
Eur. Phys. J. C (2023) 83:1161
https://doi.org/10.1140/epjc/s10052-023-12255-7

Regular Article - Theoretical Physics

A class of rotating metrics in the presence of a scalar field

Behrouz Mirzaa, Parichehr Kangazian Kangazib, Fatemeh Sadeghic

Department of Physics, Isfahan University of Technology, Isfahan 84156-83111, Iran

Received: 30 July 2023 / Accepted: 13 November 2023 / Published online: 20 December 2023
© The Author(s) 2023

Abstract We consider a class of three parameter static and
axially symmetric metrics that reduce to the Janis–Newman–
Winicour (JNW) and γ -metrics in certain limits of the param-
eters. We obtain rotating form of the metrics that are asymp-
totically flat, stationary and axisymmetric. In certain values
of the parameters, the solutions represent the rotating JNW
metric, rotating γ -metric and Bogush–Gal’tsov (BG) met-
ric. The singularities of rotating metrics are investigated.
Using the light-ring method, we obtain the quasi normal
modes (QNMs) related to rotating metrics in the eikonal
limit. Finally, we investigate the precession frequency of a
test gyroscope in the presence of the rotating metrics.

1 Intruduction

In general relativity, singularities appear at those points
where the curvature invariants of space-time become infi-
nite. In the 1960s, it was shown that the existence of the
singularity is an absolute consequence of the theory of gen-
eral relativity [1–3]. Such singularities also exist in the form
of infinite mater density. They are classified into two types
including black holes and naked singularities. Unlike black
holes, which singularities are hidden by an event horizon
and therefore cannot be directly observed, naked singulari-
ties may show other types of effects from outside.

The strong cosmic censorship conjecture asserts that no
naked singularities can exist and they are not visible to any
observer [4,5]. However, some recent theoretical investiga-
tions present us with some striking physical processes that
create naked singularities [6–8]. Black holes can have only
charge, mass and angular momentum based on the no-hair
theorem. However, other astrophysical objects such as plan-
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ets, neutron stars, white dwarfs etc can have higher-order
multiple moments and, therefore, both of these objects and
naked singularities that have the same multiple moments have
similar exterior metric.

Two of the solutions of Einstein equations that represent
naked singularity are the γ -metric (also known as q-metric
or Zipoy–Voorhees metric) [9–12] and the Janis–Newman–
Winicour (JNW) metric [13–15], which are asymptotically
flat and axially symmetric metrics. The γ -metric is writ-
ten in vacuum, while the singularity of the JNW metric is
essentially sourced by existence of a massless scalar field.
The JNW metric reduces to the Schwarzschild metric in the
absence of the scalar field. Until today, many studies have
been done on γ -metric and JNW space-time. For example
see the following papers and references therein. Geodesics of
JNW metric was studied in [16,17]. The role of a scalar field
in gravitational lensing studied in [18,19] and high energy
collisions in this space-time was investigated in [20]. For
study in γ -metric see [21–32] and references.

In this article, we study a general three parameter met-
ric in the presence of the scalar field, from which JNW and
γ -metrics can be obtained in certain values of the parame-
ters. Considering that almost most of celestial bodies rotate
around themselves, it is interesting to derive a rotating form
of this class of three parameter metrics. It should be noted
that, despite many studies, rotating solutions for the JNW
metric that have been proposed to date, were not correct,
because, the metrics don’t satisfy the Einstein field equations
[33,34]. In this paper, we introduce a class of stationary and
axially symmetric rotating metrics that include the rotating
JNW, Bogush–Gal’tsov (BG) [34] and rotating γ -metric and
also many more new rotating metrics that can be obtained in
certain limits of the three parameters.

One way to better understand black holes and naked sin-
gularities is to study their interactions with the surrounding
environment because it is impossible to find them in isolation.
These interactions usually result in space-time perturbations.
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For the first time, Regge and Wheeler investigated a cate-
gory of gravitational perturbations in Schwarzschild geom-
etry, even before the concept of a black hole was born [35].
In 1970s, numerical analysis of these perturbations showed
that when a compact astrophysical object is perturbed, grav-
itational waves with damped oscillations are emitted. These
waves are known as quasi-normal modes (QNMs).

When space-time is perturbed, it emits gravitational waves
that change over time, so that initially we have a burst of
radiation in a short time, then over a long period of time, the
black hole loses a lot of energy by emitting QNMs. Finally,
after a very long period of time, the QNMs are suppressed.

Analytical and numerical analysis of QNMs shows that the
frequencies obtained for QNMs depend only on the parame-
ters of the astrophysical objects, while the amplitude of these
QNMs depends on the perturbation source of the oscillation.
There are several methods to calculate QNMs, for reviews
see [36–41] and references therein.

We will study QNMs of the rotating metrics in the follow-
ing sections. We also investigate the precession frequency
due to the Lense–Thirring (LT) and de Sitter effects of a gyro-
scope in the case of rotating space-times. A test gyroscope is
a suitable device for studying the properties of rotating space
times.

The paper is organized as follows, in Sect. 2, we consider
a class of three parameter metrics that at certain values of
the parameters represent the JNW and γ -metrics. Then, in
Sect. 3, we generalize the static metrics and obtain a class
of axially symmetric rotating solutions of Einstein’s equa-
tions and explain special values of the parameters that one
may derive rotating γ -metric and rotating JNW solution. In
Sect. 4, we numerically investigate the singularities of rotat-
ing metrics. In Sect. 5, the QNMs of the axially symmetric
rotating metrics are derived in the eikonal limit. In Sect. 6, we
will consider a test gyroscope and calculate the precession
frequency of it in the rotating space-times that we introduced.
Finally, Sect. 7 is devoted to the conclusions.

In this paper c = G = h̄ = 1.

2 A class of three parameter static metrics in the
presence of a radial scalar field

In this section, we are going to represent a class of three
parameter metrics that are static and axially symmetric
and reduce to the Janis–Newman–Winicour (JNW) and γ -
metrics in certain limits of the parameters. At the beginning,
we write the Einstein–Hilbert action when minimally cou-
pled to a massless scalar field as follows

S = 1

16 π

∫
d4x

√−g [R − 8 π gμν ∂μϕ ∂νϕ]. (1)

The field equations related to the above action are

Rμν = 8 π (∂μϕ) (∂νϕ), �ϕ = 0. (2)

We can write a general solution of the equations of motion
by the following class of three parameter static metrics [42]

ds2 = − f γ dt2 + f μ kν

(
dr2

f
+ r2 dθ2

)

+r2 f 1−γ sin2 θ dφ2, (3)

where,

f (r) = 1 − 2m

r
, k(r, θ) = 1 − 2m

r
+ m2 sin2(θ)

r2 , (4)

and μ and ν are defined as

μ + ν = 1 − γ. (5)

where the physical mass is given by M = γ m. A solution
for the scalar field can be obtained as follows

ϕ(r) =
√

1 − γ 2 − ν

16 π
ln

(
1 − 2m

r

)
. (6)

According to Eqs. (5) and (6), the following conditions must
be satisfied

ν ≤ 1 − γ 2, μ ≥ γ 2 − γ. (7)

Furthermore, all components of the Ricci tensor are zero
except the Rrr , which is Rrr = 8 π ∂rϕ ∂rϕ.

Different limits of metric in Eq. (3) leads to the following
well known metrics. Let us suppose that μ = 1 − γ (ν = 0),
therefore, the metric (3) reduces to the JNW metric. Also,
using the following values for the parameters

ν = 1 − γ 2, μ = γ 2 − γ. (8)

the metric in Eq. (3) becomes γ -metric and the scalar field in
Eq. (6) vanishes. It should be noted that vacuums are differ-
ent in general relativity in the presence of a scalar field and
without the scalar field.

For other values of parameters μ and ν, metric in Eq.
(3) interpolate between JNW and γ -metric and represent
infinitely many different metrics with naked singularities.
Two interesting cases of Eq. (3) are μ = −ν, γ = 1 and
μ = 0, ν = 1 − γ , that we will study their rotating forms in
the following sections.

3 A class of rotating naked singularities

There are different ways to obtain rotating solutions of the
Einstein’s equations. For example the Janis–Newman algo-
rithm can be used to obtain some type of rotating metrics
[43–45]. By using Ernst’s method, it is possible to obtain the
Kerr-Newman solution and rotating γ -metric [46–53].
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In this section, we first introduce rotating form of the gen-
eral class of metrics in Eq. (3) and then explain about the
related Ernst potential.

Consider the following stationary and axisymmetric line
element which is written in the prolate coordinates (t, x, y, φ)

ds2 = − f (dt − ω dφ)2 + σ 2

f

[
e2 η (x2 − y2)

×
(

dx2

x2 − 1
+ dy2

1 − y2

)
+ (x2 − 1) (1 − y2) dφ2

]
.

(9)

where, σ is a positive constant and f , η, and ω depend only
on x and y. The rotating metric functions are

f = A

B
, (10)

ω = −2

(
a + σ

(
C

A

))
, (11)

e2η = 1

4

(
1 + m

σ

)2 A

(x2 − 1)1+q

(
x2 − 1

x2 − y2

)1−ν

. (12)

Here a is the rotation parameter and q = γ − 1 is the
quadrupole parameter and ν was defined in (5). Moreover

A = a+ a− + b+ b−,

B = a2+ + b2+,

C = (x + 1)q
[
x (1 − y2) (λ + ξ) a+

+ y (x2 − 1) (1 − λ ξ) b+
]
,

(13)

and

a± = (x ± 1)q [x (1 − λ ξ) ± (1 + λ ξ)] ,

b± = (x ± 1)q [y (λ + ξ) ∓ (λ − ξ)] ,

λ = α
(
x2 − 1

)−q
(x + y)2 q ,

ξ = α
(
x2 − 1

)−q
(x − y)2 q ,

α = − a

m + σ
,

σ =
√
m2 − a2.

(14)

Besides, relation to the spherical coordinates are as follows

x = r − m√
m2 − a2

, y = cosθ. (15)

The solution for scalar field equation (�ϕ = 0) is given by

ϕ(r) =
√

1 − γ 2 − ν

16 π
ln

(
r − m − √

m2 − a2

r − m + √
m2 − a2

)
. (16)

The Ricci tensor related to the metric in Eq. (9) can be
obtained as follows

Rμν = 8π

⎛
⎜⎜⎝

0 0 0 0
0 ∂rϕ ∂rϕ 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ . (17)

One can check the correctness of this class of rotating solu-
tions simply by using Mathematica or Maple packages and
a laptop. In certain values of the parameters the metric that
defined in (9) represents rotating form of the following met-
rics:

(a) By choosing ν = 1 − γ 2 in Eq. (12), we obtain the
rotating γ -metric [54,55].

(b) Assuming a non-zero value for ν in Eq. (12) and set-
ting q equal to zero (γ = 1) in all equations, we will have
Bogush–Gal’tsov (BG) metric [34]

ds2 = − �

ρ2 (dt − a sin2 θ dφ)2

+ ρ2

�

[
1 + (m2 − a2) sin2 θ

�

]ν

dr2

+ ρ2
[

1 + (m2 − a2) sin2 θ

�

]ν

dθ2

+ sin2 θ

ρ2 [a dt − (r2 + a2) dφ]2, (18)

where � and ρ are as follows

� = r2 + a2 − 2m r,

ρ =
√
r2 + a2 cos2 θ.

(19)

Considering Eq. (16) and the fact that γ = 1, then we must
always have ν ≤ 0.

The Ricci scalar for the BG metric is as follows

R = 2 ν (a2 − m2)
[
a2 + r (r − 2m) + (m2 − a2) sin2 θ

]−ν

[
a2 + r (r − 2m)

]1−ν
(r2 + a2 cos2 θ)

.

(20)

The Ricci scalar becomes infinite at r = m ± √
m2 − a2.

Also, the Ricci and Kretschmann scalars are curvature invari-
ants and their singularities coincide.

(c) Another interesting limit is μ = 0 and ν = 1 − γ , that
leads to a new form of metric that we will study its QNMs in
Sect. 5. In this metric (μ = 0, ν = 1 − γ ), according to the
Eq. (16), we have

γ − γ 2 ≥ 0, ⇒ 0 ≤ γ ≤ 1. (21)

(d) Finally, if we set ν equal to zero and for non-zero values
of q, we obtain for the first time a correct form of the rotating
JNW metric. In this condition if we put a = 0, the metric
reduces to the JNW metric. For non-zero values of a and
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q = 0 (γ = 1), the rotating metric becomes the Kerr metric.
In the rotating JNW metric (ν = 0, μ = 1 − γ ), according
to Eq. (16), we have

1 − γ 2 ≥ 0, ⇒ −1 < γ < 1. (22)

Now, we describe a method for obtaining metric functions.
For this purpose, we write the metric in Eq. (10) in (t, ρ, z, φ)

coordinates

ds2 = − f (dt − ω dφ)2

+σ 2

f

[
e2 η (dρ2 + dz2) + ρ2 dφ2], (23)

where

t = t, φ = φ, ρ = (x2 − 1)
1
2 (1 − y2)

1
2 , z = x y,

x = 1

2
(R+ + R−), y = 1

2
(R+ − R−),

R± =
√

ρ2 + (z ± 1)2.

(24)

In the following we are going to obtain metric functions.
Using Rtt and Rtφ , we can derive the following equa-

tions (To see the components of the Ricci tensor, refer to the
Appendix)

f

(
∂2
ρ f + ∂2

z f + ∂ρ f

ρ

)
− (∂ρ f )2 − (∂z f )2

+ f 4

ρ2 σ 2

[
(∂ρ ω)2 + (∂z ω)2] = 0, (25)

∂ρ

(
f 2 ∂ρ ω

ρ

)
+ ∂z

(
f 2 ∂z ω

ρ

)
= 0. (26)

According to Eq. (26), a function u can be defined as follows

∂ρ u = − f 2 ∂z ω

ρ σ
, ∂z u = f 2 ∂ρ ω

ρ σ
. (27)

By using Eq. (27), we can write Eq. (25) as follows

f ∇2 f − (∂ρ f )2 − (∂z f )2 + (∂ρ u)2 + (∂z u)2 = 0, (28)

that ∇2 f is equal to

∇2 f = ∂2
ρ f + ∂2

z f + ∂ρ f

ρ
. (29)

Also, according to Eq. (27), we can write the following rela-
tion for u

f ∇2 u = 2 (∂ρ f ∂ρ u + ∂z f ∂z u). (30)

Using the Rρz and Eq. (27), we have

∂z η = ρ

2

[
1

f 2 (∂ρ f ∂z f + ∂ρ u ∂z u) + 16 π ∂ρ ϕ ∂z ϕ

]
.

(31)

Also, using Rρρ and Rzz and Eq. (27), we have

∂ρ η = ρ

4

{
1

f 2

[
(∂ρ f )2 − (∂z f )2 + (∂ρ u)2 − (∂z u)2]

+ 16 π [(∂ρ ϕ)2 − (∂z ϕ)2]
}
.

(32)

Now by using prolate coordinates (t, x, y, φ), Eqs. (27, 31
and 32) can be represented as follows

∂x ω = σ (1 − y2) f −2 ∂yu, ∂y ω = σ (1 − x2) f −2 ∂xu, (33)

∂x η = (1 − y2) f −2

4 (x2 − y2)

{
x (x2 − 1)

[
(∂x f )2 + (∂x u)2]

+ x (y2 − 1)
[
(∂y f )2 + (∂y u)2]

− 2 y (x2 − 1) (∂x f ∂y f + ∂x u ∂y u)
}

+ 4 π
(1 − y2)

(x2 − y2)
x (x2 − 1) (∂x ϕ)2, (34)

∂y η = (x2 − 1) f −2

4 (x2 − y2)

{
y (x2 − 1)

[
(∂x f )2 + (∂x u)2]

− y (1 − y2)
[
(∂y f )2 + (∂y u)2]

+ 2 x (1 − y2) (∂x f ∂y f + ∂x u ∂y u)
}

+ 4 π
(x2 − 1)2 y

(x2 − y2)
(∂x ϕ)2. (35)

Now we define a complex function E as follows

E = f + i u. (36)

Now, with the definition (36), we can display Eqs. (28) and
(30) in prolate coordinates with the following relation

(E + E∗)�E = 2 (∇E)2, (37)

where E∗ is the complex conjugate of (36) and we define

� ≡ σ−2 (x2 − y2)−1 ∂x
[
(x2 − 1) ∂x

] + ∂x
[
(x2 − 1) ∂x

]
,

∇ ≡ σ−1 (x2 − y2)−
1
2 î

[
(x2 − 1)

1
2 ∂x

] + ĵ
[
(1 − y2)

1
2 ∂x

]
.

(38)

It can be shown that the following Ernst potential consistently
explains the rotating solutions

E =
(
x − 1

x + 1

)q x − 1 + (x2 − 1)−q d+
x + 1 + (x2 − 1)−q d−

, (39)

with

d± = −α2 (x ± 1) h+ h−(x2 − 1)−q

+ i α
[
y (h+ + h−) ± (h+ − h−)

]
,

(40)

and

h± = (x ± y)2 q . (41)

Now, if we take the derivative of Eq. (34) with respect to y,
the obtained answer must be equal to the derivative of Eq.
(35) with respect to x . This condition gives us a second order
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differential equation that we can use to obtain the scalar field
as follows

ϕ′′ + 2 x

x2 − 1
ϕ′ = 0, ⇒ ϕ = c1 ln

(
x − 1

x + 1

)
+ c2.

(42)

where, constant numbers can be obtained from Einstein’s
equations and boundary conditions. Therefore, using this
conditions the above constants c1 and c2 can be written as
follows

c1 =
√

1 − γ 2 − ν

16 π
, c2 = 0. (43)

Therefore we have obtained Eq. (16) for the scalar field. It
should be noted that using the Janis–Newman algorithm does
not give us a correct form of rotating JNW metric. However,
our solution is exact and has a correct form for a large class of
rotating metrics that include correct form of the JNW metric.

4 Kretschmann scalar for rotating metrics

In Sect. 3, we obtained the rotating metrics, which are
axially symmetric and asymptotically flat. In this section,
we shall study the singularity structure of these metrics.
For this purpose, we investigate the Kretschmann scalar
(K (r, θ)) related to these metrics. Although it is possible
to calculate the Kretschmann scalar accurately, the answer
is long and complicated. Therefore, we will investigate it
numerically. We expect that our results will be such that,
firstly, the Kretschmann scalar tends to zero at infinity, sec-
ondly, its values at constant r are symmetric with respect
to θ = π/2 and thirdly, the radius of the outer singularity
is rs = m + √

m2 − a2, and as a result, the graphs around
this value diverge at a constant θ . The Kretschmann scalar is
depicted in Fig. 1.

According to Fig. 1, it can be clearly seen that the behavior
of the Kretschmann scalar fulfill all our expectations.

5 QNMs in the eikonal limit and for slowly rotating
metrics

In this section, we are going to calculate the QNMs of some
special cases of the rotating metrics. For deriving QNMs,
we use the light-ring method. More explanation about this
method is given in Refs. [56–58].

We shall study rotating JNW metric (ν = 0 or μ = 1−γ ),
BG metric (μ = −ν 0r γ = 1) and the rotating metric at
ν = −q as follows.

Fig. 1 The Kretschmann scalar K (r, θ) for m = 1 and a = 0.8. a
K (r, π/2), q = −0.015 for rotating JNW metric (solid red), ν = −0.08
for BG metric (black dash) and q = −0.015 for rotating metric at
ν = −q (blue dot-dash). K diverges at near r = 1.6 and for all values
of θ , the singularities exist and occur irrespectively of the value of θ .
b K (18, θ), where q = −0.015 for rotating JNW metric (solid red),
ν = −0.08 for BG metric (black dash) and q = −0.35 for rotating
metric at ν = −q (blue dot-dash). K is a symmetric function with
respect to θ = π/2

5.1 QNMs of rotating JNW metric (ν = 0)

First, we investigate QNMs related to the rotating JNW met-
ric. We replace transformations (15) in the metric (9). Then,
by putting ν = 0 in Eq. (12) and expanding the result to
second order in a and first order in q and, for simplicity, also
assuming that q is of order a2 and therefore terms propor-
tional to a q are negligible, we have

ds2 = −
{

1 − 2m

r
+ 2m a2 cos2 θ

r3

+q

(
1 − 2m

r

)
ln

(
1 − 2m

r

)}
dt2

−
{

1

r3 (1 − 2m/r)2

[
a2 (r sin2 θ + 2m cos2 θ)

]

− 1

r2 + q

1 − 2m/r
ln

(
1 − 2m

r

)}
dr2

+
{
r2 + a2 cos2 θ − q r2 ln

(
1 − 2m

r

)}
dθ2
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+
{
r2 sin2 θ + a2 sin2 θ

r
(r + 2m sin2 θ)

−q r2 ln(1 − 2m

r
)

}
dφ2

−4 a m

r
sin2(θ) dφ dt. (44)

It should be noted that we will use these approximations in
all subsequent calculations.

If we consider QNMs as Q = � + i �, in the eikonal
limit by using the light-ring method � can be written as
± j �′, where j ∈ Z and �′ is the orbital frequency of the
null rays on circular orbits. In our axisymmetric space-time
background the massless wave perturbations can be written
as superposition of the following eigenmodes

ei (� t−ι φ) S� j ι s(r, θ). (45)

where, � and S are the wave’s frequency and spin respec-
tively. Also, j and ι are angular momentum parameters with
condition |ι| ≤ j . In the eikonal limit, it is assumed that
� � 1/M and |ι| = j � 1. It can be seen from the results
of numerical calculations for QNMs of black holes such as
[56–58] that the oscillation frequency of such perturbations
is as follows

� = ι
dφ

dt
= ± j �′. (46)

which is the same as the oscillation of QNMs.
To calculate �′, firstly, we obtain the radius of unstable

null circular equatorial geodesic orbits, r0, from the following
relations

gtt + 2 gtφ
dφ

dt
+ gφφ

(
dφ

dt

)2

= 0, (47)

and

�r
tt + 2 �r

tφ
dφ

dt
+ �r

φφ

(
dφ

dt

)2

= 0. (48)

where the former holds for every null path and the later is the
radial component of the geodesic equation. We use metric in
Eq. (44) and simplify Eqs. (47) and (48) as follows

dφ

dt
= a2

2 r2
√

1 − 2m/r

[
1 + 8

(
m

r

)2]

+
√

1 − 2m

r

[
1 − q ln

(
1 − 2m

r

)]
+ 2m a

r2 , (49)

dφ

dt
= 1 − a

√
m

r3 + m

(
a

r

)2

− ln(1 − 2m/r)

2(1 − 2m/r)

×
(

4m

r
− q

1 − 2m/r

)
+ 1

2

(
1 − m

r

)
. (50)

By equating the right hand sides of Eqs. (49) and (50) and
using the following perturbation

r = 3m + ε̄. (51)

where 3m is light ring radius of Schwarzschild black hole
and ε̄ is a perturbation parameter (and r ≡ r0J NW ). Now,
keep perturbation terms up to first order of ε̄, we have

r0J NW = 3m ∓ 2 a√
3

− 2 a2

9m
+ 2m q. (52)

By putting r0J NW in metric elements in Eq. (47) or Eq. (48),
we get

�± = dφ

dt
= 1

3
√

3m
± 1

3
√

3m

×
[

11

54

(
a

m

)2

+ 2
√

3 a

9m
− q ln 3

]
. (53)

The other part of QNMs, �, shows the decay rate of their
amplitude. On the other hand, this rate corresponds to the
divergence of the null rays on the circular orbit in the eikonal
limit. To obtain �, we should perturb the null equatorial cir-
cular orbit and therefore, we add a small perturbation in the
coordinates x̄μ = (t, r, θ, φ) = (t, r0,

π
2 ,�′t) as follows

r = r0 [1 + ε f (t)], φ = �±
[t + ε g(t)], � = t + ε h(t), (54)

where, ε is a very small perturbation parameter and the initial
conditions for f (t), g(t) and h(t) are as follows

f (0) = g(0) = h(0) = 0. (55)

It is clear from our definition of � in Eq. (46) that g(t) = 0.
The perturbed propagation vector (up t0 O(e2) ) can be

obtained as follows

Kμ = dxμ

d�
=

(
1 − ε h′, ε r0 f ′, 0, �± (1 − ε h′)

)
. (56)

where, prime refers to derivative with respect to t. If we
assume ρ is the density of null rays the conservation law
for a congruence of null rays may be written as

∇μ (ρ Kμ) = 0,

⇒ 1

ρ

dρ

d�
= −∇μK

μ = − 1√−g

∂

∂xα
(
√−g K α). (57)

If we neglect terms proportional to powers of ε, we have

1

ρ

dρ

dt
= − f ′′(t)

f ′(t)
. (58)

So, by having f (t), one can calculate ρ. To obtain f (t), one
can use the radial component of geodesic equation that is as
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follows

d2r

d�2 + �r
tt

(
dt

d�

)2

+ �r
φφ

(
dφ

d�

)2

+�r
θθ

(
dθ

d�

)2

+ 2 �r
tφ

dt

d�

dφ

d�
= 0. (59)

Now, if we put θ = π/2 and expand Eq. (59) to the first order
of ε we have the following differential equation for f (t)

9m2 [ − 2 a (3
√

3m + a) + 9m2 (3 + 2 q)
]
f ′′(t)

+ [
2 a (a + √

3m) + 3m2 (2 q (3 ln 3 − 1) − 3)
]
f (t) = 0.

(60)

Therefore, f (t) is given by

f (t) = sinh(ζ t), (61)

where ζ is

ζ = 1

3
√

3m

(
1 − 2 a2

27m2 − q ln 3

)
. (62)

By replacing f (t) in Eq. (58), we derive the density of null
rays as follows

ρ(t) = ρ(0)
1

cosh(ζ )
 2 ρ(0) (e−ζ t − e−3 ζ t + e−5 ζ t − . . . ).

(63)

Therefore one can derive the imaginary parts of the QNMs
as follows

� =
(
n + 1

2

)
ζ. (64)

Eventually, QNMs for the rotating JNW metric are given by

QJNW = (� + i �)J NW = j

[
1

3
√

3m
± 1

3
√

3m

×
(

11

54

(
a

m

)2

+ 2
√

3 a

9m
− q ln 3

)]

+ i

(
n + 1

2

) {
1

3
√

3m

[
1 − 2 a2

27m2 − q ln 3

]}
.

(65)

Eq. (65) in the limit a = 0 gives us the QNMs corresponding
to the static JNW metric and in the limit q = 0 it gives the
QNMs of the Kerr metric [57].

In Fig. 2, we have depicted the QNMs in Eq. (65).

5.2 QNMs of the BG metric

In this part, we are going to calculate the QNMs of the BG
metric by using the light-ring method. By replacing transfor-
mations (15) in the metric (9) and with condition q = 0 in
Eqs. (12–14) and expanding the results to first order in ν and

Fig. 2 � − � plot related to Eq. (65), where m = 4, n ∈
{100, 200, 300, 400, 500} and j ∈ {n, n+100, . . . , 500}. Dashed lines
on the plots show n = 100 to n = 500 respectively from top to bottom.
a a = 0.1 (red), a = 0.3 (orange), a = 0.5 (yellow), a = 0.7 (green),
a = 0.9 (blue) and q ∈ [−0.06,−0.03]. b q = −0.1 (red), q = −0.08
(orange), q = −0.06 (yellow), q = −0.04 (green), q = −0.02 (blue)
and a ∈ [0.3, 0.9]

second order in a and neglecting terms proportional to aν,
we have

ds2 = −
{

1 − 2m

r
+ 2m a2

r3 cos2 θ

}
dt2
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+ 1

1 − 2m/r

{
1 − a2

r2 (1 − 2m/r)

×
[

cos2 θ

(
2m

r
− 1

)
+ 1

]
+ ν

[
ln

((
1 − m

r

)2

−m2

r2 cos2 θ

)
− ln

(
1 − 2m

r

)]}
dr2

+
{
r2 + a2 cos2 θ +

[
ν r2 ln

[(
1 − m

r

)2

−m2

r2 cos2 θ

]
− ln

(
1 − 2m

r

)]}
dθ2

+
{
a2

[
cos2 θ

(
2m

r
cos2 θ − 4m

r
− 1

)
+ 1

]

+r2 sin2 θ

}
dφ2 + 4 a m

r
sin2 θ dt dφ. (66)

By performing calculations similar to subsection 5.1, QNMs
to the BG metric are obtained as follows

QBG = (� + i�)BG

= j

[
1

3
√

3m
± 1

3
√

3m

(
11

54

(
a

m

)2

+ 2
√

3 a

9m

)]

+i

(
n + 1

2

){
1

3
√

3m

[
1 − 2 a2

27m2 − ν

(
ln 2 − ln 3

2

)]}
.

(67)

Figure 3 shows the QNMs related to the BG metric.

5.3 QNMs for a rotating metric with μ = 0 (ν = 1 − γ )

Now, we intend to obtain the QNMs corresponding to the case
where μ = 0 (ν = 1 − γ ) in Eq. (12). By replacing trans-
formations (15) in the metric (9) and expanding the result
to first order in perturbation parameter q and second order
in rotation parameter a and neglecting terms proportional to
aq, we have

ds2 = −
{

1 − 2m

r
+ 2m a2

r3 cos2 θ + q

(
1 − 2m

r

)

× ln

(
1 − 2m

r

)}
dt2 + 1

1 − 2m/r

{
1 − a2

r2 (1 − 2m/r)

×
[

cos2 θ

(
2m

r
− 1

)
+ 1

]
− q ln

[(
1 − m

r

)2

− m2

r2 cos2 θ

]}
dr2 +

{
r2 + a2 cos2 θ − q r2

× ln

[(
1 − m

r

)2

− m2

r2 cos2 θ

]}
dθ2

+
{
a2

[
cos2 θ

(
2m

r
cos2 θ − 4m

r
− 1

)
+ 1

]
+ r2 sin2 θ

− q r2 sin2 θ ln

(
1 − 2m

r

)}
dφ2 + 4 a m

r
sin2 θ dφ dt.

(68)

Fig. 3 � − � plot related to Eq. (67), where m = 4, n ∈
{100, 200, 300, 400, 500} and j ∈ {n, n+100, . . . , 500}. Dashed lines
on the plots show n = 100 to n = 500 respectively from top to
bottom. a a = 0.64 (red), a = 0.72 (orange), a = 0.80 (yellow),
a = 0.88 (green), a = 0.96 (blue) and ν ∈ [−0.3, 0). b ν = −0.01
(red), ν = −0.06 (orange), ν = −0.11 (yellow), ν = −0.16 (green),
ν = −0.21 (blue) and a ∈ [0.3, 0.9]

Similar to the previous subsection, the QNMs of this metric
are obtained as follows (ν = −q)
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Qν=−q = (� + i �)ν=−q

= j

[
1

3
√

3m
± 1

3
√

3m

(
11

54

(
a

m

)2

+ 2
√

3 a

9m
− q ln 3

)]

+ i

(
n + 1

2

) [
1

3
√

3m

(
1 − 2 a2

27m2 + q (ln 2 − 3 ln 3

2
)

)]
.

(69)

According to Eqs. (65), (67) and (69), it is clear that in the
real part of the QNMs (�), the first three terms are equal
for all metrics, and the rotating JNW metric and the rotating
metric at ν = −q have an additional term (q ln 3) compared
to the BG metric. In the BG metric, since q = 0, (q ln 3),
term does not exist.

Considering the equality of the real parts of the rotating
JNW metric (ν = 0) and the rotating metric at ν = −q, it is
clear that the frequencies emitted from the rotating metrics
are the same.

In the imaginary part of QNMs, the first two terms are the
same for all three metrics and the rest of the terms for rotating
JNW and BG metrics and rotating metric at ν = −q are equal
to −1.10 q, −0.14 ν and −0.95 q respectively. q and ν are
both negative values, so it can be said that rotating metric at
ν = −q is more stable than rotating JNW metric. The BG
space-time is more stable than the rotating JNW space-time
if ν in the BG metric is equal to q in the rotating JNW metric.
It can also be shown that for certain values of the parameters,
the BG space-time is more stable than the rotating metric at
ν = −q.

6 Precession frequency of rotating metrics

General relativity states that the spin of a gyroscope precess
for two reasons, one is due to the curvature of space-time
caused by the existence of the object and the other is due to
the rotation of the object.

The spin precession of a gyroscope according to the pres-
ence of matter was first described by Willem de Sitter in 1916
and is known as the de Sitter effect (also called geodetic pre-
cession or de Sitter precession) [59].

When the object rotates, the inertial frame is dragged along
it. Also, the rotation of a massive object causes the precession
of the spin in a test gyroscope close to it. This effects was
first stated by Josef Lense and Hans Thirring (1918) and is
known as Lense–Thirring (LT) precession or LT effect [60].

In this section, we want to investigate the LT and de Sitter
effects on the metrics of the previous sections.

The precession frequency vector in Copernican frame for
any arbitrary stationary metric is as follows [61]

�LT = 1

2

εi jk√−g

[
∂ j g0i

(
∂k − g0k

g00
∂0

)
− g0i

g00
∂ j g00 ∂k

]
.

(70)

where εi jk is the Levi-Civita symbol. In the case of axially
symmetric metrics that we are dealing with, Eq. (70) becomes
the following relation

�LT = �r ∂r + �θ ∂θ = 1

2
√−g

[
−

(
∂θ gtφ − gtφ

gtt
∂θ gtt

)
∂r

+
(

∂r gtφ − gtφ
gtt

∂r gtt

)
∂θ

]
. (71)

The magnitude of the vector in Eq. (71) is

�LT =
√
grr �2

r + gθθ �2
θ . (72)

Now, in addition to the LT precession effect, if we also con-
sider the de Sitter effect, the relation of the total precession
frequency vector is as follows [62]

�F = εi jk

2
√−g

(
1 + 2 �

g0i
g00

+ �2 gii
g00

)

×
[(

∂ j g0i − g0i

g00
∂ j g00

)
+ �

(
∂ j gii − gii

g00
∂ j g00

)

+�2
(
g0i

g00
∂ j gii − gii

g00
∂ j g0i

)]
∂k . (73)

where � represents the angular velocity of the gyroscope.
Equation (73) for axisymmetric space time becomes

�F = 1

2
√−g

(
1 + 2 �

gtφ
gtt

+ �2 gφφ

gtt

)

×
[

−
[(

∂θ gtφ − gtφ
gtt

∂θ gtt

)
+ �

(
∂θ gφφ − gφφ

gtt
∂θ gtt

)

+�2
(
gtφ
gtt

∂θ gφφ − gφφ

gtt
∂θ gtφ

)]
∂r

+
[(

∂r gtφ − gtφ
gtt

∂r gtt

)
+ �

(
∂r gφφ − gφφ

gtt
∂r gtt

)

+�2
(
gtφ
gtt

∂r gφφ − gφφ

gtt
∂r gtφ

)]
∂θ

]
. (74)

The magnitude of total precession frequency vector is

�F =
√
grr �2

Fr
+ gθθ �2

Fθ
. (75)

In the following we derive precession frequencies of the rotat-
ing metrics that were introduced in Sect. 5. Also, we use the
approximations from the previous section to calculate the
precession frequencies.

6.1 Precession frequency in rotating JNW metric

In this part, we are going to calculate the precession fre-
quency for rotating JNW metric. For this, we use the metric
in Eq. (44).
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Using Eqs. (71) and (72) for the rotating JNW metric, we
have

�J NW
LT = a m

r2 (r − 2m)
. (76)

The above relation shows the precession frequency due to
the LT effect for the rotating JNW metric. Now we are going
to obtain the total precession frequency for the rotating JNW
metric by combining the de Sitter and LT effects. Therefore,
by using Eqs. (74) and (75) and expanding the result to first
order in a and m and negative third order r , we have

�J NW
F = 1 + r �2

{
r − m [3 (1 − a �) + 4 q]}

r3 �3 . (77)

6.2 Precession frequency for the BG metric

By using the metric in Eq. (66) and Eqs. (71) and (72), we
have

�BG
LT = �J NW

LT . (78)

To obtain the total precession frequency for BG metric, we
use Eqs. (74) and (75) and expanding the result to first orders
in a, m and r−3

�BG
F = 1 + r �2

{
r − m [3 (1 − a �)]}
r3 �3 . (79)

6.3 Precession frequency for a rotating metric with
μ = 0 (ν = 1 − γ )

According to metric (68) and Eqs. (71) and (72), �LT in this
case (μ = 0) is equal to

�
ν=−q
LT = �J NW

LT . (80)

The total Precession frequency �F for this case is equal to
the total Precession frequency of the rotating JNW metric,
i.e. Eq. (77).

Figure 4 is related to the precession frequency. Panel a
shows the graph of �LT versus a, and the behavior of �F

versus � is depicted in panel b.
The Eqs. (76), (78) and (80) show that the precession fre-

quency due to the LT effect is the same for rotating JNW and
BG metrics and rotating metric at ν = −q. Considering the
total precession frequency (�F ), both the rotating JNW met-
ric and the rotating metric at ν = −q have an additional term
compared to the BG metric (q = 0). The total frequency of
the BG metric is greater than in the other cases.

By comparing the QNMs with the precession frequencies,
we conclude that the method of QNMs is more accurate for
observing the differences between the investigated rotating
metrics.

Fig. 4 The behavior of Precession frequency for m = 1, a = 2 and
q = −1. a �LT vs r for rotating JNW and BG metrics and rotating
metric at ν = −q (solid red). According to Eqs. (76), (78) and (80)
�LT is infinite in r = 2m. b �F vs � with r = 3 for rotating JNW
metric and rotating metric at ν = −q (solid red) and BG metric (black
dash). By increasing the angular velocity of the gyroscope, the related
precession frequency decreases

7 Conclusion

We considered a class of three parameter static metrics that
becomes γ -metric and JNW metric in certain values of the
parameters [42]. We found a general class of rotating forms of
the three parameter metrics. The rotating solutions in certain
values of the parameters turns into the well known rotating
solution of the γ -metric. Also, we can find Bogush–Gal’tsov
(BG) metric.

We obtained a correct form of the rotating JNW metric
and we studied its Kretschmann scalar, quasi normal modes
(QNMs) and precession frequency. Many different new cal-
culations can be done on this large class of rotating met-
rics in the future. For example, one may consider exact and
non-perturbative forms of the rotating metrics and obtain
QNMs and precession frequencies for them by numerical
methods.
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Appendix

The equations of motion using Eq. (2) and metric in Eq. (23)
are as follows

Rtρ = Rρt = Rtz = Rzt = Rρφ = Rφρ = Rzφ = Rφz

= Rφφ = 0, (81)

Rtt = e−2 η

2 σ 2

{
f (∂2

ρ f + ∂2
z f ) − (∂ρ f )2 − (∂z f )2

+ f 4

ρ2σ 2 [(∂ρ ω)2 + (∂z ω)2] + 1

ρ
f ∂ρ f

}
= 0, (82)

Rtφ = Rφt = e−2 η

2 σ 2

{
ω

[
(∂ρ f )2 + (∂z f )2 − f (∂2

ρ f

+∂2
z f )

] − f 2 (∂2
ρ ω + ∂2

z ω) − 2 f (∂ρ f ∂ρ ω

+∂z f ∂z ω) − f 4 ω

ρ2 σ 2

[
(∂ρ ω)2 + (∂z ω)2]

+ f

ρ
( f ∂ρ ω − ω ∂ρ f )

}
= 0, (83)

Rρρ = −∂2
ρ η − ∂2

z η + 1

2 f

{
∂2
ρ f + ∂2

z f + 1

ρ
∂ρ f

− 1

f

[
2 (∂ρ f )2 + (∂z f )2]} + 1

ρ

(
∂ρ η + f 2 (∂ρ ω)2

2 ρ σ 2

)

= 8 π ∂ρ ϕ ∂ρ ϕ, (84)

Rρz = Rzρ = 1

ρ

(
∂z η + f 2 ∂ρ ω ∂z ω

2 ρ σ 2

)
− ∂ρ f ∂z f

2 f 2

= 8 π ∂ρ ϕ ∂z ϕ, (85)

Rzz = − ∂2
ρ η − ∂2

z η + 1

2 f

{
∂2
ρ f + ∂2

z f + 1

ρ
∂ρ f

− 1

f

[
(∂ρ f )2 + 2 (∂z f )2]} + 1

ρ

×
(

− ∂ρ η + f 2 (∂z ω)2

2 ρ σ 2

)
= 8 π ∂z ϕ ∂z ϕ. (86)
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