations of motion by
applying a grid search optimization on the coordinates in the
system. After discarding the spurious roots in the domain,
[39] found out the solution to the equations of motion and
then could estimate the critical collapse functions.

Although [23,42–44] explored the hyperbolic class of
equations motion in deterministic approach, in this research
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through a stochastic perspective, we construct a Bayesian
method using SMC approach to assess the measurement
errors into the estimation of the critical functions. Recently
Hatefi et al. [45] proposed Bayesian mean using Hamiltonian
Monte Carlo to find solutions to the equations of motion in
the elliptic class of 4d. Unlike [45], the hyperbolic equations
of motion in 4d result in multiple solutions where the critical
collapse functions have overlap domains under the multiple
solutions. To deal with the complexity of the measurement
errors in the hyperbolic equations of motion, for the first time
in the literature on the axion-dilaton system, we proposed
the Sequential Monte Carlo approach to derive the poste-
rior distributions of the parameters. Unlike [45] where they
proposed Bayesian model averaging to stack the NN-based
estimates, here we propose the l2 penalized Leave-One-Out
cross-validation to stack the NN-based estimates for criti-
cal collapse functions. The approach enables us to assign
the optimum weights to NN-based estimates and hence bet-
ter estimate the critical functions corresponding to multiple
solutions of the equations of motion.

The SMC Bayesian estimates provide information for all
possible parameters’ outcomes, that may take place in the
numerical experiments, from the posterior distribution. They
also allow researchers to embed this complexity in estimat-
ing critical functions. In this numerical study, we consider
equations of motion (20) as the DE system of interest. The
system leads to three critical collapse functions b0(z), | f (z)|
and arg( f (z)) where we treated these functions as the DE
variables of the system that must be estimated. Since all the
DE variables of system (20) are numerically and simultane-
ously solved, it makes sense to assume that the observed DE
variables also have the same standard deviation σ parame-
ter which actually represents the variability in the numeri-
cal experiments. Hence, � = (ω, σ ) encodes the set of all
unknown parameters of the model. We used Python Pack-
age Pymc3 [58] to implement the SMC approach and find
the posterior distribution of �. In order to investigate the
effect of the prior information on the likelihood parameters
in predicting of our critical functions, we assigned two differ-
ent prior distributions for ω. The prior distributions include
non-informative uniform distribution between [0.3, 1.5]. We
assign the second prior distribution to be the Gaussian distri-
bution with a mean of 1.20 and a standard deviation of 0.2. We
also consider the half-Cauchy distribution with scale param-
eter 0.5 as the prior distribution for parameter σ to capture
the uncertainty involved in the likelihood function.

We show the posterior distributions of parameters ω and
σ in Figs. 1 and 6 under Gaussian and Uniform prior distri-
butions, respectively. In each figure, we show two indepen-
dent realizations of the SMC chain for the posterior distribu-
tions and their corresponding trace plots. It is clear that the
posterior distributions of ω are multi-modal and have mul-
tiple high-density areas. Interestingly, this finding is com-

patible with the literature where [39] shows there must be
at least three solutions to hyperbolic equations of motion in
4d. Under both prior distributions, we observe that there is
a dominant high-density area almost ranging between [1.25,
1.4]. This corresponds to the α-solution of [39]. In addi-
tion, we also observe that both figures confirm there is a
small high density on the left tail of the posterior distri-
bution of ω which is interestingly compatible with the β-
solution to the equations of motion in [39]. It should be
noted that for example under Uniform prior, the probability
that the deterministic α-solution of [39] be the true solution
to the hyperbolic equations motion is almost 10%; that is
π(ω ∈ 1.36 ± 10−2) ∝ 0.10. Moreover, the probability that
the true solution appears to be smaller than 1.10 is given by
π(ω ≤ 1.10) ∝ 0.05.

As described in Sect. 3.2, we construct the NN-based esti-
mates of the critical collapse functions using the SMC pro-
posals from the posterior distribution π(ω|y). To do that, we
take L = 200 samples ω∗

1, . . . , ω∗
L from π(ω|y). Treating

the posterior candidates ω∗
l , l = 1, . . . , L as the true value

of the parameter in the equations of motion, we applied fully
connected NNs to solve the DE system and find the NN-
based estimates of the critical collapse functions. To do so,
we used Python Package NeuroDiffEq [59] to carry out the
neural networks for differential equations with 4 hidden lay-
ers where each layer consists of 16 neurons. We then ran the
NNs for 1000 epochs and estimates the critical collapse func-
tion at 1000 equally spaced space-time points zi ∈ [0, 1.44]
for i = 1, . . . , 1000. We finally obtained L = 200 NN-based
estimates for the critical collapse functions corresponding to
L realizations from the posterior distributions. From a proba-
bilistic perspective, each of these L realizations of NN-based
estimates can occur to be the true form of the critical functions
with probabilities π(ω∗

l |y) for l = 1, . . . , L . To better rep-
resent this probabilistic perspective and sampling variability
from π(ω∗

l |y), we show ten randomly selected realizations
of the posterior NN-based estimates for the critical function
in Figs. 2 and 7 under Gaussian and Uniform priors. We see
that two different patterns are almost observed for critical
collapse functions on the same domain which is compatible
with the multiple solutions available in the literature for the
equations of motion under the hyperbolic class of 4d.

In the next step of the numerical study, we plan to stack
the L = 200 NN-based candidates in estimating the criti-
cal collapse functions. Using a root-finding based on gen-
eral relativity, [39] showed that there are three solutions in
the domain of the equations of motion in the hyperbolic
class of 4d. These solutions correspond to ω1 = 1.362 (α-
solution), ω2 = 1.003 (β-solution) and ω3 = 0.005 (γ -
solution). It was discussed in [39] that the γ -solution is not
a stable solution due to the fact that Im f (0) is so small
also the z+ root-finding gets affected by numerical noise
( ω = 0.541, v(0) = 0.0059, z+ = 8.44), and hence the
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Fig. 1 The posterior distributions and their trace-plots of two SMC chains (shown by solid and dotted blue lines) for parameters ω (w) and σ

(sigma) under Gaussian prior distribution

Fig. 2 Ten randomly selected NN-based estimates for DE variables
b0(z) (A), Re( f (z)) (B) and Im( f (z)) (C) corresponding to ten SMC
samples from the support of the posterior distribution π(ω|y) where

Gaussian distribution was used as prior distribution. We show each
estimate with a different line type

quality is not perfect and so it may be a spurious solution
due to numerical noise. For this reason, in this research,
we focused on the two α and β solutions as two avail-
able solutions to the equations of motion in the literature.
The critical collapse functions corresponding to α-solution
range between [0, 1.44], while the functions range between
[0, 3.29] corresponding to β-solution. In order to investi-
gate the performance of developed models in estimating the
functional form of the critical collapse functions under both
solutions, we focus on the common areas between the two

scenarios and ran investigated the NN-based estimates in
[0,1.44].

Following Hatefi et al. [45], we first applied the Bayesian
model averaging method and computed the posterior mean
of the L NN-based estimates at each space-time point zi , i =
1, . . . , 1000. Henceforth this estimate is called the mean
stacked NN-base estimate of the critical collapse functions.
We also computed the NN-based estimates for critical col-
lapse functions under ω = 1.362 and ω = 1.003 correspond-
ing to estimates under α and β solutions. We treated these
fixed NN-based estimates as the true forms of the critical col-
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Fig. 3 The posterior mean (red), LOOCV (blue) and the true, using
ω = 1.362, (orange) NN-based estimates of the critical collapse func-
tions b0(z) (A), Im( f (z)) (B) and Re( f (z)) (C) corresponding to the

α-solution scenario of the hyperbolic equations of motion. The dotted
and dashed lines show, respectively, the lower and upper bounds of the
95% Bayesian credible intervals under Gaussian prior

lapse function under two different solutions to the equations
of motion. We then applied the LOOCV technique to stack
the NN candidates in estimating the critical functions when
we used 100 random observations from the true NN-based
estimates as the taring sets for the LOOCV-based NN meth-
ods. On the other side, we also obtained the 95% Bayesian
credible intervals for the critical collapse functions. To do
that, we computed the 2.5 and 97.5 percentiles of the NN-
based estimates, respectively, as the lower and upper bounds
of the interval at each space-time point.

Figures 3 and 8 show the performance of the posterior
mean NN-based estimates, the true NN-based estimates, the
LOOCV NN-based estimates as well as the 95% credible
intervals in estimating the critical collapse functions cor-
responding to α-solution under Gaussian and Uniform pri-
ors, respectively. Also Figs. 4 and 9 show the results of their
counterpart NN-based estimates corresponding to β-solution
under Gaussian and Uniform prior distributions, respectively.
Since the posterior mean NN-based estimates and 95% cred-
ible intervals aggregate the L = 200 posterior NN-based
estimates regardless of their corresponding population, these
two methods remain robust and proposed the same estimates
in predicting the critical collapse functions under both α-
and β- solutions to the equations of motion. Unlike poste-

rior mean proposals, we recommend the LOOCV-based esti-
mates if one is interested in aggregating the NN candidates to
more accurately estimate the form and curvature of the crit-
ical collapse functions corresponding to specific solutions.
We see that the LOOCV-based method, on average, more
accurately estimates the critical functions for both α and β

solutions, because the method stacks the L = 200 Bayesian
NN candidates by developing the best linear combination of
the posterior NN candidates.

Last but not least, we investigated the convergence of the
NN-based using SMC samples of ω under both Gaussian
and Uniform prior distributions. To do that, we computed
the difference between the training and test loss values in
the last epoch of the NN-based solver for all the L = 200
SMC samples ω∗

l , l = 1, . . . , 1000 from the posterior dis-
tributions. Figures 5 and 10 report the trace and box plots of
the loss differences when the Gaussian and Uniform distribu-
tions were, respectively, used as the prior distributions. From
Figs. 5 and 10, we observe that loss differences are almost less
then 1.5 × 10−2, fluctuating on average around zero for all
the L = 200 realizations. This confirms the convergence of
the NN-based solvers using SMC samples after 1000 epochs
even in the hyperbolic equations of motion of four dimen-
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Fig. 4 The posterior mean (red), LOOCV (blue) and the true, using
ω = 1.003, (orange) NN-based estimates of the critical collapse func-
tions b0(z) (A), Im( f (z)) (B) and Re( f (z)) (C) corresponding to the

β-solution scenario of the hyperbolic equations of motion. The dotted
and dashed lines show, respectively, the lower and upper bounds of the
95% Bayesian credible intervals under Gaussian prior

Fig. 5 The trace- and box- plots of the differences between train and test loss values in the NN-based solvers using L = 200 SMC samples from
the posterior distribution of π(ω|y) when Gaussian distribution was used as prior
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sions where the posterior distribution of the system parameter
appear multi-modal with multiple high-density areas.

Finally, it is important to highlight that if instead of taking
continuous self-similarity, one only assumes discrete self-
similarity, then the discrete scale transformation is compen-
sated just by an element of SL(2, Z) in the set SL(2, R)

transformation. It would also be very interesting to discover
the fact that how all the critical exponents would depend on
the modular transformations as well.

5 Conclusions

This paper proposes a new formalism based on Sequential
Monte Carlo (SMC) and artificial neural networks (NNs)
to model the hyperbolic class of the spherical gravitational
self-similar solutions in four dimensions. Due to the nature
of highly non-linear ordinary differential equations for the
axion-dilaton configurations, in the literature, researchers
typically have to employ various constraints as well as dif-
ferent numerical approximation methods to keep track of
equations. For instance, in hyperbolic equations of motion,
[39] had to apply the constraints, including the finiteness of
f ′′(z) as z → z+ and the vanishing of the divergent part
of f ′′(z) which generates a complex-valued constraint at z+.
They also employed numerical grid search discrete optimiza-
tion methods on the extended coordinates of the equations
to eliminate the spurious roots and estimate the equations’
parameters and the self-similar black hole solutions. Due to
the sophisticated form of the equations and the vital role of
the parameters, researchers usually have to overlook the mea-
surement errors imposed in exploring the parameters through
various numerical methods.

Here, we propose a new method to incorporate the mea-
surement errors, involved in parameter estimation, into our
statistical models in exploring the solutions to the equations
of motion. Recently Hatefi et al. [45] applied the Hamil-
tonian Monte Carlo method to find solutions to the equa-
tions of motion in the elliptic class of four dimension in a
Bayesian framework. Unlike [45], the hyperbolic equations
of motion in four dimensions suffer from multiple solutions
where the critical collapse functions have overlap domains
under these solutions. To deal with this challenge, for the
first time in the literature on the axion-dilaton system, we
proposed the SMC approach to derive the posterior distri-
bution of the parameters. The posterior distribution reveals
all the possible solutions in estimating the parameter of the
equations of motion. It is also important to highlight that
the posterior distribution confirms the deterministic α and
β solutions found in the literature for the hyperbolic class
in four dimensions. Unlike methods in the literature, in this
paper, we proposed the l2 penalized Leave-One-Out Cross-
validation (LOOCV) to optimally combine the Bayesian NNs

candidates. The approach enables us to determine the opti-
mum weights while dealing with the co-linearity issue in the
NN-based estimates and better predict the critical functions
corresponding to multiple solutions of the hyperbolic equa-
tions of motion.

Using SMC samples from the posterior distribution, we
then developed NN estimates based on the posterior mean and
LOOCV as well as the 95% credible intervals in estimating
the critical collapse functions corresponding to multiple solu-
tions of the equations of motion. Because the posterior mean
NN-based estimates and 95% credible intervals aggregate all
the posterior NN candidates regardless of the multiple solu-
tions of the system, these two methods remain robust and
proposed the same estimates in predicting the critical col-
lapse functions under both α- and β- solutions. Unlike the
posterior mean proposal, we recommend the LOOCV-based
estimates if one is interested in the optimum linear combina-
tion of the posterior NN candidates to improve the estimating
of the critical collapse functions corresponding to established
α- and β-solutions in hyperbolic equations of motions in four
dimensions.

Now if we compare the Bayesian method with the realis-
tic NN approach, then one gets to know that the developed
Bayesian credible intervals actually contain the definite esti-
mate as one possible candidate in the estimation of the criti-
cal collapse functions. Indeed, Unlike the estimation of [44],
the Bayesian approach remains concrete against measure-
ment errors in estimating ω due to the fact that all these
Bayesian estimations have already had all the possibilities
of the parameter for the domain of the posterior distribution.
From a physical point of view, our results clarify that the
universality of the Choptuik phenomena [17] is not satisfied.
There may exist some universal behaviour which might be
hidden in combining the critical exponents and other param-
eters of the theory. Nevertheless, our efforts provide some
clear evidence that one cannot expect to transfer the standard
expectations of Statistical Mechanics to the critical gravita-
tional phenomena.
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Appendix

See Figs. 6, 7, 8, 9 and 10.

Fig. 6 The posterior distributions and their trace-plots of two SMC chains (shown by solid and dotted blue lines) for parameters ω (w) and σ

(sigma) under Uniform prior distribution

Fig. 7 Ten randomly selected NN-based estimates for DE variables b0(z) (A), Re( f (z)) (B) and Im( f (z)) (C) corresponding to ten SMC samples
from the support of the posterior distribution π(ω|y) where Uniform distribution was used as prior distribution. We show each estimate with a
different line type
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Fig. 8 The posterior mean (red), LOOCV (blue) and the true, using
ω = 1.362, (orange) NN-based estimates of the critical collapse func-
tions b0(z) (A), Im( f (z)) (B) and Re( f (z)) (C) corresponding to the

α-solution scenario of the hyperbolic equations of motion. The dotted
and dashed lines show, respectively, the lower and upper bounds of the
95% Bayesian credible intervals under Uniform prior

Fig. 9 The posterior mean (red), LOOCV (blue) and the true, using
ω = 1.003, (orange) NN-based estimates of the critical collapse func-
tions b0(z) (A), Im( f (z)) (B) and Re( f (z)) (C) corresponding to the

β-solution scenario of the hyperbolic equations of motion. The dotted
and dashed lines show, respectively, the lower and upper bounds of the
95% Bayesian credible intervals under Uniform prior
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Fig. 10 The trace- and box- plots of the differences between train and test loss values in the NN-based solvers using L = 200 SMC samples from
the posterior distribution of π(ω|y) when Uniform distribution was used as prior
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